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How Pivotal Isocubics Intersect the Circumcircle

Bernard Gibert

Abstract. Given the pivotal isocubi& = pK( ;P), we seek its common
points with the circumcircle and we also study the tangentisese points.

1. Introduction

A pivotal cubicK = pK( ;P) with pole , pivot P, is the locus of poiniv
such thatP, M and its -isoconjugateM are collinear. It is also the locus of
pointM such thaP (the isopivot or secondary pivoty] and the cevian quotient
P=M are collinear. See [2] for more informatichThe isocubidk meets the cir-
cumcircle(O) of the reference triangl&BC at its vertices and three other points
Q1, Q2, Q3, one of them being always real. This paper is devoted to g sitid
these points and special emphasis on their tangents.

2. Isogonal pivotal cubics

We rst consider the case where the pivotal isoclbie p K(Xg; P) is isogonal
with pole the Lemoine poirk .

2.1 Circular isogonal cubics.When the pivotP lies at in nity, K contains the
two circular points at in nity. Hence it is a circular cubid the classCL035 in
[3], and has only one real intersection w{d). This is the isogonal conjugake
of the pivot.

The tangent aP is the real asymptotB P of the cubic and the isotropic tan-
gents meet at the singular fockisof the circular cubicF is the antipode oP on
(0).

The pairP andP are the foci of an inscribed conic, which is a parabola with
focal axisP P . WhenP traverses the line at in nity, this axis envelopes the ddlto
H 3 tritangent ta(O) at the vertices of the circumtangential triangle. The coté
the deltoid with this axis is the re ection iR of the second intersection &fP
with the circumcircle. See Figure 1 with the Neuberg cl©1 and the Brocard
cubicK021. For example, with the Neuberg cuble, = X 74, the second point on
the axis isX 476, the contact is the re ection of 476 in X 74.
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Figure 1. Isogonal circular cubic with pivot at in nity

2.2 Isogonal cubics with pivot on the circumcircl&/henP lies on(O), the re-
maining two intersection®1, Q. are antipodes ofO). They lie on the perpendic-
ular atO to the lineP P or the parallel aD to the Simson line oP . The isocubic

K has three real asymptotes:

(i) One is the parallel @ =P (cevian quotient) to the linE P .

(i) The two others are perpendicular and can be obtaineslasvs. Re ectP

in Q1, Q2 to getSy, S; and draw the parallels &, S, to the linesP Q1, P Qa.
These asymptotes meetéaton the lineOP. Note that the tangent to the cubic at
Q1, Qo are the line1S;, Q2S,. See Figure 2.

2.3 The general caseln both cases above, the orthocenter of the triangle formed
by the pointsQ1, Q2, Q3 is the pivotP of the cubic, although this triangle is not

a proper triangle in the former case and a right triangle enlétter case. More
generally, we have the following

Theorem 1. For any pointP, the isogonal cubi& = p K(Xg; P) meets the cir-
cumcircle atA, B, C and three other point®1, Q», Q3 such thatP is the ortho-
center of the triangl€;Q»0Qx3.
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Figure 2. Isogonal cubic with pivot on the circumcircle

Proof. The linesQ1Q;, Q2Q,, Q3Q5 pass through the pivé® and are parallel to
the asymptotes of the cubic. Since they are the axes of thseeelied parabolas,
they must be tangent to the deltditt, the anticomplement of the Steiner deltoid.
This deltoid is a bicircular quartic of clags Hence, for a giver®, there are only
three tangents (at least one of which is real) to the deltagsimg through® .

According to a known resul; must be the antipode qi®) of Q?, the isogo-
nal conjugate of the in nite point of the lin@,Q3. The Simson lines oBY, Q,,
Q3 are concurrent. Hence, the axes are also concurrdht But the Simson line
of Q1 is parallel toQ2Q3. HenceQ1Q; is an altitude 0Q1Q2Q3. This completes
the proof. See Figure 3.

Remark.These point), Q2, Q3 are not necessarily all real nor distinct. In [1],
H. M. Cundy and C. F. Parry have shown that this depends of déign of P
with respect tdH 3. More precisely, these points are all real if and onlfPifies
strictly insideH 3. One only is real wheR lies outsideH 3. This leaves a special
case wherP lies onH 3. Seex2.4.

