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Abstract. We consider the three different Pappus chains that can be constructed
inside the arbelos and we deduce some identities involving the radii of the circles
of n-th order and the incircle radius.

1. Introduction

The Pappus chain [1] is an infinite series of circles constructed starting from the
Archimedean figure named arbelos (also said shoemaker knife) so that the generic
circleC;, (i = 1, 2, ...) of the chain is tangent to the the circlés; andC;
and to two of the three semicircl€s, C, and(, forming the arbelos. In a generic
arbelos three different Pappus chains can be drawn (see Figure 1).

Figure 1.

In Figure 1, the diameteAC' of the left semicircleC, is 2a, the diametelC' B
of the right semicircle?, is 2b, and the diameteA B of the outer semicircl€; is
2r, r = a + b. The first circleC; is common to all three chains and is named the
incircle of the arbelos. By applying the circular inversion technique, it is possible
to determine the center coordinates and radius of each chain; the radii are expressed
by the formulas reported in Table I. The chain tending to p6lrig named;, the
chain tending to point B is namd¢ and the chain tending to poidt is named?,.
As far as chain$', andI'}, are concerned, the expressions for the radii are given in
[2] while for I';, we give an inductive proof below.

Publication Date: June 4, 2007. Communicating Editor: Floor van Lamoen.



108 G. Lucca

Table I: Radii of the circles forming the three Pappus chains

Chain T, T, Ty

: : b b b
Radius ofn-th circle| pr, = 75572 | pan = #Hb Pbn = #‘;m

For integers: > 1, consider the statement

rab
P R
P(1) is true since the first circle of the chain is the arbelos incircle having radius
given by formula (3).
We show thatP(n) = P(n + 1).
Let us consider the circle§.,, andC;,+1 in the chainl,, together the inner
semicirclesC, andCy, inside the arbelos. Applying Descartes’ theorem we have

2(5371 + 5?n+1 + 52 + €2b) = (€rn + Erny1 +€a+ 8b)za (1)

wheree,,, €141, €4 @ndey, are the curvatures,e., reciprocals of the radii of the
circles. Rewriting this as

2 2 2, .2
Erna1 — 26mnt1(Emn + €a +€p) + €5, + €5 + € — 2(ErnEa + €alb + €bErn) = 0,

we have

Erntl = Ern + €a + €b £ 2v/EmEa + €alb + EbErn- (2)
Substituting into (2, = e = } ande,, = —¢2— we obtain, after a few
steps of simple algebraic calculations,
1 rab

Erns1  (n+1)2r2 —ab’

Prn+1 =

This proves thaP(n) = P(n+1), and by inductionP(n) is true for every integer
n > 1.

2. Relationships among the n-th circlesradii and incircle radius

For the following, it is useful to write explicitly the incircle radiug. that is

given by:
rab

- 3
a? + ab + b? ®)

Formula (3) is directly obtained by each one of the three formulas for the radius
in Table | forn = 1. It is useful too to write the square of the incircle radius that
is:

Pinc =

9 7”2(12172
e = . 4
Pine = 07243 + 20262 + 2ab° + b @
We enunciate now the following proposition related to three different identities
among the circles chains radii and the incircle radius.
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Proposition. Given a generic arbelos with its three Pappus chains, the following
identities hold for each integer n:

1 1 1
Pinc ( +—+ —) = 2% +1, (5)
Prn Pan Pbn
1 1 1
2 4
2 <——|———|——>:2n +1, (6)
‘\pd  Ph P
1 1 1 1 1 1
p?nc( S —— o — )—n4+2n2- ™)
Prn Pan Pan  Pbn Pbn Prn

Proof. To demonstrate (5), one has to substitute in it the expression for the radius
incircle given by (3) and the expressions for the radiieth circles chain given in
Table I. Using the fact that = a + b, one obtains
rab n?r? —ab n?a®+1rb  n%*?+ra 9
+ + =2n°+ 1.
a? + ab + b?

For (6), one has to substitute in it the expression for the square of the radius
incircle given by (4) and to take the squares of the radii-tfi circles chain given
in Table 1. Using the fact that = a + b, one obtains

r2a2b? n2r2 — ab\ > N n2a? 4+ rb\ > N n2b? + ra\’ ot
(a2 + ab + b?%)? rab rab rab
For (7), one has to substitute in it the expression for the square of the incircle

radius given by (4) and the expressions for the radii of+thi circles given in

. r2a2b2 D
Table I. This leads t?a2+ab+b2)2 - 27, Where

rab rab rab

D =(n*r? — ab)(n?a® 4+ rb) + (n%a® + rb)(n*b? + ra) + (n?b* + ra)(n’r* — ab)
=(n* 4+ 2n?)(a® + ab + b*)?,
by using the fact that = a + b. Finally, this leads to (7). O

3. Conclusion

Considering the three Pappus chains that can be drawn inside a generic arbelos,
some identities involving the incircle radius and tia¢h circles chain radii have
been shown. All these identities generate sequences of integers.
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