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Constructive Solution of a Gener alization of
Steinhaus’ Problem on Partition of a Triangle

Jean-Pierre Ehrmann

Abstract. We present a constructive solution to a generalization of Hugo Stein-
haus’ problem of partitioning a given triangle, by dropping perpendiculars from
an interior point, into three quadrilaterals whose areas are in prescribed propor-
tions.

1. Generalized Steinhaus problem

Given an acute angled triangléBC, Steinhaus’ problem asks a poift in
its interior with pedalst,, P,, P. on BC, C A, AB such that the quadrilaterals
AP,PP,, BP.P,, andCP,PP, have equal areas. See [3] and the bibliographic
information therein. A. Tyszka [2] has also shown that Steinhaus’ problem is in
general not soluble by ruler-and-compass. We present a simple constructive solu-
tion (using conics) of a generalization of Steinhaus’ problem. In this note, the area
of a polygonZ will be denoted byA(<?). In particular,A = A(ABC). Thus,
given three positive real numbeusv, w, we look for the point(s)P such that
(1) PisinsideABC andPF,, P, P. lie respectively in the segmeni_, CA, AB,
(2) A(AP,PP.) : A(BP.PF,) : A(CP,PF) =u:v:w.

We do not require the triangle to be acute-angled.

Lemma 1. Consider a point P inside the angular sector bounded by the half-
lines AB and AC, with projections B, and P. on AC' and AB respectively. For
a positive real number k, A(AR,PP,) = k- A(ABC) if and only if P lies on
the rectangular hyperbola with center A, focal axis the internal bisector Al, and
semi-major axis v/kbe.

Proof. We takeA for pole and the bisectot ! for polar axis; let p, 6) be the polar
coordinates ofP. As AP, = pcos (4 — ) and PP, = psin (4 — 6), we have
A(APP,) = 1p?sin(A — 26). Similarly, A(AP.P) = 1p?sin(4 + 26). Hence
the quadrilaterad B, PP, has are%p2 sin A cos 26. Therefore,

2k - A(ABC)

= kbc.
sin A ¢

A(AP,PP.) = k- A(ABC) <= p*cos 20 =
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Theorem 2. Let U be the point with barycentric coordinates (v : v : w) and M,

My, M3 betheantipodes on the circumcircle I' of ABC of the points whose Smson
lines pass through U and P the incenter of thetriangle M My Ms. If P verifies (1),

then P isthe unique solution of our problem. Otherwise, the generalized Steinhaus
problem has no solution.

Remarks. (a) Of course, ifABC is acute angled, anB inside ABC, then (1) will
be verified.

(b) As U lies inside the Steiner deltoid, there exist three real Simson lines
throughU; so My, Ms, M3 are real and distinct.

(c) Leth 4 be the rectangular hyperbola with centerfocal axisAI, and semi-
major axis, /L - be, and define rectangular hyperbolas andh ¢ analo-

u—+v+w
gously.

If P verifies (1), it will verify (2) if and only if P € hy N hg. In this case,

P € h¢, and the solutions of our problem are the common pointsiofz, hc
verifying (1).

(d) The four common point#$;, P, P3, P, (real or imaginary) of the rectan-
gular hyperbolaér4, hp, he form an orthocentric system. Ass, hp, ho are
centered respectively &, B, C', any conic through, P, Ps, P, is a rectangular
hyperbola with center of. As the vertices of the diagonal triangle of this ortho-
centric system are the centers of the degenerate conics thigudh, Ps, Py ,
they lie onT".

(e) We will see later thal, P», P, P, are always real.

2. Proof of Theorem 2

If P has homogeneous barycentric coordingtes vy : z) with reference to
triangle ABC, then

b2+ c? —a?
(x+y+2)2A(APPR,) =y (z + Ty) A,

2 2 2
(x+y+2)°A(AP.P) = 2 <y + uz) A,

2c2
whereA = A(ABC'). Hence the barycentric equation /of is
V42 —a? (y? 2 U 9
h = ([ S+ 5 )2y ——— = 0.
A(xayvz) 92 (b2+02>+ Yz u_’_v_’_w(x—i_y—i_z)

We gethp andh¢ by cyclically permutinga, b, ¢; u, v, w; x, y, 2.

If M = (x:y: z)Iis avertex of the diagonal triangle & P, P; Py, it has the
same polar line (the opposite side) with respect to the three cénidss, he.
Hence,

Ohp Ohe  OhpOhc  Ohc Oha  Ohc Oha  Ohadhp  Ohadhp

dy 0z dz Oy 0z Ox or 0z  Ox Oy oy Or

Let NV be the reflection of\f in the circumcente©; N, N, N, the pedal triangle
of N. Clearly, N,, N, N, are the reflections of the vertices of the pedal triangle
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of M in the midpoints of the corresponding sides4aBC'. Now, N, and N, have
coordinates

(b + 2 —a®)y+20%2: 0: (a® + 0% — )y + 2b%x
and

(VP +c2—a®)z+22y: (P +a>—bv)z+2P%: 0
respectively. A straightforward computation shows that

Ohp Oh¢  Ohp Ohc\ 0

Oy 0z oz oy )
Similarly, det[N., N,, U] = det[N,, N, U] = 0. It follows that N lies on
the circumcircle (we knew that already by Remark (d)), and the Simson liné of
passes througly.

Hence,M; M, Ms is the diagonal triangle of the orthocentric syst&n, Ps Py,
which means thaP, P, P; P, are real and are the incenter and the three excenters
of M1M2M3.

As the three excenters of a triangle lie outside his circumcircle, the incenter of

My My Ms is the only common point of 4, hp, he insideT’. This completes the
proof of Theorem 2.

det[Ny, N., U] = b*¢ (u+ v + w) (

3. Constructions

In [1], the author has given a construction of the points on the circumcircle
whose Simson line pass through a given point. UetandU™ be the comple-
ment and the anticomplement b&f, i.e,, the images o/ under the homotheties
h (G, —3) andh(G, —2) respectively. Since

(Reflection inO) o (Translation b)H—U') = Reflection inU ™,

if hg is the reflection iU~ of the rectangular circumhyperbola throughand
the antipode of/* on hg, thenMy, M, Ms, M, are the four common points of
ho and the circumcircle.

In the case. = v = w = 1, Iy is the reflection in the centroi@ of the Kiepert
hyperbola ofABC. It intersects the circumcirclE at M, M, M3 and the Steiner
point of ABC'. See Figure 1.
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Figure 1.

References

[1] J.-P. Ehrmann, Some geometric constructidtosum Geom, 6 (2006) 327-334.

[2] A. Tyszka, Steinhaus’ problem cannot be solved with ruler and compass alone (in Polish),
Matematyka 49 (1996) 238-240.

[3] A. Tyszka, Steinhaus’ problem on partition of a triandgterum Geom., 7 (2007) 181-185.

Jean-Pierre Ehrmann: 6, rue des Cailloux, 92110 - Clichy, France
E-mail address: Jean- Pi er r e. EHRMANN@vanadoo. f r



