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Midcircles and the Arbelos

Eric Danneels and Floor van Lamoen

Abstract. We begin with a study of inversions mapping one given circle into
another. The results are applied to the famous configuration of an arbelos. In
particular, we show how to construct three infinite Pappus chains associated with
the arbelos.

1. Inversions swapping two circles

Given two circlesOi(ri), i = 1, 2, in the plane, we seek the inversions which
transform one of them into the other. Set up a cartesian coordinate system such
that for i = 1, 2, Oi is the point(ai, 0). The endpoints of the diameters of the
circles on thex-axis are(ai ± ri, 0). Let (a, 0) andΦ be the center and the power
of inversion. This means, for an appropriate choice ofε = ±1,

(a1 + ε · r1 − a)(a2 + r2 − a) = (a1 − ε · r1 − a)(a2 − r2 − a) = Φ.

Solving these equations we obtain

a =
r2a1 + ε · r1a2

r2 + ε · r1 , (1)

Φ =
ε · r1r2((r2 + ε · r1)2 − (a1 − a2)2)

(r2 + ε · r1)2 . (2)

From (1) it is clear that the center of inversion is a center of similitude of the
two circles, internal or external according asε = +1 or −1. The two circles of
inversion, real or imaginary, are given by(x− a)2 + y2 = Φ, or more explicitly,

r2((x− a1)2 + y2 − r21) + ε · r1((x− a2)2 + y2 − r22) = 0. (3)

They are members of the pencil of circles generated by the two given circles. Fol-
lowing Dixon [1, pp.86–88], we call these themidcircles Mε, ε = ±1, of the two
given circlesOi(ri), i = 1, 2. From (2) we conclude that
(i) the internal midcircleM+ is real if and only ifr1 + r2 > d, the distance be-
tween the two centers, and
(ii) the external midcircleM− is real if and only if|r1 − r2| < d.
In particular, if the two given circles intersect, then there are two real circles of
inversion through their common points, with centers at the centers of similitudes.
See Figure 1.

Lemma 1. The image of the circle with center B, radius r, under inversion at a

point A with power Φ is the circle of radius
∣∣∣ Φ
d2−r2

∣∣∣ r, and center dividing AB at

the ratio AP : PB = Φ : d2 − r2 − Φ, where d is the distance between A and B.
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Figure 1.

2. A locus property of the midcircles

Proposition 2. The locus of the center of inversion mapping two given circles
Oi(ai), i = 1, 2, into two congruent circles is the union of their midcircles M+

and M−.

Proof. Let d(P,Q) denote the distance between two pointsP andQ. Suppose
inversion inP with powerΦ transforms the given circles into congruent circles.
By Lemma 1,

d(P,O1)2 − r21
d(P,O2)2 − r22

= ε · r1
r2

(4)

for ε = ±1. If we set up a coordinate system so thatOi = (ai, 0) for i = 1, 2,
P = (x, y), then (4) reduces to (3), showing that the locus ofP is the union of the
midcirclesM+ andM−. �

Corollary 3. Given three circles, the common points of their midcircles taken by
pairs are the centers of inversion that map the three given circles into three con-
gruent circles.

For i, j = 1, 2, 3, let Mij be a midcircle of the circlesCi = Oi(Ri) andCj =
Oj(Rj). By Proposition 2 we haveMij = Rj · Ci + εij · Ri · Cj with εij = ±1.
If we chooseεij to satisfyε12 · ε23 · ε31 = −1, then the centers ofM12, M23

andM31 are collinear. Since the radical centerP of the triadCi, i = 1, 2, 3, has
the same power with respect to these circles, they form a pencil and their common
pointsX andY are the poles of inversion mapping the circlesC1, C2 andC3 into
congruent circles.

The number of common points that are the poles of inversion mapping the circles
C1, C2 andC3 into a triple of congruent circles depends on the configuration of these
circles.

(1) The maximal number is8 and occurs when each pair of circlesCi and
Cj have two distinct intersections. Of these8 points, two correspond to
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the three external midcircles while each pair of the remaining six points
correspond to a combination of one external and two internal midcircles.

(2) The minimal number is0. This occurs for instance when the circles belong
to a pencil of circles without common points.

Corollary 4. The locus of the centers of the circles that intersect three given circles
at equal angles are 0, 1, 2, 3 or 4 lines through their radical center P perpendicular
to a line joining three of their centers of similitude.

