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The Edge-Tangent Sphere of a Circumscriptible
Tetrahedron

Yu-Dong Wu and Zhi-Hua Zhang

Abstract. A tetrahedron is circumscriptible if there is a sphere tangent to each
of its six edges. We prove that the radiisf the edge-tangent sphere is at least
/3 times the radius of its inscribed sphere. This settles affirmatively a problem
posed by Z. C. Lin and H. F. Zhu. We also briefly examine the generalization
into higher dimension, and pose an analogous problem fot-adimensional
simplex admitting a sphere tangent to each of its edges.

1. Introduction

Every tetrahedron has a circumscribed sphere passing through its four vertices
and an inscribed sphere tangent to each of its four faces. A tetrahedron is said
to be circumscriptible if there is a sphere tangent to each of its six edges (see [1,
£6786—794]). We call this the edge-tangent sphere of the tetrahedron.

Let & denote a tetrahedrok, P P, P3 with edge lengths’; P; = a;; for 0 <
i < j < 3. The following necessary and sufficient condition for a tetrahedron to
admit an edge-tangent sphere can be found ifJa87, 790, 792]. See also [4, 6].

Theorem 1. The following statement for a tetrahedrg# are equivalent.

(1) &2 has an edge-tangent sphere.

(2) ap1 + a3 = ap2 + a13 = agz + a12;

(3) There existr; > 0,7 =0, 1,2, 3, such thata;; = z; +x; for 0 <7 < j < 3.

Fori =0, 1,2, 3, z; is the length of a tangent froi} to the edge-tangent sphere
of #. Let/ denote the radius of this sphere.

Theorem 2. [1, §793] The radius of the edge-tangent sphere of a circumscriptible
tetrahedron of volum&” is given by

2$0$1$2$3

(= 1
Y (1)
Lin and Zhu [4] have given the formula (1) in the form
2 (2$0$1$2$3)2
¢ 5 (2)

2rorixars  »,  wwy; — (viadad + piadad + vdada? + xdaiad)
0<i<j<3
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The fact that this latter denominator 8V )? follows from the formula for the
volume of a tetrahedron in terms of its edges:

0 1 1 1 1
L 0 (w0 +21)* (xo + x2)* (w0 + 23)
V2 =—11 (x() + 512‘1)2 0 (xl + 512‘2)2 ({L‘l + x3)2 .
288 2 2 2
1 (x() + 1’2) (1’1 + xQ) 0 ({L’Q + x3)
1 (x() + 512‘3)2 ({L‘l + x3)2 ($2 + 512‘3)2 0

Lin and Zhuop. cit. obtained several inequalities for the edge-tangent sphere
of &. They also posed the problem of proving or disprovihg> 3r2 for a
circumscriptible tetrahedron. See also [2]. The main purpose of this paper is to
settle this problem affirmatively.

Theorem 3. For a circumscriptible tetrahedron with inradiusand edge-tangent
sphere of radiug, ¢ > /3r.

2. Two inequalities

Lemmad4. If z; > 0for 0 < ¢ < 3, then
T+ X2+ To+x3+x T3+ x9+ To+x1+x
( 1 2 3+ 2 3 0+ 3 0 1+ 0 1 2>

17273 T2w3T0 T3T0T1 ToT1T2
4(%0%1%21‘3)2 >6 (3)
2uor1moxs Y, wiwj — (v3adad + xdadad 4+ vixda? + xdalad) T

0<i<j<3
Proof. From
w2ad(zg — x3)% 4 xdad (w1 — x3)? + 2323 (21 — 0)?
+atas(zo — w3)? + xiai(zo — 22)° + w523 (v — 21)* > 0,
we have

2
2,22 2,22 2,.2,.2 2,22
TI1T5T3 + Tyx3xh + T3XHX] + XHTI{T5 > gflﬁ‘oxl{l?gfl?g g TiTj,

0<i<j<3
and
2.2 2, 2292 2929 29229
2x0T1T2X3 g ziv; — (v{r3es + xsrsey + azage] + rHries)
0<i<j<3
4
§§$0$1$2$3 E TiTj,
0<i<j<3
or
4(1‘01‘1%2%3)2
2wozizoxs Y, wiw; — (wtadad + wdxdal 4 afada? + alaiad)
0<i<j<3
2 4)
> 4(.’E0.’E1$2{E3) 3.’E0.’E1.’E2{E3
=4 - o
JTOTIT2T3 . Tl Yo wiTy

0<i<j<3 0<i<5<3
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On the other hand, it is easy to see that

2 Z xixj
T+ x2 + x3+x2 + 23 + x0+x3 + 20 + x1+xo + 21+ 22 0<i<j<3
T1X2T3 T2X3T0 T3Tox1 ToT1X2 B 900901962963( )
5
Inequality (3) follows immediately from (4) and (5). O

Corollary 5. For a circumscriptible tetrahedro®? with an edge-tangent sphere
of radius/, and faces with inradity, r1, 72, 3,

1 1 1 1

(—2+—2+—2+—2>€226.
o T4 Ty T3

Equality holds if and only i” is a regular tetrahedron.

