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Midcircles and the Arbelos

Eric Danneels and Floor van Lamoen

Abstract. We begin with a study of inversions mapping one given circle into
another. The results are applied to the famous configuration of an arbelos. In
particular, we show how to construct three infinite Pappus chains associated with
the arbelos.

1. Inversions swapping two circles

Given two circlesO;(r;), i = 1,2, in the plane, we seek the inversions which
transform one of them into the other. Set up a cartesian coordinate system such
that fori = 1, 2, O; is the point(a;, 0). The endpoints of the diameters of the
circles on thec-axis are(a; + r;, 0). Let(a, 0) and® be the center and the power
of inversion. This means, for an appropriate choice ef +1,

(a1 +e-rm—a)(ag+re—a)= (a1 —e-1m —a)(ag —rg —a) = ®.
Solving these equations we obtain
roa] + € 1109
“= ro+¢e-r
®:5'T1T2((T2+5’T1)2—(a1—(12)2). (2)
(ro+e-1r1)?
From (1) it is clear that the center of inversion is a center of similitude of the
two circles, internal or external accordingas= +1 or —1. The two circles of
inversion, real or imaginary, are given by — a* + % = ®, or more explicitly,

ro((x — a1)* +y° —ri) + e (@ —ag)* +y° —r3) = 0. (3)

They are members of the pencil of circles generated by the two given circles. Fol-
lowing Dixon [1, pp.86—88], we call these tin@dcircles M., e = +1, of the two

given circlesO;(r;), ¢ = 1,2. From (2) we conclude that

(i) the internal midcircle M, is real if and only ifr; + 7o > d, the distance be-
tween the two centers, and

(i) the external midcircle M_ is real if and only ifjr; — 9| < d.

In particular, if the two given circles intersect, then there are two real circles of
inversion through their common points, with centers at the centers of similitudes.
See Figure 1.

(1)

Lemma 1. The image of the circle with center B, radius r, under inversion at a
point A with power ® isthe circle of radius| >~ | r, and center dividing AB at

theratio AP : PB = ® : &2 — r2 — &, where d is the distance between A and B.
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Figure 1.

2. A locus property of themidcircles

Proposition 2. The locus of the center of inversion mapping two given circles
O;(a;), i = 1,2, into two congruent circles is the union of their midcircles M,
and M_.

Proof. Let d(P, Q) denote the distance between two poiftsand Q. Suppose
inversion in P with power ® transforms the given circles into congruent circles.
By Lemma 1,
d(P 2 .2
dBO) —ri _ 1 @)
d(P,02)%? — 13 r9
for e = £1. If we set up a coordinate system so ti&t= (a;,0) fori = 1,2,
P = (z,y), then (4) reduces to (3), showing that the locug’a the union of the
midcirclesM_ andM_. O

Corollary 3. Given three circles, the common points of their midcircles taken by
pairs are the centers of inversion that map the three given circles into three con-
gruent circles.

Fori,j = 1,2,3, let M;; be a midcircle of the circle§; = O;(R;) andC; =
O;(R;). By Proposition 2 we havé;; = R; - C; + ;5 - R; - C; with g;; = *1.
If we chooseg;; to satisfye;s - €23 - €31 = —1, then the centers abMz, Mos
and M3, are collinear. Since the radical centerof the triadG, ¢ = 1,2, 3, has
the same power with respect to these circles, they form a pencil and their common
points X andY are the poles of inversion mapping the ciralgsC, andCs into
congruent circles.

The number of common points that are the poles of inversion mapping the circles
C1,C2 andCs into a triple of congruent circles depends on the configuration of these
circles.

(1) The maximal number i8 and occurs when each pair of circlésand
C; have two distinct intersections. Of the8epoints, two correspond to
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the three external midcircles while each pair of the remaining six points
correspond to a combination of one external and two internal midcircles.

(2) The minimal number i8. This occurs for instance when the circles belong
to a pencil of circles without common points.

Coroallary 4. Thelocus of the centers of the circlesthat intersect three given circles
at equal anglesare0, 1, 2, 3 or 4 linesthrough their radical center P perpendicular
to alinejoining three of their centers of similitude.

