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Two Triads of Congruent Circles from Reflections

Quang Tuan Bui

Abstract. Given a triangle, we construct two triads of congruentles¢hrough
the vertices, one associated with reflections in the ak#yend the other reflec-
tions in the angle bisectors.

1. Reflections in the altitudes

Given triangleA BC' with orthocenterH, let B, andC,, be the reflections oB
andC in the line AH. These are points on the sidelif' so thatBC, = CB,.
Similarly, consider the reflections,, A, of C, A respectively in the lindBH, and
A., B.of A, BinthelineCH.

Theorem 1. Thecircles ACyB., BA.C,, and C B, A, are congruent.

Figure 1.

Proof. Let O be the circumcenter of triangld BC', and X its reflection in the
A-altitude. This is the circumcenter of triangleB,C,, the reflection of triangle
ABC inits A-altitude. See Figure 2. It follows tha&f lies on the perpendicular
bisector ofOX, andH X = OH. Similarly, if Y andZ are the reflections ad in

the linesBH andC H respectively, thellY = HZ = OH. It follows thatO, X,

Y, Z are concyclic, and{ is the center of the circle containing them. See Figure
3.
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Figure 2 Figure 3

Let O be the circumcenter of trianglé BC'. Note the equalities of vectors

OX =BC, = CB,,
OY =CA,;, = ACy,
0Z =AB. = BA...

The three trianglesiC, B., BA.C,, andC B, A, are the translations @Y Z
by OA, OZX by OB, andOXY by OC respectively.

Figure 4.

Therefore, the circumcircles of the three triangles areatigruent and have
radiusO H. Their centers are the translationsifby the three vectors. O
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2. Reflections in the angle bisectors

Let I be the incenter of triangld BC'. Consider the reflections of the vertices
in the angle bisectorsB;,, C;, of B, C'in AI, C;, Aj of C, Ain BI, and A, B,
of A, Bin CI. See Figure 5.

Theorem 2. Thecircles AC; B, BA,.C},, and C'B,, A} are congruent.

Cy

Figure 5.

Proof. Consider the reflectionB!, C;’ of B/, C; in AI, C/, A of C;,, Al in BI,
and Ay, By of A}, B} in C1. See Figure 6.

Figure 6 Figure 7
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Note the equalities of vectors
BC/=CB’, CA! =AC!,  AB!/=BA’.

With the circumcente@ of triangle ABC, these define pointX’, Y/, Z’ such that
OX' =BCJ = CBL,
OY' =CA} = ACY,
OZ =AB” = BA”.

The trianglesAC}' B!/, BA!/C!/ andC B/ A} are the translations @Y’ Z’, 0Z' X’

andOX'Y” by the vector®D A, OB andOC respectively. See Figure 7.

Note, in Figure 8, thaO X'C//C' is a symmetric trapezoid ankC!! = IC! =
IC. It follows that trianglesIC” X’ and ICO are congruent, andX’ = IO.
Similarly, IY' = 10 andIZ’ = IO. This means that the four poin€, X', Y/,
Z' are on a circle centef. See Figure 9. The circumcentary, O;, O/ of the

trianglesAC]' B!, BA!!C! andC B!/ A} are the translations df by these vectors.
These circumcircles are congruent to the ci@).

Figure 8 Figure 9

The segmentslO!/, BO; andCO, are parallel and equal in lengths. The tri-
anglesAC; B,, BA.C| andC B, A; are the reflections oAC} B!/, BA!C!! and
CBy/ A} in the respective angle bisectors. See Figure 10. It folithas their cir-
cumcircles are all congruent 1¢0O). O

Let O, O;, O, be the circumcenters of trianglesC; B.., BA,C,, andC B, A}
respectively. The linestO!, and AO! are symmetric with respect to the bisector
of angleA. SinceAO;, BO; andCO! are parallel to the lin®1I, the reflections
in the angle bisectors concur at the isogonal conjugateeointinite point ofO1.
This is a pointP on the circumcircle. It is the triangle cent&r o4 in [1].

Finally, sincelO) = IO} = IO/, we also havdO), = IO, = IO.. The6
circumcenters all lie on the circle, centerradiusR.
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Figure 10.
To conclude this note, we establish an interesting proprtiie centers of the
circles in Theorem 2.

Proposition 3. The lines O, I, O;I and O_I are perpendicular to BC, CA and
AB respectively.

Figure 11.
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Proof. It is enough to prove that for the lin@/, I. The other two cases are similar.

Let M be the intersection (other thaf) of the circle(O’,) with the circumcircle
of triangle ABC'. SincelO!, = OM (circumradius) and), M = IO, O,MOI
is a parallelogram. This means th@,M = IO = OJA, and AMO,0! is
also a parallelogram. From this we conclude tHat/, being parallel ta”O,, is
perpendicular to the bisectot/. Thus, M is the midpoint of the ar&3AC, and
MO is perpendicular t&C'. SinceO,I = MO, the lineO/, I is also perpendicular
to BC. O

Since the six circlegO!,) and (O/) etc are congruent (with common radius
OI) and their centers are all at a distangdrom I, it is clear that there are two
circles, centel, tangent to all these circles. These two circles are tangettite
circumcircle, the point of tangency being the intersectibthe circumcircle with
the lineO1. These are the triangle centeXssg; and X3g2 of [1].

Figure 12.
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