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On n-Sections and Reciprocal Quadrilaterals

Eisso J. Atzema

Abstract. We introduce the notion of am-section and reformulate a number of
standard Euclidean results regarding angles in tern2ssafictions (with proof).
Using6-sections, we define the notion of reciprocal (completepcaragles and
derive some properties of such quadrangles.

1. Introduction

While classical geometry is still admired as a model for raathtical reasoning,
it is only fair to admit that following through an argumentBuclidean geometry
in its full generality can be rather cumbersome. More ofteantnot, a discussion
of all manner of special cases is required. Specificallylifamotion of an angle
is highly unsatisfactory. With the rise of projective gedmeén the 19th century,
some of these issues (such as the role of points at infinityg wddressed. The
need to resolve any of the difficulties connected with theomobf an angle was
simply obviated by (largely) avoiding any direct appeal he toncept. By the
end of the 19th century, as projective geometry and metoongdry aligned again
and vectorial methods became commonplace, classical ggosav the formal
introduction of the notion obrientation In the case of the concept of an angle,
this led to the notion of airected (oriented, sensedhgle. In France, the (elite)
high school teacher and textbook author Louis Gérard wasaay champion of
this notion, as was Jacques Hadamard (1865-1963); in the, B84er Arthur
Johnson (1890-1954) called for the use of such angles isicdgieometry in two
papers published in 1917Today, while the notion of a directed angle certainly
has found its place in classical geometry research anditggébhas by no means
supplanted the traditional notion of an angle. Many collggemetry textbooks
still ignore the notion of orientation altogether.

In this paper we will use a notion very closely related to tfah directed an-
gle. This notion was introduced by the Australian matheomati David Kennedy
Picken (1879-1956) as tlmmplete anglén 1922. Five years later and again in
1947, the New Zealand mathematician Henry George Ford@9¢1881) picked

Publication Date: January 26, 2009. Communicating EdRawl Yiu.

This paper is an extended version of a presentation withettme ditle at the Invited Paper Session:
Classical Euclidean Geometry in MathFest, July 31-Augug028 Madison, Wisconsin, USA.

sSee [5], as well as [6] and [7]; Johnson also consistently dected angles in his textbook [8].
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up on the idea, preferring the teranoss® Essentially, where we can look upon
an angle as the configuration of two rays departing from theesaoint, the cross
is the configuration of two intersecting lines. Here, we wdlfer to acrossas a
2-section and consider it a special case of the more genetiahraf ann-section.

We first define these-sections and establish ground rules for their manipula-
tion. Using these rules, we derive a number of classicaltsesn angles in terms
of 2-sections. In the process, to overcome some of the diffexulthat Picken
and Forder ran into, we will also bring the theory of circulaversion into the
mix. After that, we will focus or6-sections formed by the six sides of a complete
quadrangle. This will lead us to the introduction of the peccal to a complete
quadrangle as first introduced by James Clerk Maxwell (1B829). We conclude
this paper by studying some of the properties of reciproualdgangles.

2. Thenotion of an n-section

In the Euclidean plane, I€t} denote the equivalence class of all lines parallel
to the linel. We will refer to{l} as thedirection of [. Now consider the ordered
set of directions of a set of linds, ..., 1, (n > 2). We refer to such a set as an
n-section (of lines), which we will write a$(;, ...,én}.3. Clearly, anyn-section
is an equivalence class of all lines,, ..., m,, each parallel to the corresponding
of [y, ...,1,. Therefore, we can think of amy-section as represented hyines all
meeting in one point. Also note that anysection corresponds to a configuration
of points on the line at infinity.

We say that twow-sections{ly, ..., l,,} and{m, ..., m,,} are directly congruent
if for any representation of the two sections by means of goeat lines there is a
rotation combined with a translation that maps each lindnefane representation
onto the corresponding line of the other. We wite, ..., 1, } =p {m1,...,m,}.

If in addition a reflection is required/s, ..., 1, } is said to banverselycongruent
to {mi, ..., m, }, which we write agly, ..., l,,} =7 {mq,...,mp, }.

Generally, no twon-sections can be both directly and inversely congruent to
each other. Particularly, as a rule, sasection is not inversely congruent to itself.
A notable exception is formed by tlesections. Clearly, &-section formed by
two parallel lines is inversely as well as directly congruenitself. We will refer
to such &-section as trivial. Any non-trivial-section that is inversely congruent
to itself is calledperpendicularand its two directions are said to be perpendicular
to each other. We will just assume here that for every dimacthere always is
exactly one direction perpendicular tdit.

No othern-sections can be both directly and inversely congruentemxtor
suchn-sections which only consist of pairs of lines that eithémalallel or are
perpendicular. We will generally ignore such sections.

2See [3] (pp.120-121+151-154), [4], [16], and [17]. The tesrossseems to have been coined
by Edward Hope Neville in [14]. Forder may actually have alsed crosses in his two geometry
textbooks from 1930 and 1931, but we have not been able ttelaopies of these.

Swe adapt this notation from [15].

'y proof using SAS is fairly straightforward.
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The following basic principles for the manipulation nfsections apply. We
would like to insist here that these principles are just wuagkrules and not ax-
ioms (in particular they are not independent) and serve tinggse of providing a
shorthand for frequent arguments more than anything else.

