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Constructive Solution of a Generalization of
Steinhaus’ Problem on Partition of a Triangle

Jean-Pierre Ehrmann

Abstract. We present a constructive solution to a generalization of Hugo Stein-
haus’ problem of partitioning a given triangle, by dropping perpendiculars from
an interior point, into three quadrilaterals whose areas are in prescribed propor-
tions.

1. Generalized Steinhaus problem

Given an acute angled triangleABC, Steinhaus’ problem asks a pointP in
its interior with pedalsPa, Pb, Pc on BC, CA, AB such that the quadrilaterals
APbPPc, BPcPa, andCPaPPb have equal areas. See [3] and the bibliographic
information therein. A. Tyszka [2] has also shown that Steinhaus’ problem is in
general not soluble by ruler-and-compass. We present a simple constructive solu-
tion (using conics) of a generalization of Steinhaus’ problem. In this note, the area
of a polygonP will be denoted by∆(P). In particular,∆ = ∆(ABC). Thus,
given three positive real numbersu, v, w, we look for the point(s)P such that
(1) P is insideABC andPa, Pb, Pc lie respectively in the segmentsBC, CA, AB,
(2) ∆(APbPPc) : ∆(BPcPPa) : ∆(CPaPPb) = u : v : w.

We do not require the triangle to be acute-angled.

Lemma 1. Consider a point P inside the angular sector bounded by the half-
lines AB and AC , with projections Pb and Pc on AC and AB respectively. For
a positive real number k, ∆(APbPPc) = k · ∆(ABC) if and only if P lies on
the rectangular hyperbola with center A, focal axis the internal bisector AI , and
semi-major axis

√
kbc.

Proof. We takeA for pole and the bisectorAI for polar axis; let(ρ, θ) be the polar
coordinates ofP . As APb = ρ cos

(
A
2 − θ

)
andPPb = ρ sin

(
A
2 − θ

)
, we have

∆(APPb) = 1
2ρ2 sin(A − 2θ). Similarly, ∆(APcP ) = 1

2ρ2 sin(A + 2θ). Hence
the quadrilateralAPbPPc has area12ρ2 sin A cos 2θ. Therefore,

∆(APbPPc) = k · ∆(ABC) ⇐⇒ ρ2 cos 2θ =
2k · ∆(ABC)

sin A
= kbc.

�
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Theorem 2. Let U be the point with barycentric coordinates (u : v : w) and M1,
M2, M3 be the antipodes on the circumcircle Γ of ABC of the points whose Simson
lines pass through U and P the incenter of the triangle M1M2M3. If P verifies (1),
then P is the unique solution of our problem. Otherwise, the generalized Steinhaus
problem has no solution.

Remarks. (a) Of course, ifABC is acute angled, andP insideABC, then (1) will
be verified.

(b) As U lies inside the Steiner deltoid, there exist three real Simson lines
throughU ; soM1, M2, M3 are real and distinct.

(c) LethA be the rectangular hyperbola with centerA, focal axisAI, and semi-

major axis
√

u

u + v + w
· bc, and define rectangular hyperbolashB andhC analo-

gously.
If P verifies (1), it will verify (2) if and only ifP ∈ hA ∩ hB . In this case,

P ∈ hC , and the solutions of our problem are the common points ofhA, hB , hC

verifying (1).
(d) The four common pointsP1, P2, P3, P4 (real or imaginary) of the rectan-

gular hyperbolaehA, hB , hC form an orthocentric system. AshA, hB , hC are
centered respectively atA, B, C, any conic throughP1, P2, P3, P4 is a rectangular
hyperbola with center onΓ. As the vertices of the diagonal triangle of this ortho-
centric system are the centers of the degenerate conics throughP1, P2, P3, P4 ,
they lie onΓ.

(e) We will see later thatP1, P2, P3, P4 are always real.

2. Proof of Theorem 2

If P has homogeneous barycentric coordinates(x : y : z) with reference to
triangleABC, then

(x + y + z)2∆(APPb) = y

(
z +

b2 + c2 − a2

2b2
y

)
∆,

(x + y + z)2∆(APcP ) = z

(
y +

b2 + c2 − a2

2c2
z

)
∆,

where∆ = ∆(ABC). Hence the barycentric equation ofhA is

hA(x, y, z) :=
b2 + c2 − a2

2

(
y2

b2
+

z2

c2

)
+2 y z− u

u + v + w
(x + y + z)2 = 0.

We gethB andhC by cyclically permutinga, b, c; u, v, w; x, y, z.
If M = (x : y : z) is a vertex of the diagonal triangle ofP1P2P3P4, it has the

same polar line (the opposite side) with respect to the three conicshA, hB , hC .
Hence,
∂hB

∂y

∂hC

∂z
− ∂hB

∂z

∂hC

∂y
=

∂hC

∂z

∂hA

∂x
− ∂hC

∂x

∂hA

∂z
=

∂hA

∂x

∂hB

∂y
− ∂hA

∂y

∂hB

∂x
= 0.

Let N be the reflection ofM in the circumcenterO; NaNbNc the pedal triangle
of N . Clearly,Na, Nb, Nc are the reflections of the vertices of the pedal triangle
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of M in the midpoints of the corresponding sides ofABC. Now,Nb andNc have
coordinates

(b2 + c2 − a2)y + 2b2z : 0 : (a2 + b2 − c2)y + 2b2x

and
(b2 + c2 − a2)z + 2c2y : (c2 + a2 − b2)z + 2c2x : 0

respectively. A straightforward computation shows that

det[Nb, Nc, U ] = b2c2 (u + v + w)
(

∂hB

∂y

∂hC

∂z
− ∂hB

∂z

∂hC

∂y

)
= 0.

Similarly, det[Nc, Na, U ] = det[Na, Nb, U ] = 0. It follows that N lies on
the circumcircle (we knew that already by Remark (d)), and the Simson line ofN
passes throughU .

Hence,M1M2M3 is the diagonal triangle of the orthocentric systemP1P2P3P4,
which means thatP1P2P3P4 are real and are the incenter and the three excenters
of M1M2M3.

As the three excenters of a triangle lie outside his circumcircle, the incenter of
M1M2M3 is the only common point ofhA, hB , hC insideΓ. This completes the
proof of Theorem 2.

3. Constructions

In [1], the author has given a construction of the points on the circumcircle
whose Simson line pass through a given point. LetU− andU+ be the comple-
ment and the anticomplement ofU , i.e., the images ofU under the homotheties
h

(
G,−1

2

)
andh(G,−2) respectively. Since

(Reflection inO) ◦ (Translation by
−−→
HU) = Reflection inU−,

if h0 is the reflection inU− of the rectangular circumhyperbola throughU , andM4

the antipode ofU+ on h0, thenM1, M2, M3, M4 are the four common points of
h0 and the circumcircle.

In the caseu = v = w = 1, h0 is the reflection in the centroidG of the Kiepert
hyperbola ofABC. It intersects the circumcircleΓ atM1, M2, M3 and the Steiner
point ofABC. See Figure 1.
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Figure 1.
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