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On an Affine Variant of a Steinhaus Problem

Jean-Pierre Ehrmann

Abstract. Given a triangleA BC' and three positive real numbeiis v, w, we
prove that there exists a unique poftin the interior of the triangle, with ce-
vian triangle P, P, P., such that the areas of the three quadrilatefal3 AP.,
PP.BP, , PP,CP, are in the ratia: : v : w. We locateP’ as an intersection of
three hyperbolas.

In this note we study a variation of the theme of [2], a geneatibn of a prob-
lem initiated by H. Steinhaus on partition of a triangle (fg¢. Given a triangle
ABC with interior 7, and a pointP € 7 with cevian triangleP, P, P,., we de-
note byA 4o (P), Ag(P), Ac(P) the areas of the oriented quadrilater&#, AP,
PP.BP,, PP,CP,. In this note we prove that given three arbitrary positival re
numbersu, v, w, there exists a unique poifit € .7 such that

AA(P) : Ap(P): Ac(P)=u:v:w.
To this end, we define
f(P)=Ax(P): Ap(P) : Ac(P).

This is the point 0of7 such that

A[BCf(P)]=Aa(P), A[CAf(P)]=Ap(P), A[ABf(P)]=Ac(P).
Lemma 1. If P has homogeneous barycentric coordinatesy : z with reference
to triangle ABC, then

F(P) = (y+2)2x+y+=2) : (z+2)2y+ 2+ x) : (ac+y)(x+y+2z)‘

x Y z

Proof. If P =z : y : z, we have

— AB -— AB AC  — AC
AP, = 422 AP:%, AP, = 222
r+y T+y+=z T+ z

so that
Au(P) = A(AP.P) + A(APP) = — 4~ 1 1

+ ) A(ABC).
r+y+zrx+y xT+=z
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By cyclic permutations of, y, z, we get the values oAz (P) and A (P), and
the result follows. O

We shall prove thaf : .7 — 7 is a bijection. We adopt the following nota-
tions.

() G4, Gy, G, are the vertices of the anticomplementary triangle. The\tlae
imagesA, B, C under the homothety(G, —2), G being the centroid oA BC.

(i) P* denotes the isotomic conjugate Bfwith respect tad BC'. Its tracesP;,
Py, P; on the sidelines ofABC are the reflections of,, P,, P. with respect to
the midpoint of the corresponding side.

(iii) [L]~ denotes the infinite point of a link.

Proposition 2. LetP =z : y : zandU = u : v : w. The linesG,P and P;U
are parallel if and only ifP lies on the hyperbola&?, ; through 4, G,, U7, the
reflection ofU; in C' and the reflection o/ in B.

Proof. AsPX=0:z:yand[G,Plooc = -2z +y+2): 2+ 2 : 4y, the lines
G, P andP;U are parallel if and only if

ha,u(P) == det([GoPlss, Py, U)
—2zx+y+z2) z4+2x z+y

= 0 z Y
=z((u+v)y — (w+u)2) + (@ +y+2)(vy —w2)

=0.

Itis clear thath, 7 (P) = 0 defines a conic’;, iy throughA =1 : 0 : 0, and the
infinite points of the lines = 0 and(u +v)y — (w +u)z = 0. These are the lines
BC andG,U. ltis also easy to check that it contains the poifits= —1:1: 1,
Ur=0:w:v,and

Up.:= —w:0:u+ 2w,
= —v:iu+2v:0.
These latter two are respectively the reflection&/pin C andU; in B. The conic

;v is a hyperbola since the four points G, Uy, andU};, do not fall on two
lines. O

By cyclic permutations of coordinates, we obtain two hypéab 7 ;; and
.y defined by
hy,r (P) :=det([GyPlss, Py, U) =0,
he, v (P) :=det([GePloo, P, U) =0.
It is easy to check that 7 = f(P), then
ha,u(P) = ho,u(P) = hey(P) = 0.

From this we obtain a very easy construction of the p@iiF).
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Corollary 3. The pointf(P) is the intersection of the lines through;, P; and
P} parallel toG, P, G, P, G.P respectivelySee Figure 1

Figure 1.

Proof. The linesG, P, G,P, G P are parallel toP; f(P), P} f(P), P} f(P) re-
spectively. O

Remarks.(1) J7, ;; degenerates if and only #f = w, i.e, whenU lies on the
median AG. In this case 7,y is the union of the mediaslG and of a line
parallel toBC.

(2) P, P*, f(P) are collinear.

(3) Ashqu(P) + hyu(P) + hey(P) = 0, the three hyperbolag?;, i/, 74 v/,
sty are members of a pencil of conics. Uf € .7, the pointsP for which
f(P) = U are their common points lying i&¥.

Lemmad. If U € .7, 7,y and 7, ;; have a real common point i and a real
common point in74, reflection inA of the open angular sector bounded by the
half linesAB and AC.

Proof. Using the fact that?;, ;; passes throughBC, we can cut’z, iy by lines
parallel to BC to get a rational parametrization o7, ;;. More precisely, letB;
andC; be the images oB andC under the homothetly(A, 1 — ¢). The point

(I=p)Be+pCr=t:(1—p)(l—1):pu(l—1t)
lies onJ7, 7 if and only if

v+ t(u+v)
v4+w+t2u+v+w)

W=t =
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Let P(t) = (1 — p) Bt + 1:Cy. It has homogeneous barycentric coordinates
t((v+w)+tRu+v+w)): (1 —t)(w+tlw+u)): (1—1t)(v+tlu+v)).

with coordinate sum isv + w) + t(2u + v + w).
If ¢ > 0, we haved < p; < 1. It follows that, for0 < ¢ < 1, P(t) € . and for
t> 1, P(t) € Z4. Consider

ho,u (P(t))
(u+v+w)((v+w) +t2u+v+w))?

p(t) =

More explicitly,

2(u 4 v)(u + w)(u + v + w)t* + lower degree terms af
(u+v+w)(v+w+t2u + v+ w))? '

Clearly, p(0) = (v+w)2(27ww+w) > 0andyp(l) = —y < 0. Note also that

p(400) = +0o0. As ¢ is continuous fot > 0, the result follows. 0
Theorem 5. If U € .7, the three hyperbolas?, i, 74 1, 7.y have four distinct

real common points, exactly one of which liesdh This point is the only point
P e 7 satisfyingf(P) = U.

p(t) =

Figure 2.
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Proof. In a similar way as in Lemma 4, we can see thé};; and .77 ;; have a
common point in7 and a real common point ig and that’;. ;y and.JZ, ;y have
areal common point it and a real common point iffs. As the four sets7, Ty,
Tg, Tc pairwise have empty intersection, it follows th#f, 7, 77, 7, 7 have
four real common points, one in each.@f, 74, 73 and 7¢. See Figure 2. [
Remark.(4) If U € 7, the pointsP such that

A(AP.P) + A(APP,) : A(BP,P)+ A(BPP,) : A(CP,P) + A(CPP,) =u:v:w
are the four common points o¥;, i, 74, y and 7, ;.

Remark (2) shows that=!(U) lies on the isotomic cubic with pivdt. Clearly,
f(G)=f1(G) =G
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