Proof. Let C; = A(R;), C2 = B(R2), andCs = C(R3) be the given circles.
Consider three midcircles with collinear centers. Xlfis an intersection of these
midcircles, reflection in the center line gives another common goin€Consider
an inversionr with pole X that maps circlé; to itself. CirclesC; andC, become
Ci = A'(R3) andCy = B'(R3). If P’ is the radical center of the circlgs, C}
andCj, then every circle® = P'(R) will intersect these 3 circles at equal angles.
When we apply the inversiononce again to the circle$, C}, C3 andC we get the
3 original circlesC;, Co, C3 and a circleC’ and since an inversion preserves angles
circle C" will also intersect these original circles at equal angles.

The circles orthogonal to all circled are mapped by to lines throughP'.
This means that the circles orthogonalttall pass through the inversion palé.
By symmetry they also pass throuyh and thus form the pencil generated by the
triple of midcircles we started with. The circl€sform therefore a pencil as well,
and their centers lie oY asX andY are the limit-points of this pencil. [

Remark. Not every point on the line leads to a real circle, and not every real circle
leads to real intersections and real angles.

As an example we consider the, B- andC-Soddy circles of a triangld BC.
Recall that thed-Soddy circle of a triangle is the circle with centdrand radius
s — a, wheres is the semiperimeter of triangld BC. The area enclosed in the
interior of ABC by the A-, B- and C'-Soddy circles form a skewed arbelos, as
defined in [S]. The circlesty making equal angles to th&-, B- and C-Soddy
circles form a pencil, their centers lie on the Soddy lined@C', while the only
real line of three centers of midcircles is the tripolar of the Gergonne pgirit

The pointsX andY in the proof of Corollary 4 are the limit points of the pencil
generated byF;. In barycentric coordinates, these points aresfer +1,

(4R+r)-X7+e-\/§s-I:<2ra+s-\/§a:2rb+e-\/§b:2rc+s-\/§c),

whereR, r, rq, 1, 7. are the circumradius, inradius, and inradii. The midpoint of
XY is the Fletcher-poinii323. See Figure 2.

3. The Arbelos

Now consider an arbelos, consisting of two interior semicirékg-;) 2 and
Oz(r2) and an exterior semicircl®(r) = Oy(r), r = r1 + r2. Their points of

The numbering of triangle centers following numbering in [2, 3].
2We adopt notations as used in [4]: BPQ) we denote the circle with diametétQ, by P(r)
the circle with centeP and radiug-, while P(Q) is the circle with centeP through@ and(PQR)
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Figure 2.

tangency arel, B andC as indicated in Figure 3. The arbelos has an incif€l¢.
For simple constructions ¢fY), see [7, 8].

Figure 3.

We consider three Pappus chai#,,), ¢ = 0,1,2. If (4, j, k) is a permutation
of (0,1, 2), the Pappus chaifP; ,,) is the sequence of circles tangent to bath)

is the circle throughP, @ and R. The circle(P) is the circle with cente, and radius clear from
context.
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and(Oy) defined recursively by
(i) Pip = (O'), the incircle of the arbelos,
(ii) for n > 1, P; , is tangent tdP; ,_1, (O;) and(Oy,),
(iii) for n > 2, P; ,, andP; ,,_» are distinct circles.

These Pappus chains are related to the centers of similitude of the circles of
the arbelos. We denote by, the external center of similitude ¢6,) and(O-),
and, fori, j = 1,2, by M; the internal center of similitude ¢D) and(0;). The
midcircles areMy(C), M;(B) and Mz(A). Each of the three midcircles leaves
(O') and its reflection iM B invariant, so does each of the circles centered,d?
andC respectively and orthogonal {@). These six circles are thus members of a
pencil, and)’ lies on the radical axis of this pencil. Each of the latter three circles
inverts two of the circles forming the arbelos to the tangent€£tpperpendicular
to AB, and the third circle into one tangent(t0'). See Figure 4.

Mo A \ 01| Mo O M0, B

Figure 4.

We make a number of interesting observations pertaining to the construction of
the Pappus chains. Denote By, the center of the circl@, ,,.