Principle 1 (Congruency) Twon-sections are congruent if and only if all corre-
sponding sub-sections are congruent, where the congregrze either all direct
or all inverse.

Principle 2 (Transfer) For any three directionga}, {b}, and{c}, there is exactly
one direction{d} such that{a, b} =p {c,d}.

Principle 3 (Chain Rule) If {a,b} = {d/,b'} and {b,c} = {¥','} then{a,c} =
{d’, '}, where the congruencies are either all direct or all inverse

Principle 4 (Rotation) Two n-sections{as, ...,a,} and{b1,...,b,} are directly
congruent if and only if alfa;, b;} (1 < i < n) are directly congruent.

Principle5 (Reflection) Twon-sections{ay, ..., a, } and{b, ..., b, } are inversely
congruent if and only if there is a directioft} such that{a;, c} = {b;, ¢} for all
1< <n.

Most of the usual triangle similarity tests are still valgp(to orientation) if
we replace the notion of an angle by that of a crosg-section, except for Side-
Cross-Side (SCS). Since we cannot make any assumptionstabarientation on
an arbitrary line, SCS is ambiguous in terms of sections a #2-section with
a length on each of its legs, (generally) determines two cagruent triangles.
The only situation in which SCS holds true (up to orientatisrfor perpendicular
sections. Since we are in the Euclidean plane[ifetion Principle applies to any
2-section as well: For any triangl@ ABC with P onC' A andQ onCB, APQC
is directly similar toAABC if and only if CP/CA = CQ/CB, whereC' A and
so on denotelirectedlengths.

Once again, note that we do not propose to usentisections to completely
replace the notion of an angle. The notionrefections just provides a uni-
form way to discuss the large number of problems in geomdiay are really
about configurations of lines rather than configurationsaykr Starting from
our definition of a perpendicular section, for instance, lilasic principles suf-
fice to give a formal proof that all perpendicular sections emngruent. In other
words, they suffice to prove that all perpendicular linesraegle equal. Essen-
tially this proof streamlines the standard proof (first givey Hilbert). Let{a,a’}
be a perpendicular section and lgt} be arbitrary direction. Now, left'} be
such that (i){a,b} =p {da’,'} (BP 2). Then, sincda,a’} =p {d’,a}, also
{d',b} =p {a,b'} or (i) {V/,a} =p {b,a’} (BP 3). Combining (i) and (ii), it
follows that{b,b'} =p {¥, b} (BP 3). In other words{b'} is perpendicular tqb}.
Finally, by BP 4,{b,b'} =p {a,d’}.

The same rules also naturally allow for the introduction ahbangle bisectors
to an angle and do not distinguish the two. Indeed, note tiggtstymmetry” direc-
tion {c} in BP 5 is not unique. Ifa;,c} = {b;, c}, then the same is true for the
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direction{c’'} perpendicular t¢c} by BP 3. Conversely, for any directiga/} such
that{a;,d} = {b;,d}, it follows that{d,c} =p {c,d} by BP 3. In other words,
{¢,d} is a perpendicular section. We will refer to the perpendicskction{c, ¢’}
as thesymmetry sectionf the inversely congruent-sections{a,...,a,} and
{b1,...,b,}. In the case of the inversely congruent systdims a2} and{as, a1 },
we speak of the symmetry section of theection. Obviously, the directions of the
latter section are those of the angle bisectors of the aoghedd by any two rays
on any two lines representing, as }.

Using the notion of a symmetry section, we can now easily @fvales’ The-
orem (as it is known in the Anglo-Saxon world).

Theorem 6 (Thales) For any three distinct pointsi, B and C, the line AC' is
perpendicular toBC' if and only ifC lies on the unique circle with diametetB.

Proof. Let O be the center of the circle with diametdiB. Since bothAAOC
andABOC are isosceles, the two line of the symmetry sectiofi4B, OC'} are
each perpendicular to one &fC and BC. Consequently, by BP 4 (Rotation),
{AC, BC'} is congruent to the symmetry sectior., AC' and BC are perpendic-
ular. Conversely, led’, B, C' be the midpoints oBC, C A, AB, respectively.
Then, by dilation,C’ A’ andC’ B’ are parallel ta”’ A andC B, respectively. It fol-
lows thatC’A’C'B’ is a rectangle and therefo{&’ A’| = |C’C|, but by dilation
|B'A'| = |AC'| = |BC'|,i.e,, C lies on the unique circle with diamet&rB. [

3. Circular inversion

To allow further comparison ai-sections, we need the equivalent of a number
of the circle theorems from Book Il of EuclidElementslt is easy to see how to
state any of these theorems in term22efections. As Picken remarks, however,
really satisfactory proofs (in terms @fsections) are not so obvious and probably
impossible if we do not want to use rays and angles at all. Beathit may, we can
still largely avoid directly using angleslin this paper we will have recourse to the
notion ofcircular inversion which allows for reasonably smooth derivations. This
transformation of (most of) the affine plane is defined wispest to a given circle
with radiusr and centelO. For any pointP of the plane other tha®, its image
under inversion with respect t@ and the circle of radius is defined as the unique
point P’ such thalDP - OP’ = r? (whereOP and so on denoteirectedlengths).
Note that by construction circular inversion is a closedd(hijective) operation
on the affine plane (excluding). Also, if A’ and B’ are the images afl and B
under a circular inversion with respect to a pdihtthen by constructiod\ A’ B’O
is inversely similar to\ ABO. The following fundamental lemma applies.