Proof. Let C1 = A(R1), C2 = B(R2), andC3 = C(R3) be the given circles.
Consider three midcircles with collinear centers. IfX is an intersection of these
midcircles, reflection in the center line gives another common pointY . Consider
an inversionτ with poleX that maps circleC3 to itself. CirclesC1 andC2 become
C′

1 = A′(R3) andC2 = B′(R3). If P ′ is the radical center of the circlesC1, C′
2

andC′3, then every circleC = P ′(R) will intersect these 3 circles at equal angles.
When we apply the inversionτ once again to the circlesC′1, C′

2, C3 andC we get the
3 original circlesC1, C2, C3 and a circleC′ and since an inversion preserves angles
circleC′ will also intersect these original circles at equal angles.

The circles orthogonal to all circlesC′ are mapped byτ to lines throughP′.
This means that the circles orthogonal toC′ all pass through the inversion poleX.
By symmetry they also pass throughY , and thus form the pencil generated by the
triple of midcircles we started with. The circlesC′ form therefore a pencil as well,
and their centers lie onXY asX andY are the limit-points of this pencil. �
Remark. Not every point on the line leads to a real circle, and not every real circle
leads to real intersections and real angles.

As an example we consider theA-,B- andC-Soddy circles of a triangleABC.
Recall that theA-Soddy circle of a triangle is the circle with centerA and radius
s − a, wheres is the semiperimeter of triangleABC. The area enclosed in the
interior of ABC by theA-, B- andC-Soddy circles form a skewed arbelos, as
defined in [5]. The circlesFφ making equal angles to theA-, B- andC-Soddy
circles form a pencil, their centers lie on the Soddy line ofABC, while the only
real line of three centers of midcircles is the tripolar of the Gergonne pointX7. 1

The pointsX andY in the proof of Corollary 4 are the limit points of the pencil
generated byFφ. In barycentric coordinates, these points are, forε = ±1,

(4R + r) ·X7 + ε ·
√

3s · I =
(
2ra + ε ·

√
3a : 2rb + ε ·

√
3b : 2rc + ε ·

√
3c

)
,

whereR, r, ra, rb, rc are the circumradius, inradius, and inradii. The midpoint of
XY is the Fletcher-pointX1323. See Figure 2.

3. The Arbelos

Now consider an arbelos, consisting of two interior semicirclesO1(r1) 2 and
O2(r2) and an exterior semicircleO(r) = O0(r), r = r1 + r2. Their points of

1The numbering of triangle centers following numbering in [2, 3].
2We adopt notations as used in [4]: By(PQ) we denote the circle with diameterPQ, by P (r)

the circle with centerP and radiusr, while P (Q) is the circle with centerP throughQ and(PQR)
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Figure 2.

tangency areA,B andC as indicated in Figure 3. The arbelos has an incircle(O′).
For simple constructions of(O′), see [7, 8].
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Figure 3.

We consider three Pappus chains(Pi,n), i = 0, 1, 2. If (i, j, k) is a permutation
of (0, 1, 2), the Pappus chain(Pi,n) is the sequence of circles tangent to both(Oj)

is the circle throughP , Q andR. The circle(P ) is the circle with centerP , and radius clear from
context.
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and(Ok) defined recursively by
(i) Pi,0 = (O′), the incircle of the arbelos,
(ii) for n ≥ 1, Pi,n is tangent toPi,n−1, (Oj) and(Ok),
(iii) for n ≥ 2, Pi,n andPi,n−2 are distinct circles.

These Pappus chains are related to the centers of similitude of the circles of
the arbelos. We denote byM0 the external center of similitude of(O1) and(O2),
and, fori, j = 1, 2, byMi the internal center of similitude of(O) and(Oj). The
midcircles areM0(C), M1(B) andM2(A). Each of the three midcircles leaves
(O′) and its reflection inAB invariant, so does each of the circles centered atA,B
andC respectively and orthogonal to(O′). These six circles are thus members of a
pencil, andO′ lies on the radical axis of this pencil. Each of the latter three circles
inverts two of the circles forming the arbelos to the tangents to(O′) perpendicular
toAB, and the third circle into one tangent to(O′). See Figure 4.

C O2 BO1A O

O′

M0 M2 M1

F ′

F

Figure 4.

We make a number of interesting observations pertaining to the construction of
the Pappus chains. Denote byPi,n the center of the circlePi,n.

3.1. For i = 0, 1, 2, inversion in the midcircle(Mi) leaves(Pi,n) invariant. Con-
sequently,

(1) the point of tangency of(Pi,n) and(Pi,n+1) lies on(Mi) and their common
tangent passes throughMi;

(2) for every permuation(i, j, k) of (0, 1, 2), the points of tangency of(Pi,n)
with (Oj) and(Ok) are collinear withMi. See Figure 5.