3.1 Fori=0,1,2, inversion in the midcirclg¢ ;) leaves(P, ,,) invariant. Con-
sequently,
(1) the point of tangency dff’, ,,) and(P; ,+1) lies on(M;) and their common
tangent passes througls;
(2) for every permuatiori, j, k) of (0,1, 2), the points of tangency aff ,,)
with (O;) and(Oy,) are collinear with};. See Figure 5.

3.2 For every permutationts, j, k) of (0,1,2), inversion in();) swaps(P; )
and(FPy ). Hence,

(1) M;, P;,, and P ,, are collinear;
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Figure 5.

(2) the points of tangency df; ,) and (P ,) with (O;) are collinear with
M;;

(3) the points of tangency ¢ ,,) with (P} ,41), and of( Py ,,) with (Py, ,,+1)
are collinear withM;;

(4) the points of tangency aff;,,) with (Oy), and of (P ) with (O;) are
collinear withM;. See Figure 6.

My

Figure 6.

3.3 Let (4,4, k) be a permutation of0, 1,2). There is a circleZ; which inverts
(0,) and(Oy,) respectively into the two tangentsand/, of (O') perpendicular
to AB. The Pappus chai(? ;) is inverted to a chain of congruent circlég,)
tangent to/; and/, as well, with(Qg) = (O’). See Figure 7. The lines joining
to

(i) the point of tangency of@,,) with ¢; (respectivelyls) intersect, (respectively
C1) at the points of tangency witR, ,,
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(i) the point of tangency of@Q,,) and(Q,,—1) intersectM, at the point of tangency
of 'Pgm andPQ,n_l.

From these points of tangency the cir¢l ,,) can be constructed.

Similarly, the lines joiningB to
(iii) the point of tangency of Q) with ¢; (respectivelyls) intersectC, (respec-
tively Cp) at the points of tangency with, ,,,
(iv) the point of tangency of@,) and (Q,,—1) intersectM; at the point of tan-
gency of(Py,,) and (P, _1)-

From these points of tangency the cir¢lg ,,) can be constructed.

Finally, the lines joining’”' to
(v) the point of tangency of@,) with ¢;, ¢ = 1,2, intersectC; at the points of
tangency withPy ,,,
(vi) the point of tangency of@,) and (Q,—1) intersectM, at the point of tan-
gency Of(PO,n) and (PO,nfl)'

From these points of tangency the cir¢lg ,,) can be constructed.

Figure 7.

3.4 Now consider the circléC,, through the points of tangency ¢f;,,) with
(O4) and(Oy,) and orthogonal t@;. Then by inversion irZ; we see thafC,, also
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passes through the points of tangency(@f) with ¢; and/,. Consequently the
centerK,, of K, lies on the line through) parallel to/; and /5, which is the
radical axis of the pencil of; and ();). By symmetry/C,, passes through the
points of tangency Py, ,,) with (O;/) and(Oy) for other permutation$?, j/, k")
of (0, 1,2) as well. The circleC,, thus passes through eight points of tangency, and
all IC,, are members of the same pencil.

With a similar reasoning the circlg, = (L,,) tangent ta? ,, and P ,, 1 at their
point of tangency as well as {@),,) and(Q,,+1) at their point of tangency, belongs
to the same pencil &s,,. See Figure 8.
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The circlesk,, and £,, make equal angles to the three arbelos semicirf@gs
(O1) and(02). In §5 we dive more deeply into circles making equal angles to three
given circles.
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Figure 8.

4. \-Archimedean circles

Recall that in the arbelos the twin circles of Archimedes have radius ~.2.
Circles congruent to these twin circles with relevant additional properties in the
arbelos are called Archimedean.
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Now let the homothety(A, ) mapO andO; to O’ andOj. In [4] we have
seen that the circle tangent@ andO] and to the line through’ perpendicular to
AB is Archimedean for any within obvious limitations. On the other hand from
this we can conclude that when we apply the homothé#y, \) to the line through
C perpendicular tod B, to find the lineZ, then the circle tangent 9 O andO has
radius\r4. These circles are described in a different way in [6]. We call circles
with radiusAr 4 and with additional relevant propertiasArchimedean.

