
Forum Geometricorum
Volume 8 (2008) 183–196. b b

b

b

FORUM GEOM

ISSN 1534-1178

On the Nagel Line and a Prolific Polar Triangle

Jan Vonk

Abstract. For a given triangleABC, the polar triangle of the medial triangle
with respect to the incircle is shown to have as its vertices the orthocenters of
trianglesAIB, BIC andAIC. We prove results which relate this polar triangle
to the Nagel line and, eventually, to the Feuerbach point.

1. A prolific triangle

In a triangleABC we construct a triad of circlesCa, Cb, Cc that are orthogonal to
the incircleΓ of the triangle, with their centers at the midpointsD, E, F of the sides
BC, AC, AB. These circles pass through the points of tangencyX, Y , Z of the
incircle with the respective sides. We denote byℓa (respectivelyℓb, ℓc) the radical
axis ofΓ andCa (respectivelyCb, Cc), and examine the triangleA∗B∗C∗ bounded
by these lines (see Figure 1). J.-P. Ehrmann [1] has shown that this triangle has the
same area as triangleABC.
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Figure 1.

Lemma 1. The triangle A∗B∗C∗ is the polar triangle of the medial triangle DEF

of triangle ABC with respect to Γ.
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Proof. BecauseCa is orthogonal toΓ, the lineℓa is the polar ofD with respect toΓ.
Similarly, ℓb andℓc are the polars ofE andF with respect to the same circle.�

Note that Lemma 1 implies that trianglesA∗B∗C∗ andXY Z are perspective
with centerI: A∗I ⊥ EF becauseEF is the polar line ofA∗ with respect toΓ.
BecauseEF ‖ BC andBC ⊥ XI, the assertion follows.

Lemma 2. The lines XY , BI , EF , and AC∗ are concurrent at a point of Cb, as
are the lines Y Z , BI , DE, and AB∗ (see Figure 2).
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Figure 2.

Proof. Let Ab as the point onEF , on the same side ofF asE, so thatFAb = FA.
(i) BecauseFA = FAb = FB, the pointsA, Ab andB all lie on a circle with

centerF . This implies that∠ABC = ∠AFAb = 2∠ABAb, yielding ∠ABI =
∠ABAb. This shows thatAb lies onBI.

(ii) BecauseY C = 1

2
(AC + CB − BA) = EC + EF − FA, we have

EY = Y C − EC = EF − FA = FE − FAb = EAb,

showing thatAb lies onCb. Also, noting thatCX = CY , we have
EY

CY
=

EAb

CX
.

This implies that trianglesEY Ab andCY X are isosceles and similar. From this
we deduce thatAb lies onXY .

A similar argument shows thatDE, BI, Y Z are concurrent at a pointCb on the
circleCb. We will use this to prove the last part of this lemma.

(iii) BecauseY Z andDE are the polar lines ofA andC∗ with respect toΓ,
AC∗ is the polar line ofCb, which also lies onBI. This implies thatAC∗ ⊥ BI,
so the intersection ofAC∗ andBI lies on the circle with diameterAB. We have
shown thatAb lies on this circle, and onBI, soAb also lies onAC∗.
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Similarly, Cb also lies on the lineAB∗. �

Note that the pointsAb andCb are the orthogonal projections ofA andC on
BI. Analogous statements can be made of quadruples of lines intersecting on the
circlesCa andCc. Reference to this configuration can be found, for example, in
a problem on the2002 − 2003 Hungarian Mathematical Olympiad. A solution
and further references can be found inCrux Mathematicorum with Mathematical
Mayhem, 33 (2007) 415–416.

We are now ready for our first theorem, conjectured in 2002 by D. Grinberg [2].

Theorem 3. The points A∗, B∗, and C∗ are the respective orthocenters of triangles
BIC , CIA, and AIB.

Proof. Because the pointAb lies on the polar lines ofA∗ andC with respect to
Γ, we know thatA∗C ⊥ BI. Combining this with the fact thatA∗I ⊥ BC we
conclude thatA∗ is indeed the orthocenter of triangleBIC. �

Theorem 4. The medial triangle DEF is perspective with triangle A∗B∗C∗, at
the Mittenpunkt Mt

1 of triangle ABC (see Figure 3).

I

X

Y

Z

A

B CD

EF

A∗

B∗

C∗

Mt

Figure 3.

