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The Arbelos and Nine-Point Circles

Quang Tuan Bui

Abstract. We construct some new Archimedean circles in an arbelos in connec-

tion with the nine-point circles of some appropriate triangles. We also construct

two new pairs of Archimedes circles analogous to those of Frank Power, and one
pair of Archimedean circles related to the tangents of the arbelos.

1. Introduction

We consider an arbelos consisting of three semicird@s, (O2), (O), with
points of tangencyl, B, P. Denote byr, r5 the radii of(O;), (O2) respectively.
Archimedes has shown that the two circles, each tange(d® fpthe common tan-
gentPQ of (O1), (O2), and one 0of01), (O2), have congruent radius= =2
See [1, 2]. LetC be a point on the half lind’Q such thatPC = h. We con-
sider the nine-point circl¢/N) of triangle ABC. This clearly passes through,
the midpoint ofAB, and P, the altitude foot ofC on AB. Let AC intersect(O;)
again atd’, and BC intersect(O;) again atB’. Let O, and H be the circumcenter
and orthocenter of triangld BC'. Note thatC' and H are on opposite sides of the
semicircular ar¢O), and the trianglest BC' and AB H have the same nine-point
circle. We shall therefore assumigbeyond the poin) on the half linePQ. See
Figure 1. In this paper the labeling of knowing Archimedean circles follows [2].

2. Archimedean circles with centers on the nine-point circle

Let the perpendicular bisector dfB cut (V) atO and)/, and the altitude’' P
cut(N) at P andM,,. See Figure 1.

2.1 ltis easy to show thaPO M, M,, is a rectangle sd/, is the reflection ofP
in N. Becausd), is also the reflection off in N, H PO, M, is a parallelogram,
and we have

O.M, = PH. (@)

Furthermore, from the similarity of triangldg PB and APC, we have% =
PA Hence
PC* '

4T1T2

PH =
h

: (2)
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Figure 1.

2.2 SinceC is beyond(@ on the half linePQ, the intersection?’ of A0, and

B’'O4 is a pointF’ below the arbelos. Denote I§y) the incircle of triangle"O, O,.

See Figure 2. The linéO; bisects both angle®,O, F and A’O;A. Because
01A’ = 01 A, 10, is perpendicular toAC, and therefore is parallel tB H. Sim-
ilarly, 10, is parallel toAH. From these, two triangled H B and (,10; are
homothetic with ratigs1g- = 2. It is easy to show thad is the touch point of )

with AB and that the inradius is

1
I0 =5 - PH. (3)
In fact, if F” is the reflection ofF" in the midpoint of 0,0, then O; FO5 F’
is a parallelogram and the circl®H) (with PH as diameter) is the incircle of
F'0O;10,. ltis the reflection of I') in midpoint of O, O5.

2.3, Now we apply these results to the arbelos. From %Z)PH = QHT’"? =
Archimedean radiu% if and only if

CP = hZQ(’Fl +T2) = AB.

In this case, point' and the orthocenteH of ABC are easy constructed and
the circle with diamete H is the Bankoff triplet circlg(W3). From this we can
also construct also the incircle of the arbelos. In this cése- incenter of the
arbelos. From (3) we can show that whei®® = AB, the incircle of FO, 05 is
also Archimedean. See Figure 3.

Let M be the intersection aDO, and the semicircl¢O), i.e,, the highest point
of (O). WhenCP = h =2(r; + 1) = AB,

00, = MyH = M,,C =
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Figure 2.
Therefore,
172 172
OcM = (r1 +1r9) — | r1 + 19 — = .
¢ (1 2) <1 2 7“1—1-7“2) T+ 12
From (1), 0.M. = PH = 242, This means thaf/ is the midpoint of

O.M_,, or the two circles centered & and M, and touchingO) at M are also
Archimedean circles. See Figure 3.
We summarize the results as follows.

Proposition 1. In the arbelos (O), (O2), (0), if C isany point on the half line
PQ beyond  and H isorthocenter of ABC, thenthecircle (PH) is Archimedean
ifand only if CP = AB = 2(r; + r2). Inthis case, we have the following results.
(1). The orthocenter H of ABC' is the intersection point of Bankoff triplet circle
(W3) with PQ (other than P).

(2). Theincircle of triangle F'O;O- is an Archimedean circle touching AB at O;
it isreflection of (13) in the midpoint of O; Os.

(3). Thecircle centered at circumcenter O, of ABC' and touching (O) at its highest
point M isan Archimedean circle. Thiscircleis (Way).

(4). Thecircle centered on nine point circle of ABC and touching (O) at M isan
Archimedean circle; it isthe reflection of (Wa) in M.

(5). Thereflection F” of F in midpoint of O; O, isthe incenter of the arbelos.

Remarks. (a) The Archimedean circles in (2) and (4) above are new.
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Figure 3.

(b) There are two more obvious Archimedean circles with centers on the nine-
point circle. These aréM,) and (M), where M, and M, are the midpoints of
AH and B H respectively. See Figure 3.

(c) The midpointsM,, M, of HA, HB are on nine point circle oA BC' and
are two vertices of Eulerian triangle ofBC. Two circles centered at4,, M,
and touchAB at O, O, respectively are congruent witli#s) so they are also
Archimedean circles (see [2]).

3. Two new pairs of Archimedean circles

If T is a point such tha©O7T? = r} + r3, then there is a pair of Archimedean
circles mutually tangent &f, and each tangent internally (@). Frank Power [5].
constructed two such pairs with= M, M, the highest points of0; ) and(O2)
respectively. Allowing tangency with other circles, Floor van Lamoen [4] called
such a pair Powerian. We construct two new Powerian pairs.
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Figure 4.

3.1 The triangleM M, M, hasMM; = /2 - ry, MM, = +/2 - 1, and a right
angle atM. Its incenter is the poinf on OM such that

1
MI=+2. §(MM1 + MMy — My My) = (r1 +1r9) — /77 +73.
ThereforeO1? = r? + r2, and we have a Powerian pair. See Figure 4.

3.2 Consider also the semicirclé¢%; ) and(7») with diametersAO, and BO;.
The intersectiorny of (71) and(7%) satisfies

OJ* =OP?+ PJ? = (1 —r2)> + 2riry = r{ + 13,
Therefore, we have another Powerian pair. See Figure 5.

Q

A Oq T, P O T> Oz B

Figure 5.

4. Two Archimedean circles related to the tangents of the ar belos

We give two more Archimedean circles related to the tangents of the arbelos.
Let £ be the tangent ofO) at ), and @1, Q2 the orthogonal projections of
01, Oz on L. The linesO; @, and02Q); intersect the semicirclegg); ) and (02)
at Ry and R, respectively. Note thak; R, is a common tangent of the semicir-
cles(0O1) and(O2). The circles(Ny), (N2) with diametersQ; R, andQq R, are
Archimedean. Indeed, {{i’s) and(1/7) are the two Archimedean circles through
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Figure 6.

P with centers ond B (see [2]), thenV;, No, Ws, W+ lie on the same circle with
center the midpoind/ of PQ. See Figure 6. We leave the details to the reader.
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