Recall that the contacts of the deltditk with the lineP Q1Q, is the re ection
in Q1 of the second intersection of the circumcircle and the kr@;Q,. Conse-
guently, every conic passing through Q1, Q2, Qs is a rectangular hyperbola and
all these hyperbolas form a penEil of rectangular hyperbolas.
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Figure 3. The deltoidd 3 and the point€1, Q2, Qs

LetD be the diagonal rectangular hyperbola which contains tineifidexcenters
of ABC, P ,andP=P . Its center is p. Note that the tangent & to D con-
tainsP and the tangent &=P to D containsP. In other words, the polar line of
P in D is the line througl® andP=P .

The pencilF contains the hyperbold passing througt?, P ,P=P and p
having the same asymptotic directionsixs The center oH is the midpoint of
P and p. This gives an easy conic construction of the poi@ts Q», Q3 when
P is given. See Figure 4. The penéil contains another very simple rectangular
hyperbolaH ©, which is the homothetic of the polar conic®fin K underh P; % .
Since this polar conic is the diagonal conic passing thrabglin/excenters and,
H°containsP and the four midpoints of the segments joinfdo the in/excenters.

Corollary 2. The isocubicK contains the projection®1, R, R3 of P on the
sidelines 0fQ1Q,Q3. These three points lie on the bicevian co@{6G; P). ?

Proof. Let R1 be the third point oK on the lineQ»,Q3. The following table shows
the collinearity relations of nine points df and proves thaP , R, andQ, are
collinear.

2This is the conic through the vertices of the cevian trias@eG andP. This is theP -Ceva
conjugate of the line at in nity.
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Figure 4. The hyperbolad andD

P|P |P P is the tangential oP
Q2| Q3| Ry de nition of Ry
Q, | Q3| Qq these three points lie at in nity

This shows that, for = 1, 2; 3, the pointsP , R; andQ; are collinear and, since
P, Qi andQ; are also collinear, the linedBQ; andP R; are parallel. It follows
from Theorem 1 thaR; is the projection oP onto the lineR; R.

Recall thatP is the secondary pivot & hence, for any poinM on K, the
pointsP , M andP=M (cevian quotient) are three collinear pointsknConse-
quently,R; = P=Q, and, sinceQ; lies at in nity, R; is a point onC(G; P).

Corollary 3. The linesQ;iR;,i = 1;2;3, pass through the cevian quotiePtP .

Proof. This is obvious from the following table.

P |P | P P=P is the tangential oP
P Q.| Q1 Q1Q; must contain the piva®
P |R1| Ry R1R; must contain the piva®
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is the tangential oP ( rst column). The second column is the

Recall thatP

corollary above.
Corollary 4. LetSq, Sy, S3 be the re ections oP in Qy, Q2, Q3 respectively. The

asymptotes df are the parallel atS; to the linesP Q; or P R;.

Proof. These pointsS; lie on the polar conic of the piva® since they are the har-
monic conjugate oP with respect taQ; andQ; . The construction of the asymp-

totes derives from [2¢1.4.4].
Theorem 5. The inconicl (P) concentric withQ(G; P) 2 is also inscribed in the

triangle Q1Q»Q3 and in the triangle formed by the Simson line€af Q,, Qs.

Proof. Since the triangle®ABC and Q1Q.Q3 are inscribed in the circumcircle,
there must be a conic inscribed in both triangles. The reseie calculation.

In [4, x29, p.88], A. Haarbleicher remarks that the trianglBC and the re-
ection of Q1Q»Q3 in O circumscribe the same parabola. These two parabolas
are obviously symmetric abo@@. Their directrices are the line throudgth and the
re ection P%of P in O in the former case, and its re ection @ in the latter case.
The foci are the isogonal conjugates of the in nite pointdladse directrices and

its re ection aboutO.
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Figure 5. Thomson cubic

3This center is the complement of the complemerR of.e., the homothetic oP underh(G; %).
Note that these two conids(P) andC(G; P) are bitangent at two points on the liGP . When

P = G, they coincide since they both are the Steiner in-ellipse.
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For example, Figures 5 and 6 show the cese G. Note, in particular,
—K is the Thomson cubic,
— D is the Steiner (or Don Wallace) hyperbola,
—H containsX 3, X3, X6, X110, X 154, X 354, X392, X 1201, X 2574, X 2575,
—HPOcontainsX 2, X 99, X376, X551,
—the inconid (P) and the bicevian coni€(G; P) are the Steiner in-ellipse,
— the two parabolas are the Kiepert parabola and its re agh.

reflection of
the Kiepeft
parabola ih O

Figure 6. The Thomson cubic and the two parabolas

More generally, anypK (Xg; P) with pivot P on the Euler line is obviously
associated to the same two parabolas. In other words, any aiulhe Euler pencil
meets the circumcircle at three (not always real) poipis Q», Q3 such that the
re ection of the Kiepert parabola i@ is inscribed in the triangl€1Q2,Q3 and in
the circumcevian triangle @D.