Proof. BecauseA∗C is perpendicular toBI, it is parallel to the external bisector
of angleB. A similar argument holds forBA∗, so we conclude thatA∗BIaC is a
parallelogram. It follows thatA∗, D, andIa are collinear. This shows thatMt lies
on IaD, and similar arguments show thatMt lies on the linesIbE andIcF . �

We already know that triangleA∗B∗C∗ and triangleXY Z are perspective at
the incenterI. By proving Theorem 4, we have in fact found two additional trian-
gles that are perspective with triangleA∗B∗C∗: the medial triangleDEF and the

1The Mittenpunkt (calledX(9) in [4]) is the point of concurrency of the lines joiningD to the
excenterIa, E to the excenterIb, andC to the excenterIc. It is also the symmedian point of the
excentral triangleIaIbIc.
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excentral triangleIaIbIc, both with centerMt. This is however just a taste of the
many special properties of triangleA∗B∗C∗, which will be treated throughout the
rest of this paper.

Theorem 3 shows thatB, C, A∗, I are four points that form an orthocentric sys-
tem. A consequence of this is thatI is the orthocenter of trianglesA∗BC, AB∗C,
ABC∗. In the following theorem we prove a similar result that willproduce an
unexpected point.

Theorem 5. The Nagel point Na of triangle ABC is the common orthocenter of
triangles AB∗C∗, A∗BC∗, A∗B∗C .
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Proof. Consider the homothetyζ := h(D,−1). 2 This carriesA into the vertex
A′ of the anticomplementary triangleA′B′C ′ of ABC. It follows from Theorem
4 thatζ(A∗) = Ia. This implies thatA′A∗ is the bisector of∠BA′C.

The Nagel line is the lineIG joining the incenter and the centroid. It is so named
because it also contains the Nagel pointNa. Since2IG = GNa, the Nagel point
Na is the incenter of the anticomplementary triangle. This implies thatA′Na is the
bisector of∠BA′C. Hence,ζ carriesA∗Na into AI, soA∗Na andAI are parallel.
From this,A∗Na ⊥ CB∗.

Similarly, we deduce thatB∗Na ⊥ CA∗, soNa is the orthocenter of triangle
A∗B∗C. �

The next theorem was proved by J.-P. Ehrmann in [1] using barycentric coordi-
nates. We present a synthetic proof here.

Theorem 6(Ehrmann). The centroid G∗ of triangle A∗B∗C∗ is the point dividing
IH in the ratio IG∗ : G∗H = 2 : 1.

2A homothety with centerP and factork is denoted byh(P, k).
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Proof. The four pointsA, Ab, I, Ac all lie on a circle with diameterIA, which
we will call C′

a. Let H be the orthocenter of triangleABC, andS the (second)
intersection ofC′

a with the altitudeAH. Construct also the parallelAT to B∗C∗

throughA to intersect the circle atT (see Figure 5).
Denote byRb andRc the circumradii of trianglesAIC andAIB respectively.

BecauseC∗ is the orthocenter of triangleAIB, we can writeAC∗ = Rc · cos
A

2
,

and similarly forAB∗. Using this and the propertyB∗C∗ ‖ AT , we have

sin TAAb

sin TAAc

=
sinAC∗B∗

sinAB∗C∗
=

AB∗

AC∗
=

Rb

Rc

=
sin B

2

sin C

2

=
IC

IB
.

The pointsAb, Ac are onEF according to Lemma 2, so triangleIAbAc and

triangleIBC are similar. This implies
IC

IB
=

IAc

IAb

.

In any triangle, the orthocenter and circumcenter are knownto be each other’s
isogonal conjugates. Applying this to triangleAAbAc, we find that∠SAAb =

∠AcAI. We can now see that
SAb

SAc

=
IAc

IAb

.

Combining these results, we obtain

SAb

SAc

=
IAc

IAb

=
IC

IB
=

sin TAAb

sinTAAc

=
TAb

TAc

.
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This proves thatTAc ·SAb = SAc ·TAb, soTAcSAb is a harmonic quadrilateral.
It follows that AC∗, AB∗ divide AH, AT harmonically. BecauseAT ‖ B∗C∗,
we know thatAH must pass through the midpoint ofB∗C∗.

Let us callD∗ the midpoint ofB∗C∗, and consider the homothetyξ = h(G∗,−2).
Becauseξ takesD∗ to B∗ while AH ‖ A∗X, we know thatξ takesAH to A∗X.
Similar arguments applied toB andB∗ establish thatξ takesH to I. �

2. Two more triads of circles

Consider again the orthogonal projectionsAb, Ac of A on the bisectorsBI and
CI. It is clear that the circleC′

a with diameterIA in Theorem 6 contains the points
Y andZ as well. Similarly, we consider the circlesC′

b
andC′

c with diametersIB

andIC (see Figure 6). It is easy to determine the intersections of the circles from
the two triadsCa, Cb, Cc, andC′

a, C′

b
, C′

c, which we summarize in the following table.

