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Second-Degree Involutory Symbolic Substitutions

Clark Kimberling

Abstract. Suppose, b, c are algebraic indeterminates. The mapgiag, c) —
(be, ca, ab) is an example of a second-degree involutory symbolic stwibistin
(SISS) which maps the transfigured plane of a triangle tdfitfe main result
is a classification of SISSs as four individual mappings aaifamilies of map-
pings. The SIS%a, b, c¢) — (be, ca, ab) maps the circumcircle onto the Steiner
ellipse. This and other examples are considered.

1. Introduction

This article is a sequel to [2], in which symbolic substituis are introduced. A
brief summary follows. The symbols, b, ¢ are algebraic indeterminates over the
field of complex humbers. Suppose 3, v are nonzero homogeneous algebraic
functions of(a, b, c) :

a(a,b,c), B(a,b,c),v(a,b,c), @
all of the same degree of homogeneity. Throughout this wagtes with notations
such asd/ = (u,v,w) and X = (z,y, z) are understood to be as in (1), except
that one or two (but not all three) of the coordinates cart be&riples (z,y, 2)
and(2’,y/,2’) areequivalentif xy’ = ya’ andyz’ = zy'. The equivalence class
containing any particulafz, y, z) is denoted byr : y : z and is apoint The set
of paints is thetransfigured planedenoted byP. A well known model ofP is
obtained by taking, b, c to be sidelengths of a euclidean triangl&C and taking
x : 1y : z to be the point whose directed distanéé®m the sidelines3C, C A, AB
are respectively proportional ta y, .

A simple example of a symbolic substitution is indicated by

(a,b,c) — (bc, ca, ab).
This means that a point
x:y:z=uz(ab,c):y(a,b,c): z(a,b,c) 2
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IThe coordinates : y : z arehomogeneous trilinear coordinates simplytrilinears. The nota-
tion (z,y, z), in this paper, represents an ordinary ordered triple, aswhg, ~ are actual directed
distances or wheflz, y, z) is the argument of a function. Unfortunately, the notatieny, z) has
sometimes been used for homogeneous coordinates, sodhakample(2z, 2y, 2z) = (z,y, 2),
which departs from ordinary ordered triple notation. On thieer hand, using colons, we have
20:2y:2z2=x:9y: 2.



176 C. Kimberling

maps to the point
x:y:z=ux(be, ca,ab) : y(be, ca,ab) : z(be, ca, ab), 3)
so thatP is mapped to itself. We are interested in the effects of sudistgu-

tions on various points and curves. Consider, for exammeTtompson cubic,
Z(X,, X1), given by the equaticn

bea(3% — 4%) + caB(v* — o?) + aby(a? — §?) = 0. (4)
For each point (2) on (4), the point (3) is on the culBi€Xs, X;), given by the
equation

ac(B? = 7%) +bp(y* = @?) + ce(0® — 5%) = 0. 5)
Letting S(X;) denote the image of; under the substitutiotu, b, ¢) — (bc, ca, ab),

specific points or€(X., X;) map to points or£(Xg, X1) as shown in Table 1:

Table 1. FromZ(X,, X1)to Z(Xg, X1)
XZ' on Z(XQ,Xl) Xl X2 X3 X4 X6 Xg X57
S(X;)onZ(Xe, X1) || X1 | X6 | Xioa | X324 | Xo | Xuz | X7

As suggested by Table &(S(X)) = X for every X, which is to say thaf is
involutory. The main purpose of this article is to find exjtlicall second-degree
involutory symbolic substitutions.

2. Terminology and Examples

A polynomial triangle centeis a pointUU which has a representation

u(a,b,c) : v(a,b,c): w(a,b,c),

whereu(a, b, ¢) is a polynomial ina, b, c and these conditions hold:

v(a,b,c) = u(b,c,a); (6)
w(a,b,c) = wu(c,a,b); (7
lu(a,c,b)| = |u(a,b,c)]|. (8)

If u(a,b,c) has degree 2, thell is asecond-degree triangle centeA second-
degree symbolic substitutias a transformation oP or some subsert thereof, with
images inP, given by a symbolic substitution of the form