Lemma7. LetO be the center of a circular inversion. Then, under this isi@n
(i) any circle not passing througty is mapped onto a circle not passing through
O, (ii) any line not passing througty is mapped onto a circle passing through
and vice versa (with the point at infinity of the line corresgimg toO), (iii) any

Ssee [16], p-190 and [4], p.231. Forder is right to claim thatdifficulty lies with the lack of an
ordering for crosses and that directed angles need to beatisedhe point.
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Figure 1. Circular Inversion of a Circle

line passing througlD is mapped onto itself (with the point at infinity of the line
again corresponding t@).

Proof. Starting with (i), draw the line connecting with the center of the circle
not passing througly and let the points of intersection of this line with the latte
circle be A and B (see Figure 1). Then, by Theorem 6 (Thales), the lidésand
BC are perpendicular. Let/, B andC’ be the images ofi, B, andC under
the inversion. By the previous lemm@ A, AC, CO} is indirectly congruent to
{0C",C"A’, A'O}. Likewise{OB, BC,CO} =, {OC",C'B’, B'O}. SinceOA,
OB, 0A’, andOB’ coincide, it follows tha{ OB, BC,C A, CO} is inversely con-
gruent to{OC’,C'B’,C'A’, B'O}. Therefore{ BC, C A} is indirectly congruent
to {C'B’',C'A’}. ConsequentlyC’A’ andC’B’ are perpendicular as well. This
means that”’ lies on the circle that has the segmetitB’ for a diameter. The
second statement is proved in a similar way, while the thiatesent is immedi-
ate. O

We can now prove the following theorem, which is essentialigwording in the
language of sections of Propositions 21 and 22 from BookflHwxlid’'s Elements
(with a trivial extension).

Theorem 8 (Equal Angle) For four points on either a circle or a straight line, let
X,Y, Z, W be any permutation oft, B, C, D. Then, any 2-sectioX{Y, Z}

is directly congruent to the 2-sectidi {Y, Z} and the sections are either trivial
(in case the points are collinear) or non-trivial (in caseethoints are co-cyclic).

Conversely, any four (distinct) points, B, C, D for which there is a permutation
X,Y, Z, W such thatX{Y, Z} and W{Y, Z} are directly congruent either are
co-cyclic (in case the sections are non-trivial) or collimgin case the two sections
are trivial).

Proof. It suffices to prove both statements for one permutatiod o3, C, D.

Assume that4, B, C, D are co-cyclic or collinear. LeB’, C’ and D’ denote the
images ofB, C' and D, respectively, under circular inversion with respect4o
Then,{DA,DC} = {C'A,D'C'} and{BA, BC} = {C'A,B'C"}. Since by
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Lemma 7,B’C’ coincides withD'C", it follows that{ DA, DC} =~ {BA, BC'}.
Conversely, assume thaD A, DC'} ~p {BA,BC}. Then,{C'A,D'C'} =p
{C'A,B'C"}, i.e, B, C' and D' are collinear. By Lemma 7 again, if the two
2-sections are non-triviald, B, C, D are co-cyclic. If not, the four points are
collinear. O

Corollary 9. Let A4, B, C, D be any four co-cyclic points with' = AC N BD.
Then the product of directed lengtds” - C'E equals the producBE - DE.

Proof. Let A’ and B’ be the images under inversion dfand B with respect to
E (and a circle of radius). ThenAA’B’E and AC DE are directly similar with
two legs in common. Therefo€E/A'E = DE/B'E or CE - AE/r? = DE -
BE/r?. O

For the sake of completeness, although we will not use itisghper, we end
with a sometimes quite useful reformulation of Proposgi@d and 32 from Book
[l of Euclid’s Elements

L emma 10 (Bow, String and Arrow) For any triangle A ABC, let C' be the mid-
point of AB and letO be the circumcenter of the triangle and {5 ¢ denote the
tangent line to the circumcircle dk ABC at C. ThenC{B, A} is directly congru-
ent to (i) bOthO{C,, A} andO{B, C,} and (ii) {BA, TCB,A} and {TCA,Ba AB}

Proof. It suffices to prove the first statements of (i) and (ii). e the midpoint
of BC. SinceOC" is perpendicular tedB and O A’ is perpendicular taBC, it
follows thatJC'O A’ B is cyclic and therefore that’{ B, C'} ~p O{B,C"}. But
A'C" is parallel toC A and therefored’{B,C'} ~p C{B, A} as well, which
proves the first statement of (i). As for (ii), siné2A is perpendicular t@C’ and
TcB, 4 is perpendicular t@ 4, it follows that{ BA, T 4 } is directly congruent to
0O{C', A} by BP 4 (Rotation). Sinc&{C’, A} is directly congruent t@’{ B, A},
the first statement of (ii) follows. O

The preceding results provide a workable framework for ihyieation ofn-
sections to a great many problems in plane geometry invgleonfigurations of
circles and lines (as opposed to rays). The well-known gfugircle theorems
usually attributed to Steiner and Miquel as well as most s associated with
the Wallace line are particularly amenable to the use-séctions. Examples can
be found in [16], [17], and [5].

