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Euler’s Triangle Determination Problem

Joseph Stern

Abstract. We give a simple proof of Euler’s remarkable theorem that for a non-
degenerate triangle, the set of points eligible to be the incenter is precisely the
orthocentroidal disc, punctured at the nine-point center. The problem is handled
algebraically with complex coordinates. In particular, we show how the vertices
of the triangle may be determined from the roots of a complex cubic whose co-
efficients are functions of the classical centers.

1. Introduction

Consider the determination of a triangle from its centers.1 What relations must
be satisfied by pointsO,H, I so that a unique triangle will have these points as
circumcenter, orthocenter, and incenter? In Euler’s groundbreaking article [3],So-
lutio facilis problematum quorundam geometricorum difficillimorum, this intrigu-
ing question is answered synthetically, but without any comment on the geometric
meaning of the solution.

Euler proved the existence of the required triangle by treating the lengths of the
sides as zeros of a real cubic, the coefficients being functions ofOI, OH, HI. He
gave the following algebraic restriction on the distances to ensure that the cubic
has three real zeros:

OI2 < OH2 − 2 ·HI2 < 2 ·OI2.

Though Euler did not remark on the geometric implications, his restriction was
later proven equivalent to the simpler inequality

GI2 + IH2 < GH2,

whereG is the point that dividesOH in the ratio1 : 2 (G is the centroid). This
result was presented in a beautiful 1984 paper [4] by A. P. Guinand. Its geometric
meaning is immediate:I must lie inside the circle on diameterGH. It also turns
out thatI cannot coincide with the midpoint ofOH, which we denote byN (the
nine-point center). The remarkable fact is thatall and only points inside the circle
and different fromN are eligible to be the incenter. This region is often called
the orthocentroidal disc, and we follow this convention.2 Guinand considered the

Publication Date: January 8, 2007. Communicating Editor: Paul Yiu.
Dedicated to the tercentenary of Leonhard Euler.
1The phrase “determination of a triangle” is borrowed from [7].
2Conway discusses several properties of the orthocentroidal disc in [1].



2 J. Stern

cosines of the angles as zeros of a real cubic. He showed that this cubic has three
real zeros with positive inverse cosines summing toπ. Thus the angles are known,
and the scale may be determined subsequently fromOH. The problem received
fresh consideration in 2002, when B. Scimemi [7] showed how to solve it using
properties of the Kiepert focus, and again in 2005, when G. C. Smith [8] used
statics to derive the solution.

The approach presented here uses complex coordinates. We show that the ver-
tices of the required triangle may be computed from the roots of a certain complex
cubic whose coefficients depend only upon the classical centers. This leads to a
relatively simple proof.

2. Necessity of Guinand’s Locus

Given a nonequilateral triangle, we show first that the incenter must lie within
the orthocentroidal disc and must differ from the nine-point center. The equilateral
triangle is uninteresting, since all the centers coincide.

Let �ABC be nonequilateral. As usual, we writeO,H, I,G,N,R, r for the
circumcenter, orthocenter, incenter, centroid, nine-point center, circumradius and
inradius. Two formulas will feature very prominently in our discussion:

OI2 = R(R − 2r) and NI = 1
2(R − 2r).

The first is due to Euler and the second to Feuerbach.3 They jointly imply

OI > 2 ·NI,

provided the triangle is nonequilateral. Now given a segmentPQ and a number
λ > 1, the Apollonius Circle Theorem states that

(1) the equationPX = λ · QX describes a circle whose center lies onPQ,
with P inside andQ outside;

(2) the inequalityPX > λ ·QX describes the interior of this circle (see [6]).

Thus the inequalityOI > 2 · NI placesI inside the circleOX = 2 · NX, the
center of which lies on the Euler lineON . SinceG andH lie on the Euler line and
satisfy the equation of the circle,GH is a diameter, and this circle turns out to be
the orthocentroidal circle. Finally, the formulas of Euler and Feuerbach show that
if I = N , thenO = I. This means that the incircle and the circumcircle arecon-
centric, forcing�ABC to be equilateral. ThusN is ineligible to be the incenter.

3. Complex Coordinates

Our aim now is to express the classical centers of�ABC as functions of
A,B,C, regarded as complex numbers.4 We are free to putO = 0, so that

|A| = |B| = |C| = R.

3Proofs of both theorems appear in [2].
4See [5] for a more extensive discussion of this approach.
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The centroid is given by3G = A+B+C. The theory of the Euler line shows that
3G = 2O + H, and sinceO = 0, we have

H = A + B + C.

Finally, it is clear that2N = O + H = H.

O
I

A

B C

X

Y

Z

Figure 1.

To deal with the incenter, letX,Y,Z be the points at which the extended angle
bisectors meet the circumcircle (Figure 1). It is not difficult to see thatAX ⊥ Y Z,
BY ⊥ ZX andCZ ⊥ XY . For instance, one angle betweenAX andY Z is
the average of the minor arc fromA to Z and the minor arc fromX to Y . The
first arc measureŝC, and the second,̂A + B̂. Thus the angle betweenAX and
Y Z is π/2. Evidently the angle bisectors of�ABC coincide with the altitudes of
�XY Z, andI is the orthocenter of�XY Z. Since this triangle has circumcenter
0, its orthocenter is

I = X + Y + Z.

We now introduce complex square rootsα, β, γ so that

α2 = A, β2 = B, γ2 = C.

There are two choices for each ofα, β, γ. Observe that

|βγ| = R and arg(βγ) = 1
2 (argB + argC),

so that±βγ are the mid-arc points betweenB andC. It follows thatX = ±βγ,
depending on our choice of signs. For reasons to be clarified later, we would like
to arrange it so that

X = −βγ, Y = −γα, Z = −αβ.
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These hold ifα, β, γ are chosen so as to make�αβγ acute, as we now show.
Let Γ denote the circle|z| =

√
R, on whichα, β, γ must lie. Temporarily let

α1, α2 be the two square roots ofA, andβ1 a square root ofB. Finally, letγ1 be the
square root ofC on the side ofα1α2 containingβ1 (Figure 2). Now�αiβjγk is
acute if and only if any two vertices are separated by the diameter ofΓ through the
remaining vertex. Otherwise one of its angles would be inscribed in a minor arc,
rendering it obtuse. It follows that of all eight triangles�αiβjγk, only �α1β2γ1

and�α2β1γ2 are acute.

0

α1

α2

β1

β2

γ1

γ2

Figure 2.

Now let (α, β, γ) be either(α1, β2, γ1) or (α2, β1, γ2), so that�αβγ is acute.
Consider the stretch-rotationz �→ βz. This carries the diameter ofΓ with endpoints
±α to the diameter of|z| = R with endpoints±αβ, one of which isZ. Now β
andγ are separated by the diameter with endpoints±α, and thereforeB andβγ
are separated by the diameter with endpoints±Z. Thus to proveX = −βγ, we
must only show thatX andB are on thesame side of the diameter with endpoints
±Z. This will follow if the arc fromZ to X passing throughB is minor (Figure
3); but of course its measure is

∠ZOB + ∠BOX = 2∠ZCB + 2∠BAX = Ĉ + Â < π.

HenceX = −βγ. Similar arguments show thatY = −γα andZ = −αβ.
To summarize, the incenter of�ABC may be expressed as

I = −(βγ + γα + αβ),

whereα, β, γ are complex square roots ofA,B,C for which �αβγ is acute.
Note that this expression is indifferent to the choice between(α1, β2, γ1) and
(α2, β1, γ2), since each of these triples is the negative of the other.
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Figure 3.

4. Sufficiency of Guinand’s Locus

PlaceO andH in the complex plane so thatO lies at the origin. DefineN
andG as the points which divideOH internally in the ratios1 : 1 and 1 : 2,
respectively. Suppose thatI is a point different from N selected from within the
circle on diameterGH. SinceH − 2I = 2(N − I) is nonzero, we are free to scale
coordinates so thatH − 2I = 1. Let u = |I|. Guinand’s inequalityOI > 2 · NI,
which we write in complex coordinates as

|I| > 2|N − I|
now acquires the very simple formu > 1.

Consider the cubic equation

z3 − z2 − Iz + u2I = 0.

By the Fundamental Theorem of Algebra, this has three complex zerosα, β, γ.
These turn out to be square roots of the required vertices. From the standard rela-
tions between zeros and coefficients, one has the important equations:

α + β + γ = 1, βγ + γα + αβ = −I, αβγ = −u2I.

Let us first show that the zeros lie on a circle centered at the origin. In fact,

|α| = |β| = |γ| = u.

If z is a zero of the cubic, thenz2(z − 1) = I(z − u2). Taking moduli, we get

|z|2|z − 1| = u|z − u2|.
Squaring both sides and applying the rule|w|2 = ww̄, we find that

|z|4(z − 1)(z̄ − 1) = u2(z − u2)(z̄ − u2),
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(|z|6 − u6) − (|z|4 − u4)(z + z̄) + |z|2(|z|2 − u2) = 0.
Assume for contradiction that a certain zeroz has modulus
= u. Then we may
divide the last equation by the nonzero number|z|2 − u2, getting

|z|4 + u2|z|2 + u4 − (|z|2 + u2)(z + z̄) + |z|2 = 0,

or after a slight rearrangement,

(|z|2 + u2)(|z|2 − (z + z̄)) + u4 + |z|2 = 0.

An elementary inequality of complex algebra says that

−1 ≤ |z|2 − (z + z̄).

From this inequality and the above equation, we find that

(|z|2 + u2)(−1) + u4 + |z|2 ≤ 0,

or after simplifying,
u4 − u2 ≤ 0.

As this result is inconsistent with the hypothesisu > 1, we have proven that all the
zeros of the cubic equation have modulusu.

Now define A,B,C by

A = α2, B = β2, C = γ2.

Clearly |A| = |B| = |C| = u2. Since three points of a circle cannot be collinear,
�ABC will be nondegenerate so long asA,B,C are distinct. Thus suppose for
contradiction thatA = B. It follows that α = ±β. If α = −β, then γ =
α+β+γ = 1, yielding the falsehoodu = |γ| = 1. The only remaining alternative
is α = β. In this case,2α + γ = 1 andα(2γ + α) = −I, so that

|α||2γ + α| = |I|, or |2γ + α| = 1.

Since2α+ γ = 1, one has|2− 3α| = |2γ +α| = 1. Squaring this last result gives

4 − 6(α + ᾱ) + 9|α|2 = 1, or 2(α + ᾱ) = 1 + 3u2.

Since|α + ᾱ| = 2|Re(α)| ≤ 2|α|, we have1 + 3u2 ≤ 4u. Therefore the value of
u is bounded between the zeros of the quadratic

3u2 − 4u + 1 = (3u− 1)(u− 1),

yielding the falsehood13 ≤ u ≤ 1. By this kind of reasoning, one shows that any
two of A,B,C are distinct, and hence that�ABC is nondegenerate.

As in §3, since�ABC has circumcenter0, its orthocenter is

A + B + C = α2 + β2 + γ2

= (α + β + γ)2 − 2(βγ + γα + αβ)
= 1 + 2I
= H.

Here we see the rationale for having chosenI = −(βγ + γα + αβ).
Lastly we must show that the incenter of�ABC lies atI. It has already ap-

peared thatI = −(βγ + γα + αβ). As in §3, exactly two of the eight possible
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triangles formed from square roots ofA,B,C are acute, and these are mutual im-
ages under the mapz �→ −z. Moreover, the incenter of�ABC is necessarily the
value of the expression−(z2z3 + z3z1 + z1z2) whenever�z1z2z3 is one of these
two acute triangles. Thus to identify the incenter withI, we must only show that
�αβγ is acute.