In particular, taking® = O, we obtain the McCay cubic and this shows that the
re ection of the Kiepert parabola i@ is inscribed in the circumnormal triangle.

Another interesting case {®K(Xg; X 145) in Figure 7 since the incircle is in-
scribed in the triangl€)1Q-Qs3.
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Figure 7. pK (X s; X 145)

2.4. 1sogonal pivotal cubics tangent to the circumcircle. this section, we take
onH3 so thatk has a multiple point at in nity.

Here is a special caskl; is tangent to the six bisectors ABC . If we take the
bisectorAl , the contacP is the re ection ofA in the second intersectiofy; of
Al with the circumcircle. The corresponding culkicis the union of the bisector
Al and the conic passing throu@h C, the excenters, andl ¢, Aj, the antipode
of A on the circumcircle.

Let us now takeM on the circleGy with centerH, radius2R and let us de-
note by Ty the tangent aM to G,. The orthopoleP of Ty, with respect to the
antimedial triangle is a point df 3.

The corresponding cubik meets(O) at P; (double) andP3;. The common
tangent aP; to K and(O) is parallel toTy, . Note thatP; lies on the Simson line
Sp of P with respect to the antimedial triangle.

The perpendicular &1 to Sp meets(O) again atP3 which is the antipode on
(O) of the second intersectid@s of Sp and(O). The Simson line oP3 is parallel
toTwm .

It follows thatK has a triple common point witfO) if and only if P, andQ3 are
antipodes orfO) i.e. if and only ifSp passes througl. This gives the following
theorem.
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Theorem 6. There are exactly three isogonal pivotal cubics which aigetnts.

Their pivots are the cusps of the deltdits. The triple contacts witl{O) are
the vertices of the circumnormal triandleThese points are obviously in exion
points and the in exional tangent is parallel to a sidelifetee Morley triangle.
See Figure 8.

Figure 8. Isogonal pivotal trident

2.5, Tangents aQq, Q», Q3. We know that the tangents At B, C to any pivotal
cubic concur aP . This is not necessarily true for thoseQ@, Qo, Qs.

Theorem 7. The tangents a1, Q», Q3 to the isogonal cubipK (X g; P) concur
if and only if P lies on the quinticQ063with equation

a’y’z*(Sc(x+y) Ss(x+2)=0:
cyclic

QO063is a circular quintic with singular focuX 37, the re ection ofG in O. It
has three real asymptotes parallel to those of the Thomduino and concurrent at
G.

“These three points are the common points of the circumcamtethe McCay cubic apa#t, B,
C.
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A, B, C are nodes and the fth points on the sidelinesA@C are the vertices
Al BC CO0f the pedal triangle oX 5o, the de Longchamps point. The tangents at
these points pass througtyg and meet the corresponding bisectors at six points
on the curve. See Figure 9.

Figure 9. The quintiQ063

QO063containd , the excenters;, H, X 29, X 1113, X 1114. Hence, for the Thom-
son cubic, the orthocubic, and the Darboux cubic, the talsgE® 1, Q2, Q3 con-
cur. The intersection of these tangents Arg for the orthocubic, an 1495 for
the Darboux cubic. For the Thomson cubic, this is an unknouinti)in the current
edition of ETC on the lin&X 1350.

SThis has rst barycentric coordinate
a%(3S3 +2aSa +5b°c?):
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3. Non-isogonal pivotal cubics

We now consider a non-isogonal pivotal cuBiavith pole! 6 K and pivot .
We recall that isthe! isoconjugate of andthat= is the cevian quotient
of and ,these three points lying on the cubic.

3.1 Circular cubics. In this special case, two of the points, Qy andQs, are
the circular points at in nity. This gives already ve commaoints of the cubic
on the circumcircle and the sixth poi@; must be real.

The isoconjugation with polé swaps the pivot and the isopivot which
must be the inverse (in the circumcircle ABC ) of the isogonal conjugate of.
In this case, the cubic contains the podintisogonal conjugate of the complement
of . This gives the following

Theorem 8. A non isogonal circular pivotal cubik meets the circumcircle &,
B, C, the circular points at in nity and another (real) poi@d1 which is the second
intersection of the line through and =  with the circle passing through,

and =

Example: The Droussent cubi008. This is the only circular isotomic pivotal
cubic. See Figure 10.