(a,b,¢) — (u(a,b,c),v(a,b,c),w(a,b,c))
for some second-degree triangle ceriter The mapping (whether of polynomial
form or not) isinvolutory if its compositional square is the identity; that is, if

u(u,v,w) :v(u,v,w) : wlu,v,w) =a:b:ec

2Triangle centers are indexed as in [§1 = incenter, X, = centroid, etc. The cubi€(U, P)
is defined as the set of points: 3 : v satisfying

upa(qB® — rv?) + vgB(ry’ — pa®) + wry(pa® — ¢B%) =0
whereU = w:v:wandP = p: q:r. Geometrically,Z (U, P) is the locus ofX = z : y : z such

that theP-isoconjugate ofX is on the linel/ X . The P-isoconjugate ofX (and theX -isoconjugate
of P)isthe pointgryz : rpzx : pqry.
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where
u=u(a,b,c), v=0v(a,b,c), w=w(a,b,c).
Equivalently, a symbolic substitutiafa, b, ¢c) — (u, v, w) is involutory if
u(u,v,w) = ta
for some functiort of (a,b, c) that is symmetric iru, b, c. Henceforth we shall

abbreviate “second-degree involutory symbolic subsbittitas SISS. Following
are four examples.

Examplel. The SISS

(a,b,¢) — (be, ca, ab) 9
gives
u(u, v, w) = u(be, ca, ab)
= (bc)(ca)
=ta,
wheret = abc.
Example2. The SISS
(a,b,¢) — (a® — be, b* — ca, c* — ab) (10)
gives
u(u, v, w) = u(a® — be,b* — ca, c® — ab)
= (a® — be)? — (0% — ca)(? — ab)
=ta,
where

t=(a+b+c)(a>+b*+c—bc—ca—ab).
Note that (10) is meaningless far= b = c¢. Asa,b,c, are indeterminates,

however, such cases do not require additional writing, fisstwhen one writes
“tan 0” whered is a variable, it is understood thét~ 7.

Example3. The SISS
(a,b,¢) — (b® +c® —ab—ac,® + a®> —bc — ba,a® +b*> — ca — cb)  (11)
gives
u(u,v,w) = ta,
where
t=2(a+b+c)(a®+b*+c* —bc—ca— ab).
Example4. The SISS
(a,b,c) — (a(a —b—c¢),b(b—c—a),c(c—a—10)) (12)

gives
u(u,v,w) = ta,
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where
t=(a—b—c)(b—c—a)(c—a—Db).

3. Main result

Theorem. In addition to the four SISSs (9)-(12), there are two familé SISSs
given below by (17) and (18), and there is no other SISS

Proof. Equations (6) —(8) and the requirement thdie a polynomial of degre2
imply thatw is expressible in one of these two forms:

u = ja® + k(b* 4+ ) + lbc + ma(b + ¢) (13A)
u=(b—c)(ja+k(b+c)) (14)

for some complex numbersk, I, m. The proof will be given in two parts, depend-
ing on (13A) and (14).

Part 1: w given by (13A). In this case,
v = jb% 4+ k(® + a®) + lca + mb(c + a), (13B)
w = jc + k(a® + b%) + lab+ mc(a + b). (13C)

Let P = u(u,v,w). We wish to find allj, k, [, m for which P factors aga, where
t is symmetric ina, b, c. The polynomialP can be written ag(@ + R, where@
and R are polynomials and the& is invariant ofa. In order to haveP = ta, the
coefficientsy, k, I, m must makeR(a, b, ¢) identically 0. We have

R = (b*+ "8y + 2bc(b? + ¢?)Sy + b?c2Ss,
where
Sy = jkl + jkm + k* + jk* + 7%k + k®m,
So = jkl + jkm + jlm + klm + km? + k*m,
Ss = 2jkm + 6jk* + 1 + 521 + k21 + 2km? + 2k*m + 3lm>.
Thus, we seelg, k, [, m for which S; = S, = S35 = 0.

Casel j = 0. Here,
Sy = (k+m)k? sothatt =0 ork = —m.
Soy=mk(k+1+4+m),sothatn =0ork=00rk+1+m =0.
S5 = k2l + 2km? + 2k*m + 3lm?2.