Angle α̂ is acute if and only if

|β − γ|2 < |α− β|2 + |α− γ|2.
On applying the rule|w|2 = ww̄, this becomes

2u2 − (βγ̄ + β̄γ) < 4u2 − (αβ̄ + ᾱβ + αγ̄ + ᾱγ),

αβ̄ + ᾱβ + αγ̄ + ᾱγ + βγ̄ + β̄γ < 2(u2 + βγ̄ + β̄γ).

Here the left-hand side may be simplified considerably as

(α + β + γ)(ᾱ + β̄ + γ̄) − |α|2 − |β|2 − |γ|2 = 1 − 3u2.

In a similar way, the right-hand side simplifies as

2u2 + 2(β + γ)(β̄ + γ̄) − 2|β|2 − 2|γ|2
= 2(1 − α)(1 − ᾱ) − 2u2

= 2(1 + |α|2 − α− ᾱ− u2)
= 2 − 2(α + ᾱ).

To complete the proof that̂α is acute, it remains only to show that

2(α + ᾱ) < 1 + 3u2.

However,2(α + ᾱ) ≤ 4|α| = 4u, and we have already seen that

4u < 1 + 3u2,

since the opposite inequality yields the falsehood1
3 ≤ u ≤ 1. Similar arguments

establish that̂β andγ̂ are acute.
To summarize, we have produced a nondegenerate triangle�ABC which has

classical centers at the given pointsO,H, I. We now return to original notation
and writeR = u2 for the circumradius of�ABC.

5. Uniqueness

Suppose some other triangle�DEF hasO,H, I as its classical centers. The
formulas of Euler and Feuerbach presented in§2 have a simple but important con-
sequence: If a triangle hasO,N, I as circumcenter, nine-point center, and incenter,
then itscircumdiameter is OI2/NI. This means that�ABC and�DEF share
not only the same circumcenter, but also the same circumradius. It follows that
|D| = |E| = |F | = R.

Since�DEF has circumcenter0, its orthocenterH is equal toD + E + F .
Choose square rootsδ, ε, ζ of D,E,F so that the incenterI will satisfy

I = −(εζ + ζδ + δε).
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Then

(δ + ε + ζ)2 = δ2 + ε2 + ζ2 + 2(εζ + ζδ + δε)
= D + E + F − 2I
= H − 2I
= 1.

Since the mapz �→ −z leavesI invariant, but reverses the sign ofδ + ε + ζ, we
may change the signs ofδ, ε, ζ if necessary to make it so that

δ + ε + ζ = 1.

Observe next that|δεζ| = u3 = |u2I|. Thus we may write

δεζ = −θu2I, where |θ| = 1.

The elementary symmetric functions ofδ, ε, ζ are now

δ + ε + ζ = 1, εζ + ζδ + δε = −I, δεζ = −θu2I.

It follows thatδ, ε, ζ are the roots of the cubic equation

z3 − z2 − Iz + θu2I = 0.

As in §4, we rearrange and take moduli of both sides to obtain

|z|2|z − 1| = u|z − θu|.
Squaring both sides of this result, we get

|z|4(|z|2 − z − z̄ + 1) = u2(|z|2 − u2zθ̄ − u2z̄θ + u4).

Since all zeros of the cubic have modulusu, we may replace every occurrence of
|z|2 by u2. This dramatically simplifies the equation, reducing it to

z + z̄ = zθ̄ + z̄θ.

Substitutingδ, ε, ζ here successively forz and adding the results, one finds that

2 = θ̄ + θ,

since
δ + ε + ζ = δ̄ + ε̄ + ζ̄ = 1.

It follows easily thatθ = 1. Evidentlyδ, ε, ζ are determined from the same cubic
asα, β, γ. Therefore(D,E,F ) is a permutation of(A,B,C), and the solution of
the determination problem is unique.
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On a Porism Associated with the Euler
and Droz-Farny Lines

Christopher J. Bradley, David Monk, and Geoff C. Smith

Abstract. The envelope of the Droz-Farny lines of a triangle is determined to
be the inconic with foci at the circumcenter and orthocenter by using purely
Euclidean means. The poristic triangles sharing this inconic and circumcircle
have a common circumcenter, centroid and orthocenter.

1. Introduction

The triangleABC has orthocenterH and circumcircleΣ. Suppose that a pair
of perpendicular lines throughH are drawn, then they meet the sidesBC, CA,
AB in pairs of points. The midpointsX, Y , Z of these pairs of points are known
to be collinear on the Droz-Farny line [2]. The envelope of the Droz-Farny line
is the inconic with foci atO andH, known recently as the Macbeath inconic, but
once known as the Euler inconic [6]. We support the latter terminology because of
its strong connection with the Euler line [3]. According to Goormaghtigh writing
in [6] this envelope was first determined by Neuberg, and Goormaghtigh gives an
extensive list of early articles related to the Droz-Farny line problem. We will not
repeat the details since [6] is widely available through the archive service JSTOR.

We give a short determination of the Droz-Farny envelope using purely Eu-
clidean means. Taken in conjunction with Ayme’s recent proof [1] of the existence
of the Droz-Farny line, this yields a completely Euclidean derivation of the enve-
lope.

This envelope is the inconic of a porism consisting of triangles with a common
Euler line and circumcircle. The sides of triangles in this porism arise as Droz-
Farny lines of any one of the triangles in the porism. Conversely, if the orthocenter
is interior toΣ, all Droz-Farny lines will arise as triangle sides.

2. The Droz-Farny envelope

Theorem. Each Droz-Farny line of triangle ABC is the perpendicular bisector of
a line segment joining the orthocenter H to a point on the circumcircle.

Proof. Figure 1 may be useful. Let perpendicular linesl and l′ throughH meet
BC, CA, AB atP andP ′, Q andQ′, R andR′ respectively and letX, Y , Z be
the midpoints ofPP ′,QQ′,RR′.

The collinearity ofX, Y , Z is the Droz-Farny theorem. LetK be the foot of
the perpendicular fromH toXY Z and produceHK toL with HK = KL. Now
the circleHPP ′ has centerX andXH = XL soL lies on this circle. LetM ,M′
be the feet of the perpendiculars fromL to l, l′. Note thatLMHM ′ is a rectangle

Publication Date: January 16, 2007. Communicating Editor: Paul Yiu.



12 C. J. Bradley, D. Monk and G. C. Smith

A
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R

R′

X

Y

Z

K

L

M

M ′

S

T

Figure 1. The Droz-Farny envelope

soK is onMM ′. Then the foot of the perpendicular fromL to the linePP′ (i.e.
BC) lies onMM ′ by the Wallace-Simson line property applied to the circumcircle
of PP ′H. Equally well, both perpendiculars dropped fromL toAB andCA have
feet onMM ′. HenceL lies on circleABC with MM′ as its Wallace-Simson line.
ThereforeXY Z is a perpendicular bisector of a line segment joiningH to a point
on the circumcircle. �

Note thatK lies on the nine-point circle ofABC. An expert in the theory of
conics will recognize that the nine-point circle is the auxiliary circle of the Euler
inconic of ABC with foci at the circumcenter and orthocenter, and for such a
reader this article is substantially complete. The pointsX, Y , Z are collinear
and the lineXY Z is tangent to the conic inscribed in triangleABC and having
O, H as foci. The direction of the Droz-Farny line is a continuous function of
the direction of the mutual perpendiculars; the argument of the Droz-Farny line
against a reference axis increases monotonically as the perpendiculars rotate (say)
anticlockwise throughθ, with the position of the Droz-Farny line repeating itself
asθ increases byπ2 . By the intermediate value theorem, the envelope of the Droz-
Farny lines is the whole Euler inconic.

We present a detailed discussion of this situation in§3 for the lay reader.
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Incidentally, the fact thatXY is a variable tangent to a conic of whichBC,CA
are fixed tangents mean that the correspondenceX ∼ Y is a projectivity between
the two lines. There is a neat way of setting up this map: let the perpendicular
bisectors ofAH,BH meetAB at S andT respectively. ThenSY andTX are
parallel. With a change of notation denote the linesBC, CA, AB, XY Z by a,
b, c, d respectively; lete, f be the perpendicular bisectors ofAH, BH. All these
lines are tangents to the conic in question. Consider the Brianchon hexagon of
linesa, b, c, d, e, f . The intersectionsae, fb are at infinity so their join is the line
at infinity. We haveec = S, bd = Y , cf = T , da = X. By Brianchon’s theorem
SY is parallel toXT .

3. The porism

A

B C

O
N

H

J

Ot

X

Y

Z

T

U

V

Figure 2. A porism associated with the Euler line

In a triangle with side lengthsa, b andc, circumradiusR and circumcenterO,
the orthocenterH always lies in the interior of a circle centerO and radius3R
since, as Euler showed,OH2 = 9R2 − (a2 + b2 + c2).

We begin afresh. Suppose that we draw a circleΣ with centerO and radiusR in
which is inscribed a non-right angled triangleABC which has an orthocenterH,
soOH < 3R andH is not onΣ.

This H will serve as the orthocenter of infinitely many other trianglesXY Z
inscribed in the circle and a porism is obtained. We construct these triangles by
choosing a pointJ on the circle. Next we draw the perpendicular bisector ofHJ ,
and need this line to meetΣ again atY andZ with XY Z anticlockwise. We can
certainly arrange that the line andΣ meet by choosingX sufficiently close toA,
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B orC. When this happens it follows from elementary considerations that triangle
XY Z has orthocenterH, and is the only such triangle with circumcircleΣ and
vertexX. In the event thatH is inside the circumcircle (which happens precisely
when triangleABC is acute), then every pointX on the circumcircle arises as a
vertex of a triangleXY Z in the porism.

The construction may be repeated to create as many trianglesABC, TUV ,
PQR as we please, all inscribed in the circle and all having orthocenterH, as
illustrated in Figure 2. Notice that the triangles in this porism have the same cir-
cumradius, circumcenter and orthocenter, so the sum of the squares of the side
lengths of each triangle in the porism is the same.

We will show that all these triangles circumscribe a conic, with one axis of
lengthR directed along the common Euler line, and with eccentricityOH

R . It fol-
lows that this inconic is an ellipse ifH is chosen inside the circle, but a hyperbola
if H is chosen outside.

Thus a porism arises which we call anEuler line porism since each triangle in
the porism has the same circumcenter, centroid, nine-point center, orthocentroidal
center, orthocenteretc. A triangle circumscribing a conic gives rise to aBrianchon
point at the meet of the three Cevians which join each vertex to its opposite contact
point.

We will show that the Brianchon point of a triangle in this porism is the isotomic
conjugateOt of the common circumcenterO.

In Figure 2 we pinpointOt for the triangleXY Z. The computer graphics system
CABRI gives strong evidence for the conjecture that the locus ofOt, as one runs
through the triangles of the porism, is a a subset of a conic.

It is possible to choose a pointH at distance greater than3R from O so there
is no triangle inscribed in the circle which has orthocenterH and then there is no
pointJ on the circle such that the perpendicular bisector ofHJ cuts the circle.

The acute triangle case. See Figure 3. The construction is as follows. DrawAH,
BH andCH to meetΣ atD,E andF . DrawDO,EO andFO to meet the sides
atL,M ,N . LetAO meetΣ atD∗ andBC atL∗. Also letDO meetΣ atA∗. The
pointsM∗,N∗, E∗, F ∗,B∗ andC∗ are not shown but are similarly defined. Here
A′ is the midpoint ofBC and the line throughA′ perpendicular toBC is shown.