4. 6-sections and complete quadrangles

So far we have essentially only uséections and-sections. Note how any
3-section (with distinct directions) always corresponda tmique class of directly
similar triangles. Clearly, there is no such corresponddoc4-sections. To deter-
mine a quadrilateral, we need the direction of at least ornits afiagonals as well.
Therefore, it makes sense to considergfs=ctions and their connection to the so-
calledcomplete quadrangld’® ABC D, i.e., all configurations of four points (with
no three collinear) and the six lines passing through eaotofithem. Clearly any
KABC D defines &-section. Conversely, not eveéysection can be represented
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by the six sides of a complete quadrangle. In order to seerumitigt condition a
6-section originates from a complete quadrangle, we nedtlebit of projective
geometry.

Any two n-sections are said to e perspectiver to form aperspectivityif for a
representation of each of the sections by concurrent Imepaoints of intersection
of the corresponding lines are collinear. Two sections aie t® beprojectiveif a
representation by concurrent lines of the one section caitagned from a similar
representation of the other as a sequence of perspediviti€an be shown that
any two sections that are congruent are also projectivdnelndse of 2-sections and
3-sections all are actually projective. As fbsections, the projectivity of two sec-
tions is determined by their so-calletbss ratio Every 4-section{¢y, ..., ¢4} has
an associated cross rafig, ..., 44]. If A denotes the pencil of lines passing through
A, represent the lines of any section by lifes A. If ¢; has an equatiof; = 0,
we can writeLs asA31 L1 + A3eLo and Ly as 1 L1 + Ao Ls. We now (unam-
biguously) define the cross rafify, . . . , £4] as the quotienfAs; /As2) : (A41/A42).
From this definition of a cross ratio it follows that its valdees not change when
the first pair of elements and the second pair are switchedhenwhe elements
within each pair are swapped. Note that for any B8veections{l;, 2,3} and
{my,ma,ms} (with {l1,1s,13} and{my, my, ms} each formed by three distinct
directions), the cross ratio defines a bijective mapetween any two pencild
and B, by choosing thé; in A and them,; in B and defining the image(!) of
any linel € A as the line ofB such thatliy, l5;3,1] equals[m, ma; ms, o(1)].
The mapy is called a projective map (of the pencil). It can be shown Hry
projective map can be obtained as a projectivity and vicsaceiT herefore, two
4-sections are projective if and only if their correspondangss ratios are equal.
By the duality of projective geometry, all of the precedimpkes to the points of
a line instead of the lines of a pencil as well. Moreover, foy four pointsLq,
Lo, Ls, Ly on aline? and a pointZ outside/, the cross ratidLy, Lo; L3, Ly4] is
equal to[LoL1, LoLo; LoLs, LoL4]. By the latter property, we can associate any
projective map defined by two sections of lines with a projeanap from the line
at infinity to itself.

The notion of a projective map can be extended to the pregptan where any
such mapy maps any line to a straight line and the restrictionodb a line and
its image line is a projective map. Where a projective magveeh two lines is
defined by two triples of (non-coinciding) points, a projeetmap between two
planes requires two sets of four points, no three of which lmarcollinear. In
other words, any two quadrilaterals define a projective niapally, we define an
involutionas a projective map which is its own inverse. In the case ofeslution
of a line or pencil, any two distinct pairs of elements (witle telements within
each pair possibly coinciding) fully determine the map.

We can now formulate the following result.

Theorem 11. An arbitrary 6-section{l;, 5, m1, m2,n1,n2} can be formed from
the sides of a complete quadrangted BC' D (such thatl;, I> and so on are pairs
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of opposite sides) if and only if the three pairs of oppodidescan be rearranged
such that{l, [} is non-trivial and[l;, l2; m1, no| equals(ly, l2; ny, ma].

Proof. Since any two quadrilaterals determine a projective mapryegomplete
guadrangle is projective to the configuration of a rectaagkkits diagonals. There-
fore the diagonal points of a complete quadrangle are nedén&ar and every
guadrangle in the affine plane has at least one pair of ogpsisies which are not
parallel. Without loss of generality, we may assume fiatl»} corresponds to
this pair of opposite sides. Let, B denote the pencils of lines throughand B
respectively. Now define a mapfrom A to B by assigning the lined X to BX
for all X on a line? not passing throught or B. It is easily verified thaty is a
projectivity, which assignsi B to itself and the line ofd parallel toL to the cor-
responding parallel line oB. Therefore, ifC and D are distinct points o, the
cross ratio AB, C'D; AC, AD] equals the cross rati)\B,CD, BC, BD]. Con-
versely, for any6-section{ly, lo, m1,ma2,n1,n2} such thatly, lo; my, ns] equals
[l1,12;n1, mso], we can choosel and B such thatA B is parallel tol; and letD be
the point of intersection of the line of parallel tom, and the line ofB parallel to
ni. Likewise, letC be the point of intersection of the line df parallel toms and
the line throughD parallel tol,. Then, since{l;, 5} is non-trivial, the lineBC
has to be parallel ta,. O

Note that the previous theorem is a projective version ofa@eVheorem de-
termining the concurrency of transversals in a triangle thiedusual expression of
that theorem can be readily derived from the condition ab&ve now have the
following corollary.

