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Abstract. We present an improved algorithm for finding all solutions to Goehl’s
problemA = mP for triangles,i.e.,, the problem of finding all Heronian trian-
gles whose aregA) is an integer multiplém) of the perimetefP). The new
algorithm does not involve elimination of extraneous rational triangles, and is a
true extension of Goehl’s original method.

1. Introduction and main result

In a recent paper [3], we presented a solution to the problem of finding all Hero-
nian triangles (triangles with integer sides and area) for which the Areaa
multiple m of the perimeter”, wherem € N. The problem was introduced by
Goehl [2] and is of interest because although its solution is exceedingly simple in
the special case of right triangles, the general case remained unsolved for about 20
years despite considerable effort. It is also remarkable and somewhat contrary to
intuition that for eachn there are only finitely many triangles with the property
A = mP; for instance, the triangle®, 8, 10), (5, 12,13), (6, 25,29), (7,15, 20)
and(9, 10, 17) are the only ones whose area equals their perimeter (theicase
1). Reproducing Goehl’s solution to the problem in the special case of right tri-
angles is a simple matter: Suppose thaand b are the legs of a right trian-
gle andc = Va2 + b2 is the hypotenuse. Setting the area equal to a multi-
ple m of the perimeter and manipulating, one immediately obtains the identities
8m? = (a — 4m)(b — 4m) andc = a + b — 4m. These allow us to determine
a, b andc after finding all possible factorizations of the left-hand side of the form
8m? = d; - dy and matchingl; anddy with (a — 4m) and (b — 4m), respectively;
restrictingd; to those integers that do not exceggim? = 2v/2m assures: < b
and avoids repetitions. We state Goehl’s result in the following form:
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Theorem 1. For a given m, the right-triangle solutions (a, b, ¢) to the problem
A = mP are determined from the relations

8m? =(a — 4m)(b — 4m), (1)
c=a+b—4m. (2)
Each factorization
8m? = d - do, (3)
where
dp < |2mV2], (4)
generates a solution triangle with sides given by the formulas
a=d; +4m,
b=ds+4m, (5)

c=d1 +do+4m.

Our paper [3] extended Goehl’s result to general triangles, but the solution in-
volved extraneous rational triangles, which then had to be eliminated. The aim of
this work is to present a radical simplification of our previous solution, which does
not introduce extraneous triangles and is a direct generalization of Goehl's method.
Our main goal is to prove the following theorem:

Theorem 2. For a given m, all solutions (a, b, c) to the problem A = mP are
determined as follows: Find all divisors u of 2m; for each w, find all numbers v
relatively prime to « and such that 1 < v < |v/3u/; to each pair u and v, there
correspond a factorization identity

Am? (u? +0?) = [v (a - 27m2}> - QmU} [v (b - 2%1}) - 2mu], (6)

and a relation

c=a+b— 473” 7)
Each factorization
4m2(u® 4+ v?) = 61 - 89, (8)
where
5 < {2m u? + sz 9)

and only those factors ¢, , d, for which v \ 01 + 2mu and v | 02 + 2mu are consid-
ered, generates a solution triangle with sides given by the formulas

__ d1+2mu 2mu
a= v + u

b= 52+§mu + 2731)’ (10)
01+02+4mu

-

CcC =

Furthermore, for each fixed u, one concludes from the corresponding v's that
(1) the obtuse-triangle solutions are obtained exactly when v < u;
(2) the acute-triangle solutions are obtained exactly when u < v < [v/3u/, with
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. 2
the further restriction —m(v2 —u?) <6 < {Qm\/zﬂ +02];
u
(3) theright-triangle solutions are obtained exactly when v = v = 1.

Note that Theorem 1 is a special case of Theorem 2 and that the substitution
u = v = 1 transforms relations (6) through (10) into relations (1) through (5),
respectively.

2. Summary of preliminary facts

Let A be the area ané@ the perimeter of a triangle with sidesb, ¢, with the
agreement that shall always denote the largest side. Our problem (we call it
A = mP for short) is to find all Heronian triangles whose area equals an integer
multiple m of the perimeter. We state all preliminaries as a sequence of lemmas
whose proofs can either be easily reproduced by the reader, or can be found (except
for Lemma 5) in [3].