We can find a family ofA-Archimedean circles in a way similar to Bankoff’s
triplet circle. A proof showing that Bankoff’s triplet circle is Archimedean uses the
inversion inA(B), that mapsD andO; to two parallel lines perpendicular 15,
and(O,) and the Pappus chafi ,,) to a chain of tangent circles enclosed by these
two lines. The use of a homothety throughmapping Bankoff’s triplet circl¢i13)
to its inversive image shows that it is Archimedean. We can use this homothety as
(W3) circle is tangent taAB. This we know becausélis) is invariant under
inversion in(Mp), and thus intersect&\y) orthogonally atC'. In the same way
we find A\-Archimedean circles.

Proposition 5. For 7,5 = 1,2, let V; ,, be the point of tangency of (O;) and (P; ).
Thecircle (CV1 , V) is (n + 1)-Archimedean.

Figure 9.

A special circle of this family is(L) = (CVji,1V21), which tangent ta(O)
and (0’) at their point of tangency, as can be easily seen from the figure after
inversion. See Figure 9. We will meet again this circle in the final section.

Let Wy, be the point of tangency dff? ,,) and (O;). Similarly let W5 ,, be
the point of tangency ofR,,) and(O). The circles(CW, ,, W, ,,) are invariant
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under inversion througliM ), hence are tangent td B. We may consideid B
itself as preceding element of these circles, as we may congitleas (13 —1).
Inversion throughC' maps(F ,,) to a chain of tangent congruent circles tangent to
two lines perpendicular tel B, and maps the circle®'W; , 1 ,,) to equidistant
lines parallel tad B and includingA B. The diameters through of (CW; ,,Ws,,)

are thus, by inversion back of these equidistant lines, proportional to the harmonic
sequence. See Figure 10.

Figure 10.

Proposition 6. Thecircle (CW; ,Wa,,) is %H-Archimedean.
5. Inverting the arbelosto congruent circles

Let F} and F;, be the intersection points of the midcircléss), (M;) and
(M) of the arbelos. Inversion throughl maps the circlegO), (O;) and (O3)
to three congruent and pairwise tangent cirdl&s,), (E; 1) and (E;2). Trian-
gle E; o E; 1 E; o of course is equilateral, and stays homothetic independent of the
power of inversion.

The inversion througtF; maps(M) to a straight line which we may consider
as the midcircle of the two congruent circlég; ;) and (E; 2). The centerM
of this degenerate midcircle we may consider at infinity. It follows that the line
F;M, = F;M is parallel to the centrak; ; E; » of these circles. Hence the lines
throughF; parallel to the sides aof; 1 E; » F; 3 pass through the poinfgl, M; and
M.
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Now note thatd, B, andC are mapped to the midpoints of triandlgy E; 1 E; 2,
and the lineAB thus to the incircle off; o F; 1 ;. The pointF; is thus on this
circle, and from inscribed angles in this incircle we see that the directed angles
(F;A,F;B), (F;B, F;C), (F;C, F;A) are congruent module.

Proposition 7. Thepoints F; and F5 arethe Fermat-Torricelli points of degenerate
triangles ABC and My M7 M.

Let the diameter ofO’) parallel AB meet(O’) in G; andG» and LetG) and
G, be their feet of the perpendicular altitudes 4®. From Pappus’ theorem we
know thatG; G2 GG} is a square. Construction 4 in [7] tells us tiditand its re-
flection throughA B can be found as the Kiepert centers of base angles:tan 2.

Multiplying all distances toA B by@ implies that the pointg; form equilateral
triangles withG} andGy,. See Figure 11.

Figure 11.

A remarkable corollary of this and Proposition 7 is that the arbelos erected on
My My M, shares its incircle with the original arbelos. See Figure 12.

Let F; be at the same side of BC as the Arbelos semicircles. The inver-
sion in F1(C) maps(0), (O1) and (O2) to three2-Archimedean circleg Ey),
(E1) and (E,), which can be shown with calculations, that we omit here. The
2-Archimedean circld L) we met earlier meet&F; ) and (E2) in their "highest”
points H; and H respectively. This leads to new Archimedean cirdl&sH )
and(E,H,), which are tangent to Bankoff’s triplet circle. Note that the poifits
E,, L, the point of tangency ofEy) and (E;) and the point of tangency ¢fp)
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Figure 12.

and (E3) lie on the2-Archimedean circle with centef’ tangent to the common
tangent of(O;) and(O,). See Figure 13.

Figure 13.
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