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Abstract. We consider the inversive images, with respect to thedteiof an

arbelos, of the three Pappus chains associated with théosstand establish
some identities connecting the radii of the circles invdlve

In a previous work [1], we considered the three Pappus chihatsan be drawn
inside the arbelos and demonstrated some identitiesngltte radii of the circles
in these chains. In Figure 1, the diametht' of the left semicircleC, is 2a, the
diameterC B of the right semicircleCy, is 2b, and the diameteA B of the outer
semicircleC, is 2r, r = a + b. The first circlel'; is common to all three chains and
is the incircle of the arbelos.

Figure 1. The Pappus chains in an arbelos

With reference to Figure 1, we denote By, I", andT', the chains converging
to C, A, B respectively. Table 1 gives the coordinates of the centaildlze radii
of the circles in the chains, referring to a Cartesian refegesystem with origin at
C andz-axis alongAB.
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Table 1: Center coordinates and radii of the circles in thgpBa chains

| Chain [ T I | Iy |
Abscissa ofi-th circle | v, = S50 | 20 =20 — 5 [ wp, = —2a + Lhp
f H __ _2nrab __ _2nrab _ _2nrab
Ordinate ofn-th circle | y., = nz;lggab Yan = #;Tb Yon = n2g27£-m
Radius ofn-th circle | p., = 22— Pan = ety Pbn = w7 ira

The following proposition was established in [1].

Proposition 1. Given a generic arbelos with its three Pappus chains, the following
identities hold for each integer n:

1 1 1
pie (o bt ) 2, ®
Prn Pan Pbn
1 1 1
Pinc (T T T) =2t +1, 2
prn an pbn
1 1 1 1 1 1
N e e gt I AR T ©
Prn  Pan Pan  Pbn Pbn  Prn

In particular, the center of the incircle of the arbelos &s point
(a o) = ab(a —b) 2ab(a +b)
incsy Yinc) = 2rab+ b a2tab+b2 )

Its radius is
ab(a + b)

a? + ab+ b2’

We now consider the inversion of these three Pappus chathsegpect to the
incircle of arbelos. See Figure 2. For convenience, we teaouseful formula,
which can be found in [2], we use for the computation of thet@enand radii of
the inversive images of the circles in the Pappus chains.

Pinc =

Lemma 2. With respect the circle of center (z,yo) and radius Ry, the inversive
image of the circle with center (x¢, yc) and radius R is the circle with center
(z, yi) and radius R' given by

Th =20 + g (xo — o)
- Cc — )
T (@we —20)? + (yo — wo)? — R? ’
R2
c =10+ 0 (yc — yo)
At (rc —20)? + (yo — yo)? — R? ’
) R?
R = 9 R

(xc —20)* + (yo —yo)? — R?|
We give in Table 2 the coordinates of the centers of the inveismages of the
circles in the Pappus chains, and their radii.
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Figure 2. Inversive images of the Pappus chains

Table 2: Center coordinates and radii of inversive images
of circles in the Pappus chains
Inverted chairl’;,

I - H i . pjznc(xrn_xinc)
AbSCISsa Oh th CIrCle xrn — Linc + (Z'rn—CCinCz)z'f‘(yrn_yinc)z_piznc
i - i i . Pine(Yrn—Yinc)
Ordinate ofn-th circle | 4!, = yinc + LY .
2
i i i — pinc
Radius ofn-th circle | pi = | Grm s (e | 7
Inverted chair’,
Abscissa of.-th circle | 1 = z;,. + Ping(Fan —Tinc) .
an Inc (CCan—Cl?incz)z'i‘(yan—yinc)z—pinc
i - 1 i I 3 pinc(yan_yinc)
Ordinate ofn-th circle | ., = yin + (o ige) (e —tinc = 7
i i i — pinc
Radius ofn-th circle | p!, = Ton e P (yom —gme P2 | Pan

Inverted chairl’,
i - 1 i — e piznc(zbn_zinc)
AbSCISsa Oh th CIrCle xbn — Vine T (zbn_xinc)2+(ybn_yinc)2_pi2nc

H H i pfnc(ybn_yinc)
Ordinate ofn-th circle | y;,, = Yinc + oo+ om— im0

Radius ofn-th circle | pl = e Pbn

(bn—Tinc) 2+ Ybn —Yinc) 2 — P2,

From these data, we can deduce some identities connecenadli of these
circles.



174 G. Lucca

Theorem 3. For the circles in the Pappus chains and their inversive images in the
incircle, the following identities hold. For n > 2,

pi.nc . Pinc _ pi.nc . Pinc _ piinc . Pinc _ 4712 _8n+ 27 (4)
Prn Prn Pan Pan Pbn Pbn
Pinc Pinc Pinc 2

—+ =+ 5 =14n"—24n+7, )
prn pan pbn
Pinc + Pinc + Pinc _ Pinc + Pinc + Pinc _ Pinc + Pinc + pi.nc _ 6n2 —8n+ 3’

p}n Pan Pbn Prn p;n Pbn Prn Pan ptn
(6)

Pinc + Pinc + Pinc _ Pinc + Pinc + Pinc _ Pinc + Pinc + Pinc _ 10”2 —16n + 5’

prn pian pign pi‘n pan pi)n pin pian an

(7)
p? 2 p?
e e 4 e — 10p* — 16n° + 8n” — 8n + 3, (8)
PrnPrn PanPan pbnpbn
p? p? 2
e ne e — G5p® — 224n° 4 258n” — 112n + 16, (9)
panpbn panprn pbnprn
. 2 ) 2 ) 2
<p‘.“0> 4 (pl.“> 4 (‘5“) — 66n* — 22403 + 25612 — 1120 + 17.
Prn Pan Pon
(10)

From (9), (10) above, and also (2), (3) in Proposition 1, weeha

2 2 2 2 2 2
Pinc Pinc Pinc Pinc Pinc Pinc
i + i {7 N T T
Prn Pan Pbn PanPpn PanPrn PbnPrn

pinc )" | (Pinc\" , (P’ i i o;
< 1n0> + < 1nc> 4 < 1nc> _ < inc + inc + inc )
Prn Pan Pbn PanPbn PanPrn Pobn Prn

= (n? —1)%
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