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Mappings Associated with Vertex Triangles

Clark Kimberling

Abstract. Methods of linear algebra are applied to triangle geomdthe ver-
tex triangle of distinct circumcevian triangles is provedoe perspective to the
reference triangled BC, and similar results hold for three other classes of ver-
tex triangles. Homogeneous coordinates of the perspedtfise four map-
pings M, on pairs of pointU, X). Many triangles homothetic td BC are
examined, and properties of the four mappings are presenitecarticular,
M; (U, X) = M(X,U) fori = 1,2,3,4, and M (U, M1(U, X)) = X;

for this reasonM; (U, X) is given the namé/-vertex conjugate ofX. In the
introduction of this workpointis defined algebraically as a homogeneous func-
tion of three variables. Subsequent definitions and methuzsde symbolic
substitutions, which are strictly algebraic rather thaargetric, but which have
far-reaching geometric implications.

1. Introduction

In [1], H. S. M. Coxeter proved a humber of geometric resultimg methods
of linear algebra and homogenous trilinear coordinatesveéyer, the fundamental
notions of triangle geometry, such as point and line in [H af the traditional
geometric sort. In the present paper, we begin with an agedefinition of point.

Supposes, b, c are variables (or indeterminates) over the field of complaxn
bers and that, y, = are homogeneous algebraic functiongafb, c) :

x =z(a,b,c), y=vylab,c), z=z(ab,c),

all of the same degree of homogeneity and not all identichp. Triplesz, y, z)
and(x1,y1, z1) areequivalentf zy; = yx; andyz; = zy;. The equivalence class
containing any particulafz, y, ) is denoted byt : y : z and is apoint. Let

A=1:0:0, B=0:1:0, C=0:0:1.

These three points define theference triangleA BC'. The set of all points is the
transfigured planeas in [6]. If we assign ta, b, c numerical values which are the
sidelengths of a euclidean triangle, then y : z are homogeneous coordinates
(e.g., trilinear or barycentric) as in traditional georgeind points as defined just
above are then points in the plane of a euclidean triaddgde’.

Possibly the earliest treatment of triangle-related oat® functions rather than
two-dimensional points appears in [3]; in [3]-[9], poirds-functions methods
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lead to problems whose meanings and solutions are nongeomgt which have
geometric consequences. Perhaps the most striking areofignsiibstitutions
[6]-[8], the latter typified by substitutingc, ca, ab for a,b, c respectively. To
see the nongeometric character of this substitution, onesaaily find values of
a, b, c that are sidelengths of a euclidean triangle layta, ab are not — and yet,
this substitution and others have deep geometric consegsgeas they preserve
collinearity, tangency, and algebraic degree of loci. §@nthe symbolic substitu-
tion (a, b, c) — (be, ca, ab) is again considered.)

Having started with an algebraic definition of “point” as 8j,[we now use it as
a basis for defining otheaalgebraicobjects. Aline is a set of pointx : y : z such
thatlz +my +nz = 0 for some point : m : n; in particular, the line of two points
p:q:randu:v: wis given by

T oy z
p qg r |=0.
u v ow

A triangle is a set of three points. Harmonic conjugacy, isogonal gagy, and
classes of curves are likewise defined by algebraic equathat are familiar in
the literature of geometry (e.g. [1], [5], [10], [12], and nyanineteenth-century
works), where they occur as consequences of geometric &iond, not as def-
initions The same is true for other relationships, such agwwence of lines,
collinearity of points, perspectivity of triangles, siamiity, and homothety.

So far in this discussion, coordinates have been generabgeneous. In tra-
ditional triangle geometry, two specific systems of homegeis coordinates are
common: barycentric and trilinear. In order to define sggmts and curves, we
shall use their traditional trilinear representationsstéd here are a few examples:
the centroid ofA BC is definedas the pointl /a : 1/b : 1/¢; the line£> at infinity,
asax + by +cz = 0. The isogonal conjugate of a point: y : z satisfyingzyz £ 0
is defined as the poirit/x : 1/y : 1/z and denoted byX —!, and the circumcircle
I"is defined byayz + bzx + cxy = 0, this being the set of isogonal conjugates of
points onL>. Of course, we may illustrate definitions and relationshipetal-
uating a, b, c numerically—and then all the algebraic objects become g#iden
objects. (On the other hand, if, for example, b, c) = (6, 2, 3), then the algebraic
objects remain intact even though there is no triangle witblengthss, 2, 3.)

