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Rings of Squares Around Orthologic Triangles

Zvonko Cerin

Abstract. We explore some properties of the geometric configuration when a
ring of six squares with the same orientation are erected on the segBénts
DC, CE, EA, AF and F'B connecting the vertices of two orthologic trian-
glesABC and DEF. The special case wheRE'F is the pedal triangle of a
variable pointP with respect to the trianglel BC' was studied earlier by Bot-
tema [1], Deaux [5], Erhmann and Lamoen [4], and Sashalmi arititdan [8].

We extend their results and discover several new properties of thisdtiteye
configuration.

1. Introduction — Bottema’s Theorem

The orthogonal projectionB,, P, and P. of a point P onto the sidelineBC,
C A andAB of the triangleABC are vertices of its pedal triangle.
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Figure 1. Bottema’s Theorem on sums of areas of squares.

In [1], Bottema made the remarkable observation that
|BP,|* + |CPy)? + |AP.|? = |P,C|* + |P,A|* + |P.B|*.

This equation has an interpretation in terms of area which is illustrated in Figure 1
Rather than using geometric squares, other similar figures may be use®hs in [
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Figure 1 also shows two congruent triangles homothetic with the triahfl€’
that are studied in [4] and [8].

The primary purpose of this paper is to extend Bottema’s Theorem (see Fig-
ure 2). The longer version of this paper is available at the author’s \Getelpage
http://math.hr/"cerin/ . We thank the referee for many useful sugges-
tions that improved greatly our exposition.

Cl/

FI
Figure 2. Notation for a ring of six squares around two triangles.

2. Connection with orthology

The origin of our generalization comes from asking if it is possible to replace
the pedal triangleP, P, P. in Bottema’s Theorem with some other triangles. In
other words, ifABC and DE'F are triangles in the plane, when will the following
equality hold?

|BD> + |CE|)? + |AF|? = |DC|* + |EA|* + |FB|? (1)
The straightforward analytic attempt to answer this question gives the foljowin

simple characterization of the equality (1).
Throughout, triangles will be non-degenerate.

Theorem 1. The relation (1) holds for trianglest BC and DEF if and only if
they are orthologic.

Recall that trianglegl BC and D E'F' areorthologicprovided the perpendiculars
at vertices ofABC onto sidesE'F', FD and DE of DEF are concurrent. The
point of concurrence of these perpendiculars is denotetMBC, DEF']. Itis
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Figure 3. The trianglesl BC andDEF are orthologic.

well-known that this relation is reflexive and symmetric. Hence, the peipgiads
from vertices ofD E'F onto the sideB3C, C'A, andAB are concurrent at the point
[DEF, ABC'|. These points are called tliest andsecond orthology centersf
the (orthologic) triangles BC and DEF'.

It is obvious that a triangle and the pedal triangle of any point are orthosmg
that Theorem 1 extends Bottema’s Theorem and the results in [8] (The®eand
the first part of Theorem 5).

Proof. The proofs in this paper will all be analytic.

In the rectangular co-ordinate system in the plane, we shall assume tibrgug
that A(0, 0), B(1, 0), C(u, v), D(d, §), E(e, ) and F(f, ¢) for real numbers
u, v, d, 6, e, €, f andp. The lines will be treated as ordered triples of co-
efficients(a, b, ¢) of their (linear) equations x + by + ¢ = 0. Hence, the per-
pendiculars from the vertices @ F F onto the corresponding sidelines 46BC
are(u — 1, v, d(1 —u) —v9), (u, v, —(ue+wve)) and(l, 0, —f). They will be
concurrent provided the determinan = v((u — 1)d —ue+ f +v (d —¢)) of
the matrix from them as rows is equal to zero. In other wafds; 0 is a necessary
and sufficient condition fod BC and D EF' to be orthologic.

On the other hand, the difference of the right and the left side of (2)As
which clearly implies that (1) holds if and only #BC and DEF are orthologic
triangles. O

3. The triangles.S153.55 and 555456

We continue our study of the ring of six squares with the Theorem 2 abaut tw
triangles associated with the configuration. Like Theorem 1, this theortsntde
when two triangles are orthologic. Recall that, ..., Sg are the centers of the



60 Z. Cerin

squares in Figure 2. Note that a similar result holds when the squaresided f
inwards, and the proof is omitted.

Se

Figure 4.|515355| = |52545s| iff ABC andDEF are orthologic.

Theorem 2. The trianglesS; 5355 and 52.545¢ have equal area if and only if the
trianglesABC and D E'F are orthologic.

