Forum Geometricorum

Volume 7 (2007) 207–210.

FORUM GEOM ISSN 1534-1178

Another Verification of Fagnano’s Theorem

Finbarr Holland

Abstract. We present a trigonometrical proof of Fagnano’s theorem which states that, among all inscribed triangles in a given acute-angled triangle, the feet of its altitudes are the vertices of the one with the least perimeter.

1. Introduction

At the outset, and to avoid ambiguity, we fix the following terminology. Let ABC be any triangle. The feet of its altitudes are the vertices of what we call its orthic triangle, and, if X, Y , and Z, respectively, are interior points of the sides AB, BC, and CA, respectively, we call the triangle XY Z an inscribed triangle of ABC.

In 1775, Fagnano proved the following theorem.

Theorem 1. Suppose ABC is an acute-angled triangle. Of all inscribed triangles in ABC, its orthic triangle has the smallest perimeter.

Not surprisingly, over the years this beautiful result has attracted the attentions of many mathematicians, and there are several proofs known of it [1]. Fagnano himself apparently used differential calculus to prove it, though, by modern standards, it seems to me that this is far from being a routine exercise. Perhaps the most appealing proofs of the theorem are those based on the Reflection Principle, and two of these, in particular, due independently to L. Fejér and H. A. Schwarz, have made their appearance in several books aimed at general audiences [2], [3], [4], [6]. A proof based on vector calculus appeared recently [5]. The purpose of this note is to offer one based on trigonometry.

Theorem 2. Let ABC be any triangle, with a = |BC|, b = |CA|, c = |AB|, and area Δ. If XY Z is inscribed in ABC, then

|XY | + |Y Z| + |ZX| ≥

8Δ^2 abc . (1)

Equality holds in (1) if and only if ABC is acute-angled; and then only if XY Z is its orthic triangle. If ABC is right-angled (respectively, obtuse-angled), and C

Publication Date: December 5, 2007. Communicating Editor: Paul Yiu. The author is grateful to the referee for his helpful remarks.

is the right-angle (respectively, the obtuse-angle), then an inequality stronger than (1) holds, viz., |XY | + |Y Z| + |ZX| > 2h_c, (2) where h_c denotes the length of the altitude from C; and, in either case, this estimate is best possible.

2. Proof of Theorem 2

Let XY Z be a triangle inscribed in ABC. Let x = |BX|, y = |CY |, z = |AZ|. Then 0 < x < a, 0 < y < b, 0 < z < c. By applying the Cosine Rule in the triangle ZBX we have

|ZX|^2 = (c − z)^2 + x^2 − 2x(c − z) cos B = (c − z)^2 + x^2 + 2x(c − z) cos(A + C) = (x cos A + (c − z) cos C)^2 + (x sin A − (c − z) sin C)^2.

Hence, |ZX| ≥ |x cos A + (c − z) cos C| , with equality if and only if x sin A = (c − z) sin C, i.e., if and only if ax + cz = c^2, (3) by the Sine Rule. Similarly, |XY | ≥ |y cos B + (a − x) cos A| , with equality if and only if ax + by = a^2. (4) And |Y Z| ≥ |z cos C + (b − y) cos B| , with equality if and only if by + cz = b^2. (5) Thus, by the triangle inequality for real numbers,

|XY | + |Y Z| + |ZX| ≥ |y cos B + (a − x) cos A| + |z cos C + (b − y) cos B| + |x cos A + (c − z) cos C| ≥ |y cos B + (a − x) cos A + z cos C + (b − y) cos B + x cos A + (c − z) cos C| = |a cos A + b cos B + c cos C| = |a^2(b^2 + c^2 − a^2) + b^2(c^2 + a^2 − b^2) + c^2(a^2 + b^2 − c^2)| 2abc = 8Δ^2 abc .

Another verification of Fagnano’s theorem 209

This proves (1). Moreover, there is equality here if and only if equations (3), (4), and (5) hold, and the expressions u = x cos A + (c − z) cos C, v = y cos B + (a − x) cos A, w = z cos C + (b − y) cos B, are either all non-negative or all non-positive. Now it is easy to verify that the system of equations (3), (4), and (5), has a unique solution given by x = c cos B, y = a cos C, z = b cos A, in which case u = b cos B, v = c cos C, w = a cos A.

Thus, in this case, at most one of u, v, w can be non-positive. But, if one of u, v, w is zero, then one of x, y, z must be zero, which is not possible. It follows that

|XY | + |Y Z| + |ZX| >

8Δ^2 abc , unless ABC is acute-angled, and XY Z is its orthic triangle. If ABC is acuteangled, then^{8Δ2}_{abc} is the perimeter of its orthic triangle, in which case we recover Fagnano’s theorem, equality being attained in (1) when and only when XY Z is the orthic triangle.

Turning now to the case when ABC is not acute-angled, suppose first that C is a right-angle. Then

|XY | + |Y Z| + |ZX| >

8Δ^2 abc = 4Δ c = 2h_c,

and so (2) holds in this case. Next, if C is an obtuse-angle, denote by D and E, respectively, the points of intersection of the side AB and the lines through C that are perpendicular to the sides BC and CA, respectively. Then Z is an interior point of one of the line segments [B, D] and [E, A]. Suppose, for definiteness, that Z is an interior point of [B, D]. If Y^′ is the point of intersection of [X, Y ] and [C, D], then

|XY | + |Y Z| + |ZX| = |XY^′| + |Y^′Y | + |Y Z| + |ZX| > |XY^′| + |Y^′Z| + |ZX| > 2h_c, since the triangle XY^′Z is inscribed in the right-angled triangle BCD. A similar argument works if Z is an interior point of [E, A]. Hence, (2) also holds if C is obtuse.

That (2) is stronger than (1), for a non acute-angled triangle, follows from the fact that, in any triangle ABC, 4Δ^2 abc = 2Δ sin C c = a sin B sin C ≤ a sin B = h_c.

It remains to prove that inequality (2) cannot be improved when the angle C is right or obtuse. To see this, let Z be the foot of the perpendicular from C to AB, and 0 < ε < 1. Choose Y on CA so that |CY | = εb, and X on BC so that XY is parallel to AB. Then, as ε → 0^+, both X and Y converge to C, and so lim_{ε→0+} (|XY | + |Y Z| + |ZX|) = |CC| + |CZ| + |ZC| = 2|CZ| = 2h_c.

This finishes the proof.

References

[1] A. Bogomolny, Fagnano’s Problem: What is it?

http://www.cut-the-knot.org/Curriculum/Geometry/Fagnano.shtml [2] H. S. M. Coxeter, Introduction to Geometry, Wiley, 1969.

[3] R. Courant and H. Robbins, What is Mathematics?: An Elementary approach to Ideas and Methods, Oxford Univesity Press, 1941.

[4] N. D. Kazarinoff, Geometric Inequalities, Random House, New York, 1961. [5] M. H. Nguyen, Another proof of Fagnano’s inequality, Forum Geom., 4 (2004) 199–201. [6] H. Rademacher and O. Toeplitz, The Enjoyment of Mathematics, Princeton University Press, 1957.

Finbarr Holland: Mathematics Department, University College, Cork, Ireland E-mail address: f.holland@ucc.ie