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Some Triangle Centers Associated with the Excircles

Tibor Dosa

Abstract. We construct a few new triangle centers associated with the excircles
of a triangle.

1. Introduction

Consider a trianglel BC' with its excircles. We study a triad of extouch triangles
and construct some new triangle centers associated with them. Bi+éxéouch
triangle, we mean the triangle with vertices the points of tangency ol tbecircle
with the sidelines oA BC'. This is triangleA4, B,C, in Figure 1. Similarly, theB-
andC-extouch triangles are respectivelyB,C;, andA.B.C.. Consider also the
incircles of these extouch triangles, with cent&rsl,, I35 respectively, and points
of tangencyX of (I;) with B,C,, Y of (I3) with C,A;, andZ of (I3) with A.B..

Figure 1.

In this paper, we adopt the usual notations of triangle geometry as in [3] and
work with homogeneous barycentric coordinates with reference to triahgi€.
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Theorem 1. (1) Thelines AX, BY, C'Z are concurrent at

A A B C C
P = — 2. — 2 — 2= ).
| (cos 2 cos 1 Cos 2 Cos 1 : CoS 5 cos 1 >

(2) Thelines 1 X, I,Y, I3Z are concurrent at

sz( (1—005——00 2> +(b+c) COSE

b1 ¢ + =
— CoS — —cos (c+ a)cos —
2 2

1 A +b) ¢
cos - cos (a + b) cos 5

2. Some preliminary results

Let s and R be the semiperimeter and circumradius respectively of triangle
ABC'. The following homogeneous barycentric coordinates are well known.

A,=0:s—b:s—c), By=(—(s—b):0:5), Co=(—(s—c):5:0);
Ay =(0:—(s—a):s), By=(s—a:0:s—¢), Co=(s:—(s—c):0);
Ac=0:s:—(s—¢)), B.=(s:0:—(s—a)), Co=(s—a:s—>b:0).

The lengths of the sides of th&-extouch triangle are as follows:

A B
BaCa:2s-sin5, CaAa:2(s—c)cosi, AyBq —2(s—b)cos— 1)

Lemma 2.

B C
s —4Rcosicos§cos 5

B C

s—a—4Rcos§sm§sm 5

A B C

s—b—4Rs1nicos§s1n 5

A B C

s—c:4Rsin§sin§cos§

We omit the proof of this lemma. It follows easily from, for example,{293].
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3. Proof of Theorem 1

LB,y — AuCy+ A,BY)

B, X 2(
. B

=s-sin 5 — (s—c)cos;—l—(s—b)cosa
:4Rsinécos Ecosg (COS é — sinE + sin 9)

2 2 2 2 2 2
:4Rsinécos§cos% (sinB;C —sing +sin%>
:4Rsinécos§cosg (25inB+CCOSB+C —QSinB_CcosB+C>

2 2 2 4 4 4 4
:16Rsinécos§cosgcos B+C 'cosgsing.

2 2 4 4 4

Similarly, XC, = 16Rsin £ 2 cos g cos (2; cos B—+C sin % cos %. The pointX
therefore dividesB,C, in the ratio
C

B . C |
B, X : XC, :COSZSIDZ : SIDZCOSZ'

This allows us to compute its absolute barycentric coordinate in ternis ahd
C,. Note that

A A C
(—s1n2s1n2, 0, cos20052)

Ba: ) Ca:

B C
sin 3 sin 5

A B A
(—s1n251n 5, COS 5 COS 2, O)

From these we have

B C
snr14(:os4 By +cos 7 sin g - Cy

sin B+C
A e} A c A B A B
. —sin £ sin < ,0,cos £ cos = . sin £ sin & ,cos % cos =, 0
31n§cosg-( 2 222 2)+cos§smg-( 2 PRAR 2.0)
4 4 sin & 4 4 sin 5
SmBLC
C ( sm%sm Ocos%cosc) B (7sin‘;\sm§,cos‘3cos%,0)
cos 7 - B +cos - =
_ 2cos 2cos 7
sin B+C