Proof. The verticesV andU of the squareDEVU have co-ordinatege + ¢ —
d,e+d—e)and(d+e—4, d+d—e). From this we infer easily co-ordinates
of all points in Figure 2. With the notation, = v+ v, u_ =u—v,dy =d+ 9,
d_-=d—-6,ey =e+e,e_=e—¢, fr=f+pandf_ = f— pthey are the
following.

Al(—e, e), Ao, —f), B'(1—¢, f—1), B"(1+46,1—d),
C'(uy — 6, u_+d), C"(u—+e,uyr—e), D'(dy,1-d-),
D,/(d*_{'va d+—u), E,(eJr_Ua u_e*)’ E”(G,, 6+),

F'(fy, =f-), F'"(f-, f+—1), 51(1+2d+,%>, 52(%, d*%»
S (25=0m) s 9. s (5 -F) s (5 ).

Let P* and PY be thex— andy— co-ordinates of the poinP. Since the area
|DEF| is a half of the determinant of the matrix with the ro®*, DY, 1),
(B®, EY, 1) and(F*, FY, 1), the differencdS>S4Ss| — |S1.5355| is 4. We con-
clude that the triangle$.55S55 and S254S¢ have equal area if and only if the
trianglesABC and DEF are orthologic. O
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4. The first family of pairs of triangles

The trianglesS; 5355 and S2.54S5¢ are just one pair from a whole family of
triangle pairs which all have the same property with a single notable exception.
For any real numbetrdifferent from—1 ando, let S¢, ... ,Sg denote points that
divide the segmentdS;, ASs, BSs, BSy4, C'S5 andCSg in the ratiot : 1. Let
p(P, 6) denote the rotation about the poifitthrough an anglé. Let G, andG

be the centroids ol BC' and DEF.

Figure 5. The triangle§?52.5% and 525352 are congruent.

The following result is curios (See Figure 5) because the particular vatug
gives a pair of congruent triangles regardless of the position of theyteisd BC
andDFEF.

Theorem 3. The triangleS35%.S2 is the image of the triangl875%S2 under the
rotation p (G, 5). The radical axis of their circumcircles goes through the cen-
troid G,.

Proof. Since the point that divides the segmdd¥ in the ratio2: 1 has co-

ordinates( 4£2¢, 9£2¢) it follows that

2 (14+d 1—d_ 2 (d_+u dy—u—_
St (M ) and 3 (e, ).

SinceG, (%, ¥), it is easy to check tha$? is the vertex of a (negatively ori-
ented) square of,57. The arguments for the pai($3, S7,) and(SZ, Sz, ) are

analogous.
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Finally, the proof of the claim about the radical axis starts with the observatio
that since the triangleS; S3.55 and 5,545 are congruent it suffices to show that
|G500dd|? = |GyOcven|?, WhereOyqq and O, are their circumcenters. This
routine task was accomplished with the assistance of a computer algebra.syste

O

-5’5

.
Figure 6. |S}S5SE| = |S455S6| iff ABC andDEF are orthologic.

The following result resembles Theorem 2 (see Figure 6) and showsahht
pair of triangles from the first family could be used to detect if the triangIBg
andDEF are orthologic.

Theorem 4. For any real numbet different from—1, 0 and2, the trianglesS? S% 5%
and 54545 have equal area if and only if the trianglesBC and DEF are or-
thologic.

Proof. Since the point that divides the segménk’ in the ratiot : 1 has co-ordinates

(ﬁﬁe, ot ) , it follows that the pointsS? have the co-ordinates

t(1+d t(1—d_ t(d_+u t(dy—u_ 2+t(u—_—+e t(ur—e_
S ( é(t+1+))’ é(t+1))> , S5 ( (2(t+1)+)’ (2a+1) )> , 55 ( 2((t+1) +)’ (2(+t+1) )> ’

24te_ te 2utt fr  2v—t f_ 2utt(l+f-) 2v—¢(1—f4)
Si <2(t+1)’ 2(t++1)>7 S5 ( 2(zt+1)+7 2(t+1) )? Sé( 2(t+1) 2(t+1)+ )

As in the proof of Theorem 2, we find that the difference of areas dfituegles

S5SLSE and St SLSt is 1((21:1))%. Hence, fort # —1, 0, 2, the trianglesS? S4.S¢ and
StS%SE have equal area if and only if the triangldé®3C' and DE'F are orthologic.

O




Rings of squares around orthologic triangles 63

5. The second family of pairs of triangles

‘55
Figure 7. |T7T5Ts | = |T5T; Ts | iff ABC andDEF are orthologic.

The first family of pairs of triangles was constructed on lines joining the cgnte
of the squares with the vertices B andC. In order to get the second analogous
family we shall use instead lines joining midpoints of sides with the centers of the
squares (see Figure 7). A slight advantage of the second family is thes idn
exceptional cases.

