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Abstract. We investigate the dynamic behavior of the sequence oédédsan-

gles with a fixed division ratio on their sides. We prove a ltesoncerning a
special case that was not examined in [1]. We also providenswer to an open
problem posed in [3].

1. Introduction

The dynamic behavior of a sequence of polygons is an intigguesearch area
and many articles have been devoted to it (see e.g. [1],3Phrid the references
therein). The questions that arise about these sequereesaanly two. The first
one is about the existence of a limiting point of the sequentiee second one
is about the dynamic behavior of the shapes of the polygoaishiblong to the
sequence. Thus, it is possible to find a limiting shape, parib shapes or an even
more complicated behavior. In this article we are intengsfor the sequence of
triangles with a fixed division ratio on their sides. L&$ByCy be an initial triangle
and let the pointsi; on ByCy, B1 on AgCy andC; on Ag By such that:

BOAl . COBl o A()Cl o t

AlCO - BlAO - ClBO - 1 —t’
wheret is a fixed real number if0, 1). Thus, the next triangle of the sequence is
A1 B C4. By using the fixed division ratio : (1 — ¢) we produce the members of
the sequence consecutively (see Figure 1 wha%).

In [1] a more complicated sequence of triangles is invetdéhoroughly. The
author uses complex analysis and so the vertices of a teazayl be defined by
three complex numbetd,,, B,,, C,, on the complex plane. The basic iterative pro-
cess that is studied in [1] has the following matrix form:

Vn = Tvn—la (1)
A, 0 1—t t

whereV,, = | B, |, T = t 0 1 —t ] is a circulant matrix and/,
Ch, 1—1t t 0

is a given initial triangle. Note that in [1]is considered generally as a complex
number. We stress also that throughout the article we igtit@escaling factor
1/r,, that appears at the above iteration in [1]. This factor dassaffect the
shape of the triangles. As an exceptional case in Sectiorjg,iit is studied the
above sequence witha real number i(0, 1). This is exactly the sequence that
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we described previously and we study in this article. Frow oo we call this
sequence the FDR%€., Fixed Division Ratio Sequence). Concerning the FDRS
the author in [1] proved that if

t= % + 2—\1/§ tan(am), 2
anda is a rational number, then the FDRS is periodic with respet¢hé shapes
of the triangles. Apparently the same result is proved in(&hough the proof
is left as an exercise). At first sight the formula for the pdigity in [3] seems
quite different from (2), but after some algebraic caldoles it can be shown that
is indeed the same. In [3] it is also proved, that the limigoaynt of the FDRS is
the centroid of the initial trianglely BoCy. Obviously, this is a direct result from
the recurrence (1) since it holds,+; + By+1 + Cp+1 = Ay + By, + C,, which
means that all the triangles of the FDRS have the same céntroi

In this article we are interested in the behavior of the skagfe¢he triangles in
the FDRS. Particularly, we examine the case wi@n(2) is an irrational number.
This case was not examined in [1] and [3]. Throughout thelarve use the same
nomenclature as in [1] and our results are an addendum to [1].

2. Preliminary results

In this Section we will repeat the formulation and the baeguits from [1] and
we will present some significant remarks. We use the recceréh) which is the
FDRS as it represented on the complex plane. Without lossmédmglity as in [1],
we can consider that the centroid of the initial trianglgB,C is at the origini.e.,
Ag+ By + Cy = 0). Thisis legitimate since it is just a translation of the tceid to
the origin and it does not affect the shapes of the triangiélseoFDRS. By using
results from circulant matrix theory in [1], it is proved tha

Vo, =T"Vy = Sl)\?F&l + SQ)\ELF&Q (3)
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1 1
whereFs ) = — w andF32 = wi are columns of thé x 3 Fourier
w w
1 1 1
matrix Fy = % 1 w w?]. Moreover,\; = (1 — t)w! +tw?, j = 0,1,2
1 w? ot
50
are the eigenvalues @f ands = | s; | such thatF3s = V. We also consider
52

w = €27/3 n = ¢7/3 and asz we denote the conjugate af The following
functionz : C* — C is also defined in [1]:
Cn - An
2(Va) = B, A 4)
This is a very useful function. First, it signifies the origmn of the triangle on
the complex plane. Thus, ifrg(z(V;,)) > 0 (< 0) the triangle is positively (nega-
tively) oriented (see Figure 2). Note also the an@lgof the triangleA,, B, C,, is
equal toarg(z(V},) soA can be regarded as positive or negative.