3.1. Proof of the porism. Consider the ellipse defined as the locus of pointsP
such thatHP + OP = R, whereR the circumradius ofΣ. The triangleHLD is
isosceles, soHL+OL = LD +OL = R; thereforeL lies on the ellipse.

Now∠OLB = ∠CLD = ∠CLH, because the line segmentHD is bisected by
the sideBC. Therefore the ellipse is tangent toBC atL, and similarly atM and
N . It follows thatAL,BM ,CN are concurrent at a point which will be identified
shortly.

This ellipse depends only onO,H andR. It follows that ifTUV is any triangle
inscribed inΣ with centerO, radiusR and orthocenterH, then the ellipse touches
the sides ofTUV . The porism is established.
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A
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F
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A′

D∗

L∗L

M

N

Figure 3. The inconic of the Euler line porism

Identification of the Brianchon point. This is the point of concurrence ofAL,BM ,
CN . SinceO andH are isogonal conjugates, it follows thatD∗ andA∗ are reflec-
tions ofD andA in the line which is the perpendicular bisector ofBC. The same
applies toB∗, C∗, E∗ andF ∗ with respect to other perpendicular bisectors. Thus
A∗D andAD∗ are reflections of each other in the perpendicular bisector. ThusL∗
is the reflection ofL and thusA′L = A′L∗. Thus sinceAL∗, BM∗, CN∗ are
concurrent atO, the linesAL, BM andCN are concurrent atOt, the isotomic
conjugate ofO.

The obtuse triangle case. Refer to Figure 4. Using the same notation as before,
now consider the hyperbola defined as the locus of pointsP such that|HP −
OP | = R. We now haveHL − OL = LD − OL = R so thatL lies on the
hyperbola.

Also ∠A∗LB = ∠CLD = ∠HLC, so the hyperbola touchesBC atL, and the
argument proceeds as before.

It is a routine matter to obtain the Cartesian equation of this inconic. Scaling so
thatR = 1 we may assume thatO is at(0, 0) andH at (c, 0) where0 ≤ c < 3 but
c �= 1.
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Figure 4. The Euler inconic can be a hyperbola

The inconic then has equation

4y2 + (1 − c2)(2x − c)2 = (1 − c2). (1)

Whenc < 1, soH is internal toΣ, this represents an ellipse, but whenc > 1 it
represents a hyperbola. In all cases the center is at(c2 , 0), which is the nine-point
center.

One of the axes of the ellipse is the Euler line itself, whose equation isy = 0.
We see from Equation (1) that the eccentricity of the inconic isc = OH

R and of
course its foci are atO andH. Not every tangent line to the inconic arises as a side
of a triangle in the porism ifH is outsideΣ.

Areal analysis. One can also perform the geometric analysis of the envelope us-
ing areal co-ordinates, and we briefly report relevant equations for the reader in-
terested in further areal work. TakeABC as triangle of reference and define
u = cotB cotC, v = cotC cotA, w = cotA cotB so thatH(u, v,w) and
O(v + w,w + u, u + v). This means that the isotomic conjugateOt of O has
co-ordinates

Ot

(
1

v + w
,

1
w + u

,
1

u+ v

)
.

The altitudes areAH, BH, CH with equationswy = vz, uz = wx, vx = uy
respectively.
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The equation of the inconic is

(v + w)2x2 + (w + u)2y2 + (u+ v)2z2 − 2(w + u)(u+ v)yz

−2(u+ v)(v + w)zx− 2(v + w)(w + u)xy = 0. (2)

This curve can be parameterized by the formulas:

x =
(1 + q)2

v + w
, y =

1
w + u

, z =
q2

u+ v
, (3)

whereq has any real value (including infinity). The perpendicular linesl and l′
throughH may be taken to pass through the points at infinity with co-ordinates
((1 + t),−t,−1) and((1 + s),−s,−1) and then the Droz-Farny line has equation

−(sw+ tw− 2v)(2stw − sv− tv)x− (sw+ tw+ 2(u+w))(2stw − sv− tv)y

+(sw + tw − 2v)(2st(u + v) + sv + tv)z = 0. (4)

In Equation (4) for the midpointsX, Y , Z to be collinear we must take

s = − v(tw + u+ w)
w(t(u+ v) + v)

. (5)

If we now substitute Equation (3) into Equation (4) and use Equation (5), a discrim-
inant test on the resulting quadratic equation with the help of DERIVE confirms
the tangency for all values oft.

Incidentally, nowhere in this areal analysis do we use the precise values of
u, v,w in terms of the anglesA,B,C. Therefore we have a bonus theorem: if
H is replaced by another pointK, then given a line throughK, there is always a
second line throughK (but not generally at right angles to it) so thatXY Z is a
straight line. As the linel rotates,l′ also rotates (but not at the same rate). How-
ever the rotations of these lines is such that the variable pointsX, Y , Z remain
collinear and the lineXY Z also envelops a conic. This affine generalization of the
Droz-Farny theorem was discovered independently by Charles Thas [5] in a paper
published after the original submission of this article. We happily cede priority.
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The Edge-Tangent Sphere of a Circumscriptible
Tetrahedron

Yu-Dong Wu and Zhi-Hua Zhang

Abstract. A tetrahedron is circumscriptible if there is a sphere tangent to each
of its six edges. We prove that the radius� of the edge-tangent sphere is at least√

3 times the radius of its inscribed sphere. This settles affirmatively a problem
posed by Z. C. Lin and H. F. Zhu. We also briefly examine the generalization
into higher dimension, and pose an analogous problem for ann−dimensional
simplex admitting a sphere tangent to each of its edges.

1. Introduction

Every tetrahedron has a circumscribed sphere passing through its four vertices
and an inscribed sphere tangent to each of its four faces. A tetrahedron is said
to be circumscriptible if there is a sphere tangent to each of its six edges (see [1,
§§786–794]). We call this the edge-tangent sphere of the tetrahedron.

Let P denote a tetrahedronP0P1P2P3 with edge lengthsPiPj = aij for 0 ≤
i < j ≤ 3. The following necessary and sufficient condition for a tetrahedron to
admit an edge-tangent sphere can be found in [1,§§787, 790, 792]. See also [4, 6].

Theorem 1. The following statement for a tetrahedronP are equivalent.
(1) P has an edge-tangent sphere.
(2) a01 + a23 = a02 + a13 = a03 + a12;
(3) There existxi > 0, i = 0, 1, 2, 3, such thataij = xi + xj for 0 ≤ i < j ≤ 3.

Fori = 0, 1, 2, 3, xi is the length of a tangent fromPi to the edge-tangent sphere
of P. Let 	 denote the radius of this sphere.

Theorem 2. [1, §793] The radius of the edge-tangent sphere of a circumscriptible
tetrahedron of volumeV is given by

	 =
2x0x1x2x3

3V
. (1)

Lin and Zhu [4] have given the formula (1) in the form

	2 =
(2x0x1x2x3)

2

2x0x1x2x3
∑

0≤i<j≤3
xixj − (x2

1x
2
2x

2
3 + x2

2x
2
3x

2
0 + x2

3x
2
0x

2
1 + x2

0x
2
1x

2
2)

. (2)
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The fact that this latter denominator is(3V )2 follows from the formula for the
volume of a tetrahedron in terms of its edges:

V 2 =
1

288

∣∣∣∣∣∣∣∣∣∣

0 1 1 1 1
1 0 (x0 + x1)2 (x0 + x2)2 (x0 + x3)2

1 (x0 + x1)2 0 (x1 + x2)2 (x1 + x3)2

1 (x0 + x2)2 (x1 + x2)2 0 (x2 + x3)2

1 (x0 + x3)2 (x1 + x3)2 (x2 + x3)2 0

∣∣∣∣∣∣∣∣∣∣
.

Lin and Zhuop. cit. obtained several inequalities for the edge-tangent sphere
of P. They also posed the problem of proving or disproving	2 ≥ 3r2 for a
circumscriptible tetrahedron. See also [2]. The main purpose of this paper is to
settle this problem affirmatively.

Theorem 3. For a circumscriptible tetrahedron with inradiusr and edge-tangent
sphere of radius	, 	 ≥√

3r.

2. Two inequalities

Lemma 4. If xi > 0 for 0 ≤ i ≤ 3, then(
x1 + x2 + x3

x1x2x3
+

x2 + x3 + x0

x2x3x0
+

x3 + x0 + x1

x3x0x1
+

x0 + x1 + x2

x0x1x2

)

· 4(x0x1x2x3)2

2x0x1x2x3
∑

0≤i<j≤3
xixj − (x2

1x
2
2x

2
3 + x2

2x
2
3x

2
0 + x2

3x
2
0x

2
1 + x2

0x
2
1x

2
2)

≥ 6.
(3)

Proof. From

x2
0x

2
1(x2 − x3)2 + x2

0x
2
2(x1 − x3)2 + x2

0x
2
3(x1 − x2)2

+x2
1x

2
2(x0 − x3)2 + x2

1x
2
3(x0 − x2)2 + x2

2x
2
3(x0 − x1)2 ≥ 0,

we have

x2
1x

2
2x

2
3 + x2

2x
2
3x

2
0 + x2

3x
2
0x

2
1 + x2

0x
2
1x

2
2 ≥ 2

3
x0x1x2x3

∑
0≤i<j≤3

xixj ,

and

2x0x1x2x3

∑
0≤i<j≤3

xixj − (x2
1x

2
2x

2
3 + x2

2x
2
3x

2
0 + x2

3x
2
0x

2
1 + x2

0x
2
1x

2
2)

≤4
3
x0x1x2x3

∑
0≤i<j≤3

xixj,

or
4(x0x1x2x3)2

2x0x1x2x3
∑

0≤i<j≤3
xixj − (x2

1x
2
2x

2
3 + x2

2x
2
3x

2
0 + x2

3x
2
0x

2
1 + x2

0x
2
1x

2
2)

≥ 4(x0x1x2x3)2
4
3x0x1x2x3

∑
0≤i<j≤3

xixj
=

3x0x1x2x3∑
0≤i<j≤3

xixj
.

(4)
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On the other hand, it is easy to see that

x1 + x2 + x3

x1x2x3
+

x2 + x3 + x0

x2x3x0
+

x3 + x0 + x1

x3x0x1
+

x0 + x1 + x2

x0x1x2
=

2
∑

0≤i<j≤3
xixj

x0x1x2x3
.

(5)
Inequality (3) follows immediately from (4) and (5). �

Corollary 5. For a circumscriptible tetrahedronP with an edge-tangent sphere
of radius	, and faces with inradiir0, r1, r2, r3,(

1
r2
0

+
1
r2
1

+
1
r2
2

+
1
r2
3

)
	2 ≥ 6.

Equality holds if and only ifP is a regular tetrahedron.

Proof. From the famous Heron formula, the inradius of a triangleABC of side-
lengthsa = y + z, b = z + x andc = x + y is given by

r2 =
xyz

x + y + z
.

Applying this to the four faces ofP, we see that the first factor on the left hand

side of (3) is
(

1
r2
0

+ 1
r2
1

+ 1
r2
2

+ 1
r2
3

)
. Now the result follows from (2). �

Proposition 6. Let P be a circumscriptible tetrahedron of volumeV . If, for i =
0, 1, 2, 3, the opposite face of vertexPi has area�i and inradiusri, then

(�0 + �1 + �2 + �3)2 ≥ 9V 2

2

(
1
r2
0

+
1
r2
1

+
1
r2
2

+
1
r2
3

)
. (6)

Equality holds if and only ifP is a regular tetrahedron.

