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An Elementary Proof of a Theorem by Emelyanov

Eisso J. Atzema

Abstract. In this note, we provide an alternative proof of a theoremlLby
Emelyanov stating that the Miquel point of any complete gilaigral (in general
position) lies on the nine-point circle of the triangle fardhby the diagonals of
that same complete quadrilateral.

1. Introduction and terminology

In their recent book on the geometry of conics, Akopyan anslaXaky prove
a curious theorem by Lev Emelyanov on complete quadrilsterBheir proof is
very concise, but it does rely on the theory of conic sectiasspresumably does
Emelyanov’s original proof. Indeed, it is the authors’ @ntton that the theorem
does not seem to allow for a “short and simple” proof withasing the so-called
inscribed parabola of the complete quadrilatérai. this note, we will show that
actually it is possible to avoid the use of conic sections @ndive a proof that
uses elementary means only. It is left to the reader to deeiasher our proof is
reasonably short and simple.

Recall that acompletequadrilateral is usually defined as the configuration of
four given lines, no three of which are concurrent, and th@eints at which they
intersect each other. For this paper, we will also assuntenthéwo of the lines
are parallel. Without loss of generality, we can think of anpdete quadrilateral
as the configuration associated with a quadrilatdrBIC' D in the traditional sense
with no two sides parallel and no two vertices coincidingetiimer with the points
= AD N BC andG = AB N CD. By abuse of notation, we will refer to
a generic complete quadrilateral as@npletequadrilateralJABC D, where we
will assume that none of the sides AfBC' D are parallel and no three are con-
current.? The linesAC, BD and FG are known as thdiagonalsof JABCD.
Let AC N BD be denoted by and so on. Then, the triangleE 4o Egp Erc
formed by the diagonals aflABC D is usually referred to as thdiagonal trian-
gleof JABCD (see Figure 2). With these notations, we are now ready toeprov
Emelyanov’s Theorem.
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1See [1, pp.110-111] for both the proof (which relies on twapmsitions proved earlier) and the
authors’ contention.

2Thus, for any quadrilaterahBC D with F' and G as above,JABCD, JOAFCG, and
OBGDF and so on, all denote the same configuration.
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2. Eméyanov’s Theorem

We will prove Emelyanov’s Theorem as a corollary to a sliglitiore general
result. For this we first need the following lemma (see Fid)re

Lemma 1. For any complete quadrilaterdlABC' D (as defined abovedet Fpe
be the unique point oD such thatF'gc Epg is parallel to BC and let Fpy,
Gap and Gop be defined similarly. Finally, leF; and G be the midpoints of
FEpgc andGErg, respectively. Thet'ze, Fpa, Gap, Gop all four lie on the
line FoGp.

Figure 1. Collinearity o'sc, Fpa, Gas, Gep and of Fg, Gp

Proof. Note that by the harmonic property of quadrilaterals, tdesD A and BC
are harmonically separated WyErs and F'G. Therefore, the pointé’p4 and
Fpe are harmonically separated by the points of interseci@yg N FpaFpc
andF'G N FpaFpc. By the construction ofp4 and Fpo, EraFpaF Fpo is a
parallelogram and therefolErc N FpaFpc coincides withf;. As Fg is also
the midpoint of F'p 4 Fise, it follows that FG N Fp 4 Fpc has to be the point at
infinity of Fp4Fpc. In other wordsF'G and Fp 4 Fpc are parallel. AFGr is
parallel toF'G as well andF also lies onFp 4 Fipe, it follows that F'p 4 Fipe and
FoGF coincide. By the same argumeit, gG¢op coincides withF G as well.
It follows that the six points are collinear. O

, . _ D
Corollary 2. With the notation introduced above, the directed rat%gc—A and
BC

FpaC . GepA GapD
are equal, as are the ratios and .
FpaB q FopB FupC

Proof. It suffices to prove the first part of the statement. Note tlyatdnstruction
FpeD
FBcA

of the |iHESEpgD, EpgA, FEraFpeo, andEngDA. Similarly, the ratio

the ratio is equal to the cross I’atikEpgD, EpgA; ErcFpeo, EFGFDA]

FpaC
FpaB
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equals the cross rati®rcC, ErpgB; ErgFpa, EraFpc]. As ED is parallel to
E B, while EA is parallel toEC, the two cross ratios are equal. Therefore, the two
ratios are equal as well. a

We are now ready to derive our main result. We start with a larabout Miquel
points, which we prefer to associate to a complete quadrdaflABC D, rather
than toABCD.