A A

Positively oriented C C Negatively orientedB

Figure 2.

Functionz(V,,) also signifies the ratio of the sidégs, ¢, since|z(V},)| = I;—n

If for instance we have that(V},)| = 1, the triangle is isoscele$,( = ¢,). If
additionally we havewg(z(V},)) = 7/3 orarg(z(V;,)) = —n/3 then the triangle
is equilateral. From this observation we have the followRrgposition:

Proposition 1. A triangle A,, B,,C,, on the complex plane is equilateral if and only
if 2(V,,) = n (positively oriented) oe(V,,) = 77 (negatively oriented).

All these facts stress the importance of function (4). Ifgparent that the shape
of a triangle on the complex plane is determined completgljubction (4). Now,
let us assume that the initial trianghe, BoC of the FDRS is not degeneratiee(,
two or three vertices do not coincide and the vertices areolbhear). Moreover,
let us assume that,ByC) is not equilaterali(e., z(Vp) # n andz(Vp) # 7),
because if it was equilateral then all members of the FDRSdvoe equilateral
triangles. Let us next present two significant definitiond aotations.

Firstly, after some algebraic calculations we define thiefdhg ratio:

59 BO — wAO ip
e =% 7Y 5
S1 w2A0 — BO ren ( )
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wherer = || andp = arg(#2). Note that (5) holds because we have considered
Ao+ By + Cy=0.
Secondly, from the eigenvalues and A, we can get the following definitions

Y 4
)\—2 =¢e  and 6 =2arctan(v/3(2t —1)). (6)
1
If we let§ = 27a in the above equation we get directly equation (2). Now, we ca
consider the following cases:

(1) @ = 0. In this case we have= 1/2 and all the members of the FDRS are
similar to Ay ByCy.

(2) & = 2kw/m. This case is studied in [1] where= k/m is rational. We
have a periodical behavior and (£, m) = 1 the period is equal ton
(otherwise it is smaller tham).

(3) 8 = 2aw, whereq is irrational. This is the case that we study in this article.

In what follows we prove a number of important facts aboutRBdRS.

Firstly, we note that it holds; # 0 andsy # 0. This is a straightforward
result from the equality(Vp) = % (see [1]) and from the assumption that
(Vo) #nandz(V,) #7.

Our next aim is to prove that # 1. Let Ay = a1 + ias and By = by + ibsy
and assume that = 1 or equivalently| By — wAq| = |w?A¢ — By|. After some
algebraic calculations we finadhbo = asb;, Which means that the determinant
9192 _ 0 and so the vector§ ! | and (!
b by as ba
Ag = ABg where\ is real and\ # 0, A # 1. Now from (4) we get

Co—Av  —Bo—24p  1+2\
BQ—AO_ BQ—AO N 1—AX

are linearly dependent. Thus,

z(Vp) = € R.

Thus, arg(z(Vp)) = 0 or arg(z(Vp)) = = which is impossible since the initial
triangle is not degenerate. Consequently, it helgs 1.
Next, we examine the case< 1. From (3) and (6) we have

Vn = /\?(81F3,1 + Szeinng’Q).
By using the above equation and (5), equation (4) becomes

517 + 590 1+ reilen—m/3)
51+ sgmem® 1 reilentn/3)’

2(V) =

wherep,, = nf + p. From the above equation we get directly that:

arg(z(Vy,)) = A, = D(pp, 1) = (7)
_ T arctan —" sin(pp —7/3) arctan —" sin(p, + 7/3) ’
3 1+ rcos(p, — 7/3) 1+ rcos(ep + 7/3)
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and

Vi)l = 2 = () = ®)

Cn

(A +rcos(pn — 7/3))? + r2sin®(p, — 7/3)
(1 +rcos(pn +7/3))2 + r2sin? (¢, +7/3)

[l
T
-12-11-10-9 -8 -7 -6 -5 -4-3-2-10 1 2 3

Figure 3(a)

Observe that in (7) and (8) functior(¢, ) and u(p,r) are defined respec-
tively. We also defineb(y) = ®(p,r) andu(p) = p(e,r). Function®(p) is
even (.e, ®(¢) = ®(—¢)) and periodic with perio@r (see Figure 3(a) where
r = 0.5). The minima of®(y) appear app = 0, £27, £47, ... and the maxima at
@ = +m, +£3m, 5w, . ... Thus,arg(z(V,,)) = ®(pn,r) € [m1, ma] Where

mi; = ®(0,r) = g — 2arctan 2:_34, mo = O(m,r) = g + 2 arctan ;_ .