Proof. From the famous Heron formula, the inradius of a triandlBC of side-
lengthsa = y + z, b = z + z andc = = + y is given by

2 _ Yz
Cxty+z
Applying this to the four faces af”, we see that the first factor on the left hand
side of (3) is(% + % + é + %) Now the result follows from (2). O

Proposition 6. Let & be a circumscriptible tetrahedron of volumie If, for i =
0,1,2, 3, the opposite face of vertg} has area/\; and inradiusr;, then

9V2 /1 1 1 1
(AO+A1+A2+A3)2ZT(—2+—2+—2+—2>- (6)
T Ty T3

Equality holds if and only it” is a regular tetrahedron.

Figure 1.
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Proof. Let a be the angle between the plangd> P; and P, P, Ps. If the perpen-
diculars fromP, to the line P, P; and to the plané’ P, P; intersect these &P, and
H respectively, ther RyQH = «. See Figure 1. Similarly, we have the angles
08 between the plane® P; P, and P, P, P3, and~ betweenP) P, P, and P, P, Ps.
Note that
P()H = P()Ql -sina = POQ2 . Sil’lﬂ = P(]Qg . sin’y.
Hence,
POH . P2P3 :2A1 sino = 2\/(&1 + Al COS Oé)(Al - Al COS Oé), (7)
PyH - P3P, =2/\osin 3 = 2\/(A2 + Agcos B)(Ag — Ag cos 3), (8)
POH . P1P2 :2A3 Sil’l’)/ = 2\/(&3 + Ag COS ’y)(Ag - Ag COS ’y). (9)

From (7-9), together witt, H = 2 andf—oO = J(PLPy + PPy + P3Py), we
have

3V

To

=/ (A1 + A cosa)(DNy — A cosa)

+/(Dg 4 Ao cos B)(Lg — Ao cos B) (10)
+v/ (A3 4 Az cosy)(Ag — Az cosy).
Applying Cauchy’s inequality and noting that
Ny = Ajcosa+ Agcos 8+ Azcosy,

we have
<%>2 <(A1+ Ajcosa+ Ay + Agcos B+ Ag + Agcosy)
(A1 = ADjcosa+ Dg — Dgcos B+ Az — Azcosy)  (11)
=(D1 4+ Doy + Dz + Do) (A1 + Do+ N3 — D)
=(A1 + Do+ A3)2 — A2,
or

2
(A1 + Dy + A3)? — AL > <i> . (12)

o
It is easy to see that equality in (12) holds if and only if
Ay +Ajcosa Ag+ ANgcosB - Az + Agcosy
Al —Njcosa Ny — Ngcos B Ag— Azcosy
Equivalently,cos & = cos 3 = cos~y, of a = 8 = ~. Similarly, we have

372
ot at 0f - 072 (2] (13
2
). (14)

2
ﬂ) . (15)
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Summing (12) to (15), we obtain the inequality (6), with equality precisely when
all dihedral angles are equak., when <2 is a regular tetrahedron. O

Remark.Inequality (6) is obtained by X. Z. Yang in [5].

3. Proof of Theorem 3

Sincer = x——x—~x-7x; it follows from Proposition 6 and Corollary 5 that

6 27V

2> >
T (Do + A1+ Do+ As)

-1, 1 , 1 , 1
Rttt

2
5 = 3r.
This completes the proof of Theorem 3.

4. A generalization with an open problem

As a generalization of the tetrahedron, we say thatadimensional simplex
is circumscriptible if there is a sphere tangent to each of its edges. The following
basic properties of a circumscriptible simplex can be found in [3].

Theorem 7. Suppose the edge lengths of arsimplex?? = RP;,--- P, are
P,P; = a;5 for 0 < < j < n. Then-simplex has an edge-tangent sphere if and

only if there existr;, i = 0,1, ..., n, satisfyinga;; = x; +x; for 0 <i # j < n.
In this case, the radius of the edge-tangent sphere is given by
Dy
2= _ = 16
2Dy (16)
where
—Qx% 2r0r1 2T 0Tp—1
Dy = 2x0x1 —2$% ce 2-T1-?7‘171 ,
200Tn_1 2T1Tp_1 - —21’%_1
and
0 1 1
1
Dy =
. D1
1

We conclude this paper with an open problem: for a circumscriptibdamplex
with a circumscribed sphere of radidg an inscribed sphere of radiusand an
edge-tangent sphere of radi@ygprove or disprove that

L > nr.

n—1
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