Lemma 3. For any quadrilateral ABC D (with its sides in general positionjhe
Miquel points of 1AB Fp 4 Fpc andUC' D Fpeo Fp 4 both coincide with the Miquel
point M of JABC'D.

Proof. Let M be constructed as the second point of intersection (otlaer A of
the circumcircles oNFAB and AFCD. By Corollary 2, the ratio of the power
of Fpc with respect to the circumcircle gk FC' D and the power of'gc with
respect to the circumcircle ak FFAB equals the ratio of the power &fp 4 with
respect to the same two circles. This means gt and Fp 4 lie on the same
circle of the coaxal system generated by the circumcirdes BC D andAF AB.
In other words,F', Fc, Fpa and M are co-cyclic. Sincel! lies on both the
circumcircle of AFgc Fp 4 F and the circumcircle of\ F AB, it follows that M is
also the Miquel point of JABFp 4 Fpc. By a similar argument)/ is the Miquel
point of UCDFpcFp 4 as well. O

Figure 2. Coincidence of Miquel points

Corollary 4. For any quadrilateral ABC' D (with sides in general positionjhe
(orthogonal) projection of\f on Fgc Fp 4 lies on the pedal line di1ABCD.

Proof. By Lemma 3 and the properties of Miquel points, the (orth@dpprojec-
tion of M on FgcFp 4 is collinear with the (orthogonal) projections bf on AB,
BFp4 and Fgc A, i.e. its projections oM B, BC, andDA. But for ABCD in
general position, the latter points do not all three coiacids they also lie on the
pedal line of JABC D, they therefore define the pedal line and the (orthogonal)
projection of M on FgcFp4 has to lie on it. O
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Now, let M 4¢ be the midpoint ofEgp Ere and so on. ClearlyM cMpp
coincides withFgcFpa. Furthermore, Corollary 4 applies to the quadrilater-
als AFCG and BFDG as well. SincdJAFCG andOBF DG coincide with
OABC D, their Miquel points also coincide. These observations édiately lead
to our main result.

Theorem 5. For any quadrilateral ABC' D (with sides in general positionjhe
(orthogonal) projections of the Miquel poidt/ of JABCD on the sides of the
triangle AMacMpp Mpq all three lie on the pedal line dflABC D.

Emelyanov’s Theorem follows from Theorem 5 as a corollary.

Corollary 6 (Emelyanov) For any quadrilateral ABC' D (with sides in general
position) the Miquel pointM of ABCD lies on the nine-point circle of the
diagonal triangleAE4scEpp Erq 0f UABCD.

Proof. Since the (orthogonal) projections &f on the sides oNM cMpp Mrc
are collinear,M has to lie on the circumcircle ch M 4o Mpp Mpqg. But this is
the same as saying th&f lies on the nine-point circle ch Exac Fpp Erg. O

3. Conclusion

In this note we derived an elementary proof of Emelyanov'edrem as stated
in [?] from a more general result. At this point, it is unclear towisether this
Theorem 5 may have any other implications than Emelyanotssofem, but it
was not our goal to look for such implications. Similarly, e@uld have shortened
our proof a little bit by noting that Corollary 2 implies thAz-Fp 4 is a tangent
line to the unique inscribed parabolaléfA BC'D. The same parabola therefore is
also the inscribed parabolaf®ABFp 4 Fgc andCOC D FEFgcFp 4. Since the focal
point of the parabola inscribing a complete quadrilatesathie Miquel point of
the same, Lemma 3 immediately follows. As stated in the éhtotion, however,
our goal was to provide a proof of the theorem without usirgyttieory of conic
sections.
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