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Abstract. Inthis short note, by making use of one of Liu’s theorems@adchy-
Schwarz Inequality, we solve a conjecture posed by Liu [8]gime a new proof
of a weighted Erd6s—Mordell type inequality. Some inténgscorollaries are
also given at the end.

1. Introduction and Main Results

Let P be an arbitrary point in the plane of triangleBC. Denote byR;, Rs,
and R5 the distances fron® to the vertices4d, B, andC, andry, r, andrs the
signed distances frorR to the sidelineBC, C A, andAB, respectively. The neat
and famous inequality

Ri + Ry + R3 > 2(7”1 + 79+ 7”3), (1)

conjectured by Paul Erd8s in 1935, was first proved by L. Xddiband D. F. Bar-
row (see [2]). In 2005, Jian Liu [3] obtained a weighted Eddordell type in-
equality as follows.

Theorem 1. For x,y,z € R,
2*\/Ry + R3 + y*\/R3 + R1 + 2*\/R1 + Ry
2\/§(y2\/7°2 + 73+ zz\/r3 + 11 + Y1 +1r2). (2)

Liu’s proof, however, is quite complicated. We give a simpteof of Theorem
1 as a corollary of a more general result, also conjectureldiubin [3].
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Theorem 2. For z,y, z € R and arbitrary positive real numbers u, v, w, we have

VUt w+ Y Vw +u+ 22Vt o

>2 <yz\/usm—+zx\/fusm—+wy\/wsm—> 3)

2. Preliminary Results

In order to prove our main results, we shall require the foitg two lemmas.

Lemma 3 ([4, 5]). For z,y,z € R, p; € (—00,0)J(0,+00), and ¢; € R for
1 =1,2,3, the quadratic inequality of three variables

12 + pay® + p32? > quyz + gz + @3y
holdsif and only if
pi>07 Zzla 27 37

Apops > qf, dpsp1 > ¢35, 4pip2 > 43,
4p1paps > P1G3 + p2gi + P33 + q1q2qs-

Lemma4. In AABC, we have
9 5 C A B C

: A+ : 2B+ : P : : )
sin” — +sin” — + sin” — sin —sin —sin — = 1.
2 2 2 2 2 2

Proof. This follows from the formulasin? « = (1 — cos2a) and the known
identity

A B
cosA+cosB+cosC =1 +4sin§sin§sing.
O

3. Proof of Theorem 2
(1) Foru,v,w > 0,

Vvt w >0,

Vw4 u >0, (4)

vu+v>0.

B
29

4y/(w +u)(u +v) > 4u > 4usin 4,
4y/(u+v)(v + w) > 4v > dvsin 2, (5)

4/(v+w)(w +u) > 4w > dwsin §.

(2) Fromsin 4,sin £, sin § € (0,1), we easily get
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By the Cauchy-Schwarz inequality and Lemma 4, we have

2
(u\/v + wsing + vvw —|—usin§ + wvu + vsin% + \/quw\/Q sin é sin g sin %)

< (uQ(v +w) 4+ v (w +u) + w?(u+v) + 2uvw)
. (sin2 é + sin® E + sin® g + 2sin é sin E sin 9)
2 2 2 27272
=(u+v)(v+w)(w + u). (6)
From Lemma 3 and (4)—(6), we conclude that inequality (3&olThe proof of
Theorem 2 is complete.

4. Applications of Theorem 2

Proof of Theorem 1. If we takeu = Ry, v = Ry, w = Rs3 and with known
inequalities (see [1])

A B C
2R sin 2 >ro+r3, 2R sin; >r3+1ry, 2Rgsin Bl > 11+ re,

we obtain Theorem 1 immediately. This completes the prodfaforem 1.
Many further inequalities can be obtained from various sti®ns for(u, v, w).
Here are two examples.

Corollary 5. For AABC and real numbers z, y, z, we have

\/sm——l—sm——l—y Usm——|—sm——|—z Usm——l—sm—

>2 <yz sin B + zx sin 5 + 2y sin 5)

Corollary 6. For AABC and real numbers z, y, z, we have

\/csc——kcsc——i-y \/csc——i-csc——kz \/CSC——FCSC—

>2(yz + zx + zy).

Further inequalities can also be obtained from substitstiof (x, y, z) by geo-
metric elements oA ABC. The reader is invited to experiment with the possibili-
ties.
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