P0

P1

P2

P3

H

Q1

α

γ

β Q2

Q3

Figure 1.
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Proof. Let α be the angle between the planesP0P2P3 andP1P2P3. If the perpen-
diculars fromP0 to the lineP2P3 and to the planeP1P2P3 intersect these atQ1 and
H respectively, then∠P0QH = α. See Figure 1. Similarly, we have the angles
β between the planesP0P3P1 andP1P2P3, andγ betweenP0P1P2 andP1P2P3.
Note that

P0H = P0Q1 · sin α = P0Q2 · sin β = P0Q3 · sin γ.

Hence,

P0H · P2P3 =2�1 sinα = 2
√

(�1 + �1 cos α)(�1 −�1 cos α), (7)

P0H · P3P1 =2�2 sinβ = 2
√

(�2 + �2 cos β)(�2 −�2 cos β), (8)

P0H · P1P2 =2�3 sin γ = 2
√

(�3 + �3 cos γ)(�3 −�3 cos γ). (9)

From (7–9), together withP0H = 3V
�0

and �0

r0
= 1

2(P1P2 + P2P3 + P3P1), we
have

3V
r0

=
√

(�1 + �1 cos α)(�1 −�1 cos α)

+
√

(�2 + �2 cos β)(�2 −�2 cos β) (10)

+
√

(�3 + �3 cos γ)(�3 −�3 cos γ).

Applying Cauchy’s inequality and noting that

�0 = �1 cos α + �2 cos β + �3 cos γ,

we have(
3V
r0

)2

≤(�1 + �1 cos α + �2 + �2 cos β + �3 + �3 cos γ)

·(�1 −�1 cos α + �2 −�2 cos β + �3 −�3 cos γ)

=(�1 + �2 + �3 + �0)(�1 + �2 + �3 −�0)

=(�1 + �2 + �3)2 −�2
0,

(11)

or

(�1 + �2 + �3)2 −�2
0 ≥

(
3V
r0

)2

. (12)

It is easy to see that equality in (12) holds if and only if

�1 + �1 cos α

�1 −�1 cos α
=

�2 + �2 cos β

�2 −�2 cos β
=

�3 + �3 cos γ

�3 −�3 cos γ
.

Equivalently,cos α = cos β = cos γ, or α = β = γ. Similarly, we have

(�2 + �3 + �0)2 −�2
1 ≥

(
3V

r1

)2

, (13)

(�3 + �0 + �1)2 −�2
2 ≥

(
3V

r2

)2

, (14)

(�0 + �1 + �2)2 −�2
3 ≥

(
3V

r3

)2

. (15)
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Summing (12) to (15), we obtain the inequality (6), with equality precisely when
all dihedral angles are equal,i.e., whenP is a regular tetrahedron. �

Remark.Inequality (6) is obtained by X. Z. Yang in [5].

3. Proof of Theorem 3

Sincer = 3V
�0+�1+�2+�3

, it follows from Proposition 6 and Corollary 5 that

	2 ≥ 6
1
r2
0

+ 1
r2
1

+ 1
r2
2

+ 1
r2
3

≥ 27V 2

(�0 + �1 + �2 + �3)2
= 3r2.

This completes the proof of Theorem 3.

4. A generalization with an open problem

As a generalization of the tetrahedron, we say that ann−dimensional simplex
is circumscriptible if there is a sphere tangent to each of its edges. The following
basic properties of a circumscriptible simplex can be found in [3].

Theorem 7. Suppose the edge lengths of ann-simplexP = P0P1 · · ·Pn are
PiPj = aij for 0 ≤ i < j ≤ n. Then-simplex has an edge-tangent sphere if and
only if there existxi, i = 0, 1, . . . , n, satisfyingaij = xi + xj for 0 ≤ i �= j ≤ n.
In this case, the radius of the edge-tangent sphere is given by

	2 = − D1

2D2
, (16)

where

D1 =

∣∣∣∣∣∣∣∣

−2x2
0 2x0x1 · · · 2x0xn−1

2x0x1 −2x2
1 · · · 2x1xn−1

· · · · · · · · · · · ·
2x0xn−1 2x1xn−1 · · · −2x2

n−1

∣∣∣∣∣∣∣∣
,

and

D2 =

∣∣∣∣∣∣∣∣∣

0 1 · · · 1
1 · · · · ·
...

... D1
...

1 · · · · ·

∣∣∣∣∣∣∣∣∣
.

We conclude this paper with an open problem: for a circumscriptiblen-simplex
with a circumscribed sphere of radiusR, an inscribed sphere of radiusr and an
edge-tangent sphere of radius	, prove or disprove that

R ≥
√

2n
n − 1

l ≥ nr.
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A Stronger Triangle Inequality for Neutral Geometry

Melissa Baker and Robert C. Powers

Abstract. Bailey and Bannister [College Math. Journal, 28 (1997) 182–186]
proved that a stronger triangle inequality holds in the Euclidean plane for all
triangles having largest angle less thanarctan(24

7
) ≈ 74◦. We use hyperbolic

trigonometry to show that a stronger triangle inequality holds in the hyperbolic
plane for all triangles having largest angle less than or equal to65.87◦.

1. Introduction

One of the most fundamental results of neutral geometry is the triangle inequal-
ity. How can this cherished inequality be strengthened? Under certain restrictions,
the sum of the lengths of two sides of a triangle is greater than the length of the
remaining side plus the length of the altitude to this side.

C

A B

F

ab

c

h

α β

γ′ γ

Figure 1. Strong triangle inequalitya + b > c + h

Let ABC be a triangle belonging to neutral geometry (see Figure 1). Leta, b
andc be the lengths of sidesBC, AC andAB, respectively. Also, letα, β and
γ denote the angles atA, B andC respectively. If we letF be the foot of the
perpendicular fromC onto sideAB and if h is the length of the segmentCF ,
when is it true thata + b > c + h? Sincea > h andb > h, this question is of
interest only ifc is the length of the longest side ofABC, or, equivalently, ifγ is
the the largest angle ofABC. With this notation, if the inequalitya + b > c + h
holds whereγ is the largest angle of the triangleABC, we say thatABC satisfies
thestrong triangle inequality.
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The following result, due to Bailey and Bannister [1], explains what happens if
the triangleABC belongs to Euclidean geometry.

Theorem 1. If ABC is a Euclidean triangle having largest angle γ < arctan(247 ) ≈
74◦, then ABC satisfies the strong triangle inequality.

An elegant trigonometric proof of Theorem 1 can by found in [3]. It should
be noted that the bound ofarctan(247 ) is the best possible since any isosceles Eu-
clidean triangle withγ = arctan(24

7 ) violates the strong triangle inequality.
The goal of this note is to extend the Bailey and Bannister result to neutral

geometry. To get the appropriate bound for the extended result we need the function

f(γ) := −1 − cos γ + sin γ + sin
γ

2
sin γ. (1)

Observe thatf ′(γ) = sin γ+cos γ+sin γ
2 cos γ+ 1

2 cos γ
2 sin γ > 0 on the interval[

0, π
2

]
. Therefore,f(γ) is strictly monotone increasing on the interval(0,π2 ). Since

f(0) = −2, f(π
2 ) =

√
2

2 , andf is continuous it follows thatf has a unique root
r in the interval

(
0, π

2

)
. In fact, r is approximately1.15 (radians) or65.87◦. See

Figure 2.

1

−2

0
2π

2

1

r

Figure 2. Graph off(γ)

Theorem 2. In neutral geometry a triangle ABC having largest angle γ satisfies
the strong triangle inequality if γ ≤ r ≈ 1.15 radians or 65.87◦.

The proof of Theorem 2 is based on the fact that a model of neutral geometry is
isomorphic to either the Euclidean plane or a hyperbolic plane. Given Theorem 1,
it is enough to establish our result for the case of hyperbolic geometry. Moreover,
since the strong triangle inequality holds if and only ifka + kb > kc + kh for
any positive constantk, it is enough to assume that the distance scale in hyperbolic
geometry is 1. An explanation about the distance scalek and how it is used in
hyperbolic geometry can be found in [4].
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2. Hyperbolic trigonometry

Recall that the hyperbolic sine and hyperbolic cosine functions are given by

sinhx =
ex − e−x

2
and cosh x =

ex + e−x

2
.

The formulas needed to prove the main result are given below. First, there are the
standard identities

cosh2 x − sinh2 x = 1 (2)

and
cosh(x + y) = cosh x cosh y + sinhx sinh y. (3)

If ABC is a hyperbolic triangle with a right angle atC, i.e., γ = π
2 , then

sinha = sinh c sin α (4)

and
cosh a sin β = cos α. (5)

For any hyperbolic triangleABC,

cosh c = cosh a cosh b − sinh a sinh b cos γ, (6)
sin α

sinh a
=

sin β

sinh b
=

sin γ

sinh c
, (7)

cosh c =
cos α cos β + cos γ

sin α sin β
. (8)

See [2, Chapter 10] or [5, Chapter 8] for more details regarding (4 – 8).

3. Proof of Theorem 2

The strong triangle inequalitya + b > c + h holds if and only ifcosh(a + b) >
cosh(c + h). Expanding both sides by the identity given in (3) we have

cosh a cosh b + sinha sinh b > cosh c cosh h + sinh c sinh h,

cosh c + sinha sinh b cos γ + sinha sinh b > cosh c cosh h + sinh c sinhh, by (6)

cosh c (1 − cosh h) + sinha sinh b (cos γ + 1) − sinh c sinh h > 0.

SinceACF is a right triangle with the length ofCF equal toh, it follows from
(4) thatsinh h = sinh b sinα. Applying (7), we have

cosh c (1 − cosh h) + sinh a sinh b (cos γ + 1) − sinha

sin α
· sin γ sinh b sin α > 0,

cosh c (1 − cosh h) + sinh a sinh b (cos γ + 1 − sin γ) > 0,

cosh c
(
1 − cosh2 h

)
+ sinha sinh b(1 + cosh h) (cos γ + 1 − sin γ) > 0,

cosh c
(− sinh2 h

)
+ sinha sinh b(1 + cosh h) (cos γ + 1 − sin γ) > 0, by (2)

cosh c
(− sinh2 b sin2 α

)
+ sinha sinh b(1 + cosh h)(cos γ + 1 − sin γ) > 0.
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Dividing both sides of the inequality bysinh b > 0, we have

− cosh c sinh b sin2 α + sinha(1 + cosh h)(cos γ + 1 − sin γ) > 0.

By (7) and (8), we have

−
(

cosα cosβ + cos γ

sin α sin β

)
sinh a sinβ

sin α
sin2 α+sinh a(1+coshh)(cos γ +1− sinγ) > 0.