Corollary 12. For any complete quadrangl®ABC D, there is an involution that
pairs the points of intersection of its opposite sides withline at infinity.

Proof. Without loss of generality, we may assume thatB, C D} is non-trivial.
Let L; = ABN{y and soon. ThefLy, Ly, My, N3] = [Ly, Lo, N1, Ms]. Now
let ¢ be the involution of., determined by pairind.; with Lo and My with M.
Then[Ly, Lo, My, N3] equals[Lq, L1, My, p(N2)]. Since the former expression
is also equal tdLo, L1, Ms, N1| (and Ly, Lo and M, are distinct), it follows that
©(N2) = Nj. In other words, the involution pait¥; and N, as well. O

In caseX ABC' D is a trapezoid, the point on the line at infinity correspogdin
the parallel sides is a fixed point of the involution; in cas® ¢omplete quadrangle
is a parallelogram, the two points corresponding to the taiospof parallel sides
both are fixed points.

In the language of classical projective geometry, we salyahissection formed
by the sides of any complete quadrangle defines an involutiaix lines pair-
ing the opposite sides of the quadrangle. Note that thierstt implies what is
known as Desargues’ Theorem, which states that any comqpletdrangle defines
an involution (of points) on any line not passing through afyts vertices that
pairs the points of intersection of that line with the opposiides of the quad-
rangle. For this reason, we will say that adwgection satisfying the condition of
Theorem 11 iDesarguesian
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Corollary 13. Any Desarguesiaf-section is associated with two similarity classes
of quadrilaterals (which may coincide).

Proof. Let the 6-section be denoted b{iy, I, m1,m2,n1,n2}. If the cross ra-

tio [ll, lg; my, ng] equals[ll, lg; ni, mg], then the cross rati¢i2, ll; ma, ’I’Ll] also
equalsls, l1;n2, m1]. Whereas the quadrilateral constructed from the first equal
ity contains a triangle formed by the lings ms, no, while i1, m1, ny meetin one
point, this is reversed for the quadrilateral formed from second equality. Since
{l1,m1,n1} and{lz, m2, no} are not necessarily congruent, the two quadrilaterals
will be different (but may coincide in some cases). O

A B = D* T=C*
Figure 2. Constructin@dA*B*C* D*

If the complete quadrangi®@ABC D is one of the two quadrangles forming a
given 6-section, we can easily construct the other quadrabilé B*C*D*. In-
deed, letXABCD be as in Figure 2. Then, draw the line throughparallel to
AC, meetingCD in S. Likewise, draw the line througt' parallel to BD meet-
ing AB in T. Then, by constructiob7" is a parallel toAD and all the opposite
sides ofXABC D are parallel to a pair of opposite sideslkBCST. The two
guadrangles, however, are generally not similar. Altévebt we can consider the
guadrangle formed by the circumcenters of the four cirdlesimscribing the four
triangle formed byA, B, C, D. For this quadrangle, all three pairs of opposite
sides are parallel to a pair of opposite sides of the originaldrangle. Again, it is
easy to see that this quadrilateral is generally not sinidahe original one. The
latter construction was first systematically studied by tab in [10] and [11],
in which he referred to the quadrilateral of circle centessaareciprocal figure.
For this reason, we will refer to the two complete quadramglesociated with a
Desarguesiafi-section aseciprocal quadrangles.

Relabeling the vertices of the preceding quadrangles asaitedl in Figure 2,
we will formally define two complete quadrilaterdi$A BC D andXA*B*C* D*
as directly/inversely reciprocal if and only if

{AB,CD, AC,BD,DA, BC} = {C*D*, A*B*, B*D*, A*C*, B*C*, D* A*},
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where the congruence is either direct or inverse. From fimition, we immedi-
ately derive the following two corollaries.

Corollary 14. A complete quadrangle is directly reciprocal to itself ifdaanly if
it is orthocentric.

Proof. Since for any complete quadrangle directly reciprocal gelftall three2-
sections of opposite sides have to be both directly and seWeicongruent, it fol-
lows that all opposite sides are perpendicular to each.othather words, every
vertex is the orthocenter of the triangle formed by the othexe vertices, which is
what orthocentric means. O

Corollary 15. A complete quadrangle is inversely reciprocal to itselfriflaonly if
it is cyclic.

Proof. Let KABC D denote the complete quadrangle. Therikid BC D is in-
versely reciprocal to itself, AB, AC'} has to be inversely congruent{6'D, BD}
or A{B,C} =p D{B,C}. But this means thak ABC'D is cyclic. The converse
readily follows. a

Because of the preceding corollaries, when studying tlatioals between recip-
rocal quadrangles, we can often just assume that a complatirangle is neither
orthocentric nor cyclic. Also, as a special case, note thatdomplete quadran-
gle KABCD has a pair of parallel opposite sides, then its reciprocdirictly
congruent ta&XBADC'. For this reason, it is usually fine to assume tRatBC D
does not have any parallel sides either.