Table 1. Intersections of circles

C′

a
C′

b
C′

c

Ca X, Ba X, Ca

Cb Y, Ab Y, Xb

Cc Z, Ac Z, Bc

Now we introduce another triad of circles.
Let X∗ (respectivelyY ∗, Z∗) be the intersection ofΓ with Ca (respectivelyCb,

Cc) different fromX (respectivelyY , Z). Consider also the orthogonal projections
A∗

b
andA∗

c of A∗ ontoB∗Na andC∗Na, and similarly definedB∗

a, B∗

c , C∗

a , C∗

b
.

Lemma 7. The six points A∗, A∗

b
, A∗

c , Y ∗, Z∗, and Na all lie on the circle with
diameter A∗Na (see Figure 6).

Proof. The pointsA∗

b
andA∗

c lie on the circle with diameterA∗Na by definition.
We know that the Nagel point and the Gergonne point are isotomic conjugates,

so if we call Y ′ the intersection ofBNa and AC, it follows that Y E = Y ′E.
Therefore,Y ′ lies onCb.

Clearly Y Y ′ is a diameter ofCb. It follows from Theorem 5 thatBNa is per-
pendicular toA∗C∗, so their intersection point must lie onCb. SinceY ∗ is the
intersection point ofA∗C∗ and Cb different from Y , it follows that Y ∗ lies on
BNa.

Combining the above results, we obtain thatNaY
∗ ⊥ A∗Y ∗, soY ∗ lies on the

circle with diameterA∗Na. A similar proof holds forZ∗. �

We will call this circleC∗

a. Likewise, C∗

b
andC∗

c are the ones with diameters
B∗Na andC∗Na. Here are the intersections of the circles in the two triadsCa, Cb,
Cc, andC∗

a, C∗

b
, C∗

c .
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Table 2. Intersections of circles

C∗

a
C∗

b
C∗

c

Ca X∗, B∗

a X∗, C∗

a

Cb Y ∗, A∗

b
Y ∗, X∗

b

Cc Z∗, A∗

c Z∗, B∗

c

Lemma 8. The circle C∗

a intersects Cb in the points Y ∗ and A∗

b
. The point A∗

b
lies

on EF (see Figure 7).

Proof. The pointY ∗ lies onCb by definition, and onC∗

a by Lemma 7.
Consider the homothetyφ := h(E,−1). We already know thatφ(AC∗) = CA∗

andφ(BI) = B∗Na. This shows that the intersection points are mapped onto each
other, orφ(Ab) = A∗

b
. It follows thatA∗

b
lies onCb andEF . �
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The two triads of circles have some remarkable properties, strongly related to
the Nagel line and eventually to the Feuerbach point. We willstart with a property
that may be helpful later on.

Theorem 9. The point X has equal powers with respect to the circles Cb, Cc, C∗

a ,
and C′

a (see Figure 7).

Proof. Let us callSa the intersection ofEY ∗ andBC, andSb the intersection of
XY ∗ andEF . BecauseEY ∗ is tangent toΓ, we haveSaY

∗ = SaX. Because
trianglesXSaY

∗ andSbEY ∗ are similar, it follows thatEY ∗ = ESb. This implies
thatSb lies onCb so in factSb andA∗

b
coincide. This shows thatX lies onY ∗A∗

b
.

Similar arguments can be used to prove thatX lies onZ∗A∗

c .
From Table 1, it follows thatAbY (respectivelyAcZ) is the radical axis of the

circlesC′

a andCb (respectivelyCc). Lemma 2 implies thatX lies on bothAbY and
AcZ, so it is the radical center ofC′

a, Cb andCc.
From Lemma 8, it follows thatY ∗A∗

b
(respectivelyZ∗A∗

c ) is the radical axis of
the circlesCb andC∗

a (respectivelyCc andC∗

b
). We have just proved thatX lies on

bothY ∗A∗

b
andZ∗A∗

c , so it is the radical center ofC∗

a, Cb, andCc. The conclusion
follows. �

3. Some similitude centers and the Nagel line

Denote byU , V , W the intersections of the Nagel lineIG with the linesEF ,
DF andDE respectively (see Figure 8).
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Theorem 10. The point U is a center of similitude of circles C′

a and C∗

a . Likewise,
V is a center of similitude of circles C′

b
and C∗

b
, and W of C′

c and C∗

c .