Figure 10. The Droussent cutk®08

The points , , T, Q1 are X316, Xg7, X671, X 2373 respectively. The point
= is not mentioned in the current edition of [6].

Note that when = H, there are in nitely many circular pivotal cubics with
pivot H, with isopivot  at in nity. These cubics are the isogonal circular pivotal
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cubics with respect to the orthic triangle. They have thieigslar focusF on the
nine point circle and their pole on the orthic axis. The isoconjugaté of H
is the point at in nity of the cubic. The intersection withdin real asymptote is
X, the antipode of on the nine point circle and, in this casé,= = . This
asymptote envelopes the Steiner deltdigl The sixth poinQ4 on the circumcircle
is the orthoassociate of, i.e. the inverse oK in the polar circle.

Example: The Neuberg orthic culd&®50. This is the Neuberg cubic of the orthic
triangle. See [3].

3.2 General theorems for non circular cubics.

Theorem 9. K meets the circumcircle &, B, C and three other point®1, Q»,
Qs (one at least is real) lying on a same conic passing through and =

Note that this conic meets the circumcircle again at thedeafconjugate of the
in nite point of the trilinear polar of the isoconjugate bfunder the isoconjugation
with xed point

With! = p:g:rand = u:v:w,this conic has equation

p?v2wW2(Cy+ BPz)(wy vz)+ grux(vw(c®v BPw)x+u(Pw?y cAv?z)) =0;
cyclic
and the point on the circumcircle is :
a? _ k? _ 2
u2(rvz  gw?) " vZ(pw2  ru?) S w2(qu?  pv3)
Theorem 10. The conic inscribed in triangleABC and Q10Q,Q3 is that with
perspector the cevian product ofandtg! , the isotomic of the isogonal of.

3.3 Relation with isogonal pivotal cubics.

Theorem 11. K meets the circumcircle at the same points as the isogonataiv
cubic with pivotP = u : v : wif and only if its pole! lie on the cubid pge With
equation

0 1
X 2 X
(v+ w)(cty b'z) );—2 @ (¥ AuAxyz=0
cyclic cyclic
0 au(c’y Pz)( a‘yz+ bzx+ cxy)=0:
cyclic

In other words, for any point on Kpe, there is a pivotal cubic with pole
meeting the circumcircle at the same points as the isogaviatigb cubic with pivot
P=u:v:w.

Kpole is a circum-cubic passing through, the vertices of the cevian triangle of
gcP, the isogonal conjugate of the complemenPofThe tangents &, B, C are
the cevians oK 3.

The second equation above clearly shows that all thesesbbiong to a same
net of circum-cubics passing throudfh having the same tangents & B, C.
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This net can be generated by three decomposed cubics, oheroftieing the
union of the symmediaAK and the circum-conic with perspector theharmonic
associate oKX 3.

For example, withP = H, Ky is a nodal cubic with nod& and nodal
tangents parallel to the asymptotes of the Jerabek hymerbicdontainsX g, X g6,
X 193, X 393, X571, X608, X 1974, X 2911 Which are the poles of cubics meeting the
circumcircle at the same points as the orthocus0E6.

Theorem 12. K meets the circumcircle at the same points as the isogonataiv
cubic with pivotP = u : v : wif and only if its pivot lie on the cubidK ot With
equation
0 1
X X
(v+ w)(cty b'2)x?+@ (¥ A)uA xyz=0:

cyclic cyclic

In other words, for any point on Kt , there is a pivotal cubic with pivot
meeting the circumcircle at the same points as the isogawatigb cubic with pivot
P=u:v:w.

Kpivot IS a circum-cubic tangent &t, B, C to the symmedians. It passes through
P, the points on the circumcircle and on the isogonal pivotdlic with pivotP,
the in nite points of the isogonal pivotal cubic with pivdie¢ complement d?, the
vertices of the cevian triangle ofR¢ the isotomic conjugate of the complement of
P.

Following the example above, with = H, Kot is also a nodal cubic with
nodeH and nodal tangents parallel to the asymptotes of the Jetalpekbola. It
containsX 3, X4, Xg, X 76, Xga7 Which are the pivots of cubics meeting the cir-
cumcircle at the same points as the orthocubic, three of HengpK (X 193; X 76),
PK(X571; X 3) andpK (X 2011; X ).

Remark.Adding up the equations & e andKpivot Shows that these two cubics
generate a pencil containing tp& with pole theX 3;-isoconjugate of B, pivot
the X 3g-isoconjugate of B and isopivotX 251.