2C A C A 2 B A B A
cos” 5 (—smgsm 5,0, cos 5 cos 7) + cos (— sin 4 sin 5, cos % cos 2, O)

QCosfcosgsm B+C
s A (. B C 2C A B 2 B A c 2C
(— sin 5 (smg cos? + sin 5 cos 4) COS % COS 5 COS” 7, COS 5 COS 5 COoS 4)

2 cos 4 cos ff sin B+C

From this we obtain the homogeneous barycentric coordinatés ahd those of
Y andZ by cyclic permutations ofi, B, C:
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Yo (—sin A (sin B0 B i sin Ceos? O - cos A eos Breos? B+ cos A cos € cos? €

= Sl 2 Sin 2 COS 4 sin 2 COS 4 . COSs 2 COS 2 COS 4 . COSs 2 COS 2 COs 4 s
Y —= | cos E COS é COS2 é L= sin E sm g COS2 g + sm é . COs E COS g COS2 g

- 2 2 4 2 2 4 4 2 2 4)°
Z — | cos 9 COSs é COS2 é . COs g COS E COS2 E L= Sil’l C sm - COS — + sm E COS E

- 2 2 4 2 2 4 2 2 4 2 4 ‘
Equivalently,

A(. B ,B _C ,C B ,B c ,C
X = —tana SIDECOS Z—FSID;COS Z :COS — COS™ — 1 COS—COS — |,

2 4 2 4
Y = (cos é cos? é : —tan E (Sin g cos? g + sin é cos? é) : coS g cos? g)
2 4 2 2 4 2 4 2 4 )’
Z = (COSéCOSQ é : COSECOSQ E : —tang (sinécos2 é —|—sin§cos2 E)) .
2 4 2 4 2 2 4 2 4

Itis clear that the linesl X, BY, C'Z intersect at a poinf with coordinates

oS é cos? é : Cos B cos? B : Cos g cos? g
2 4 2 4 2 4 )

This completes the proof of Theorem 1(1).

For (2), note that the lind; X is parallel to the bisector of anglé. Its has
barycentric equation

A B c . ..2C A B 2B A c..2C

—51n5(51n5cos T +sin 5 cos 4) COS %4 COS 5 COS” - COS 4 COS 5 COS”
—(b+¢) b c =0.
x Yy

A routine calculation, making use of the fact that the sum of the entries in the first
row is sin % cos? % + sin % cos? %, gives

B
—(z+y+2) (lmos%—ccos;) +bz—cy=0.

Similarly, the linesl,Y andI3Z have equations

A C
—(z4+y+2) ceos o —acos - + cx — az =0,

B A
—(z+y+2) <acos§ — bcos 5) + ay — bx =0.
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These three lines intersect at

B C A
Pg—(a(l—cosa—cos§> +(b+c)cos§

:b(l—cos%—cosé> —i—(c—i—a)cosg

2
A B C
ef1—cosZ —cos2 =),
c( Cos 2 cos2>—|—(a+b)cos2>

This completes the proof of Theorem 1(2).

Remark. The barycentric coordinates of the incenfepf the A-extouch triangle
are

oA (B in ) s (60 1oAY eos € (cos At sin B
sSin 2 Sin 2 sSin 5 . COS 5 S 5 COS 5 : COS 5 COs 2 sSin 2 .

4. Some collinearities
The homogeneous barycentric coordinategiofan be rewritten as

cosQé—Fcosé 'COSQE—FCOSE 'cos2g+cosg
2 2 2 2 2 2 )

From this it is clear that the poirfg lies on the line joining the two points with
coordinates(cos? % : cos? g : cos? %) and (cos % : cos g : oS %) We briefly
recall their definitions.

(i) The pointM = (0052§ : cos? £+ cos? %) = (a(s—a):b(s—b):c(s—c))
is the Mittenpunkt. It is the perspector of the excentral triangle and the medial
triangle. It is the triangle centeXy of [2].