In Figure 3(b), where functio® is depicted for different values of we can
observe that the intervdin;, mo] decreases as— 0" and increases as— 1~.
In every case since € (0,1) we find that[m,, mg] C (0,7), which also means
that the triangles of the FDRS are positively oriented.

Concerning function:(¢) we have the following propertiegi(kmw) = 1 where
k is integer,u(—¢) = 1/u(v) and u(p) is periodic with perio®2z. Figure 3(c)
depicts functionu(ep) in [—4m, 47] andr = 0.5.

Remark.Let us present a fact that we will need in Section 3. tet 1, since
a similar argument applies for > 1. Recall that function® () is not injective
(one-to-one) and so its inverse can not be determined ugigEer an angle €
[m1,ms] (i.e., 6 belongs to the range ab), we want to find the elements,,
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Figure 3(c)

which have the same imagg(i.e, ®(¢n) = 6). Since®(y) is periodic with
period 27, the elementsp,, have the form:2kr + ¢,(6) (k is integer), where

as,(¢) we define the minimum element,, such thatp,,, > 0 (see Figure 4).
Apparently, ¢, (¢) € [0, 7] and it holds thatb(2kr + ¢,(0)) = 6 (i.e, all the

elementk7 + p,(#) have the same imagg. Figure 4 depicts this characteristic
of function ® ().
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27 + ¢pa (é)

Figure 4.
Now, for the casg$2| = r > 1 we can use the inverse ratigs = Le=ir,
4t = ¢~ and have that
Sln+s2ein9 14+ %ei(—son-i-ﬂ/?,)

2(Vn) = =1

S1 + SQT]eme 1+ %ei(_ﬁpn_ﬂ/?’) ’

where againp,, = n + p. From the above we have as before:

arg(z(Vy,)) = A, = —P(—p, 1/r) = 9)
7r Lsin(—pp +7/3) L sin(—p, —7/3)
= —— 4 arctan T — arctan 1 ,
3 1+ & cos(—pp +7/3) 1+ - cos(—pp —7/3)
and
b, 1
(Vo) = == ——= = (10)

cn p(=pn, 1/7)
(1+ Lcos(—gn +7/3))2 + & sin?(—¢y, + 7/3)
- \/(1 + Lcos(—pp — 7/3))2 + & sin?(—g, — 7/3)
It is now obvious that equations (7), (8) and equations (8)) Gignify similar
triangles with different orientations provided of courbattp,, andr are common.

Whenr > 1 the triangles of the FDRS are negatively oriented. Usinglaim
arguments as before we can prove easily #hgfz(V,,)) = A,, € [m1,m2] where

1

my = —®(—m,1/r) = —g — 2arctan QT—

1°
T

1

™ V3
my = —®(0,1/r) = -3 + 2arctan 2T+ T

T
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Thus, for anyr > 1 we have[m, M) C (—m,0). The intervalm;, m»] increases
asr — 17 and decreases as— +oo. In the next Section we apply Kronecker’s
Approximation Theorem in order to get our main result for Hi2RS whena in
(2) is an irrational number.

3. Application of Kronecker’'s approximation theorem

First we present Kronecker's Approximation Theorem (sge[d]).

Kronecker's approximation theorem If w is a given irrational number, then the
sequence of numbefsw}, where{z} = = — |z|, is dense in the unit interval.
Explicitly, given anyp, 0 < p < 1, and given any > 0, there exists a positive
integerk such thaf{kw} — p| < e.