Next, we define four classes of triangles. Suppfise- z : y : z is a point not
on a sideline ofABC'; i.e., xyz # 0. Let

Ai=AXNBC=0:y:z
Bi=BXNCA=2z2:0:z
Ci=CXNAB=x:y:0.

The triangleA, B1 (1 is thecevian triangleof X. Let A, be the point, other than,

in which the lineAX meetd’. Define By andCs cyclically. The triangled; BoCo
is thecircumcevian triangleof X, as indicated in Figure 1.
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Figure 1.

Let A3 be the{ A, A, }-harmonic conjugate oX (i.e, A3 = —x : y : 2), and
defineBs and(Cs cyclically. ThenAsBs(Cs is theanticevian triangleof X. Let

A" =BCnN B, B'=CAN C1 Ay, C' = AB N A1 By,

so thatA” = {B, C'}-harmonic conjugate ofi; (i.e, A; =0:y: —2), etc. The
linesAA’, BB',CC" are theanticeviansof X, and the points

Ay = AA'NT, B, =BB'NT, C,=0CC'NT,

as in Figure 2, are the vertices of thiecum-anticevian triangled, B4Cy, of X.

Bs

Figure 2.
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With these four classes of triangles in mind, supp®se- DEF andT’ =
D'E'F' are triangles. Theertex triangleof 7' and 7" is formed by the lines
DD',EFE',FF’ as in Figure 3. Note thal’ and7” are perspective if and only
if their vertex triangle is a single point.

Al

Figure 3.

2. The first mapping M,

Theorem 1. The vertex triangle of distinct circumcevian triangles ergpective
to ABC.

Proof. Let A’ B'C’ be the circumcevian triangle &f = = : y : 2, and letA” B"C”
be the circumcevian triangle &f = v : v : w. The former can be represented as a
matrix (e.g. [5, p.201]), as follows:

Al 1 Y1 2
B'l = |z2 y2 2
c’ T3 Y3 23
—ayz (cy+b2)y (bz+cy)z
= | (cx + az)z —bzx (az +cx)z |,
(bxr + ay)z  (ay + bx)y —cry

and likewise forA” B”C" using vertices; : v; : w; in place ofz; : y; : z;. Lines
A’A"”, B'B",C'C" are given by equations;a + ;8 + z;y = 0 for i = 4,5,6,
where

T4 Ya 24 Yyiwi — 2101 21Ul — w1 1101 — Yiul

Ty Ys 25 | = | Y2W2 — 22V2  22U2 — X2W2 XT2V2 — YaU2 |,

Te Y6 <6 Ysws — 23V3  23U3 — T3W3 T3VU3 — Y3us
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so that the vertex triangle is given by

n

A T7 Y7 27
"

B = |xs ys =28
"

C T9 Y9 29

Y526 — 2546 25T6 — T526  T5Y6 — Y56
= | Y624 — Z6Ya 26T4 — T6Z4 TeY4 — YT | - 1)
YaZs — Z4Y5  Z4T5 — T4Z5  TaYs — Yals

The line AA” thus has equatiofo + 273 — y7v = 0, and equations for the lines
BB" andC'C"" are obtained cyclically. The three lines concur if

0 2z —yr
—Z8 0 xTs = 0,
Y9 —x9 O
and this is found (by computer) to be true. d

In connection with Theorem 1, the perspector is the p&int zgzg : Tgyg :
zgTg. After canceling long common factors, we obtain

P = a/(a®>vwyz — uz(bw + cv)(bz + cy))
b/ (VPwuze — vy(cu + aw)(cx + az))
s e/ (Cuvzy — wz(av 4 bu)(ay + bx)). 2

The right-hand side of (2) defines the first mapping, (U, X). If U and X
are triangle centers (defined algebraically, for exampie[3i, [5], [11]), then
S0 isM; (U, X). It can be easily shown thatt; (U, X) is an involution; that is,
Mi(M;(U, X)) = X. In view of this property, we cal\; (U, X) the U-vertex
conjugateof X. For example, the incenter-vertex conjugate of the circunterds
the isogonal conjugate of the Bevan poirg;, M; (X, X3) = Xs4. The indexing
of named triangle centers, such &g, is given in theEncyclopedia of Triangle
Centerd9].

Vertex-conjugacy shares tlso- property with another kind of conjugacy called
isoconjugacy; viz., thd/-vertex-conjugate ofX is the same as th& -vertex-
conjugate ofU. (The U-isoconjugate ofX is the pointvwyz : wuzx : uvzy;
see the Glossary at [9].)

Other properties oM are given ing9 and in Gibert’s work [2] on cubics asso-
ciated with vertex conjugates.

