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Haruki’'sLemmafor Conics

Yaroslav Bezverkhnyev

Abstract. We extend Haruki's lemma to conics.

1. Main results

In this paper we continue to explore Haruki’'s lemma intraetlby Ross Hons-
bergerin [2, 3]. In [1], we gave an extension of Haruki’s lem(fheorem 1 below)
and studied a related locus problem, leading to certaimgstiag conics:

Theorem 1 ([1, Lemma 2]) Given two nonintersecting chordéB andC'D in a
circle and a variable point? on the arcAB remote from point€’ and D, let £
and F' be the intersections of chord3C, AB, and of PD, AB respectively. The
following equalities hold:

AE-BF  AC-BD

EF CD ’ (1)
AF-BE AD-BC @)
EF CD

In this paper we generalize this result to conics.

Figure 1.

Theorem 2. Given a nondegenerate conicwith fixed points4, B, C, D on it,

let P be a variable point distinct froml and B. Let £ and F' be the intersections
: . . AFE - BF

of the linesPC, AB, and of PD, AB respectively. Then the ratlosﬁ and

AF - BE

———— are independent of the choice Bf
FE
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It turns out that this result still holds when the poiatsand B coincide. In this
case, we replace the lingB by the tangent to the conic dt With a minor change
of notations, we have the following result.

Theorem 3. Given a nondegenerate conicwith fixed points4, B, C on it, let
P be a variable point distinct fromd. Let £ and F' be the intersections of the

lines PB, PC with the tangent to the conic at. Then the ratio% is
independent of the choice 6f

Figure 2

2. Proof of Theorem 2

We choosed BC' as reference triangle. The nondegenerate aohias equation
of the form
fyz+ gzx + hxy =0 3)
for nonzero constantg, g, h. See Figure 1. Suppogehas homogeneous barycen-
tric coordinategu : v : w), i.e,

fow + gwu + huv = 0. 4)

Clearly, u, v, w are all nonzero. For an arbitrary poift with barycentric co-
ordinates(xz : y : z), the coordinates of the intersectiohs = AB N DC and
F = ABn PD can be easily determined:

E=(x:y:0), F = (uz —wx : vz —wy : 0).

See [1,56]. From these, we have the signed lengths of the variousamieseg-
ments:

oy, -z
AE—x-i-y c, EB—Hy c,

2? = z(u-l—iz))z)’;(zwggx_tLyy)) 6 FB = z(u-ﬁs—zfxﬁ-y) "6
— (@+y) (z(utv)—w(z+y))
AE -BF  y(wz —uz)
EF z(vr — uy)
fraction, note that from (4), we havfﬁﬂ = —u(l+k)fork = %. Now, from (3),

-C7

wherec = AB. It follows that - ¢. To calculate this
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we have

f%yz—k%-zw—i—w-xy:&

—u(l+ k)yz + kvze + wry = 0,
y(wr — uz) + kz(ve — uy) = 0.

AE-BF  y(wz —uz)

- ¢ = —kc, a constant.
EF z(vr — uy) ¢ ¢

Hence,

- _ . AF -BE .
A similar calculation glvesT = (1 + k)c, a constant. This completes
the proof of the theorem.

Remark.Note that we have actually proved that

AE - BF AF - BE
AE BE _ 9w . gpg AF-BE_ Jw

EF h € FE hu

In[1, Theorem 6], we have solved two loci problems in conioaclvith Haruki’'s
lemma. Denote, in Figure BC = a, CA =b, AB = c,andAD =d/, BD =¥/,
CD = (. The locus of points satisfying (1) is the union of the two circumconics
of ABCD

(cd + ebb Yuyz — ebb'vze — cdwry =0, = +1.

Now, with
f = (cc + ebb)u, g = —ebbv, h = —ccw,
we have
AFE - BF —ebbvw bb’ AC - BD
EF —cww ¢ @ T T ¢p

Similarly, the locus of point$’ satisfying (2) is the union of the two circumcon-
ics of ABC'D

ead'uyz + (cd — ead' vzw — cdwry =0, &= =+1.

Now, with
f = ead'u, g = (cd —ead v, h=—ccw,
we have
AF - BE fw eaa'uw aa’ AD - BC
TFE b T Tedwu TS ¢ TS T DO

These confirm that Theorem 2 is consistent with Theorem 6]of [1
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3. Proof of Theorem 3

Again, we choosed BC' as the reference triangle, and write the equation of the
nondegenerate conitin the form (3) withfgh # 0. The tangent ad is the line

ta: hy + gz = 0.

For an arbitrary poinf with homogeneous barycentric coordinates vy : z), the
lines PB and PC intersectt 4 respectively at

E =(hz : —gz : hz),
F=(gz : gy : —hy).

Figure 3

On the tangent line there is the polfit= (0 : —g : h), the intersection with the
line BC. Itis clearly possible to express the poifisand F' in terms of A andT'.
In fact, from

(hx,—gz,hz) =hz(1,0,0) — 2(0, g, —h),
(92, 9y, —hy) =gx(1,0,0) + y(0, g, —h),
we have, in absolute barycentric coordinates,
hz —(g—h)z

E:hm—(g—h)z 'A—I_hx—(g—h)z T
9 4 _g-ny
gz +(9—h)y gz + (g —h)y
From these,
AE _ —(g—h)z AF — (g—h)y

AT ~ hz—(g—h)z’ AT gz +(g—h)y
It follows that
EF AF — AE (g —h)y (9 —h)z
AT ~ AT :gx+(g—h)y hx — (g —h)z
(g — hz(hy + g2)
gz + (9= h)y)(ha — (g —h)z)’




Haruki’'s lemma for conics 145

Therefore,
AE-AF _ —(g—Mz-(g-Nhy . _—(g—NMyz .
EF (9 — h)x(hy + gz) gzx + hzxy
—(g—h)yz g—nh
= R =220 aT
—fyz f

This is independent of the choice of the poftx : vy : z) on the conic. This
completes the proof of Theorem 3.
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