Maxwell’'s application of his reciprocal figures to the stuafystatics contributed
to the development of a heavily geometrical approach tdigldt(know aggrapho-
staticg which ultimately made projective geometry a required sewat many en-
gineering schools until well into the 20th century. At thengatime, the idea of
“reciprocation” was largely ignored within the classicabgnetry community. This
only changed in the 1890s, when (probably not entirely iedelently of Maxwell)
Joseph Jean Baptiste Neuberg (1840-1826) reintroducembiiuept of reciproca-
tion under the name ahetapolarity This notion, however, seems to have been
quickly eclipsed by the related notion ofthologythat was introduced bfmile
Michel Hyacinthe Lemoine (1840-1912) and others as a tostudy triangles. In
this context, consider a triangle ABC' and a pointP in the plane of the triangle.
Now, construct a new triangl& A’ B’C’ such that each of its sides is perpendic-
ular to the corresponding side ¢€' P, AP, BP}. In this new triangle, construct
transversals each perpendicular to the correspondingfiieA BC'. Then, these
three transversals will meet in a new paifit The trianglesA\ ABC andA A’ B'C’
are said to berthologic with polesP and P’. Clearly, for any two orthologic tri-
anglesA ABC andA A’ B'C’ with polesP andP’, KABC P andX A’ B'C' P’ are
reciprocal quadrangles. Conversely, for any two recigrquadrangle<ABC D
andXA*B*C*D*, AABC and A A*B*C* are orthologic with pole and D*
(up to a rotation), and similarly for the three other pairgr@ngles contained in
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the two quadrangles. Itis in the form of some variation ofioldgy that the notion
of reciprocation is best known tod4y.

A nice illustration of the use of reciprocal quadrangles ¢ahology, in this
case) i7$ the following problem from a recent InternationatiMOlympiad Training
Camp:

Figure 3. XABC D with Hg andHp

Problem (IMOTC 2005) Let ABC D be a quadrilateral, anéf, the orthocen-

ter of triangle AABC'. The parallels to the lined D and C' D through the point

Hp meet the linesAB and BC at the pointsCp and Ap, respectively. Prove
that the perpendicular to the liéz A through the poinf{, passes through the
orthocentetH i of triangle AACD.

Solution. The proposition still has to be true if we switch the role®fand D.
Now note that the complete quadrangl€é/ sCpDAp andXBCpHpAp have
five parallel corresponding sides. Therefore, they arelainiVioreover, five of the
sides of the complete quadrang&dzC Hp A are perpendicular to the opposite
of the corresponding sides BfHpCpDAp andXBCpHpB. We conclude that
XHpCHpA is directly reciprocal tocXHzCpDAp andXBCpHpAp. Conse-
quently, its sixth sidéd g Hp is perpendicular toA\pCp and ApCp.

5. Somerelations between reciprocal quadrangles

In order to study the relations between reciprocal quadeangve note yet
another way to generate a reciprocal to a given completergogke. In fact,

6on metapolar quadrangles, see e.g. [12] and [13] or (moresaitdy) Neuberg’s notes to [18]
(p-458). On orthology, see [9]. In 1827, well before Lemo{aed Maxwell), Steiner had also
outlined the idea of orthology (see [19], p.287, Problem 5d) nobody seems to have picked up on
the idea at the time. Around 1900, the Spanish mathematician Jacobo Duran Loriga (1854-1911)
extended the notion of orthology to thatisbgonology which concept was completely equivalent to
reciprocation. Duran-Loriga’s work, however, met witle ttame fate as Neuberg’s metapolarity.

’see [2] and the references there.
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let XABCD be a complete quadrangle with diagonal poiats= AC N BD,
F=BCNDA, G =ABNnCD,with A, B, C, D, and, I in the affine plane.
Now let A* be the image of) under circular inversion with respect fo(see Fig-
ure 4). Likewise letD* be the image ofd under the same inversion. Similary*

is the image of” andC* is the image of3. Then, using the properties of inversion
it is easily verified thalk A* B*C* D* is inversely reciprocal ttdABC D. We can
use this construction to derive the following two lemmata.

Figure 4. Constructin A*B*C* D™ by Inversion

Lemma 16 (Invariance of Ratios)LetKABC D andXA*B*C*D* be a pair of
(affine) reciprocal quadrangles and diagonal poifis F, G and E*, F*, G*,
respectively. Moreover, leX, Y, and Z be any collinear triple of two vertices
and a diagonal point o XABC D with X*, Y*, Z* the corresponding triple of
XA*B*C*D*. Then

XYy X

YZ Y*Z*
whereXY denotes the directed length of the line segnm€ht and so on.

Proof. The statement is trivial for any diagonal point 6. Without loss of gen-
erality, let us assume that the diagonal pditis in the affine plane. It now suffices
to prove the statement fd, C andF'. Under inversion with respect #® and a cir-
cle of radiusr, we find thatB* = = 2 /CF andC*F* = r?/BF. The statement
of the lemma now immediately follows. d
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Lemma 17 (Maxwell). LetXABCD and XA*B*C*D* be a pair of reciprocal
guadrangles. Then

|AB||CD|  |AC||BD| |ADI||CB]|
where|AB| denotes the absolute length of the segmeBtand so on.

