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Some Constructions Related to the Kiepert Hyperbola

Paul Yiu

Abstract. Given a reference triangle and its Kiepert hyperti6)ave study sev-

eral construction problems related to the triangles which Haaes their own
Kiepert hyperbolas. Such triangles necessarily have their verticks and are
called special Kiepert inscribed triangles. Among other results, we show that the
family of special Kiepert inscribed triangles all with the same centifbrm

part of a poristic family betweeit and an inscribed conic with center which is
the inferior of the Kiepert center.

1. Special Kiepert inscribed triangles

Given a triangleABC and its Kiepert hyperbol#’, consisting of the Kiepert
perspectors

1 1 1
K(t) = : : , teRU ,

®) <SA+t Sp +t Sc+t> {oc}
we study triangles with vertices dG having C as their own Kiepert hyperbolas.
We shall work with homogeneous barycentric coordinates and make use of stan-
dard notations of triangle geometry as in [2]. Basic results on triangle geometry
can be found in [3]. The Kiepert hyperbola has equation

K(x,y,2) = (Sp — Sc)yz + (Sc — Sa)zx + (Sa — Sp)zy =0 (1)
in homogeneous barycentric coordinates. Its center, the Kiepert center
Ki=((Sg—Sc)?: (Sc—Sa)?: (Sa— Sg)?),

lies on the Steiner inellipse. In this paper we shall mean by a Kiepert inscribed
triangle one whose vertices are on the Kiepert hyperkol# a Kiepert inscribed
triangle is perspective wittld BC, it is called the Kiepert cevian triangle of its
perspector. Since the Kiepert hyperbola of a triangle can be characterized as the
rectangular circum-hyperbola containing the centroid, our objects of interest are
Kiepert inscribed triangles whose centroids are Kiepert perspectors. We shall as-
sume the vertices to be finite points #ip and call such triangles special Kiepert
inscribed triangles. We shall make frequent use of the following notations.
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P(t) = ((SB - Sc)(SA + t) : (Sc - SA)(SB + t) : (SA — SB)(SC + t))
Q(t) =((S—Sc)*(Sa+1t):(Sc—S54)*(Sp+1):(Sa—SB)*(Sc +1))
fo =8aa+ S+ Scc —Spc —Sca—Sas
f3 =85a(S—Sc)?+ Sp(Sc — Sa)? + Sc(Sa — Sp)?
fa =(Sa4a —SBc)SBc + (S — Sca)Sca+ (Scc — Sas)Sas
93 = (Sa—SB)(Sp — Sc)(Sc — Sa)

Here, P(t) is a typical infinite point, and)(¢) is a typical point on the tangent
of the Steiner inellipse through;. Fork = 2, 3, 4, the functionfy, is a symmetric
function inS4, Sp, Sc of degreek.

Proposition 1. The area of a triangle with vertices K (¢;),i = 1,2, 3, is

g3(t1—to)(ta—t3)(ts—t1)
H(S32‘i2(§A+QSBiS;)ti‘1F3t% - AABC.

Proposition 2. A Kiepert inscribed triangle with vertices K (), © = 1,2,3, is
special, i.e., with centroid on the Kiepert hyperbola, if and only if

S2fh+ (Sa+Sp+Sc)fs—3f1 =0,
where f3, f3, f1 arethefunctions fa, f3, fa With Sa, Sp, Sc replaced by t1, 2, t3.

We shall make use of the following simple construction.

polar of M

P

Figure 1. Construction of chord of conic with given midpoint

Construction 3. Given a conic C and a point M, to construct the chord of C with
M as midpoint, draw

(i) the polar of M with respect to C,

(i) the parallel through M tothelinein (i).

If the line in (i) intersects C at the two real points P and @, then the midpoint of
PQisM.
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Figure 2. Construction of Kiepert inscribed triangle with prescribed centroid
and one vertex

A simple application of Construction 3 gives a Kiepert inscribed triangle with
prescribed centroid) and one vertexs;: simply takeM to be the point dividing
KiQ intheratioKi M : MQ = 3 : —1. See Figure 2.

Here is an interesting family of Kiepert inscribed triangles with prescribed cen-
troids onkC.

Construction 4. Given a Kiepert perspector K (t), construct

(i) K71 on K and M such that the segment K; M istrisected at K; and K (),

(i) the parallel through M to the tangent of KC at K (),

(iii) theintersections K> and K3 of IC with the linein (ii) .