We know thaty,, = nf + p = 2wan + p and recall that is irrational andp
is a function ofAg, By, so it is fixed. From Kronecker's Approximation Theorem
we know that a member of the sequereer} = na — |na] will be arbitrarily
close to any giverp € [0,1]. Similarly, a member of the sequenge{na} =
©on — 21 |na| — p will be arbitrarily close to the anglé = 27p < [0, 2x]. Thus,
a member of the sequengs, will be arbitrarily close to the anglé + 27 |na| +
p. Let us now define the sequence of anglgson the unit circle. The quantity
27 |na] defines complete rotations on the unit circle and can be ®ditad. This
implies that a member of the sequengewill be arbitrarily close to the angie+ p
on the unit circle. If additionally, we imagine the unit dedo rotate by—p, we
get that a member of the sequengewill be arbitrarily close to the anglé = 27p
on the unit circle. Since this holds for any givgne [0, 1], we conclude that a
member of the sequengs, will be arbitrarily close to any given angtec [0, 27]
on the unit circle. This important fact will be used in the @irof the next Theorem
which is the main result of this article. Note that the Theoneses the notation
that has already been presented.

Theorem 2. Let Ay, By, Cy be complex numbers which define an initial non-
degenerate and non-equilateral triangle on the compler@lsuch that its centroid
is at the origin {.e, Ay + By + Cyp = 0). Suppose we apply the FDRS with
t=1+ 2—\1/3 tan(a7m) wherea is an irrational number. Let; > 0 andey > 0. We
have the following cases:

(1) If r = || < 1 (positively oriented triangles), choosda [mq,ma] C (0,7).
Then there is a member of the FDR®B;,C}, such that:

|A\k — §| < €1,
and

mMm~'?—uwamx> O
k

= N pa(0),7)] < €.
Ck

< € or

(2) If r = |2| > 1 (negatively oriented triangles), choosedac [, me] C
(—m,0). Then there is a member of the FDR$B;.C} such that:

‘A\k — 5‘ < €1,
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and

by,

b ~ ~
either c_k — p(pa(0),1/r)| < ey or e 1 1(g0a(9), 1/r)| < €.
k& k

Proof: Letr < 1, we have seen that theregg which is arbitrarily close to any
given angle on the unit circle. Since functidriy,,) is continuous with respect to
©n, itis apparent thatl, = ® () can be arbitrarily close to @chosen from the
interval [my, ms] (the range ofb(y,,)). This proves thatA;, — 6] < ¢. Since
Aj, = (1) can be arbitrarily close t6, from Remark we conclude that, will
be arbitrarily close to an element of the fohr + gpa(é) (see Figure 4). Since
we have considered that, can be defined on the unit circle, we have that
will be arbitrarily close either t@, () or to 2 — ¢, () which are both defined
in [0, 27]. Observe that functiop(y,,, ) is continuous with respect tp,, and so
from equation (8) we get that the ralﬁg = u(ek, ) will be arbitrarily close either

to p(¢pa(6),7) OF 10 u(27 — 0a(6),7) = p(—pa(6),7) = p~ (a(6),7) (recal
the properties of functiom). This proves that eithe%rlc’—’z — ,u(goa(ﬁ),r)‘ < €y Or

2’—2 - /rl(cpa(g),r)‘ < €. The caser > 1 can be treated analogously. This

completes the proof.]

Concerning Theorem 2 we stress thatande, can be chosen independently.
This is true since from the Kronecker's Approximation Threrarwe can always
find ayy as close as we want to a glvén This implies that the anglﬁ,C can be
as close as we want ﬂb and so the ratld;; will be as close as we want either to

1(pa(6),7) orto =L (a (), 7). Ultimately, ag;, will satisfy both inequalities no
matter how smalt; ande; are.

Although Theorem 2 and the analysis so far seem quite coaiptc they have
some interesting consequences. In what follows we conthdét is fixed anda is
an irrational number as in Theorem 2.

We proved that there will be a member of the FDRS with an aﬁglmat will
be arbitrarily close to any give@i € [mq,ms] Or g c [, m5]. This means that
the countable set of the angle, (i.e., {4y, A1,...}) is dense inm, my] or
in [m1,m2]. Also by choosing;, €2 as small as we want, we expect that some
membersA; B, C), of the FDRS will have their shapes as followg;zC ~ ¢ and
either 2 ~ (4 (9),r) or & ~ =1 (4 (0), 7).