Proof. Assume again that the poiit is in the affine plane. Under inversion with
respect toF’ and a circle of radius, we find|A*D*| = |r2/|FD| — r?/|FA|| =
r?|AD|/(|[FA||FD|) and|B*C*| = |[r*/|FC|~r/|FB|| = *|BC|/(|FB||FD)).
Similarly, |A*B*| = r?|AB|/(|FA||/FB|) and|C*D*| = ?|CD|/(|FC||F D)),
while |[A*C*| = r?|AC|/(|F A||FC|) and| B* D*| = r?|BD|/(|F B||F D|). Com-
bining these expressions shows the equality of the threessions. O

Note that for any three collinear points, the ratiC|/|BC| equals the cross
ratio [A, B, C, 145], wherel 4 denotes the point at infinity of the linéB. Now,
for any pair of reciprocal quadrangléABC D andXA* B*C*D*, let ¢ be the
unique projective map sendimfyto A* and so on. Theny maps the lined B to the
line A*B* and[A, B, G, 4] = [A*, B*,G*, p(Iap)] (WhereG = AB N CD).
By Lemma 16]A, B, G, 1 45] also equal$A*, B*, G*, 1 4« g+]. Therefore, sincé&r
is distinct fromA and B, ¢ mapslap to I 4+ p+. Likewise, the points at infinity of
BC andC A are mapped to the points at infinity 8fC* andC* A*, respectively.
But then, must map the whole line at infinity onto itself. Thereforey anap
defined by “reciprocation” of a complete quadrangle iffimemap. Conversely,
any affine map can be modeled by a reciprocation of a completdrgngle (which
we may assume not to have any parallel sides). To see thisyst@adied another
lemma.

Lemma 18. For a given triangleA ABC and any non-trivial3-section{l, m,n}
not inversely congruent thBC, C' A, AB} there is exactly one poird? in the plane
of AABC (and not on the sides @k ABC') such that{ AD, BD,C D} is directly
congruent tof{l,m,n}. In case{BC,CA, AB} =1 {l,m,n}, {AD,BD,CD}
will be directly congruent to{l, m,n} for any point D on the circumcircle of
NABC.

Proof. Without loss of generality, we may assume that,, andn are concurrent
at a pointQ). Let a point L be a fixed point ohand let) be a variable point om.
Now construct a trianglé\ LM N directly similar toAABC'. Then, the locus oV
asM moves alongn is a straight line a®v is obtained from\/ by a fixed dilation
followed by a rotation over a fixed angle. Therefore, thisubwill intersectn in
exactly one point as long AC, AB} is not directly congruent t¢n, m}. The
point D we are looking for now has the same position with respect thBC' as
has( with respect toA LM N. If the two2-sections are directly congruent, we can
repeat the process starting with or V. This means that we cannot find a point
D as stated in the lemma using the procedure above onlyABC is inversely
congruent to{/, m, n}. Butif the latter is the case, we can take any pdnbn the
circumcircle of AABC by Cor. 15. O
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As an aside, note that fdi, m, n} directly congruent to eithefAB, BC,C A}
or {C' A, AB, BC'}, this construction also guarantees the existence of theséwo
called Brocard point§2™ andQ~ of AABC. Moreover, it is easily checked that
XABCQT andXBCAQ™ are reciprocal quadrangles. This explains the congru-
ence of the two Brocard angles. We are now ready to prove tlosviag theorem.

Theorem 19. A projective map of the plane is affine if and only if it can b&aoted
by reciprocation of a complete quadrangi&A BC' D with no parallel sides. Any
such map reverses orientationlXfA BC'D is convex and retains orientation when
not. The map is Euclidean if and onlytfA BC D is orthocentric (in which case
the map retains orientation) or cyclic (in which case the magerses orientation).

Proof. We already proved the if-part above. For an affine map, censdrian-
gle AABC and its imageA A*B*C*. By the previous lemma there is at least
one pointD (not on the sides oA ABC) such that{ AD, BD,CD} is directly
congruent to{ B*C*, C*A*, A*B*}. The reciprocation o0KABC'D that A maps

to AABC maps toAA*B*C*, then, must be the affine map. The connection
between convexity oKABC D follows from the various constructions (and re-
labeling) of a reciprocal quadrangle. The last statemdidvis immediately. In
caseXABC D has parallel opposite sides, note that the affine map (aftgation
aligning one pair of parallel sides with their images) inelsi@ map on the line at
infinity with either one or two fixed points (if not just a trdaon combined with

a dilation), corresponding to a glide or a dilation in twofeliént directions. This
means that if we choose the sides/ofi BC' such that they are not parallel to the
directions represented by the fixed points on the line atitgfino opposite sides
of XKABC D will be parallel. d

Finally, note that if a complete quadran@®&A BC D is cyclic, then its recipro-
calXA*B*C*D* is as well. Likewise, by Lemma 17, if for a complete quadrangl
the product of the lengths of a pair of opposite sides eqhalsdf the lengths of
another pair, the same is true for the corresponding pairts oéciprocal. More
surprisingly perhaps, reciprocation also retains ingdyility, i.e., if JABCD has
an incircle, then so hdsA*B*C*D*. To see this, we can use the following gen-
eralization of a standard result.

Lemma 20 (Generalized Ptolemy)For any six points4, B, C, D, P, and(Q in
the (affine) plane
|APAB||AQCD| + |APCD||AQAB|
+ |APADI||AQBC| + |APBC||AQAD|
= |APAC||AQBD| + |APBD||AQAC.