Then K, K, K3 is a special Kiepert inscribed triangle with centroid K (¢). See
Figure 3

Figure 3. Kiepert inscribed triangle with centraid(t)
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It is interesting to note that the area of the Kiepert inscribed triangle is indepen-
_3
dent oft. Itis 32£|gg|f2 2 times that of triangled BC'. This result and many others
in the present paper are obtained with the help of a computer algebra system.

2. Special Kiepert cevian triangles

Given a pointP = (u : v : w), the vertices of its Kiepert cevian triangle are
—(Sp — Sc)vw )
Ap = viw |,
F ((SA — Sp)v+ (Sc — Sa)w
—(Sc — Sa)wu )
Bp=(u: Tw |,
F ( (Sp — Sc)w + (5S4 — Sp)u

o <u'v' —(Sa— Sp)uw >
P T (Sc—SA)u+(SB—Sc)U ’
These are Kiepert perspectors with parametgrss, to given by
Spv — Scw Scw — Sau Sau — Sgv
tfp=—, tp=—""""", to=—"7".
v —w w—Uu u—v

Clearly, if P is on the Kiepert hyperbola, the Kiepert cevian triangleBpCp
degenerates into the poift

Theorem 5. The centroid of the Kiepert cevian triangle of P lies on the Kiepert
hyperbola if and only if P is

() an infinite point, or

(i) on the tangent at K to the Steiner inellipse.

Proof. Let P = (u : v : w) in homogeneous barycentric coordinates. Applying
Proposition 2, we find that the centroid 45 BpCp lies on the Kiepert hyperbola
if and only if

(u+ v +w) K (u, v, w)? L(u, v, w) P(u,v,w) = 0,
where

O e 8 T Se— 84 Sa4—Sg’

P(u,v,w) = H((SA — Sp)v? —2(Sp — Sc)vw + (Sc — Sa)w?).

The factorsu + v + w and K (u, v, w) clearly define the line at infinity and the
Kiepert hyperboldC respectively. On the other hand, the facidu, v, w) defines
the line

x Y z
Sp—Sc  Sc—Si Sa-Sp

which is the tangent of the Steiner inellipsefat

Each factor ofP(u, v, w) defines two points on a sideline of triangleBC'. If
we set(z,y, z) = (—(v+w),v,w) in (1), the equation reduces (64 — Sg)v? —
2(Sp — Sc)vw + (Sc — Sa)w?. This shows that the two points on the lif
are the intercepts of lines throughparallel to the asymptotes #&f, and the corre-
sponding Kiepert cevian triangles have vertices at infinite points. This is similarly
the case for the other two factors Bfu, v, w). O

0, (2)
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Remark. Altogether, the six points defined By(u, v, w) above determine a conic
with equation
2(Sp — So)yz

2

X
G(z,y,z) = — =0.
(@y.2) =3 S5 —Sc  (Sc— 84)(Sa— Sp)

Since
93 G(z,y,2)
=— fl@+y+2)?+> (Sp—Sc)*z® = 2(Sc — Sa)(Sa — Sp)yz,
this conic is a translation of the inscribed conic
> (Sp — S¢)*a? — 2(Sc — Sa)(Sa — Sp)yz =0,
which is the Kiepert parabola. See Figure 4.

Figure 4. Translation of Kiepert parabola

3. Kiepert cevian triangles of infinite points
Consider a typical infinite point
P(t)=((Sp—Sc)(Sa+1t): (Sc—Sa)(Sp+1t):(Sa—Sp)(Sc+1))

in homogeneous barycentric coordinates. It can be easily verifiedPttiats the
infinite point of perpendiculars to the line joining the Kiepert perspeéi¢t) to
the orthocente . ! The Kiepert cevian triangle dP(t) has vertices

IThisis the line>™ Sa (S — Sc)(Sa + t)z = 0.
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At = (BE=5n IR (so - Sa)Sn+0): (Sa - Su)Sc+1))
5(0) = (S~ Sc)(sa + ) SL=AEIBED (5, 55)(5+1))
ct) = ((SB L S0)(Sa 1) (So—Sa)(Sp+1): AT in)fg;f);?g + t)) .