(i) The point@ = (cos4 :cosL :cos§) appears as\iss in [2], and is
named the second mid-arc point. Here is an explicit description. Consider the
anticomplementary triangld’ B'C’ of ABC, with its incircle(I’). If the segments
I'A', I'B’, I'C' intersect the incirclél’) at A”, B”, C"”, then the linesA A", BB”,

CC" are concurrent af. See Figure 2.

Proposition 3. (1) The point P liesontheline M Q.
(2) The point P lies on the line joining the incenter to Q.

Proof. We need only prove (2). This is clear from

A B C A B C
P=11- - — — - — )1 — — — .
) ( cos2 0052 cosQ> +<C082+COS2+C082>Q

In fact,

A B
P2:I+<cosi+cos§+cos%> E)) 2)
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Figure 2.

5. The excircles of the extouch triangles

Consider the excircle of triangld, B,C, tangent to the sid&,C, at X'. Itis
clear thatX’ and X are symmetric with respect to the midpoint BfC,,. Since
triangle AB,C, is isosceles, the lined X’ and AX are isogonal with respect to
AB, andAC,. As such, they are isogonal with respectA® and AC'. Likewise,
if we consider the excircle ofl, B, C), tangent toC, A, atY’, and that ofd.B.C.
tangent toA. B, at 7/, then the linesAX’, BY’, CZ’, being respectively isogonal
to AX, BY,CZ, intersect at the isogonal conjugateref

Proposition 4. The barycentric coordinates of ;5" are
< A LA B . ,B C,QC>
COS — SIn™ — :COS—SINn™ — : COS — S1n™ — .

2 4 2 4 2 4
Proof. This follows from
- ( sinA sin2B sin®C
1 = A 2 A B 2B C 2 C
COS 5 COS I COS b} COS Y COS 5 COS y
-2 A A - 2B B . 2(C c
. (Sln 5 COS 3 . Sin bl COS 23 . Sin 5 COS 7)
- 2A ’ 2 B ’ 2C
COS 1 COS 1 COS 1
A S, A B . ,B c . ,C
= | COS—SIn” — :COS—SIn”- — :COS —SsIin" — ..
2 4 2 4 2 4

Corollary 5. The points P, P; and () are collinear.
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A

Figure 3.

Proposition 6. The perpendicularsto B,C,, at X’,to C,A, at Y’, andto A.B, at
7' are concurrent at the reflection of B in I, which isthe point

B C A
P —a<1+cos§—|—cos§> —(b—l—c)cosE

C A B
.b<1+cos§+cos§> —(c+a)cos§

A B C
.c<1+cos§+cos5> —(a+b)cos§.

Proof. Let P, be the reflection of% in I. SinceX and X’ are symmetric in the
midpoint of B,C,,, and P, X is perpendicular taB,C,, it follows that P, X’ is
also perpendicular t®,C,. The same reasoning shows ttigt” and P;Z’ are
perpendicular t@, A, and A. B, respectively. It follows from (2) that

A B C
P,=1- (cosi—i-cosa—i—cosE) 10.

From this, we easily obtain the homogeneous barycentric coordinates as given
above. 0

We conclude this paper with the construction of another triangle center. It is
known that the perpendiculars from, to B,C,, By to Cy A, andC,. to A.B.
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intersect at
Py=((b+c)cosA : (c+a)cosB : (a+b)cosC). (3)

This is the triangle centeXz, in [2].

If we let Xy, Yo, Zy be these pedals, then it is also known tH&{,, BY;, CZ,
intersect at the MittenpunkXy. Now, let X1, Y7, Z; be the reflections akXj, Yo,
Zy in the midpoints ofB,C,, Cy Ay, A.B. respectively. The lined X, BY;, CZ;
clearly intersect at the reflection &f- in I. This is the point

P, = ((b+c)cosA—2a :(c+a)cos B—2b : (a+b)cosC — 2c).

These coordinates are particularly simple since the sum of the coordinatgs of
givenin (3) isa + b + c.
The triangle center®,, Py, P, P, and P; do not appear in [2].
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