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Characterizations of an Infinite Set
of Archimedean Circles

Hiroshi Okumura and Masayuki Watanabe

Abstract. For an arbelos with the two inner circles touching at a pGinwe
give necessary and sufficient conditions that a circle passing thi@ugArchimedean.

Consider an arbelos with two inner circlasand g with radii « andb respec-
tively touching externally at a poiri?. A circle of radiusry = ab/(a+b) is called
Archimedean. In [3], we have constructed three infinite sets of Archimedean cir-
cles. One of these consists of circles passing through the pbirin this note
we give some characterizations of Archimedean circles passing througfe set
up a rectangular coordinate system with origirand the positiver-axis along a
diameterO A of « (see Figure 1).
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Figure 1

Theorem 1. Acirclethrough O (not tangent internally to 3) is Archimedean if and
only if its external common tangents with 3 intersect at a point on a.

Proof. Consider a circle) with radiusr # b and centelr cos 6, r sin §) for some
real numbep with cos§ # —1. The intersection of the common external tangents
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of 8 and/ is the external center of similitude of the two circles, which divides the
segment joining their centers externally in the ratior. This is the point

br(1+ cosf) brsinf
(e ). )
— .
The theorem follows from
br(1 + cos @) 2 brsind\? ~ 2br(a+b)(1 +cos0)
(?_CQ +<b—'r> T (b—r)? (r=ra).
O

Let O, andOg be the centers of the circlesand 3 respectively.

Figure 2

Corollary 2. Let 6 be an Archimedean circle with a diameter OT', and T, the
inter section of the external common tangents of thecircles § and 3; similarly define
j.b- ey e — X . .

(i) Thevectors O7T" and O, T, are parallel with the same direction.

(i) The point 7" divides the ssgment 1;, 73 internally in the ratio a : b.

Proof. We describe the center 6fby (r4 cos 6,14 sin #) for some real numbet
(see Figure 2). Then the poiffit, is described by

bra(l+ cos@) brasind
b—ra  b—ra

= (a(1 + cosf),asinb)

by (1). This impliesO,T,, = a(cos§,sin@). (i) is obtained directly, sincé}; is
expressed byb(—1 + cos §), bsin 0). O
In Theorem 1, we exclude the Archimedean circle which toughiesernally at

the pointO. But this corollary holds even if the circletouchess internally. If§ is
the Bankoff circle touching the lin@ A at the originO [1], thenT, is the highest
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point ona. If § is the Archimedean circle touching externally at the poinO,
thenT, obviously coincides with the poird. This fact is referred in [2] using the
circle labelediVs. Another notable Archimedean circle passing throayts that
having center on the Schoch line= ZI_ZTA’ which is labeled a#/y in [2]. We
have showed that the intersection of the external common tangeptsaiod this
circle is the intersection of the line = 2r4 and the circlex [3].

By the uniqueness of the figure, we get the following characterizations of the

Archimedean circles passing through the pagnt

Corollary 3. Let § beacirclewith adiameter OT', and let 7;, and Tz be points on

« and 3 respectively such that O, T;, and OzT}; are parallel to OT with the same
direction. (i) Thecircle § is Archimedean if and only if the points T" divides the line
segment 7;, T3 internally in the ratio a : b. (i) If the center of  does not lie on the
line OA, then ¢ is Archimedean if and only if the three points 1, T3 and T" are
collinear.

The statement (i) in this corollary also holds whetouchess internally.
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