Figure 5. The Kiepert cevian triangle &f(¢) is the same as the Kiepert paral-
lelian triangle ofK (¢)

It is also true that the line joiningl(t) to K (t) is parallel to BC;? similarly
for B(t) andC'(t). Thus, we say that the Kiepert cevian triangle of the infinite
point P(t) is the same as the Kiepert parallelian triangle of the Kiepert perspector
K(t). See Figure 5. Itis interesting to note that the area of triadgte B (¢)C (t)
is equal to that of trianglel BC', but the triangles have opposite orientations.

Now, the centroid of trianglel(t) B(¢)C(t) is the point

Sp —Sc .
(SAB+SAC_QSBC_(SB+SC_2SA)t o ) ’
which, by Theorem 5, is a Kiepert perspector. Ifigs) wheres is given by
2fy - st+ f- (s+1) —2fs =0. (3)

Proposition 6. Two distinct Kiepert perspectors have parameters satisfying (3) if
and only if the line joining themis parallél to the orthic axis.

2This is the line—(Sa + t)(Ss + Sc + 26)z + (SB + t)(Sc + ) (y + 2) = 0.
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Proof. The orthic axisSax + Sy + Scz = 0 has infinite point
P(co) = (Sg— Sc: So— Sa: 54— SB).

The line joining K (s) and K (t) is parallel to the orthic axis if and only if

1 1 1
SA1+S SBl+5 Scl+s 0
Sa+t Sp+t Sc+t -
SB—SC SC—SA SA_SB
For s # t, this is the same condition as (3). O

This leads to the following construction.

Figure 6. The Kiepert cevian triangle #f(¢) has centroidk (s)

Construction 7. Given a Kiepert perspector K (s), to construct a Kiepert cevian
triangle with centroid K (s), draw

(i) the parallel through K (s) to the orthic axis to intersect the Kiepert hyperbola
again at K (t),

(i) the parallels through K (¢) to the sidelines of the triangle to intersect X again
at A(t), B(t), C(t) respectively.

Then, A(t)B(t)C(t) has centroid K (s). See Figure 6

4. Special Kiepert inscribed triangles with common centroid G

We construct a family of Kiepert inscribed triangles with centr6idthe cen-
troid of the reference triangld BC'. This can be easily accomplished with the help
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of Construction 3. Beginning with a Kiepert perspectgr= K (t) and@ = G,
we easily determine

M = ((Sa+t)(Sp+Sc+2t): (Sp+1t)(Sc+Sa+2t) : (Sc+t)(Sa+Sp+2t)).
The line through\/ parallel to its own polar with respect #6° has equation

Sp — S Sc —Sa Sa—SB
—0. 4
Sttt i it Ve 0 ()

As t varies, this line envelopes the conic
(Sp — Sc)'a? + (Sc — Sa)*y? + (Sx — Sp)t2?
—2(Sp — Sc)*(Sc — Sa)?zy — 2(Sc — S4)%(Sa — SB)*y=
—2(84 — 9B)*(Sp — Sc)?zz =0,
which is the inscribed ellipsé tangent to the sidelines of BC' at the traces of

1 1 1
((SB —Sc)? " (Sc—58a)*  (Sa— SB)2> ’
and to the Kiepert hyperbola &t, and to the line (4) at the point
(Sa+1)?:(Sp+1)?:(Sc +1)?).
It has center
((Sc—S84)*+(Sa—Sp)?: (Sa—SB)*+(Sp—S50)*: (Sp—Sc)*+(Sc—S4)?),
the inferior of the Kiepert centek;. See Figure 7.

Figure 7. Poristic triangles with common centragid

3The polar ofM has equatio” (Sp — Sc)(Saa — S? — 2(Sp + So)t — 2t*)z = 0 and has
infinite point ((S4 + t)(Sa(Se + Sc —2t) — (S + Sc)(S — Sc +1t)) : -+ :---).



Some constructions related to the Kiepert hyperbola 351

Theorem 8. A porigtic triangle completed from a point on the Kiepert hyperbola
outside the inscribed ellipse £ (with center the inferior of K) has its center at G
and therefore has K as its Kiepert hyperbola.

More generally, if we replacé&r by a Kiepert perspectoky, the envelope is a
conic with center which divide& K, in the ratio3 : —1. Itis an ellipse inscribed
in the triangle in Construction 4.