Simplifying and dividing bysinha > 0, we have

− (cos α cos β + cos γ) sinh a + sinh a(1 + cosh h)(cos γ + 1 − sin γ) > 0,

− (cos α cos β + cos γ) + (1 + cosh h)(cos γ + 1 − sin γ) > 0, (9)

We have manipulated the original inequality into one involving the original an-
gles,α, β, andγ, and the length of the altitude onAB. In the right triangleACF ,
let γ′ be the angle atC. We may assumeγ′ ≤ γ

2 (otherwise we can work with the
right triangleBCF ). Applying (5) to triangleACF givescosh h = cos α

sinγ′ . Now
continuing with the inequality (9) we get

−(cos α cos β + cos γ) +
(

1 +
cos α

sin γ′

)
(1 + cos γ − sin γ) > 0

Multiplying both sides by− sin γ′ < 0, we have

sin γ′ (cos α cos β + cos γ) − (
sin γ′ + cos α

)
(1 + cos γ − sin γ) < 0,

Simplifying this and rearranging terms, we have

cos α
(
sin γ′ cos β − 1 − cos γ + sin γ

)
+ sin γ′ (sin γ − 1) < 0. (10)

If sin γ′ cos β − 1 − cos α + sin α > 0, then

cos α
(
sin γ′ cos β − 1 − cos γ + sin γ

)
+ sin γ′ (sin γ − 1)

< sin γ′ − 1 − cos γ + sin γ + sin γ′ (sin γ − 1)

= − 1 − cos γ + sin γ + sin γ′ sin γ

≤− 1 − cos γ + sin γ + sin
γ

2
sin γ.

Note that this last expression isf(γ) defined in (1). We have shown that

cos α(sin γ′ cos β − 1 − cos γ + sin γ) + sin γ′(sin γ − 1) < max{0, f(γ)}.
Forγ ≤ r, we havef(γ) ≤ 0 and the strong triangle inequality holds.

This completes the proof of Theorem 2.

If r < γ < π
2 , thenf(γ) > 0. In this case, we can find an angleα such that

0 < α < π
2 − γ

2 and

cos α
(
sin

γ

2
cos α − 1 − cos α + sin α

)
+ sin

γ

2
(sin γ − 1) > 0.

Sinceγ + 2α < π it follows from [5, Theorem 6.7] that there exists a hyper-
bolic triangleABC with anglesα, α, andγ. Our previous work shows that the
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triangleABC satisfies the strong triangle inequality if and only if (10) holds. Con-
sequently,a + b > c + h providedf(γ) ≤ 0. Therefore, the boundr given in
Theorem 2 is the best possible.
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A Simple Construction of the Golden Ratio

Jingcheng Tong and Sidney Kung

Abstract. We construct the golden ratio by using an area bisector of a trapezoid.

Consider a trapezoid PQRS with bases PQ = b, RS = a, a < b. Assume, in

Figure 1, that the segment MN of length
√

a2+b2

2 is parallel to PQ. Then MN

lies between the bases PQ and RS (see [1, p.57]). It is easy to show that MN
bisects the area of the trapezoid. It is more interesting to note that M and N divide
SP and RQ in the golden ratio if b = 3a. To see this, construct a segment SW
parallel to RQ and let V = MN ∩ SW . It is clear that

SM

SP
=

MV

PW
=

√
a2+b2

2 − a

b − a
=

√
5 − 1
2

if b = 3a.

P QW

M N

RS

V

a

b − a a

Figure 1

Based upon this result, we present the following simple division of a given seg-
ment AB in the golden ratio. Construct
(1) a trapezoid ABCD with AD//BC and BC = 3 · AD,
(2) a right triangle BCD with a right angle at C and CE = AD,
(3) the midpoint F of BE and a point H on the perpendicular bisector of BE such
that FH = 1

2BE,
(4) a point I on BC such that BI = BH .

Complete a parallelogram BIJG with J on DC and G on AB. See Figure 2.
Then G divides AB in the golden ratio, i.e., AB

AB =
√

5−1
2 .

Publication Date: February 5, 2007. Communicating Editor: Paul Yiu.



32 J. Tong and S. Kung

A B

C

D

E

F H

I
J

G

Figure 2

Proof. The trapezoid ABCD has AD = a, BC = b with b = 3a. The segment
JG is parallel to the bases and

JG = BI = BH =
√

2 ·
√

a2 + b2

2
=

√
a2 + b2

2
.

Therefore, AG
AB =

√
5−1
2 . �
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The Method of Punctured Containers

Tom M. Apostol and Mamikon A. Mnatsakanian

Abstract. We introduce the method of punctured containers, which geometri-
cally relates volumes and centroids of complicated solids to those of simpler
punctured prismatic solids. This method goes to the heart of some of the ba-
sic properties of the sphere, and extends them in natural and significant ways
to solids assembled from cylindrical wedges (Archimedean domes) and to more
general solids, especially those with nonuniform densities.

1. Introduction

Archimedes (287-212 B.C.) is regarded as the greatest mathematician of ancient
times because of his masterful and innovative treatment of a remarkable range of
topics in both pure and applied mathematics. One landmark discovery is that the
volume of a solid sphere is two-thirds the volume of its circumscribing cylinder,
and that the surface area of the sphere is also two-thirds the total surface area of
the same cylinder. Archimedes was so proud of this revelation that he wanted the
sphere and circumscribing cylinder engraved on his tombstone. He discovered the
volume ratio by balancing slices of the sphere against slices of alarger cylinder
and cone, using centroids and the law of the lever, which he had also discovered.

Today we know that the volume ratio for the sphere and cylinder can be derived
more simply by an elementary geometric method that Archimedes overlooked. It
is illustrated in Figure 1. By symmetry it suffices to consider a hemisphere, as
in Figure 1a, and its circumscribing cylindrical container. Figure 1b shows the
cylinder with a solid cone removed. The punctured cylindrical container has ex-
actly the same volume as the hemisphere, because every horizontal plane cuts the
hemisphere and the punctured cylinder in cross sections of equal area. The cone’s
volume is one-third that of the cylinder, hence the hemisphere’s volume is two-
thirds that of the cylinder, which gives the Archimedes volume ratio for the sphere
and its circumscribing cylinder.

This geometric method extends to more general solids we call Archimedean
domes. They and their punctured prismatic containers are described below in Sec-
tion 2. Any plane parallel to the equatorial base cuts such a dome and its punctured
container in cross sections of equal area. This implies that two planes parallel to the
base cut the dome and the punctured container in slices of equal volumes, equality
of volumes being a consequence of the following:

Slicing principle. Two solids have equal volumes if their horizontal cross sections
taken at any height have equal areas.

Publication Date: February 12, 2007. Communicating Editor: Xiao-Dong Zhang.
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(a) (b)

Figure 1. (a) A hemisphere and (b) a punctured cylindrical container of equal volume.

This statement is often called Cavalieri’s principle in honor of Bonaventura Cav-
alieri (1598-1647), who attempted to prove it for general solids. Archimedes used
it sixteen centuries earlier for special solids, and he credits Eudoxus and Democri-
tus for using it even earlier in their discovery of the volume of a cone. Cavalieri
employed it to find volumes of many solids, and tried to establish the principle
for general solids by applying Archimedes’ method of exhaustion, but it was not
demonstrated rigorously until integral calculus was developed in the 17th century.
We prefer using the neutral and more descriptive termslicing principle.

To describe the slicing principle in the language of calculus, cut two solids by
horizontal planes that produce cross sections of equal areaA(x) at an arbitrary
heightx above a fixed base. The integral

∫ x2

x1
A(x) dx gives the volume of the

portion of each solid cut by all horizontal planes asx varies over some interval
[x1, x2]. Because the integrandA(x) is the same for both solids, the corresponding
volumes are also equal. We could just as well integrate any functionf(x,A(x)),
and the integral over the interval[x1, x2] would be the same for both solids. For
example,

∫ x2

x1
xA(x) dx is the first moment of the area function over the interval

[x1, x2], and this integral divided by the volume gives the altitude of thecentroid
of the slice between the planesx = x1 andx = x2. Thus, not only are the volumes
of these slices equal, but also the altitudes of their centroids are equal. Moreover,
all moments

∫ x2

x1
xkA(x) dx with respect to the plane of the base are equal for both

slices.
In [1; Theorem 6a] we showed that the lateral surface area of any slice of an

Archimedean dome between two parallel planes is equal to the lateral surface area
of the corresponding slice of the circumscribing (unpunctured) prism. This was
deduced from the fact that Archimedean domes circumscribe hemispheres. It im-
plies that the total surface area of a sphere is equal to the lateral surface area of its
circumscribing cylinder which, in turn, is two-thirds the total surface area of the
cylinder. The surface area ratio was discovered by Archimedes by a completely
different method.
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This paper extends our geometric method further, from Archimedean domes to
more general solids. First we dilate an Archimedean dome in a vertical direction to
produce a dome with elliptic profiles, then we replace its base by an arbitrary poly-
gon, not necessarily convex. This leads naturally to domes with arbitrary curved
bases. Such domes and their punctured prismatic containers have equal volumes
and equal moments relative to the plane of the base because of the slicing princi-
ple, but if these domes do not circumscribe hemispheres the corresponding lateral
surface areas will not be equal. This paper relaxes the requirement of equal surface
areas and concentrates on solids having the same volume and moments as their
punctured prismatic containers. We call such solidsreducible and describe them in
Section 3. Section 4 treats reducible domes and shells with polygonal bases, then
Section 5 extends the results to domes with curved bases, and formulates reducibil-
ity in terms of mappings that preserve volumes and moments.

The full power of our method, which we callthe method of punctured con-
tainers, is revealed by the treatment of nonuniform mass distributions in Section
6. Problems of calculating masses and centroids of nonuniform wedges, shells,
and their slices with elliptic profiles, including those with cavities, are reduced to
those ofsimpler punctured prismatic containers. Section 7 gives explicit formulas
for volumes and centroids, and Section 8 reveals the surprising fact that uniform
domes are reducible to their punctured containers if and only if they have elliptic
profiles.

2. Archimedean domes

Archimedean domes are solids of the type shown in Figure 2a, formed by assem-
bling portions of circular cylindrical wedges. Each dome circumscribes a hemi-
sphere, and its horizontal base is a polygon, not necessarily regular, circumscrib-
ing the equator of the hemisphere. Cross sections cut by planes parallel to the base
are similar polygons circumscribing the cross sections of the hemisphere. Figure
2b shows the dome’s punctured prismatic container, a circumscribing prism, from
which a pyramid with congruent polygonal base has been removed as indicated.
The shaded regions in Figure 2 illustrate the fundamental relation between any
Archimedean dome and its punctured prismatic container:

Each horizontal plane cuts both solids in cross sections of equal area.

Hence, by the slicing principle, any two horizontal planes cut both solids in
slices of equal volume. Because the removed pyramid has volume one-third that
of the unpunctured prism, we see that the volume of any Archimedean dome is
two-thirds that of its punctured prismatic container.

We used the name “Archimedean dome” because of a special case considered
by Archimedes. In his preface to The Method [3; Supplement, p. 12] Archimedes
announced (without proof) that the volume of intersection of two congruent orthog-
onal circular cylinders is two-thirds the volume of the circumscribing cube. In [3;
pp. 48-50], Zeuthen verifies this with the method of centroids and levers employed
by Archimedes in treating the sphere. However, if we observe that half the solid of
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intersection is an Archimedean dome with a square base, and compare its volume
with that of its punctured prismatic container, we immediately obtain the required
two-thirds volume ratio.

O

(a) Archimedean dome (b) Punctured prismatic container

Figure 2. Each horizontal plane cuts the dome and its punctured prismatic con-
tainer in cross sections of equal area.

As a limiting case, when the polygonal cross sections of an Archimedean dome
become circles, and the punctured container becomes a circumscribing cylinder
punctured by a cone, we obtain a purely geometric derivation of the Archimedes
volume ratio for a sphere and cylinder.

When an Archimedean dome and its punctured container areuniform solids,
made of material of the same constant density (mass per unit volume), the corre-
sponding horizontal slices also have equal masses, and the center of mass of each
slice lies at the same height above the base [1; Section 9].