First we note that Heron’s formula

4A=+/(a+b+c)a+b—c)a+c—b)(b+c—a)
and simple trigonometry easily imply the following lemma:

Lemma 3. Assume that thetriple (a, b, ¢) solves the problem A = mP.
(1) a + b — cisan even integer.
(2)a+b—c<4mV/3.

obtuse < 4m
(3) Theresulting triangleis{ acute » ifandonlyifa+b—cq > 4m
right =4m

Next, we need a crucial rearrangement of Heron’s formula:
Lemma 4. The following doubly-Pythagorean form of Heron's formula holds:
[ — (a® + %)) + (44)% = (2ab)>. (11)

This representation allows the problesn= mP to be reduced to a problem
about Pythagorean triples; for our purposes, a Pythagorean (riple z) shall
consist of nonnegative integers such thathe “hypotenuse”) shall always rep-
resent the largest number, whereaand y (the “legs”) need not appear in any
particular order. The following parametric representatioprafitive Pythagorean
triples (.e., such that the components do not have a common factor greater than 1)
is the only preliminary statement not proved in [3]; a self-contained proof can be
found in [1]:

Lemma 5. Depending on whether the first leg = is odd or even, every primitive
Pythagorean triple (z, y, z) is uniquely expressed as (12 — v2, 2uv, u? 4 v?) where

2 2 2 2
u° — v u® 4+ v
where
5 T )

u and v are relatively prime of opposite parity, or (
u and v arerelatively prime and odd.

A combination of Lemmas 4 and 5 easily yields
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Lemma 6. For afixed m, solving the problem A = m P is equivalent to determin-
ing all integer a, b, ¢ that satisfy the equation

[ — (a® + %)) + [4m(a + b+ ¢)]* = (2ab)?, (12)
or equivalently, to solving in positive integers the following system of three equa-
tions in six unknowns:

£ [ = (@® + V)] = k(u® —v?);
dm(a + b+ c) = 2kuv; (13)
2ab = k(u?® + v?).
It is easy to see that the first equation in (13) can be interpreted as follows.

Lemma 7. Assume that, corresponding to certain values of v and v, there is a
triple (a, b, ¢) which solves the problem A = mP. Then the triangle (a, b, c) is
obtuse uU>v
acute » if and only if u<v
right u=v=1

3. Proof of Theorem 2

Let us first investigate the case of an obtuse triangle (thewase); thus, the
system (13) i8? — (a® +b%) = k(u? —v?), 4m(a+b+c) = 2kuv, 2ab = k(u?+
v?). For completeness, we reproduce the crucial proof of the main factorization
identity from [3] (equation (17) below), which in essence solves the problem
mP. Indeed, from the first and the third equations in (13) we(get bf — ¢ =
2kv?, and after factoring the left-hand side and using the second equation we get

4 . . . .
a+b—c= —mv. This implies that: must divide2m because. + b — c is even,
u

andu, v are relatively prime. Combining the last relation witht+ b + ¢ = #

m
and solving the resulting system yields

ku?v + 8m2v ku?v — 8m2v
b+ta=—7-—7—, c=—7—"7—.
dmu dmu
Similarly, adding the first and second equations and rearranging terms gives
(a — b)? = ¢ — 2ku®. Let us assume for a moment that> a; then we have

b—a = +c%— 2ku?, and it is clear that the radicand must be a square (Pt

om and substitute it in the expressions b + a andb — a. After simplification,
u
one gets

kv — 2Q%v kv + 2Q%v 1 9
CZT, b+a:T,b—a:@ (kv —2Q%v)” — 32km?,
(14)
where the radicand must be a square. (Rut— 2@21})2 — 32km? = X2, and get
kv — 2Q2 kv 4 2Q? 1
po ko 2Q% k2@ Ly )

2Q ’ 2Q 2Q



Heronian triangles whose areas are integer multiples of their perimeters 133

On the other hand, considgv — 2Q%v)” — 32km? = X? as an equation in the
variablesX andk. Expanding the square and rearranging yields

kv — 4k(0°Q* 4 8m?) + 4Q"* = X2
The last equation is a Diophantine equation solvable by factoring: subtract the
2(v2Q? + 8m?)