For example, withP = Xgg, this cubic ispK(Xg; X 141). The nine common
points of all the cubics of the pencil afe B, C, K, X 1169 and the four foci of the
inscribed ellipse with centex 141, perspectoiX 7.

3.4. PivotalK pole andKpivot . The equations df poie andKpivot Clearly show that
these two cubics are pivotal cubics if and onlyifies on the lineGK . This gives
the two following corollaries.

Corollary 13. WhenP lies on the lineGK , Ko is a pivotal cubic and contains
K, X25, X32. Its pivot is g& (on the circum-conic througls and K ) and its
isopivot isX 3. Its pole is the barycentric product &f3, and gé. It lies on the
circum-conic througiX 3, and X 251.

All these cubics belong to a same pencil of pivotal cubicsitifermore K pole
contains the cevian quotients of the pivofPgandK , X5, X 32. Each of these
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points is the third point of the cubic on the correspondirdgkne of the triangle
with verticesK , X 25, X 32. In particular,X 25 gives the point ¢®.
Table 1 shows a selection of these cubics.

| P [Kpole containsK, X 25, X 32 and | cubic |
X2 | X31, X41, X184, X604, X 2199 K346
Xeo | X2, X3, Xe6, X206, X 1676, X 1677 K177

Xg1 | X1169, X 1333, X 2194, X 2206
Xgs | Xsg, X1171

X193 | X1974, X 3053

X208 | X15, X 2081

X323 | X50, X 1495

X325 | X511, X 2087

X3g5 | X1691, X 1976

X394 | X154, X577

Xa91 | X372, X589

X492 | X371, X588

Xso4 | X111, X187

X1270 | X493, X1151

X1271 | X494, X1152

X654 | Xa2, X1918, X 2200

X1992 | X 1383, X 1384

X1994 | X51, X 2965

Xgo5 | X37, X213, X228, X 1030

atX 1916 | X237, X384, X 385, X 694, X 733, X 904, X 1911, X 2076, X 3051

Table 1.K e With P on the lineGK .

Remark.atX 1916 is the anticomplement of the isotomic conjugate<@bie.

Corollary 14. WhenP lies on the lineGK , Kpivot containsP, G, H, K . Its pole
is gdP (on the cubic) and its pivot is Bt on the Kiepert hyperbola.

All these cubics also belong to a same pencil of pivotal cibic

Table 2 shows a selection of these cubics.

We remark thak e is the isogonal of the isotomic transformiofio: but this
correspondence is not generally true for the pivand the pold . To be more
precise, for onKypivt , the pole! onK e is the Ceva-conjugate of Bcand gt .

From the two corollaries above, we see that, given an isdgowatal cubicK
with pivot on the lineGK , we can always nd two cubics with poleé,s, X 3, and
three cubics with pivot§s, H, K sharing the same points on the circumcircle as
K. Obviously, there are other such cubics but their pole avot foth depend of
P. In particular, we havpK (gcP, tcP) andpK(O gcP, gcP).

We illustrate this withP = G (and g® = K) in which caseKt is the
Thomson cubi&002 andK qje is K346. For and! chosen accordingly on these
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| P [Kpivot cOntainsXy, X4, X and | cubic]|
Xo | X1, X3, X9, X57, X223, X282, X 1073, X 1249 K002
Xe | Xg3, X251, X1176
X9 | X22, X69, X76, X 1670, X 1671 K141
Xg1 | X21, X8, Xg1, X572, X961, X 1169, X 1220, X 1798, X 2208 | K379
Xgs | Xge, X1126) X1171
X193 | X255, X193, X371, X372, X 2362 K233
X208 | X298, X 2081
X323 | X30, X323, X2986
X325 | X325, X 2065, X 2087
X3g5 | Xgg, X237, X248, X 385, X 1687, X 1688, X 1976 K380
X394 | X20, X394, X801
X491 | X491, X589
X492 | X492, X588
X524 | X23, X111, X524, X671, X 895 K273
X1270 | X493, X 1270
X1271 | Xaga, X1271
X611 | X439, X1611
X654 | X10, X 42, X71, X199, X 1654
X1992 | X598, X 1383, X 1992, X 1995 K283
X1993 | X4, X275, X 1993
X1994 | X5, X1166, X 1994
X287 | X1817, X 2087
X 2895 | X37, X72, X321, X 2895, X 2915
X3051 | X384, X3051
atX 1016 | X 39, X256, X 291, X511, X 694, X 1432, X 1916 K354

cubics, we obtain a family of pivotal cubics meeting the wincircle at the same

Table 2.Kpivot With P on the lineGK

points as the Thomson cubic. See Table 3 and Figure 11.