3. Reducible solids

This paper extends the method of punctured containers by applying it first to
general dome-like structures far removed from Archimedean domes, and then to
domes withnonuniform mass distributions. The generality of the structures is
demonstrated by the following examples.

Cut any Archimedean dome and its punctured container into horizontal slices
and assign to each pair of slices the same constant density, which can differ from
pair to pair. Because the masses are equal slice by slice, the total mass of the dome
is equal to that of its punctured container, and the centers of mass are at the same
height. Or, cut the dome and its punctured container into wedges by vertical half
planes through the polar axis, and assign to each pair of wedges the same constant
density, which can differ from pair to pair. Again, the masses are equal wedge by
wedge, so the total mass of the dome is equal to that of its punctured container,
and the centers of mass are at the same height. Or, imagine an Archimedean dome
divided into thin concentric shell-like layers, like those of an onion, each assigned
its own constant density, which can differ from layer to layer. The punctured con-
tainer is correspondingly divided into coaxial prismatic layers, each assigned the
same constant density as the corresponding shell layer. In this case the masses are
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equal shell by shell, so the total mass of the dome is equal to that of its punctured
container, and again the centers of mass are at the same height. We are interested
in a class of solids, with pyramidically punctured prismatic containers, that share
the following property with Archimedean domes:

Definition. (Reducible solid) A solid is called reducible if an arbitrary horizontal
slice of the solid and its punctured container have equal volumes, equal masses,
and hence centers of mass at the same height above the base.

Every uniform Archimedean done is reducible, and in Section 5 we exhibit some
nonuniform Archimedean domes that are reducible as well.

The method of punctured containers enables us to reduce both volume and
mass calculations of domes to those of simpler prismatic solids, thus generaliz-
ing the profound volume relation between the sphere and cylinder discovered by
Archimedes. Another famous result of Archimedes [3; Method, Proposition 6]
states that the centroid of a uniform solid hemisphere divides its altitude in the
ratio 5:3. Using the method of punctured containers we show that the same ratio
holds for uniform Archimedean domes and other more general domes (Theorem
7), and we also extend this result to the center of mass of a more general class of
nonuniform reducible domes (Theorem 8).

4. Polygonal elliptic domes and shells

To easily construct a more general class of reducible solids, start with any
Archimedean dome, and dilate it and its punctured container in a vertical direc-
tion by the same scaling factorλ > 0. The circular cylindrical wedges in Figure
2a become elliptic cylindrical wedges, as typified by the example in Figure 3a. A
circular arc of radiusa is dilated into an elliptic arc with horizontal semi axisa
and vertical semi axisλa. Dilation changes the altitude of the prismatic wedge
from a to λa (Figure 3b). The punctured container is again a prism punctured by a
pyramid.

x

λa λa

a a

equal areas

x

O O

(a) (b)

Figure 3. (a) Vertical dilation of a cylindrical wedge by a factor λ. (b) Its punc-
tured prismatic container.
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Each horizontal plane at a given height above the base cuts both the elliptic
wedge and the corresponding punctured prismatic wedge in cross sections of equal
area. Consequently, any two horizontal planes cut both solids in slices of equal
volume.

If the elliptic and prismatic wedges have the same constant density, then they
also have the same mass, and their centers of mass are at the same height above the
base. In other words, we have:

Theorem 1. Every uniform elliptic cylindrical wedge is reducible.

Now assemble a finite collection of nonoverlapping elliptic cylindrical wedges
with their horizontal semi axes, possibly of different lengths, in the same horizon-
tal plane, but having a common vertical semi axis, which meets the base at a point
O called the center. We assume the density of each component wedge is con-
stant, although this constant may differ from component to component. For each
wedge, the punctured circumscribing prismatic container with the same density is
called its prismatic counterpart. The punctured containers assembled in the same
manner produce the counterpart of the wedge assemblage. We call an assemblage
nonuniform if some of its components can have different constant densities. This
includes the special case of a uniform assemblage where all components have the
same constant density. Because each wedge is reducible we obtain:

Corollary 1. Any nonuniform assemblage of elliptic cylindrical wedges is re-
ducible.

Polygonal elliptic domes. Because the base of a finite assemblage is a polygon (a
union of triangles with a common vertex O) we call the assemblage a polygonal
elliptic dome. The polygonal base need not circumscribe a circle and it need not be
convex. Corollary 1 gives us:

Corollary 2. The volume of any polygonal elliptic dome is equal to the volume of
its circumscribing punctured prismatic container, that is, two-thirds the volume of
the unpunctured prismatic container, which, in turn, is the area of the base times
the height.

In the special limiting case when the equatorial polygonal base of the dome
turns into an ellipse with center at O, the dome becomes half an ellipsoid, and the
circumscribing prism becomes an elliptic cylinder. In this limiting case, Corollary
2 reduces to:

Corollary 3. The volume of any ellipsoid is two-thirds that of its circumscribing
elliptic cylinder.

In particular, we have Archimedes’ result for “spheroids” [3; Method, Proposi-
tion 3]:

Corollary 4. (Archimedes) The volume of an ellipsoid of revolution is two-thirds
that of its circumscribing circular cylinder.

Polygonal elliptic shells. A polygonal elliptic shell is the solid between two con-
centric similar polygonal elliptic domes. From Theorem 1 we also obtain:
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Theorem 2. The following solids are reducible:
(a) Any uniform polygonal elliptic shell.
(b) Any wedge of a uniform polygonal elliptic shell.
(c) Any horizontal slice of a wedge of type (b).
(d) Any nonuniform assemblage of shells of type (a).
(e) Any nonuniform assemblage of wedges of type (b).
(f) Any nonuniform assemblage of slices of type (c).

By using as building blocks horizontal slices of wedges cut from a polygonal
elliptic shell, we can see intuitively how one might construct, from such building
blocks, very general polygonal elliptic domes that are reducible and have more or
less arbitrary mass distribution. By considering limiting cases of polygonal bases
with many edges, and building blocks with very small side lengths, we can imagine
elliptic shells and domes whose bases are more or less arbitrary plane regions, for
example, elliptic, parabolic or hyperbolic segments.

The next section describes an explicit construction of general reducible domes
with curvilinear bases.

5. General elliptic domes

Replace the polygonal base by any plane region bounded by a curve whose polar
coordinates (r, θ) relative to a “center” O satisfy an equation r = ρ(θ), where ρ
is a given piecewise continuous function, and θ varies over an interval of length
2π. Above this base we build an elliptic dome as follows. First, the altitude of the
dome is a segment of fixed height h > 0 along the polar axis perpendicular to the
base at O. We assume that each vertical half plane through the polar axis at angle
θ cuts the surface of the dome along a quarter of an ellipse with horizontal semi
axis ρ(θ) and the same vertical semi axis h, as in Figure 4a. The ellipse will be
degenerate at points where ρ(θ) = 0. Thus, an elliptic wedge is a special case of
an elliptic dome.

When ρ(θ) > 0, the cylindrical coordinates (r, θ, z) of points on the surface of
the dome satisfy the equation of an ellipse:(

r

ρ(θ)

)2

+
( z

h

)2
= 1. (1)

The dome is circumscribed by a cylindrical solid of altitude h whose base is con-
gruent to that of the dome (Figure 4b). Incidentally, we use the term “cylindrical
solid” with the understanding that the solid is a prism when the base is polygonal.

Each point (r′, θ′, z′) on the lateral surface of the cylinder in Figure 4b is related
to the corresponding point (r, θ, z) on the surface of the dome by the equations

θ′ = θ, z′ = z, r′ = ρ(θ).

From this cylindrical solid we remove a conical solid whose surface points have
cylindrical coordinates (r′′, θ, z), where z/h = r′′/ρ(θ), or

r′′ = zρ(θ)/h.
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polar axis
polar axis

h
r

z

ρ(θ) ρ(θ)

z

r''

O O

(a) (b)

Figure 4. An elliptic dome (a), and its circumscribing punctured prismatic con-
tainer (b).

When z = h, this becomes r′′ = ρ(θ), so the base of the cone is congruent to
the base of the elliptic dome. When the base is polygonal, the conical solid is a
pyramid.

More reducible domes. The polar axis of an elliptic dome depends on the location
of center O. For a given curvilinear base, we can move O to any point inside the
base, or even to the boundary. Moving O will change the function ρ(θ) describing
the boundary of the base, with a corresponding change in the shape of the ellipse
determined by (1). Thus, this construction generates not one, but infinitely many
elliptic domes with a given base. For any such dome, we can generate another
family as follows: Imagine the dome and its prismatic counterpart made up of very
thin horizontal layers, like two stacks of cards. Deform each solid by a horizon-
tal translation and rotation of each horizontal layer. The shapes of the solids will
change, but their cross-sectional areas will not change. In general, such a defor-
mation may alter the shape of each ellipse on the surface to some other curve, and
the deformed dome will no longer be elliptic. The same deformation applied to the
prismatic counterpart will change the punctured container to a nonprismatic punc-
tured counterpart. Nevertheless, all the results of this paper (with the exception of
Theorem 11) will hold for such deformed solids and their counterparts.

However, if the deformation is a linear shearing that leaves the base fixed but
translates each layer by a distance proportional to its distance from the base, then
straight lines are mapped onto straight lines and the punctured prismatic solid is
deformed into another prism punctured by a pyramid with the same base. The
correspondingly sheared dome will be elliptic because each elliptic curve on the
surface of the dome is deformed into an elliptic curve. To visualize a physical
model of such a shearing, imagine a general elliptic dome and its counterpart sliced
horizontally to form stacks of cards. Pierce each stack by a long pin along the polar
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axis, and let O be the point where the tip of the pin touches the base. Tilting the
pin away from the vertical polar axis, keeping O fixed, results in horizontal linear
shearing of the stacks and produces infinitely many elliptic domes, all with the
same polygonal base. The prismatic containers are correspondingly tilted, and the
domes are reducible.

Reducibility mapping. For a given general elliptic dome, we call the correspond-
ing circumscribing punctured cylindrical solid its punctured container. Our goal is
to show that every uniform general elliptic dome is reducible. This will be deduced
from a more profound property, stated below in Theorem 3. It concerns a mapping
that relates elliptic domes and their punctured containers.

To determine this mapping, regard the dome as a collection of layers of similar
elliptic domes, like layers of an onion. Choose O as the center of similarity, and for
each scaling factor µ ≤ 1, imagine a surface E(µ) such that a vertical half plane
through the polar axis at angle θ intersects E(µ) along a quarter of an ellipse with
semiaxes µρ(θ) and µh. When ρ(θ) > 0, the coordinates r and z of points on this
similar ellipse satisfy (

r

µρ(θ)

)2

+
(

z

µh

)2

= 1. (2)

Regard the punctured container as a collection of coaxial layers of similar punc-
tured cylindrical surfaces C(µ).

It is easy to relate the cylindrical coordinates (r′, θ′, z′) of each point on C(µ) to
the coordinates (r, θ, z) of the corresponding point on E(µ). First, we have

θ′ = θ, z′ = z, r′ = µρ(θ). (3)

From (2) we find r2 + z2ρ (θ)2 /h2 = µ2ρ(θ)2 , hence (3) becomes

θ′ = θ, z′ = z, r′ =
√

r2 + z2ρ (θ)2 /h2. (4)

The three equations in (4), which are independent of µ, describe a mapping from
each point (r, θ, z), not on the polar axis, of the solid elliptic dome to the corre-
sponding point (r′, θ′, z′) on its punctured container. On the polar axis, r = 0 and
θ is undefined.