Subcase 1:1 j = 0 andk = 0. Here,S; = 0, S3 = 3lm?, so thatl = 0 or
m = 0 but not both. Ifl = 0 andm # 0, then by (13A-C),

P = mu(v+w) = —m3a (ab+ ac + 2be) (b + ¢),

not of the required forna@ where(@ is symmetric ina, b, c. On the other hand,
if m = 0andl # 0, thenP = lvw = [3a®be, so that, on putting = 1, we have
(u,v,w) = (be, ab, ca), asin (9).
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Subcase 1:2 j = 0andk = —m # 0. Here, withSy = 0, k # 0, m # 0, and
k 4+ 1+ m = 0, we have = 0, and (13A-C) give

P =k +w?) — ku(v+w) = 2a(a+b+c) (a* + b* + ¢ — be — ca — ab) k?,
so that takingj, k,1,m) = (0,1,0, —1) gives the SISS (11).
Case2 k=0.HereS; =0,5; = jlm,andSs =1 (jl + j* + 3m?).

Subcase 2:1 k£ = 0 andj = 0. Here, sinceS; = 0, we have3lm? = 0. If
{ =0, then

u=ma(b+ c),v =mb(c+ a),w =mc(a+b),
P = mu(v +w) = — (ab + ac + 2bc) (b + ¢) am?,
not of the required formaQ. On the other hand, it = 0, then
u=1Ilbc, v=Ilca, w =lab,
so that takingj, k,1,m) = (0,0, 1,0) gives the SISS (9).
Subcase 2:2 k = 0and! = 0. Here,S; = S3 = 0, and (13A-C) give
P = ju® + mu(v + w)
=a(aj +bm+cm)
- (abjm + acjm + abm? + acm?® + 2bem? + b2 jm + ¢*jm + a®57) .
In order for P to have the formuQ with () symmetric ina, b, ¢, the factor
(abjm + acim + abm?® + acm? + 2bem? + b%jm + c*jm + a*5?)
must factor as
(bj + em + am)(cj + am + bm).
The identity
(abjm + acim + abm? + acm? + 2bem?® + b%jm + ¢*jm + a*5?)
— (bj + em + am)(cj + am + bm)
= (m—j) (j +m) (be — @)

shows that this factorization occurs if and onlyji= m or j = —m. If j = m,
then

u=a*+alb+c), v=>b+blc+ta), w=c*+cla+bh),

leading to(j,k,l,m) = (1,0,0,1), but this is simply the identity substitution
(a,b,¢) — (a,b,c), notan SISS.
On the other hand, if = —m, then

P =a(aj +bm+ cm) (bj + ecm + am)(cj + am + bm),
so that for(j, k,1,m) = (1,0,0, —1), we have the SISS (12).
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Subcase 2:3 k£ = 0 andm = 0. Here,
P = ju? + lvw
= a*5® + a®bcl® + abj1% + ac®§1% 4 2abej?l + V221 + VA P42,
which has the fornaQ only if b2¢2512 +b%c?521 = 0, which means thatl(j +1) =
0. If 7 =0orl =0, we have solutions already found.jl= —I, then
P = ju2 — Jow
=Pa(a+b+c)(ab+ac+bec—a®>—b* — %),
giving (4, k,1,m) = (1,0,—1,0), the SISS (10).

Case 3 [ = 0. Here,
Si= (jk + jm + km + 5% + k*) k,
Sy =2mk (j+k+m),
Sy = 2k (3jk + jm + km + m?) .
Subcase 3:1 1 =0,m =0, S = (jk + j* + k*) k, S = 0, and S5 = 6k>.
SinceS3 = 0, we havej = 0 or k = 0, already covered
Subcase 3:2 [ =0, and either; = 0 or k£ = 0, already covered.

Case 4 m = 0. Here,S; = k(jk+jl+j*+k%), So = 2jkl, andS; =
(65k* + j1* + j1 + k?1). SinceS, = 0, we must havg =0 ork = 0 or/ = 0.
All of these possibilities are already covered.

Case 5 none ofj, k, I, m is 0. Here,

Sy =k (jk + jl + jm + km + 52 + k),

So = jkl + jkm + jlm + klm + km? + k*m,

Sy = 2jkm + 6jk% + jI% + 521 + k%l 4+ 2km? + 2k*m + 3Im?>.
As j # 0 andk # 0, the requirement thaf; = 0 gives
gk +gm+ km o+ 5% + K

l= (15)
J
Substitute into the expression faf, and factor, getting
52:—( +m)(3+m?(3 tITHE) (16)

J

Subcase 5:1 m = —j. Here,l = —’fy—?. This impliesS; = S, = S3 =0 and

a(ak + (a —b—c)j)(bk + (b — c— a)j)(ck + (c —a —b)j)(k — j)3

P = 7

)
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which is of the forma@ with () symmetric ina,b,c. Because of homogeneity,
we can without loss of generality take, k,1,m) = (1,k, —k?, —1), wherek ¢
{0,1, —2}. This leaves a family of SISSs:

(a,b,¢) — (u,v,w), a7
where
u=a?+ k(b + %) — k*bc — a(b+ ¢),
v =02+ k(2 + a®) — k*ca — b(c + a),
w = c + k(a® + b*) — k%ab — c(a + b),
P=a(k—1)>3(a—b—c+ak)(b—a—c+bk)(c—b—a+ck).