With P = Xgg (isotomic conjugate ofl ), we obtain several interesting cubics

related to the centroiG=gdP, the circumcenteO=gtP . Kqje is K177, Kpiyot IS
K141 and the cubicpK (X 2; X76) = K141, pK(X3; X2) = K168, pK(Xg; X 69)

= K169, pK (X 32; X22) = K174, pK(X 296; Xg) have the same common points on

the circumcircle.
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| | I (Xj or SEARCH)| cubic orX; on the cubic

X1 | X4 X1, X6, X9, X55, X259
X2 | X6 K002
X3 | X3z K172
X4 10.1732184721703 | X4, X6, X 20, X25, X154, X 1249
X6 | X1sa K167
Xg | X31 X1, X6, X9, X56, Xg4, X165, X 198, X 365
X57 | X2199 X6, X 40, X56, X57, X108, X 223
X223 | X604 X6, X57, X223, X 266, X 1035, X 1436
X 1073 | 0.6990940852287 | X6, X4, X1033, X 1073, X 1498
X1249 | X 25 X4, X6, Xo4, X 1033, X 1249

Table 3. Thomson cubik002 and some related cubics

K002 ‘ PK(X31,X9)
K172 | pK(X41,X1)
K167 pK(X604,X223)

Figure 11. Thomson cubi€002 and some related cubics

4. Non isogonal pivotal cubics and concurrent tangents

We now generalize Theorem 7 for any pivotal cubic with pate p: qg:r and
pivot P = u : v : w, meeting the circumcircle &, B, C and three other points
Q1, Q2, Q3. We obtain the two following theorems.
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Theorem 15. For a given pole , the tangents a1, Q», Q3 to the pivotal cubic
with pole are concurrent if and only if its pivd® lies on the quinticQ() .

Remark.Q() contains the following points:

—A, B, C which are nodes,

— the square roots of,

—tg ,the -isoconjugate oK,

— the vertices of the cevian triangle @f = (c*par b4;£’ alqnp .. , the

isoconjugate of the crossconjugatekofand tg in the isoconjugation with xed
point tg ,

—the common points of the circumcircle and the trilineampol, of tg ,

—the common points of the circumcircle and the ling passing through tg and
the cross-conjugate & and tg .

Theorem 16. For a given pivotP, the tangents af,, Q», Q3 to the pivotal cubic
with pivotP are concurrent if and only if its pole lies on the quintiQQ{P).

Remark.Q{P) contains the following points:

—the barycentric produ® K,

— A, B, C which are nodes, the tangents being the cevian lines gfand the
sidelines of the anticevian triangle Bf K,

— the barycentric squafe? of P and the vertices of its cevian triangle, the tangent
atP? passing througP K.

5. Equilateral triangles

The McCay cubic meets the circumcircle &t B, C and three other points
Na, Np, Nc which are the vertices of an equilateral triangle. In thistisa, we
characterize all the pivotal cubiés= p K( ;P) having the same property.

We know that the isogonal conjugates of three such pdlgtdNy, N are the in-
nite points of an equilateral cubic (Kgg, see [2]) and that the isogonal transform
of K is another pivotal cubi&k® = pK( %P9 with pole °the X 3,-isocongate
of , with pivot P°the barycentric product d® and the isogonal conjugate of
HenceK meets the circumcircle at the vertices of an equilaterahgie if and only
if KOs apKeo.

Following [2,x6.2], we obtain the following theorem.

Theorem 17. For a given pole or a given pivotP, there is one and only one piv-
otal cubicK = pK( ;P) meeting the circumcircle at the vertices of an equilateral
triangle.

With = K (or P = O) we obviously obtain the McCay cubic and the equilat-
eral triangle is the circumnormal triangle. More generalgK meets the circum-
circle at the vertices of circumnormal triangle if and orflyts pole lies on the
circum-cubicK378 passing through , the vertices of the cevian triangle of the
Kosnita pointX s4, the isogonal conjugates &f324, X 343. The tangents &, B,

C are the cevians of 3,. The cubic is tangent & to the Brocard axis anld is a
ex on the cubic. See [3] and Figure 12.
The locus of pivots of these same cubic&KB61. See [3] and Figure 13.
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Figure 13.K361, the locus of pivots of circumnormakK's
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