Using (2) in (4) we obtain (3), hence points on the ellipse described by (2) are
mapped onto the vertical segment of length µh through the base point (µρ(θ), θ). It
is helpful to think of the solid elliptic dome as made up of elliptic fibers emanating
from the points on the base. Mapping (4) converts each elliptic fiber into a vertical
fiber through the corresponding point on the base of the punctured container.

Preservation of volumes. Now we show that mapping (4) preserves volumes. The
volume element in the (r, θ, z) system is given by r dr dθ dz, while that in the
(r′, θ′, z′) system is r′dr′dθ′dz′. From (4) we have

(r′)2 = r2 + z2ρ (θ)2 /h2

which, for fixed z and θ, gives r′dr′ = rdr. From (4) we also have dθ′ = dθ
and dz′ = dz, so the volume elements are equal: r dr dθ dz = r′dr′dθ′dz′. This
proves:
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Theorem 3. Mapping (4), from a general elliptic dome to its punctured prismatic
container, preserves volumes. In particular, every general uniform elliptic dome is
reducible.

As an immediate consequence of Theorem 3 we obtain:

Corollary 5. The volume of a general elliptic dome is equal to the volume of its
circumscribing punctured cylindrical container, that is, two-thirds the volume of
the circumscribing unpunctured cylindrical container which, in turn, is simply the
area of the base times the height.

The same formulas show that for a fixed altitude z, we have r dr dθ = r′dr′dθ′.
In other words, the mapping also preserves areas of horizontal cross sections cut
from the elliptic dome and its punctured container. This also implies Corollary 5
because of the slicing principle.

Lambert’s classical mapping as a special case. Our mapping (4) generalizes
Lambert’s classical mapping [2], which is effected by wrapping a tangent cylinder
about the equator, and then projecting the surface of the sphere onto this cylinder by
rays through the axis which are parallel to the equatorial plane. Lambert’s mapping
takes points on the spherical surface (not at the north or south pole) and maps them
onto points on the lateral cylindrical surface in a way that preserves areas. For
a solid sphere, our mapping (4) takes each point not on the polar axis and maps
it onto a point of the punctured solid cylinder in a way that preserves volumes.
Moreover, analysis of a thin shell (similar to that in [1; Section 6]) shows that (4)
also preserves areas when the surface of an Archimedean dome is mapped onto the
lateral surface of its prismatic container. Consequently, we have:

Theorem 4. Mapping (4), from the surface of an Archimedean dome onto the lat-
eral surface of its prismatic container, preserves areas.

In the limiting case when the Archimedean dome becomes a hemisphere we get:

Corollary 6. (Lambert) Mapping (4), from the surface of a sphere to the lateral
surface of its tangent cylinder, preserves areas.

If the hemisphere in this limiting case has radius a, it is easily verified that (4)
reduces to Lambert’s mapping: θ′ = θ, z′ = z, r′ = a.

6. Nonuniform elliptic domes

Mapping (4) takes each point P of an elliptic dome and carries it onto a point
P ′ of its punctured container. Imagine an arbitrary mass density assigned to P , and
assign the same mass density to its image P′. If a set of points P fills out a portion
of the dome of volume v and total mass m, say, then the image points P′ fill out a
solid, which we call the counterpart, having the same volume v and the same total
mass m. This can be stated as an extension of Theorem 3:

Theorem 5. Any portion of a general nonuniform elliptic dome is reducible.
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By analogy with Theorem 3, we can say that mapping (4) “with weights” also
preserves masses.

Fiber-elliptic and shell-elliptic domes. Next we describe a special way of assign-
ing variable mass density to the points of a general elliptic dome and its punctured
container so that corresponding portions of the dome and its counterpart have the
same mass. The structure of the dome as a collection of similar domes plays an
essential role in this description.

First assign mass density f(r, θ) to each point (r, θ) on the base of the dome and
of its cylindrical container. Consider the elliptic fiber that emanates from any point
(µρ(θ), θ) on the base, and assign the same mass density f(µρ(θ), θ) to each point
of this fiber. In other words, the mass density along the elliptic fiber has a constant
value inherited from the point at which the fiber meets the base. Of course, the
constant may differ from point to point on the base. The elliptic fiber maps into a
vertical fiber in the punctured container (of length µh, where h is the altitude of
the dome), and we assign the same mass density f(µρ(θ), θ) to each point on this
vertical fiber. In this way we produce a nonuniform elliptic dome and its punctured
container, each with variable mass density inherited from the base. We call such a
dome fiber-elliptic. The punctured container with density assigned in this manner
is called the counterpart of the dome. The volume element multiplied by mass
density is the same for both the dome and its counterpart.

An important special case occurs when the assigned density is also constant
along the base curve r = ρ(θ) and along each curve r = µρ(θ) similar to the base
curve, where the constant density depends only on µ. Then each elliptic surface
E(µ) will have its own constant density. We call domes with this assignment of
mass density shell-elliptic. For fiber-elliptic and shell-elliptic domes, horizontal
slices cut from any portion of the dome and its counterpart have equal masses, and
their centers of mass are at the same height above the base. Thus, as a consequence
of Theorem 3 we have:

Corollary 7. (a) Any portion of a fiber-elliptic dome is reducible.
(b) In particular, any portion of a shell-elliptic dome is reducible.
(c) In particular, a sphere with spherically symmetric mass distribution is re-

ducible.

The reducibility properties of an elliptic dome also hold for the more general
case in which we multiply the mass density f(µρ(θ), θ) by any function of z.
Such change of density could be imposed, for example, by an external field (such
as atmospheric density in a gravitational field that depends only on the height z).
Consequently, not only are the volume and mass of any portion of this type of
nonuniform elliptical dome equal to those of its counterpart, but the same is true
for all moments with respect to the horizontal base.

Elliptic shells and cavities. Consider a general elliptic dome of altitude h, and
denote its elliptic surface by E(1). Scale E(1) by a factor µ, where 0 < µ <
1, to produce a similar elliptic surface E(µ). The region between the two surfaces
E(µ) and E(1) is called an elliptic shell. It can be regarded as an elliptic dome
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with a cavity, or, equivalently, as a shell-elliptic dome with density 0 assigned to
each point between E(µ) and the center.

Figure 5a shows an elliptic shell element, and Figure 5b shows its counterpart.
Each base in the equatorial plane is bounded by portions of two curves with polar
equations r = ρ(θ) and r = µρ(θ), and two segments with θ = θ1 and θ = θ2.
The shell element has two vertical plane faces, each consisting of a region between
two similar ellipses. If µ is close to 1 and if θ1 and θ2 are nearly equal, the elliptic
shell element can be thought of as a thin elliptic fiber, as was done earlier.

Consider a horizontal slice between two horizontal planes that cut both the inner
and outer elliptic boundaries of the shell element. In other words, both planes are
pierced by the cavity. The prismatic counterpart of this slice has horizontal cross
sections congruent to the base, so its centroid lies midway between the two cutting
planes. The same is true for the slice of the shell and for the center of mass of a
slice cut from an assemblage of uniform elliptic shell elements, each with its own
constant density.

h h

r
µr

µhµh

(a) (b)

Figure 5. An elliptic shell element (a) and its counterpart (b).

In the same way, if we build a nonuniform shell-elliptic solid with a finite num-
ber of similar elliptic shells, each with its density inherited from the base, then any
horizontal slice pierced by the cavity has its center of mass midway between the
two horizontal cutting planes. Moreover, the following theorem holds for every
such shell-elliptic wedge.

Theorem 6. Any horizontal slice pierced by the cavity of a nonuniform shell-
elliptic wedge has volume and mass equal, respectively, to those of its prismatic
counterpart. Each volume and mass is independent of the height above the base
and each is proportional to the thickness of the slice. Consequently, the center of
mass of such a slice lies midway between the two cutting planes.

Corollary 8. (Sphere with cavity) Consider a spherically symmetric distribution
of mass inside a solid sphere with a concentric cavity. Any slice between parallel



The method of punctured containers 45

planes pierced by the cavity has volume and mass proportional to the thickness of
the slice, and is independent of the location of the slice.

Corollary 8 implies that the one-dimensional vertical projection of the density
is constant along the cavity. This simple result has profound consequences in to-
mography, which deals with the inverse problem of reconstructing spatial density
distributions from a knowledge of their lower dimensional projections. Details of
this application will appear elsewhere.

7. Formulas for volume and centroid

This section uses reducibility to give specific formulas for volumes and centroids
of various building blocks of elliptic domes with an arbitrary curvilinear base.

Volume of a shell element. We begin with the simplest case. Cut a wedge from
an elliptic dome of altitude h by two vertical half planes θ = θ1 and θ = θ2

through the polar axis, and then remove a similar wedge scaled by a factor µ,
where 0 < µ < 1, as shown in Figure 5a. Assume the unpunctured cylindrical
container in Figure 5b has volume V . By Corollary 5 the outer wedge has volume
2V/3, and the similar inner wedge has volume 2µ3V/3, so the volume v of the
shell element and its prismatic counterpart is the difference

v =
2
3
V (1 − µ3). (5)

Now V = Ah, where A is the area of the base of both the elliptic wedge and its
container. The base of the elliptic shell element and its unpunctured container have
area B = A − µ2A, so A = B/(1 − µ2), V = Bh/(1 − µ2), and (5) can be
written as

v =
2
3
Bh

1 − µ3

1 − µ2
. (6)

Formula (6) also holds for the total volume of any assemblage of elliptic shell ele-
ments with a given h and µ, with B representing the total base area. The product
Bh is the volume of the corresponding unpunctured cylindrical container of alti-
tude h, so (6) gives us the formula

vµ(h) =
2
3
vcyl

1 − µ3

1 − µ2
, (7)

where vµ(h) is the volume of the assemblage of elliptic shell elements and of the
counterpart, and vcyl is the volume of its unpunctured cylindrical container. When
µ = 0 in (7), the assemblage of elliptic wedges has volume v0(h)= 2vcyl/3, so we
can write (7) in the form

vµ(h) = v0(h)
1 − µ3

1 − µ2
, (8)

where v0(h) is the volume of the outer dome of the assemblage and its counterpart.
If µ approaches 1 the shell becomes very thin, the quotient (1−µ3)/

(
1 − µ2

)
ap-

proaches 3/2, and (7) shows that vµ(h) approaches vcyl. In other words, a very thin
elliptic shell element has volume very nearly equal to that of its very thin unpunc-
tured cylindrical container. An Archimedean shell has constant thickness equal
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to that of the prismatic container, so the lateral surface area of any assemblage of
Archimedean wedges is equal to the lateral surface area of its prismatic container,
a result derived in [1]. Note that this argument cannot be used to find the surface
area of an nonspherical elliptic shell because it does not have constant thickness.

Next we derive a formula for the height of the centroid of any uniform elliptic
wedge above the plane of its base.

Theorem 7. Any uniform elliptic wedge or dome of altitude h has volume two-
thirds that of its unpunctured prismatic container. Its centroid is located at height
c above the plane of the base, where

c =
3
8
h. (9)

Proof. It suffices to prove (9) for the prismatic counterpart. For any prism of alti-
tude h, the centroid is at a distance h/2 above the plane of the base. For a cone or
pyramid with the same base and altitude it is known that the centroid is at a dis-
tance 3h/4 from the vertex. To determine the height c of the centroid of a punctured
prismatic container above the plane of the base, assume the unpunctured prismatic
container has volume V and equate moments to get

c

(
2
3
V

)
+

3h
4

(
1
3
V

)
=

h

2
V,

from which we find (9). By Theorem 5, the centroid of the inscribed elliptic wedge
is also at height 3h/8 above the base. The result is also true for any uniform elliptic
dome formed as an assemblage of wedges. �

Equation (9) is equivalent to saying, in the style of Archimedes, that the centroid
divides the altitude in the ratio 3:5.