Note that fork = —2, we haveu = (a + b+ ¢)(a — 2b — 2¢), so that the
involutory substitution

(a,b,c) — (@ —2b—2¢,b — 2¢ — 2a,c — 2a — 2b)
is actually of first-degree, not second. (It is easy to chiek for
u = a + mb+ mc,
the only values ofn for which the substitutioria, b, ¢) — (u,v,w) is involutory
are0 and—2.)
Subcase 5:2 m = —k. Here,l = —j. This impliesS; = S, = S3 = 0 and
P=a(a+b+c)(a®+b* 4+ —bc— ca —ab)(j + 2k)(k — j)?,

which is of the forma @ with Q) symmetric ina, b, c. Thus, ifj # k andj # —2k,
we take(j, k,1,m) = (j, k,—j, —k) and have a family of SISSs:

(a,b,c) — (u,v,w) (18)
where
u=a’j + b’k + ?k — bej — abk — ack,
v =b%j 4+ Pk + a®k — caj — bek — bak,
w = c?j + a’k + b’k — abj — cak — cbk.
Note thatu = (a? — be)j + (b? + ¢ — ab — ac)k, a linear combination of
second-degree polynomials appearing in (10) and (11).

Subcase 5:3 Equation (16) leaves one more subcage: j2 + k2 = 0. This
and (15) givel = (”j—k)k implying S = (k+m) (j + k) k. Sincek # 0 and
j+ k # 0 (becausé # 0), we haveS; = 0 only if m = —k, already covered in
subcase 5.2.

Part 2.« given by (14). In this case,
P = (aj + bk +ck) (b —c) (j — k) (2bcj — acj — abj — 2a*k + b’k + czk‘) ,

which is not, for any(j, £, 1, m), of the forma@ where@ is symmetric ina, b, c.
U
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4. Mappings by symbolic substitutions

To summarize from [2], a symbolic substitutidhmaps points to points, lines
to lines, conics to conics, cubics to cubics, circumconicsitcumconics, and in-
conics to inconics. Regarding cubicS,maps each cubi& (U, P) to the cubic
Z(S(U),S(P)) and each cubi€P(U, P) to the cubicZP(S(U),S(P)). Sym-
bolic substitutions thus have in common with projectiond emllineations various
incidence properties and degree-preserving propertiesth® other hand, sym-
bolic substitutions are fundamentally different fromaitgi geometric transforma-
tions: given an ordinary 2-dimensional triangl3C' and a pointX = z(a, b, c) :
y(a,b,c) : z(a,b,c) there seems no opportunity to apply geometric methods for
describing the image-point

S(X)=2a":y : 2 =x(bc,ca,ab) : y(be,ca,ab) : z(be, ca, ab).
Algebraically, however, itis clear X lies on the circumcircle, which is to say that
X is on the locusi 5y + bya + caf = 0, and ifS is the symbolic substitution in
(9), thenS(X) satisfieshey’ 2z’ + caz’'z’ + abx’y’ = 0, which is to say thaS(X)
lies on the Steiner ellipsé¢sy + caya + abaf = 0.

Table 2. From circumcirclé' to Steiner ellipsét
X;onl Xog | Xog | X100 | X101 | X105 | X106 | X110 | X111
S(X;) onE || X3205 | Xog | X190 | Xees | X3226 | X227 | X670 | X3208

As a final example, note that the poiit;; = b—c:c—a:a—bis afixed
point of the SISS (10), as verified here:

b—c—b*—ca— (> —ab) = (a+b+c)(b—c).
Consequently, the lin&; X, given by the equation
(b—ca+(c—a)B+ (a—0b)y=0,
is left fixed by the SIS in (10), as typified by Table 3.

Table 3. FromX; X4 to X; X
XionX1Xe || X1| Xe Xo | X3r | Xuya | Xosg
S(X;)onX 1 X || X1 | Xosg | Xirsy | Xs1s | Xaa | Xe
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