Proof. We know from Lemma 2 and Theorem 5 thatA∗A∗

b
‖ AAb, andAI ‖

A∗Na, as well asA∗

b
Na ‖ AbI. Hence triangles triangleA∗NaA

∗

b
and triangle

AIAb have parallel sides. It follows from Desargues’ theorem that AA∗, AbA
∗

b
,

INa are concurrent. Clearly, the point of concurrency is a center of similitude of
both triangles, and therefore also of their circumcircles,C∗

a andCa. This point of
concurrency is the intersection point ofEF and the Nagel line as shown above, so
the theorem is proved. �

Theorem 11. The point U is a center of similitude of circles Cb and Cc. Likewise,
V is a center of similitude of circles Cc and Ca, and W of Ca and Cb.

Proof. By Theorem 10, we know that

AbU

AcU
=

A∗

b
U

A∗

cU
. (1)

By Table 1 and Theorem 8, we know thatAb, A
∗

c lie on Cc andAb, A∗

b
lie on Cb.

Knowing thatU lies onEF , the line connecting the centers ofCb andCc, relation
(1) now directly expresses thatU is a center of similitude ofCb andCc. �

Depending on the shape of triangleABC, the center of similitude ofCb andCc

which occurs in the above theorem could be either external orinternal. Whichever
it is, we will meet the other in the next theorem.

Theorem 12. The lines BV and CW intersect at a point on EF . This point is the
center of similitude different from U of Cb and Cc (see Figure 9).

Proof. Let us callU ′ the point of intersection ofBV andEF . We have thatG =
BE ∩ CF andV = DF ∩ BU ′. By the theorem of Pappus-Pascal applied to the
collinear triplesE, U ′, F andC, D, B, the intersection ofU ′C andDE must lie
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on GV , and therefore, it must beW . It follows thatBV andCW are concurrent
in the pointU ′ onEF .

By similarity of triangles, we have
DB

DV
=

FU ′

FV
and

DC

DW
=

EU ′

EW
.

This gives us:

WE

WD
·
V D

V F
·
U ′F

U ′E
=

EU ′

DC
·

DB

FU ′
·
U ′F

U ′E
=

DB

DC
= −1.

HenceDU ′, EV , FW are concurrent by Ceva’s theorem applied to triangle
DEF . By Menelaus’s theorem applied to the transversalWV U we obtain thatU ′

is the harmonic conjugate ofU with respect toE andF . Therefore, it is a center
of similitude ofCb andCc. �

Let us callX ′′, Y ′′, Z ′′ the antipodes ofX, Y , Z respectively on the incircleΓ.

Theorem 13. The point X ′′ is the center of similitude different from U of circles
C′

a and C∗

a. Likewise, Y ′′ is a center of similitude of C′

b
and C∗

b
, and Z ′′ one of C′

c

and C∗

c .

Proof. We construct the linelX′′ which passes throughX ′′ and is parallel toBC.
The triangle bounded byAC,AB, lX′′ hasΓ as its excircle oppositeA. This im-
plies that its Nagel point lies onAX ′′, and because it is homothetic to triangle
ABC from centerA, we have thatX ′′ lies onANa. We have also proved thatA∗,
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I, X are collinear, so it follows thatX ′′ lies onA∗I. Hence the intersection point
of ANa andA∗I is X ′′, a center of similitude ofCa andC∗

a, different fromU . �

Having classified all similitude centers of the pairs of circles C′

a, C
∗

a andCb, Cc

(and we obtain similar results for the other pairs of circles), we now establish a
surprising concurrency. Not only does this involve hitherto inconspicuous points
introduced at the beginning of§2, it also strongly relates the triangleA∗B∗C∗ to
the Nagel line ofABC.

Theorem 14. The triangles A∗B∗C∗ and X∗Y ∗Z∗ are perspective at a point on
the Nagel line (see Figure 10).

Proof. Considering the powers ofA∗, B∗, C∗ with respect to the incircleΓ of
triangleABC, we have

A∗Z·A∗Z∗ = A∗Y ∗·A∗Y, B∗X∗·B∗X = B∗Z∗·B∗Z, C∗X ·C∗X∗ = C∗Y ·C∗Y ∗.