Corollary 9. (a) The centroid of a uniform Archimedean dome divides its altitude
in the ratio 3:5.

(b) (Archimedes) The centroid of a uniform hemisphere divides its altitude in
the ratio 3:5.

Formula (9) is obviously true for the center of mass of any nonuniform assem-
blage of elliptic wedges of altitude h, each with its own constant density.

Centroid of a shell element. Now we can find, for any elliptic shell element, the
height cµ(h) of its centroid above the plane of its base. The volume and centroid
results are summarized as follows:

Theorem 8. Any nonuniform assemblage of elliptic shell elements with common
altitude h and scaling factor µ has volume vµ(h) given by (8). The height cµ(h) of
the centroid above the plane of its base is given by

cµ(h) =
3
8
h

1 − µ4

1 − µ3
. (10)

Proof. Consider first a single uniform elliptic shell element. Again it suffices to do
the calculation for the prismatic counterpart. The inner wedge has altitude µh, so
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by (9) its centroid is at height 3µh/8. The centroid of the outer wedge is at height
3h/8. If the outer wedge has volume Vouter, the inner wedge has volume µ3Vouter ,
and the shell element between them has volume (1−µ3)Vouter. Equating moments
and canceling the common factor Vouter we find(

3
8
µh

)
µ3 + cµ(h)(1 − µ3) =

3
8
h,

from which we obtain (10). Formula (10) also holds for any nonuniform assem-
blage of elliptic shell elements with the same h and µ, each of constant density,
although the density can differ from element to element. �

When µ = 0, (10) gives c0(h) = 3h/8.
When µ → 1, the shell becomes very thin and the limiting value of cµ(h) in

(10) is h/2. This also follows from Theorem 6 when the shell is very thin and
the slice includes the entire dome. It is also consistent with Corollary 15 of [1],
which states that the centroid of the surface area of an Archimedean dome is at the
midpoint of its altitude.

Centroid of a slice of a wedge. More generally, we can determine the centroid
of any slice of altitude z of a uniform elliptic wedge. By reducing this calculation
to that of the prismatic counterpart, shown in Figure 6, the analysis becomes very
simple. For clarity, the base in Figure 6 is shown as a triangle, but the same ar-
gument applies to a more general base like that in Figure 5. The slice in question
is obtained from a prism of altitude z and volume V (z) = λV , where V is the
volume of the unpunctured prismatic container of altitude h, and λ = z/h. The
centroid of the slice is at an altitude z/2 above the base. We remove from this slice
a pyramidal portion of altitude z and volume v(z) = λ3V/3, whose centroid is at
an altitude 3z/4 above the base. The portion that remains has volume

V (z) − v(z) =
(

λ − 1
3
λ3

)
V (11)

and centroid at altitude c(z) above the base. To determine c(z), equate moments to
obtain

3z
4

v(z) + c(z)(V (z) − v(z)) =
z

2
V (z),

which gives

c(z) =

z

2
V (z) − 3z

4
v(z)

V (z) − v(z)
.

Because V (z) = λV , and v(z) = λ3V/3, we obtain the following theorem.

Theorem 9. Any slice of altitude z cut from a uniform elliptic wedge of altitude h
has volume given by (11), where λ = z/h and V is the volume of the unpunctured
prismatic container. The height c(z) of the centroid is given by

c(z) =
3
4
z

2 − λ2

3 − λ2
. (12)
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3z/4
c(z)

h

z

Figure 6. Calculating the centroid of a slice of altitude z cut from a wedge of
altitude h.

When z = h then λ = 1 and this reduces to (9). For small z the right member of
(12) is asymptotic to z/2. This is reasonable because for small z the walls of the
dome are nearly perpendicular to the plane of the equatorial base, so the dome is
almost cylindrical near the base.

Centroid of a slice of a wedge shell element. There is a common generalization
of (10) and (12). Cut a slice of altitude z from a shell element having altitude h
and scaling factor µ, and let cµ(z) denote the height of its centroid above the base.
Again, we simplify the calculation of cµ(z) by reducing it to that of its prismatic
counterpart. The slice in question is obtained from an unpunctured prism of altitude
z, whose centroid has altitude z/2 above the base. As in Theorem 9, let λ = z/h.
If λ ≤ µ, the slice lies within the cavity, and the prismatic counterpart is the same
unpunctured prism of altitude z, in which case we know from Theorem 6 that

cµ(z) =
z

2
, (λ ≤ µ). (13)

But if λ ≥ µ, the slice cuts the outer elliptic dome as shown in Figure 7a. In this
case the counterpart slice has a slant face due to a piece removed by the puncturing
pyramid, as indicated in Figure 7b.

Let V denote the volume of the unpunctured prismatic container of the outer
dome. Then λV is the volume of the unpunctured prism of altitude z. Remove
from this prism the puncturing pyramid of volume λ3V/3, leaving a solid whose
volume is

V (z) = λV − 1
3
λ3V, (λ ≥ µ) (14)

and whose centroid is at altitude c(z) given by (12). This solid, in turn, is the
union of the counterpart slice in question, and an adjacent pyramid with vertex O,
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µh3
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(a) (b)

Figure 7. Determining the centroid of a slice of altitude z ≥ µh cut from an
elliptic shell element.

altitude µh, volume

vµ =
2
3
µ3V, (15)

and centroid at altitude 3µh/8. The counterpart slice in question has volume

V (z) − vµ =
(

λ − 1
3
λ3 − 2

3
µ3

)
V. (16)

To find the altitude cµ(z) of its centroid we equate moments and obtain(
3
8
µh

)
vµ + cµ(z)(V (z) − vµ) = c(z)V (z),

from which we find

cµ(z) =
c(z)V (z) −

(
3
8
µh

)
vµ

V (z) − vµ
.

Now we use (12), (14), (15)and (16). After some simplification we find the
result

cµ(z) =
3
4
h

λ2(2 − λ2) − µ4

λ(3 − λ2) − 2µ3
(λ ≥ µ). (17)
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When λ = µ, (17) reduces to (13); when λ = 1 then z = h and (17) reduces to
(10); and when µ = 0, (17) reduces to (12). The results are summarized by the
following theorem.

Theorem 10. Any horizontal slice of altitude z ≥ µh cut from a wedge shell
element of altitude h and scaling factor µ has volume given by (16), where λ =
z/h. The altitude of its centroid above the base is given by (17). In particular
these formulas hold for any slice of a shell of an Archimedean, elliptic, or spherical
dome.

Note: Theorem 6 covers the case z ≤ µh.

In deriving the formulas in this section we made no essential use of the fact that
the shell elements are elliptic. The important fact is that each shell element is the
region between two similar objects.

8. The necessity of elliptic profiles

We know that every horizontal plane cuts an elliptic dome and its punctured
cylindrical container in cross sections of equal area. This section reveals the sur-
prising fact that the elliptical shape of the dome is actually a consequence of this
property.

Consider a dome of altitude h, and its punctured prismatic counterpart having
a congruent base bounded by a curve satisfying a polar equation r = ρ(θ). Each
vertical half plane through the polar axis at angle θ cuts the dome along a curve
we call a profile, illustrated by the example in Figure 8a. This is like the elliptic
dome in Figure 5a, except that we do not assume that the profiles are elliptic. Each
profile passes through a point (ρ(θ), θ) on the outer edge of the base. At altitude
z above the base a point on the profile is at distance r from the polar axis, where
r is a function of z that determines the shape of the profiles. We define a general
profile dome to be one in which each horizontal cross section is similar to the base.
Figure 8a shows a portion of a dome in which ρ(θ) > 0. This portion is a wedge
with two vertical plane faces that can be thought of as “walls” forming part of the
boundary of the wedge.

Suppose that a horizontal plane at distance z above the base cuts a region of area
A(z) from the wedge and a region of area B(z) from the punctured prism. We
know that A(0) = B(0). Now we assume that A(z) = B(z) for some z > 0 and
deduce that the point on the profile with polar coordinates (r, θ, z) satisfies the
equation (

r

ρ(θ)

)2

+
( z

h

)2
= 1 (18)

if ρ(θ) > 0. In other words, the point on the profile at a height where the areas are
equal lies on an ellipse with vertical semi axis of length h, and horizontal semi axis
of length ρ(θ). Consequently, if A(z) = B(z) for every z from 0 to h, the profile
will fill out a quarter of an ellipse and the dome will necessarily be elliptic. Note
that (18) implies that r → 0 as z → h.
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Figure 8. Determining the elliptic shape of the profiles as a consequence of the
relation A(z) = B(z).

To deduce (18), note that the horizontal cross section of area A(z) in Figure 8a
is similar to the base with similarity ratio r/ρ(θ), where ρ(θ) denotes the radial
distance to the point where the profile intersects the base, and r is the length of the
radial segment at height z. By similarity, A(z) = (r/ρ(θ))2A(0). In Figure 8b,
area B(z) is equal to A(0) minus the area of a smaller similar region with similarity
ratio c/ρ(θ), where c is the length of the parallel radial segment of the smaller
similar region at height z. By similarity, c/ρ(θ) = z/h, hence B(z) = (1 −
(z/h)2)A(0). Equating this to A(z) we find (1 − (z/h)2)A(0) = (r/ρ(θ))2A(0),
which gives (18). And, of course, we already know that (18) implies A(z) =
B(z) for every z. Thus we have proved:

Theorem 11. Corresponding horizontal cross sections of a general profile uniform
dome and its punctured prismatic counterpart have equal areas if, and only if, each
profile is elliptic.

As already remarked in Section 5, an elliptic dome can be deformed in such a
way that areas of horizontal cross sections are preserved but the deformed dome no
longer has elliptic profiles. At first glance, this may seem to contradict Theorem
11. However, such a deformation will distort the vertical walls; the dome will not
satisfy the requirements of Theorem 11, and also the punctured counterpart will no
longer be prismatic.

An immediate consequence of Theorem 11 is that any reducible general pro-
file dome necessarily has elliptic profiles, because if all horizontal slices of such
a dome and its counterpart have equal volumes then the cross sections must have
equal areas. We have also verified that Theorem 11 can be extended to nonuniform
general profile domes built from a finite number of general profile similar shells,
each with its own constant density, under the condition that corresponding horizon-
tal slices of the dome and its counterpart have equal masses, with no requirements
on volumes or reducibility.
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Concluding remarks. The original motivation for this research was to extend
to more general solids classical properties which seemed to be unique to spheres
and hemispheres. Initially an extension was given for Archimedean domes and a
further extension was made by simply dilating these domes in a vertical direction.
These extensions could also have been analyzed by using properties of inscribed
spheroids.

A significant extension was made when we introduced polygonal elliptic domes
whose bases could be arbitrary polygons, not necessarily circumscribing the circle.
In this case there are no inscribed spheroids to aid in the analysis, but the method of
punctured containers was applicable. This led naturally to general elliptic domes
with arbitrary base, and the method of punctured containers was formulated in
terms of mappings that preserve volumes.

But the real power of the method is revealed by the treatment of nonuniform
mass distributions. Problems of determining volumes and centroids of elliptic
wedges, shells, and their slices, including those with cavities, were reduced to
those of simpler prismatic containers. Finally, we showed that domes with elliptic
profiles are essentially the only ones that are reducible.
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