3. The second mapping\s

Theorem 2. The vertex triangle of distinct circum-anticevian triaaglis perspec-
tive to ABC.
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Figure 4.

Proof. The method of2 applies, starting with

A T Y1 21
B'|=|z2 y2 2
c’ T3 Y3 23

ayz (cy —bz)y (bz —cy)z
= | (cx — az)x bzx (az —cx)z |,
(bx — ay)x (ay — bx)y cry
and likewise forA” B"C". O

The perspector is given by
a ' b . c
f(CL’baC’xy%Z) ' f(b7caa7yazaa) . f(C,CL,b,Z,CL,b))7

P=p:q:r= 3)

where

fla,b,c,s,y,2) = a>vwyz — zu(bw — cv)(bz — cy),

and we defineVy (U, X) = P asin (3).
As this mapping is not involutory, we wish to solve the equiaf® = My (U, X)
for X. The system to be solved, and the solution, are given by

5 5 k) (1) (%)
g2 ha ko Ly | =10b/q
g3 hsy k3 1/z c/r
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1/x g k' [a)p

Vy| =192 ha ko b/q |,

1/z g3 hsy k3 c/r
where

g1 hi ki a’vw —bu(bw — cv)  cu(bw — cv)

g2 hy ko| = av(cu — aw) brwu —cv(cu — aw) | .

g3 hs ks —aw(av —bu)  bw(av — bu) ks = ctuv
Again, long factors cancel, leaving

and

X =z:y:z=g(abe):glbea): gleab),

where
a

adqrv?w? — a2Gy + aG1 + Gy’

g(a,b,c) =
where
Go = u?p (bw — ev)? (br + ¢q)
G1 = wowp (br — cq) (cv — bw)
G = wwrq (bw + cv) .

4. The third mapping M3

Given a pointX = x : y : z, we introduce a trianglel’ B'C’ as follows:
A T Y1 21 ayz (cy+bz)y (bz+cy)z
Bl =22 y2 22| =|(cx+ax)x bzx (az+cx)z |,
C’ T3 Y3 23 (bz + ay)r (ay + bx)y cxy
and likewise forA” B”C" in terms ofu : v : w. The method o%2 shows that
ABC is perspective to the vertex triangle 4fB'C" and A” B”C". The perspector
is given by
M3 (U, X) = a/(a*vwyz + zu(bw + cv)(bz + cy))
b/ (PPwuzz + yv(cu + aw)(cz + az))
s/ (Cuvzy + zw(av + bu)(ay + bx)). 4

A formula for inversion is found as i§8: if M3(U,X) =P =p:q:rthenXis
the pointg(a, b, c) : g(b, ¢, a) : g(c,a,b), where

a
adgrv?w? + a2Gy — aGy — Gy’

g9(a,b,c) =
where
Go = u’p (b2w2 - 021)2) (br —cq),
G1 = uwvwp (br + cq) (bw + cv)
Go = uwvwrq (bw + cv) .

Geometrically,4’ is the{4, A}-harmonic conjugate ofl, where ABC and ABC
are the cocevian and circumcevian trianglexofespectively. (The vertices of the
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cocevian triangle ofX areA=0:z: -, B=2:0: x, C = y:—x:0.The
point A is the{ B, C'}-harmonic conjugate of thd-vertex of the cevian triangle of
U. The triangleA BC is degenerate, as its vertices are collinear.)

5. The fourth mapping M,

For givenX = z : y : 2, define a triangled’ B’C’ by

A 1 Y1 o2 —ayz (cy —bz)y (bz—cy)z
Bl =22 y2 22| =|(cx—a2)x —bzx (az — cx)z
'’ T3 Y3 23 (b — ay)z (ay — bx)y —cxy

Again, ABC'is perspective to the vertex triangle 4fB’C’ and the triangled” B” C"”
similarly defined fromlJ. The perspector is given by

My(U, X) = a/(a*vwyz + zu(bw — cv)(bz — cy))
2 b/ (VPwuzz + yv(cu — aw)(cx — az))
s/ (Cuvzy + zw(av — bu)(ay — bx)). (5)

A formula for inversion is found as fdj3: if My (U, X) =P =p:q:r thenX
is the pointg(a, b, c) : g(b,c,a) : g(c,a,b), where
a

b,c) = .
9la;b,) (avw — buw — cuv) (a?grvw + up (cqg — br) (bw — cv))
Geometrically,4’ is the{ A, A}-harmonic conjugate ofl, whereABC and ABC
are the cevian and circum-anticevian triangles{ofrespectively.