2
) from both sides, simplify and rearrange terms;
v

guantity (k:v —
the result is

[2(’02622 + 87112)]2 — (21}2622)2 = (’U2k — 20%Q% - 16m2)2 — (Xv)?. (16)

In (16), factor both sides, substitufg = 2m and simplify. This gives
u

2
(16;%2> (u?+0%) = [v*(k — 2Q%) — 16m® — Xv] [v*(k — 2Q?) — 16m” + Xv]

17)
which is the main factorization identity mentioned above.
Now, the new idea is to eliminate and X in (17), using (15) and the crucial

4 . , .
fact thata +b —c = oy Indeed, from (15) we immediately obtain
u

X =200, k=202 s)

which we substitute in (17) and simplify to get

16m?(u? + v?) = [v(c — b+ a) — 4mu] [v(c+b—a) —4mu].  (19)

: . 4 N : :
In the last relation, substitute= a + b — T and simplify again. The result is
u
2 2
Am? (u? +0?) = [v (a - —mv> - QmU} [v (b - —mv> - 2mu],
u u

which is exactly (6). This identity allows us to find sideandb by directly match-

ing factors of the left-hand side to respective quantities on the right;dinéth be

determined frome = a + b — amo Supposetm?(u? + v?) = §; - 52. Since we
u

2m . .
wanto; = v(a — —v) — 2mu, it is clear that fora to be an integer, we neces-
u

sarily must havey | 01 + 2mu. Similarly, the requiremem| 02 + 2mu will ensure
thatb is an integer. Imposing these additional restrictions will prododg the
integer solutions to the problem. Furthermore, choosing 2 (or equivalently,
51 < 2mv/u? + v?2) will guarantee that < b.

Next, solve

2 2
01 :v(a— —mv> —2mu, & :v(a— —mv> — 2mu

u u

for a andb, express: in terms of them and thus obtain formulas for the sides:
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01 +2mu  2mv
_ 4 +

v U
- 5g+2mu+2mv’
v U

01 + 09 +4mu
c=—"—:

v ?
these are exactly the formulas (10). To ensure b, we solve the inequality
01 + 09 + dmu S 0o + 2mu n 2mu

v v u
and obtain, after simplification,

o > QTm(v2 —u?). (20)

The last relation will always be true if > v, and thus the proof of the obtuse-
case part of the theorem is concluded. Now, consider the acute case; i.e., the case
v > u. The first equation in (13) is agaif — (a® + %) = k(u® — v?) (both
sides are negative), and all the above derivations continue to hold true; it is now
crucial to use the important bound+ b — ¢ < 4my/3 which, combined with

4 . . .
a+b—c= ﬂ, implies thatu < v < v/3u. The only difference from the
(7

obtuse case is that the bound (20) does not hold automatically; now it must be
imposed to avoid repetitions and guarantee thetc. Since the right-triangle case
is obviously incorporated in the theorem, the proof is complete.

4. An example

We again examine the case = 2 (cf. [3]). Let m = 2 in the algorithm
suggested by Theorem 2; theém = 4 and thusu could be 4, 2 or 1. For each
determine the correspondings:

A uv=4=v=1,3;5

Bu=2=v=1;3

Qu=1=v=1.

Now observe how the case = 4, v = 5 has to be discarded since we have
4m?(u? +v?) = 656 = 2% - 41, 9 < §; < 25, the only factor in that range is 16,
and it must be thrown out because= 5 does not dividey + 2mu = 32. The
working factorizations are shown in the table below.
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u | v [ type of triangle] 0y range | 4m?(u® +v?) | 01 - 02 (a,b,c)
41 5, < 16 272 1-272 [ (18,289, 305)
2136 | (19,153, 170)
468 | (21,85,104)
8-34 | (25,51,74)
16-17| (33,34,65)
413 01 <20 400 2200 (9,75,78)
5-80 | (10,35,39)
8-50 | (11,25,30)
20-20 | (15,15,24)
21 5 <8 80 1-80 | (1L,90,97)
2.40 | (12,50,58)
4-20 | (14,30,40)
5-16 | (15,26,37)
810 | (18,20,34)
2 10<n <14 208 13-16 | (13,14,15)
1[1 5 <5 32 1-32 | (9,40,41)
2-16 (10,24, 26)
4-8 | (12,16,20)
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