Let us now find if there is a member of the FDRS that is arblgraniose to an
equilateral triangle. If this was true théih should be arbitrarily close to the unity.
Thus from Theorem 2 (assume that< 1 since forr > 1 the same argument
applies) 1u(¢q(A), ) = 1 and from Section 2 we know that,(6) = 0 or ¢, (f) =
w. From these equalities we get_ my Or 0 = me. It should also hold that
0 = /3 (positively oriented equilateral triangle). So, it shobm, = 7/3 =
r =00rmy = 7/3 = r = 0. Obviously,r = 0 is impossible. Consequently,
for a specificr > 0 all the members of the FDRS will have at least a constant
discrepancy from the shape of an equilateral triangle. @isisrepancy can not be
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further decreased for a fixed > 0, it can only be reduced if we chose another
r > 0 closer to zero. o

Let an isosceles triangle with= cand A = 6 < «/3 be given. We want to
find the value ofr < 1 that will give a member of the FDRS arbitrarily close to
the isosceles triangle. In the previous paragraph we shatfdhthis case it holds
0 = mi org = mo. Letd = my and we have

0 3 ~ 2tan£—é
9=m1<:>2arctanrf:z_9<z>rz (5 —32)

2+7r 3 \/g—tan(%—g)'
The above formula gives the valuesofor which a member of the FDRS would be
arbitrarily close to the isosceles triangle with= 6 < 77/3 The corresponding
formula for an isosceles triangle with= c and a glvenA =0> w/31s

0 3 ~ 2tan(s — X
9:m2<:>2arctanr :9_1@70_ (2 6)

2-r 3 V3 +tan(d — 1)

In the next Section we offer a simple geometric presentatioine FDRS, we
examine closer the significance of the parametesdy,, and we answer a ques-
tion posed in [3].

4. Geometric interpretations and final remarks

We have seen that equation (3) is the solution of the reccerél) provided that
Ap + By + Cy = 0. We can rewrite (3) as follows:

1 n 1
AT A
V, = 1 w | + 2 <—2> w?
V3 w2 51\ A1 w
In this article we are interested in the shapes of the tresgrhe complex number
S51A7

= at the above equation signifies a scaling factor and a rotaftighe triangle

Vi, and so it does not affect its shape. This means that we caredbé shapes of
the triangles of the FDRS simply as

S, = P +re'*" N, (11)
1 1
whereP = | w |, N = [ w? | andr, ¢, as in Section 2. We stress that the tri-
w2 w

anglesV,, andsS,, have the same shapes(, they are similar and they have the same
orientation). Note also tha? is a positively oriented equilateral triangle inscribed
in the unit circle andV is a negatively oriented equilateral triangle inscribed in
the unit circle {, w, w? are the third roots of unity). It can be seen now that ev-
ery member of the FDRS on the complex plane is representdieasum of two
equilateral trianglesP andre’*" N. It is now obvious that the parameteis the
circumradius and the parametgy, is the angle of rotation of the equilateral trian-
glerN at thenth iteration. Thus, the parameterand p,, determine completely
the contribution of the negatively oriented triangle in)11
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Let us next consider an open problem that is posed in [3]. Tiieoas of [3]
asked to find all values of the division ratioe (0, 1) for which the FDRS is
divergent in shape. From the analysis so far, we have seéthindivision ratio
t can be given by equation (2). Equation (2) defines a funatien ¢(a) which
is one-to-one and fot € (—%, %) its range is(0,1). Thus, we can describe the
behavior of the members of the FDRS with respect,tby using equation (2).

Similar to the analysis of Section 2 we have the followingesas

(1) @ = 0. Equation (2) implies = % In this case all the members of the
FDRS are similar todg ByCp and the sequence is convergent in shape.
(2) a # 0 is a rational number ii—3, +) andt is given by (2). The FDRS is
periodic in shape.
(3) aisanirrational number iﬁ—%, %) andt is given by (2). From the analysis
of Section 3 we conclude that the FDRS is neither convergenpeariodic
in shape.
Thus, only whert = % we have that the FDRS is convergent in shape. The second
case above gives the valuestdbr which the FDRS is periodic in shape. The last
case is described by Theorem 2 and the behavior of the FDRShisrrcomplex
since it is neither convergent nor periodic in shape.

It is clear that only the change of arrational to aru irrational in (2) is enough
to produce a complicated dynamic behavior of the FDRS. We\selthat only
results of qualitative character like Theorem 2 can be usdéscribe this sequence
of triangles. However, it would be interesting if one coutdye another result (e.g.
a statistical result), for the behavior of the FDRS wheés an irrational number.
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