6. Summary and extensions

To summarize§2-5, vertex triangles associated with circumcevian ardigir
anticevian triangles are perspective to the referencagiéad BC, and all four
perspectors, given by (2-5), are representable by theAipform for first trilin-
ear coordinate:

a
T ; ; (6)
wt(GEE) <—i£>
Yy z
here, the three: signs are limited to- + 4+, — — —, + + 4+, and+ — —, which

correspond in order to the four mappings; (U, X).

Regarding each perspectBr= M; (U, X ), formulas for the inverse mapping of
X, for givenU, have been given, and in the case of the first mapping, theftrans
mation is involutory. The representation (6) shows that(U, X) = M;(X,U)
for eachi, which is to say that\(;(U, X) can be viewed as a commutative binary
operation. There are many interesting examples regardafptir mappings; some
of them are given irg9.

For all four configurations, defind1;(U,U) by puttingz : y : z = u : v :

w in (2)—(5), and note that (6) gives the perspector in thesesaln Figure 3,
taking X = U corresponds to moving’, F’, G’ to E, F, G so that in the limit the
lines B'C’,C"A’, A’ B’ are tangent t@". It would be of interest to know the set of
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triangle centersX for which there exists a triangle centérsuch thatM,; (U, U) =
X.
The symbolic substitution

transforms the transfigured plane onto itself, as (7) mapls paintX = x : y :
z=ux(a,b,c) : y(a,b,c) : z(a,b,c) to the point
X' =o'y 2 = x(be, ca, ab) : y(be, ca,ab) : z(ca,ab,be).

The circumcircle, as the locus of satisfyingayz + bzz 4+ czy = 0, maps to the
Steiner circumellipse [10], which is the locus©f: 3/ : 2’ satisfying

bey' 2 + caz'x’ + abx'y’ = 0.
Circumcevian triangles map to perspective triangles a@ofem 1, and perspec-
tors are given by applying (7) to (2). The substitution (KeWise applies to the
developments ir§53-5. Analogous (geometric) results spring from other (non-

geometric) symbolic substitutions, such (@sb,c) — (b + ¢,¢ + a,a + b) and
(a,b,c) — (a?,b%,c?).

7. Homothetic triangles

We return now to the vertex-triangles introduced;$2—-5 and establish that if
U and X are a pair of isogonal conjugates, then their vertex treamgghomothetic
to ABC.

Theorem 3. SupposeX is a point not on a sideline of triangldd BC'. Then the
vertex triangle of the circumcevian trianglesXfand X —! is homothetic toA BC,
and likewise for the pairs of vertex triangles§g3—5.

Proof. In accord with the definition of isogonal conjugate, tritme forU/ = X !
are given byu = yz, v = zz, w = zy, so that
u:v:w:x_lzy_lzz_l.

In the notation ofy2, the vertex triangle (1) is given by it4-vertexxy : y7 : z7,
where

x7 = abe(x? + y?)(2? + 22) + (a®(bz + cy) + be(by + cz))x3
+a(a® + b? + ) a?yz + (beyz(bz + cy) + a®yz(by + c2))x,

yr = — baz(ab(z® +y?) + (a* + b* — *)zy),

27 = — caylac(z® + 2°) + (a® — b + P)x2).

Writing out the coordinatess : ys : zs andxg : yg : z9, We then evaluate the
determinant for parallelism of sidelin@C' and theA-side of the vertex triangle:

a b c
1 0 0 =0.
Ygzg — 28Y9 Z8T9 — Xgz9 I8Y9 — YsT9g
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Likewise, the other two pairs of sides are parallel, so thatertex triangle of the
two circumcevian triangles is now proved homotheticitBC.

The same procedure shows that the vertex triangl§§3a5, whenl = X1,

are all homothetic tol BC' (hence homothetic to one another, as well as the medial
triangle, the anticomplementary triangle, and the Eulangle).

U
A///
|
|
|
|
|
’
| :
C,, e
B//
Y, b
c’ <
c
b
W 1mrr
)(7a a
C
B/// A, A” C///
Figure 5.

Substituting into (6) gives a compact expression for the fdasses of homo-
thetic centersife., perspectors), given by the following first trilinear:
ayz
(a2 £ (b2 + 2))yz £ be(y? + 22)’
from which it is clear that the homothetic centers forand X —! are identical.

8. More Homotheties

Let C(X) denote the circumcevian triangle of a poikit and letO denote the
circumcenter, as in Figure 6.