5. A family of special Kiepert cevian triangles

5.1 Triple perspectivity. According to Theorem 5, there is a family of special
Kiepert cevian triangles with perspectors on the line (2) which is the tangent of
the Steiner inellipse &;. Since this line also contains the Jerabek center

Jo = (Sa(Sp — Sc)?: Sp(Sc — S4)%: Sc(Sa — SB)?),
its points can be parametrized as
Q) = ((Sp — Sc)*(Sa+1) : (Sc — S4)*(Sp +1) : (Sa — Sp)*(Sc +1)).
The Kiepert cevian triangle @) (¢) has vertices

1o [ (Sc—Sa)(Sa—SB)(SB+1)(Sc +1)
A= ( Sa+t
Sa—SB)(SB _Sji)isc +8)(Satt) (Sa— S5)(Sc +1)

Sp — S0)(Sc — Sa)(Sa +t)(Ss + t)) _

)

:(Sc— 8a)*(Sp+1): (Sa—SB)*(Sc + t)) ,

B'(t) = <(SB —Sc)*(Sa+1t): (

c'(t) = <(SB*SC)2(SA+t) - (Sc — 5w (S +1) Sc+t

Theorem 9. The Kiepert cevian triangle of Q(t) istriply perspectiveto ABC'. The
three perspectors are collinear on the tangent of the Steiner inellipse at k.

Proof. The trianglesB’(t)C’(t)A’(t) andC’(t)A’(t)B'(t) are each perspective to
ABC, at the points

Q/(t)— Sc +t ] Sa+t ] Sp+t
C\Sc—S4 Sa—Sg Sg—5Sc)’

and
Q”(t)* Sp+t ) Sc+t ) Sa+t
- \S4—S8p Sp—Sc Sc—Sa
respectively. These two points are clearly on the line (2). d

5.2 Special Kiepert cevian triangles with the same area as ABC. The area of
triangle A'(¢t) B'(t)C'(t) is
(fa-t*+ f-t—fa)?
[1(f2- (Sa+1t)* = (Sc — 54)*(Sa — SB)?)
Among these, four have the same area as the reference triangle.
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_ Sa(Sp+Sc)—28 -
521t= ASBB+SCC—2SABC' The points

Q(t) =(-2(Sp — S¢) : S¢ — Sa: 5S4 — Sp),
Q'(t) =(Sp — Sc : —2(Sc — Sa) : Sa — Sp),
Q"(t) =(Sp—Sc : S¢ — Sa: —2(54 — SB)),

give the Kiepert cevian triangle
A} =(—(Sp — Sc) : 2(Sc — Sa) : 2(Sa — Sg)),
By =(2(Sp — S¢) : —=(Sc — Sa) : 2(Sa — SB)),
C| =(2(Sg — S¢) : 2(S¢ — Sa) : —(Sa — SB)).

This has centroid

=
=

K(—ﬁ):( Sp—Sc . Sc—=8Sa . Sa—Sp )
2f2 Sp+Sc—254 Sc+Sa—2Sg Sa+Sp—2Sc)

A'(t)B'(t)C'(t) is also the Kiepert cevian triangle of the infinite poiffco)
(of the orthic axis). See Figure 8.

Figure 8. Oppositely oriented triangle triply perspective witiBC' at three
points on tangent ak;
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5.2.2 t = co. With the Kiepert centek; = Q(c0), we have the points
Q(o0) =((Sp — Sc)? : (Sc — Sa)* = (Sa — Sp)?),

, B 1 ) 1 ) 1
Q<°°>_(SA—SB‘SB—SC‘SC—SA)’

. 1 1 1
“ (OO):(SC—SA " Sa-5Sp SB—SC)’
The points@’ (o) and Q" (o) are the intersection with the parallels through
C to the line joining A to the Steiner points, = (SBiSC e SAiSB).
These points give the Kiepert cevian triangle which is the imagd B under
the homothetyh (K, —1):

Ay =((So — S4)(Sa = SB) : (So — Sa)? : (Sa — Sp)?),

By =((Sp — S¢)? : (Sa— SB)(Sp — Sc) : (Sa — Sp)?),

Cy =((Sp — Sc)? : (Sc — Sa)? : (Sc — Sa)(SB — S0)),
which has centroid

g _SatSe+Scy _ 1 . 1 . 1
3 - SB—FSc—QSA'Sc—l-SA—QSB‘SA—I—SB—QSC '
The pointsQ’(t), Q" (t) andGY are on the Steiner circum-ellipse. See Figure 9.