3.2. For every permutation(i, j, k) of (0, 1, 2), inversion in(Mi) swaps(Pj,n)
and(Pk,n). Hence,

(1) Mi, Pj,n andPk,n are collinear;
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Figure 5.

(2) the points of tangency of(Pj,n) and (Pk,n) with (Oi) are collinear with
Mi;

(3) the points of tangency of(Pj,n) with (Pj,n+1), and of(Pk,n) with (Pk,n+1)
are collinear withMi;

(4) the points of tangency of(Pj,n) with (Ok), and of(Pk,n) with (Oj) are
collinear withMi. See Figure 6.

P0,1
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P2,1

C O2 BO1A O
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P2,2

P0,2

Figure 6.

3.3. Let (i, j, k) be a permutation of(0, 1, 2). There is a circleIi which inverts
(Oj) and(Ok) respectively into the two tangents�1 and�2 of (O′) perpendicular
to AB. The Pappus chain(Pi,n) is inverted to a chain of congruent circles(Qn)
tangent to�1 and�2 as well, with(Q0) = (O′). See Figure 7. The lines joiningA
to
(i) the point of tangency of(Qn) with �1 (respectively�2) intersectC0 (respectively
C1) at the points of tangency withP2,n,
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(ii) the point of tangency of(Qn) and(Qn−1) intersectM2 at the point of tangency
of P2,n andP2,n−1.

From these points of tangency the circle(P2,n) can be constructed.
Similarly, the lines joiningB to

(iii) the point of tangency of(Qn) with �1 (respectively�2) intersectC2 (respec-
tively C0) at the points of tangency withP1,n,
(iv) the point of tangency of(Qn) and(Qn−1) intersectM1 at the point of tan-
gency of(P1,n) and(P1,n−1).

From these points of tangency the circle(P1,n) can be constructed.
Finally, the lines joiningC to

(v) the point of tangency of(Qn) with �i, i = 1, 2, intersectCi at the points of
tangency withP0,n,
(vi) the point of tangency of(Qn) and(Qn−1) intersectM0 at the point of tan-
gency of(P0,n) and(P0,n−1).

From these points of tangency the circle(P0,n) can be constructed.

Q1

Q2

C O2 BO1A O

O′

M2 M1

P0,1

P1,1

P2,1

P1,2

P2,2

P0,2

F
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2

Figure 7.

3.4. Now consider the circleKn through the points of tangency of(Pi,n) with
(Oj) and(Ok) and orthogonal toIi. Then by inversion inIi we see thatKn also
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passes through the points of tangency of(Qn) with �1 and�2. Consequently the
centerKn of Kn lies on the line throughO′ parallel to�1 and �2, which is the
radical axis of the pencil ofIi and (Mi). By symmetryKn passes through the
points of tangency(Pi′,n) with (Oj′) and(Ok′) for other permutations(i′, j′, k′)
of (0, 1, 2) as well. The circleKn thus passes through eight points of tangency, and
all Kn are members of the same pencil.

With a similar reasoning the circleLn = (Ln) tangent toPi,n andPi,n+1 at their
point of tangency as well as to(Qn) and(Qn+1) at their point of tangency, belongs
to the same pencil asKn. See Figure 8.
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Figure 8.

The circlesKn andLn make equal angles to the three arbelos semicircles(O),
(O1) and(O2). In §5 we dive more deeply into circles making equal angles to three
given circles.

4. λ-Archimedean circles

Recall that in the arbelos the twin circles of Archimedes have radiusrA = r1r2
r .

Circles congruent to these twin circles with relevant additional properties in the
arbelos are called Archimedean.
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Now let the homothetyh(A,µ) mapO andO1 to O′ andO′
1. In [4] we have

seen that the circle tangent toO′ andO′
1 and to the line throughC perpendicular to

AB is Archimedean for anyµ within obvious limitations. On the other hand from
this we can conclude that when we apply the homothetyh(A,λ) to the line through
C perpendicular toAB, to find the line�, then the circle tangent to�,O andO′ has
radiusλrA. These circles are described in a different way in [6]. We call circles
with radiusλrA and with additional relevant propertiesλ-Archimedean.