Proof. We represent the pointd, B, C, D, P, and@ by vectorsad = (ay,as9, 1)
and so on. Now consider the vectdiss @)7, ..., (d @ d)T, as well as the vectors
(p @ ip)T and (i ® §)T. Then clearly, thes x 6-determinant formed by these
six vectors equals zero. If we now evaluate this determiaanthe sum of the
signed product of every x 3-determinant contained in the three first rows and its
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complementary x 3-determinant in the three bottom rows, we obtain exactly the
identity of the lemma. a

Note that the imaginary numbers are necessary to ensurex¢h@avo of the
products automatically cancel against each other. Als tiat this result really
is about octahedrons Brspace and can immediately be extended to their analogs
in any dimension. Ptolemy’s Theorem follows by lettifjand ) coincide and
assuming this point is on the circumcircleldA BC'D.

Corollary 21. For any complete quadranglABC' D andE = ACNBD and a
point P both in the (affine) plane of the quadrangle,
|APDA| - |AEBC|+ |APBC|-|AEDA|
= |APCD|-|AEAB| + |APAB| - |AECD],
whereF is the point of intersection ol C with BD.
Proof. Let () coincide withFE. O

Now, let IABCD be convex. TherE = AC N BD is in the affine plane
and we can obtailk A* B*C* D* by circular inversion with respect t&. Also,
OA*B*C*D* is convex by Theorem 19. Therefore, the equality| 4f B*| +
|C*D*| and|D*A*| 4+ |B*C*| is both necessary and sufficient for the quadrangle
to be inscribable. By the properties of inversion, this éton is equivalent to the
condition

|AB| ICD|  |DA| |BC|
|EA||EB| ' |EC||[ED| |ED||EA| = |EB||EC|’

or
DA-|AEBC|+ BC -|AEDA| =CD-|AEAB|+ BA-|AECD,|.

If OABCD is inscribable, this condition can also be written in tharfor
IANIDA||AEBC|+|AIBC|-|AEDA| = |AICD|-|AEAB|+|AIAB|-|AECD|.
But this equality is true by Cor. 21. We conclude thaflil BC D is inscribable,
then so i91A*B*C*D*.

Alternatively, we can use a curious result that receivedesomiline attention in
recent years, but which is probably considerably older.

Theorem 22. For any convex quadrilaterdlABC D with E = AC N BD, let
I, bethe incenter o EAB and so on. ThelWI glgcloplp 4 is cyclic if and
only if DABC D is inscribable.

Proof. See [1] and the references there. The convexity requiremegiit not be
necessary. O

Let us assume again thetABC'D is inscribable. This means that the quad-
rangle is convex and that = AC N BD is in the affine plane. Also, note
that £ = Islo N Iglp. Therefore, El4p - Elcop equaIsEIBc - FElpg by
Theorem 22. Now, leKA*B*C*D* be a reciprocal oikABC D obtained by
circular inversion with respect t& and a circle with radiug. As we assumed
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thatWABCD is convex, so iXA*B*C*D* by Theorem 19. Sincé&\EA*B*
is inversely similar toAECD while |A*B*| = r?|BD|/(|EB||ED]|), it fol-
lows thatEl 4« = r?Elcp/(|EC||ED|) and so on. Consequentiy; /g~ -
Elo«p« = Elg«c+ - Elp+ g«. ThereforeXi s« g« I g«c« Io« p« I p* 4+ 1S cyclic and
OA*B*C*Dx* is inscribable by Theorem 22 again.

As a third proof, it is relatively straightforward to actlyatonstruct a reciprocal
XA*B*C*D* with its sides tangent to the incircle 6fABC D. More gener-
ally, this approach proves that the existence of any tangerie to a quadrangle
implies the existence of one for its reciprocal. This camdfon can actually be
looked upon as a special case of yet another way to cons#cigrocal quadran-
gles. The proof of the validity of this more general condiarg however, seems to
require a property of reciprocal quadrangles that we havéoonched upon in this
paper. We plan to discuss this property (and the specificizartion of reciprocal
guadrangles that follows from it) in a future paper.

6. Conclusions

In this paper we outlined how in many cases the concept of gtearan be
replaced by the more rigorous notion of arsection. Other than the increased
rigor, one advantage of-sections over angles is that reasoning with the former is
somewhat more similar to the kind of reasoning one might seather parts of
mathematics, particularly in algebra. Although perhapgtla bit of an overstate-
ment, Picken did have a point when he claimed that his pagenali have dia-
grams because they were “quite unneces$ailo, the formalism ofi-sections
provides a natural framework in which to study geometricalbems involving
multiple lines and their respective inclinations. As suthpoth provides a clearer
description of known procedures and is bound to lead to tpresthat the use of
the notion of angles would not naturally give rise to. As aecagpoint, we showed
how the notion ofrn-section suggests both a natural description of the proeedu
involving orthologic triangles in the form of the notion &aiprocal quadrangles
and give rise to the question what properties of a compledelgungle are retained
under the “reciprocation” of quadrangles.

At the same time, the fact that the “reciprocation” of quadtas does not favor
any of the vertices of the figures involved comes at a cosedddits use does not
naturally give rise to certain types of questions that theafworthologic triangles
does lead to. For instance, it is hard to see how an exclusighasis on the
notion of reciprocal quadrangles could ever lead to theystidintipedal triangles
and similar constructions. In short, the notion of reciploguadrangles should
be seen as a general notion underlying the use of ortholagitgtes and not as a
replacement of the latter.

8See [16], p.188.
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