From these,
B∗X∗

X∗C∗
·
C∗Y ∗

Y ∗A∗
·
A∗Z∗

Z∗B∗
=

B∗X∗

Z∗B∗
·
C∗Y ∗

X∗C∗
·
A∗Z∗

Y ∗A∗

=
B∗Z

XB∗
·
C∗X

Y C∗
·
A∗Y

ZA∗
=

B∗Z

ZA∗
·
C∗X

XB∗
·
A∗Y

Y C∗
= 1

sinceA∗B∗C∗ andXY Z are perspective. By Ceva’s theorem, we conclude that
A∗B∗C∗ andX∗Y ∗Z∗ are perspective,i.e., A∗X∗, B∗Y ∗, C∗Z∗ intersect at a
pointQ.

To prove thatQ lies on the Nagel line, however, we have to go a considerable
step further. First, note thatA∗

b
Y ∗ZAc is a cyclic quadrilateral, becauseXA∗

b
·

XY ∗ = XAc ·XZ using Theorem 9. We callNc the point whereDE meetsZY ∗

and working with directed angles we deduce that

∡ZY ∗A∗

b = ∡ZAcU = ∡NcAbU = ∡NcAbA
∗

b = ∡NcY
∗A∗

b

We conclude thatNc, Y ∗, Z and therefore alsoZ, Y ∗, U are collinear. Similar
proofs show that

U ∈ Y Z∗, V ∈ XZ∗, V ∈ ZX∗,W ∈ XY ∗, W ∈ Y X∗.

If we construct the intersection points

J = FZ∗ ∩ BC and K = DX∗ ∩ AB,

we know that the pole ofJK with respect toΓ is the intersection ofXZ∗ with
X∗Z, which isV . The fact thatJK is the polar line ofV shows thatB∗ lies on
JK, and thatJK is perpendicular to the Nagel line.

Now we construct the points

O = EF ∩ DX∗, P = DE ∩ FZ∗, R = OD ∩ FZ∗.

Recalling Lemma 1 and the definitions ofX∗ andZ∗ following Lemma 3, we see
that OP is the polar line ofQ with respect toΓ. We also know by similarity of
the trianglesORF andDRJ that OR · RJ = DR · RF . Likewise, we find by
similarity of the trianglesKFR andDPR thatRF ·DR = KR ·RP . Combining
these identities we getOR ·RJ = KR ·RP , and this proves thatOP andJK are
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parallel. Thus,OP is perpendicular to the Nagel line, whence its poleQ lies on
the Nagel line. �

4. The Feuerbach point

Theorem 15. The line connecting the centers of C′

a and C∗

a passes through the
Feuerbach point of triangle ABC; so do the lines joining the centers of C′

b
, C∗

b
and

those of C′

c, C∗

c (see Figure 11).
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Proof. Let us callHa the orthocenter of triangleAAbAc. SinceAI is the diameter
of C′

a (as in the proof of Theorem 6), we haveAHa = AI ·cos AbAAc = AI ·sin A

2
,

where the last equality follows fromπ
2
− A

2
= ∠BIC = ∠AbIAc = π−∠AbAAc.

By observing triangleAIZ, for instance, and writingr for the inradius of triangle
ABC we find that

AHa = AI · sin
A

2
= r.

Now consider the homothetyχ with factor−1 centered at the midpoint ofAI

(which is also the center ofC′

a). We have thatχ(A) = I andχ(AHa) = A∗I. But
we just proved thatAHa = r = IX ′′, so it follows thatχ(Ha) = X ′′. This shows
thatX ′′ lies on the Euler line of triangleAAbAc, so the line joining the centers of
C′

a andC∗

a is exactly the Euler line of triangleAAaAb.
According to A. Hatzipolakis ([3]; see also [5]), the Euler line of triangleAAbAc

passes through the Feuerbach point of triangleABC. From this our conclusion
follows immediately. �

In summary, the Euler line of triangleAAbAc and the Nagel line of triangle
ABC intersect onEF . We will show that the circlesCa, C∗

a have another amazing
connection to the Feuerbach point.
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Theorem 16. The radical axis of C′

a and C∗

a passes through the Feuerbach point of
triangle ABC; so do the radical axes of C′

b
, C∗

b
, and of C′

c, C∗

c (see Figure 12).
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Proof. Because the radical axis of two circles is perpendicular to the line joining
the centers of the circles, the radical axisRa of C′

a andC∗

a is perpendicular to the
Euler line of triangleAAbAc. Since this Euler line containsX ′′, andRa contains
X (see Theorem 9), their intersection lies onΓ. This point is also the intersection
point of the Euler line withΓ, different fromX ′′. It is the Feuerbach point of
ABC. �
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