We can find a family ofλ-Archimedean circles in a way similar to Bankoff’s
triplet circle. A proof showing that Bankoff’s triplet circle is Archimedean uses the
inversion inA(B), that mapsO andO1 to two parallel lines perpendicular toAB,
and(O2) and the Pappus chain(P2,n) to a chain of tangent circles enclosed by these
two lines. The use of a homothety throughAmapping Bankoff’s triplet circle(W3)
to its inversive image shows that it is Archimedean. We can use this homothety as
(W3) circle is tangent toAB. This we know because(W3) is invariant under
inversion in(M0), and thus intersects(M0) orthogonally atC. In the same way
we findλ-Archimedean circles.

Proposition 5. For i, j = 1, 2, let Vi,n be the point of tangency of (Oi) and (Pj,n).
The circle (CV1,nV2,n) is (n+ 1)-Archimedean.
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P ′
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V ′
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Figure 9.

A special circle of this family is(L) = (CV1,1V2,1), which tangent to(O)
and(O′) at their point of tangencyZ, as can be easily seen from the figure after
inversion. See Figure 9. We will meet again this circle in the final section.

Let W1,n be the point of tangency of(P0,n) and (O1). Similarly letW2,n be
the point of tangency of(P0,n) and(O2). The circles(CW1,nW2,n) are invariant
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under inversion through(M0), hence are tangent toAB. We may considerAB
itself as preceding element of these circles, as we may consider(O) as (P0,−1).
Inversion throughC maps(P0,n) to a chain of tangent congruent circles tangent to
two lines perpendicular toAB, and maps the circles(CW1,nW2,n) to equidistant
lines parallel toAB and includingAB. The diameters throughC of (CW1,nW2,n)
are thus, by inversion back of these equidistant lines, proportional to the harmonic
sequence. See Figure 10.
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Figure 10.

Proposition 6. The circle (CW1,nW2,n) is 1
n+1 -Archimedean.

5. Inverting the arbelos to congruent circles

Let F1 and F2 be the intersection points of the midcircles(M0), (M1) and
(M2) of the arbelos. Inversion throughFi maps the circles(O), (O1) and (O2)
to three congruent and pairwise tangent circles(Ei,0), (Ei,1) and (Ei,2). Trian-
gleEi,0Ei,1Ei,2 of course is equilateral, and stays homothetic independent of the
power of inversion.

The inversion throughFi maps(M0) to a straight line which we may consider
as the midcircle of the two congruent circles(Ei,1) and (Ei,2). The centerM ′

0

of this degenerate midcircle we may consider at infinity. It follows that the line
FiM0 = FiM

′
0 is parallel to the centralEi,1Ei,2 of these circles. Hence the lines

throughFi parallel to the sides ofEi,1Ei,2Ei,3 pass through the pointsM0,M1 and
M2.
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Now note thatA,B, andC are mapped to the midpoints of triangleEi,0Ei,1Ei,2,
and the lineAB thus to the incircle ofEi,0Ei,1Ei,2. The pointFi is thus on this
circle, and from inscribed angles in this incircle we see that the directed angles
(FiA,FiB), (FiB,FiC), (FiC,FiA) are congruent moduloπ.

Proposition 7. The points F1 and F2 are the Fermat-Torricelli points of degenerate
triangles ABC and M0M1M2.

Let the diameter of(O′) parallelAB meet(O′) in G1 andG2 and LetG′
1 and

G′
2 be their feet of the perpendicular altitudes onAB. From Pappus’ theorem we

know thatG1G2G
′
1G

′
2 is a square. Construction 4 in [7] tells us thatO′ and its re-

flection throughAB can be found as the Kiepert centers of base angles± arctan 2.
Multiplying all distances toAB by

√
3

2 implies that the pointsFi form equilateral
triangles withG′

1 andG′
2. See Figure 11.
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Figure 11.

A remarkable corollary of this and Proposition 7 is that the arbelos erected on
M0M1M2 shares its incircle with the original arbelos. See Figure 12.

Let F1 be at the same side ofABC as the Arbelos semicircles. The inver-
sion in F1(C) maps(O), (O1) and (O2) to three2-Archimedean circles(E0),
(E1) and (E2), which can be shown with calculations, that we omit here. The
2-Archimedean circle(L) we met earlier meets(E1) and(E2) in their ”highest”
pointsH1 andH2 respectively. This leads to new Archimedean circles(E1H1)
and(E2H2), which are tangent to Bankoff’s triplet circle. Note that the pointsE1,
E2, L, the point of tangency of(E0) and(E1) and the point of tangency of(E0)
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Figure 12.

and(E2) lie on the2-Archimedean circle with centerC tangent to the common
tangent of(O1) and(O2). See Figure 13.

E0

C

L

O2 BO1A O

Z

O′

F1

E1

H2

E2

H1

Figure 13.
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