Figure 9. Oppositely congruent triangle triply perspective wvitBC' at three
points on tangent ak;
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523 t= ngj Q(t) is the infinite point of the line (2).

Q(t) =((SB — Sc)(SB +Sc — 2SA) : (SC — SA)(SC +Sa — QSB) : (SA — SB)(SA + S — QS())),
Ql(t) =((SB - Sc)(SA + S — QS()) : (SC - SA)(SB + So — 2SA) : (SA - SB)(SC + 5S4 — 233)),
Q”(t) =((SB - Sc)(SC + S5 — 2SB) : (SC - SA)(SA + S — 2SC) : (SA - SB)(SB + S¢o — 2SA)) .

These give the Kiepert cevian triangle

A’—( Sp—Sc  Sc—Sa Sa—SB )
37\ Sp+Sc—254 Sa+Sp—25c Sc+Sa-255)"
B,_( Sp—Sc  Sc—Sa  Sa—Sp )
87\ Sa+Sp—25c Sc+8Sa—2Sp Sp+Sc—254)"
C,_( Sg—Sc  Sc—Sa  Sai—Sp )
87 \Sc+54—-255 Sp+Sc—254 Sa+Sp-—25c)"

with centroid

5o S =)

((SB —8¢)?+2(Sc — Sa)(Sa — Sg)

See Figure 10.

Figure 10. Triangle triply perspective withBC' (with the same orientation) at
three points on tangent &f;
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5.2.4 t = —S4. Fort = —S4, we have

Q) =(0:Sc—Sa:—(Sa—SB)),
Q'(t) =(—(Sp — Sc) :0: Sa— Sp),
Q"(t) =(Sp — Sc : —(Sc — Sa) : 0).

These points are the intercepds, Qp, Q. of the line (2) with the sideline8C,
CA, AB respectively. The linesiQ,, BQ,, CQ. are the tangents t& at the
vertices. The common Kiepert cevian triangle@f, Q,, Q. is ABC oppositely
oriented asACB, CBA, BAC, triply perspective withABC' at Q,, @, Q. re-
spectively.

6. Special Kiepert inscribed triangles with two given vertices

Construction 10. Given two points K7 and K5 on the Kiepert hyperbola /C, con-
struct

(i) the midpoint M of K1 K>,

(ii) the polar of M with respect to IC,

(iii) the reflection of the line K K5 inthe polar in (ii).

If K3 isareal intersection of IC with the line in (iii), then the Kiepert inscribed
triangle Ky Ks K3 has centroid on K. See Figure 11

Figure 11. Construction of special Kiepert inscribed triangles given two ver-
ticesKi, K>
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Proof. A point K3 for which triangle K7 K5 K3 has centroid ork clearly lies on
the image offC under the homotheti (M, 3). It is therefore an intersection &t
with this homothetic image. IV = (u : v : w) in homogeneous barycentric
coordinates, this homothetic conic has equation

(u+v+w)’K(z,y,2)

12z 4y + 2) (Z((SB — Sc)vw + (Sc — Sa)(3u + w)w + (Sa — S5)(3u + v)v)x)
=0.

The polar ofM in K is the line
> (84 = Sp)v+ (Sc = Sayw)z = 0. (5)
The parallel throughl/ is the line
> (3(Ss = Sc)vw + (Sc — Sa)(u — w)w + (Sa — Sp)(u — v)v)z = 0. (6)

The reflection of (6) in (5) is the radical axis kfand its homothetic image above.
U

If there are two such real intersectioRg and K7, then the two triangle&’; K, K3
and K K, Kj clearly have equal area. These two intersections coincide if the line
in Construction 10 (iii) above is tangent 10. This is the case wheR; K5 is a
tangent to the hyperbola

Afs - K(z,y,2) = 3g3- (x +y+2)° =0,
which is the image oK under the homothetly( £, 2). See Figure 12.

Figure 12. Family of special Kiepert inscribed triangles wifh, K> uniquely
determiningK;
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The resulting family of special Kiepert inscribed triangles is the same family
with centroid K (¢) and one vertex its antipode @ given in Construction 4.
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