Theorem 4. Supposéd/ is a point not on a sideline of triangld BC. The vertex
triangle of C(U') andC(0O) is homothetic to the pedal triangle bf L.
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Proof. The vertex triangled” B”’C"" of C'(U) andC(O) is given by (1), using
U=u:v:wand

r=alb®+ —d?), y=b+a>-0b?), z=cla®+b -7

Trilinears for A” as initially computed include many factors. Canceling éos
common to all three trilinears leaves

x7 = 4abc(avw + bwu + cuv) +u*(a + b+ c)(—a+b+c)(a—b+c)(a+b—c),
yr = uv(a® — b* + ) (b — a® + ) — 2cw(a® +b* — ) (av + bu),
27 = uw(a® — &+ b?)(? — a* + b?) — 2bv(a® + ¢* — b%) (aw + cu),

andzs, ys, zs andzg, yg, z9 are obtained from-, y7, z7 by cyclic permutations of
a,b,candu, v, w.

SinceU~! = vw : wu : wv, the vertices of the pedal triangle bf ! are given
([5, p.186]) by

i m 0 w(u+ver)  v(u+ wby)
fo g2 he | = | w(v+ uc) 0 u(v+way) |,
fs g3 hs v(w 4+ uby) u(w + vay) 0

where

(a1,b1,c1) = (a(b® 4+ & — a?),b(c? + a* — b%), c(a® + b* — 2)).
Side B”’C" of the vertex triangle is parallel to the corresponding lggeof the
pedal triangle if the determinant

a b c
gohs — hags  hafs — fahs  fags — g2.f3 (8)
Yszg — Z8lY9  Z8XL9 — TgZ9 TY9 — YTy
equald. Itis helpful to factor the polynomials in row 3 and cancel eoon factors.
That and puttingfy = go = hs = 0 lead to the following determinant which is a
factor of (8):

a b c
—hags ha f3 f293 :
2a(bw + cv) w(a® +b* — %) v(a® —b* + )
This determinant indeed equadls The parallelism of the other matching pairs of
sides now follows cyclically. O

9. Properties of the four mappings

This section consists of properties of the mappings, Mo, M3, My intro-
duced in§§2-5. Proofs are readily given by use of well known formulassdveral
cases, a computer is needed because of very lengthy trédinddroughout, it is
assumed that neithé&f nor X lies on a sideline o BC.
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A///

B

loid

B/// A// A/ C///
Figure 6.

la.If U €T, thenM; (U, X) = U.

1b. If X ¢ T, then

a . b . c
ayz — bzx — cry  bzx — cxy —ayz  cry — ayz — bzw’
If U =M;(X,X), then

Mi(X, X) =

avw bwu cuv

T bwtcw cutaw av+bu
lc. If X is the 1st Saragossa point bt then M;(U,X) = X. (The 1st
Saragossa point is the point

a ) b ) c
bzx + cxy  cxy+ayz  ayz + bza’
discussed at [9] just befor& 4.

1d. Supposd’ is on the line at infinity and letU* be the isogonal conjugate
of the antipode of the isogonal conjugate (of Let L be the lineXsU*. Then
M (U,U*) = X3,and if X € L, thenM; (U, X) is the inverse-irF of X.

le. M; maps the Darboux cubic to itself. (See [2] for a discussionutfics
associated with\1;.

2a. Mo (X, X) = X.
2b. My (X, X) = X-Ceva conjugate oK.

2c. Let L be the lineU X and letZ’ be the lineUU¢, whereU*¢ = My (U, U).
If X € L, thenMy(U, X) € L.
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3a. M3(Xg, X) = X.

3b. If X € I"and X is not on a sideline oABC, then M3(X, X) is the
cevapointX and Xg. (The cevapoint [9, Glossary] of poinf8 = p : ¢ : » and
U =wu:v:wisdefined by trilinears
(pv + qu)(pw + ru) : (quw + rv)(qu + pv) : (ru + pw)(rv + quw).)
3c.If U € T, then
Ms3(U, X) =

u v w

ayz — bzx —cxy  bzx — cxy —ayz  cxy — ayz — bzx’

which is the trilinear produdt’ - X , whereX is the X»-isoconjugate of the(-Ceva
conjugate ofXg.

4a. M4(X6,X) =X.

4b. SupposeP is on the line at infinity (so thaP~! is onT). Let X be the
cevapoint ofXg and P. Then M, (X5, X) = P~ L.

4c.Let X* = X- X, whereX is as in 3c. ThenM (X, X*) = X.
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