Let Ay, B, andC, denote the midpoints of the segmeR§’, C A andAB. For
any real numbes different from—1, let77, ..., T§ denote points that divide the
segmentsi; Sy, AyS2, ByS3, BySs, CySs andCySg in the ratios : 1. Notice that
TPT5 Ay, T5T; By andT3 T Cy are isosceles triangles with the right angles at the
verticesA,, B, andC.

Theorem 5. For any real numbes different from—1 ando0, the trianglesI7T577
and T5T;T¢ have equal area if and only if the triangle$BC and DEF are
orthologic.

Proof. As in the proof of Theorem 4, we find that the difference of areas ofrithe
anglesIyT5T: andT5 T T¢ is 4(‘27_%1). Hence, fors # —1, 0, the triangleg T4 T}
andT3T;T¢ have equal area if and only if the trianglé&3C and DEF are ortho-

logic. O
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6. The third family of pairs of triangles

When we look for reasons why the previous two families served our parpb
detecting orthology it is clear that the vertices of a triangle homothetic it
should be used. This leads us to consider a family of pairs of trianglesepand
on two real parameters and a point (the center of homothety).

For any real numbers andt¢ different from—1 and any pointP the pointsX,
Y andZ divide the segment® A, PB and PC in the ratios : 1 while the points
U fori=1,..., 6 divide the segment& Sy, XS, Y S5, 'Sy, ZS5 andZSs
in the ratiot : 1.

Ss Se

Figure 8. |[U Y ulYulsY| = \ulPUu=YUs?| it ABC andDEF are orthologic.

The above results (Theorems 4 and 5) are special cases of the folliheimgm
(see Figure 8).
Theorem 6. For any pointP and any real numbers # —1 andt # —1, ;—51 the
triangles UMV U T and U U U have equal areas if and only if
the trianglesA BC' and DE F are orthologic.

The proof is routine. See that of Theorem 4.

7. The triangles Ao BoCy and Do Eg Fy

In this section we shall see that the midpoints of the sides of the hexagon
51525354555 also have some interesting properties.
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Let Ay, By, Cy, Do, Ey and F;y be the midpoints of the segmerfiSs,, S394,
S5Sg, S4.55, 5651 andS2S3. Notice that the triangledByCy and Dy Ey Fy have
as centroid the midpoint of the segméntG ...

Recall that trianglesABC and XY Z are homologicprovided the linesA X,
BY, andC'Z are concurrent. In stead of homologic many authorgpesspective

Theorem 7. (a) The trianglesA BC and Ay By Cy are orthologic if and only if the
trianglesABC and D E'F' are orthologic.

(b) The trianglesD EF' and Dy E Fy are orthologic if and only if the triangles
ABC and DEF are orthologic.

(c) If the trianglesABC and DEF' are orthologic, then the triangled,ByCy
and Dy Ey Fy are homologic.

Proof. Let Dy (d1, 61), E1(e1, €1) andFi(f1, ¢1). Recall from [2] that the trian-
glesDEF and D1 E4 Fy are orthologic if and only ifAg = 0, where

d dp 1 6 61 1
Ay = A()(DEF, DlElFl) =le e 1|4+|e g 1
I nl v ¢ 1
Then (a) and (b) follow from the relations
A A
Ao(ABC, AQBOCO) = —5 and Ao(DEF, D()E()Fo) = 5

The lineDD; is (6 — d1,d1 — d, 61 d — dy 9), so that the triangle® EF and
D, E1 Fy are homologic if and only if'y = 0, where
0—01 di—d 6d—dio
Ioy=To(DEF, D1E\F1)=| e—¢1 e1—e c1e—elc
o—p1 Hi—f eof—-fip
Part (c) follows from the observation thia§( Ao BoCo, DoEpFy) containsA as
a factor. O
8. Triangles from centroids

Let G1, G2, G3 andG,4 denote the centroids of the triangl€$: 4 G345Gs6c,
G120G34EGs6F, Ga54Ge1BG23c andG s pGe1 EGasr WhereGioa, Giap, Gaan,
G34k, Gsecy Gsery Gasa, Gasp, GeiB, Geie, Gazc andGazp are centroids of
the trianglesSngA, 5152D, 535’43, 535’4E, S5SGC: S5SGF, S4S5A, S4S5D,
SS1B, SgS1E, S255C andSQSgF.

Theorem 8. The pointsGG; and G are the pointsGs and G4 respectively. The
pointsG; and G5 divide the segments, G- andG, G, in the ratiol : 2.

Proof. The centroidsGi24, Gsap and Gsgc have the co-ordinates

(2d+1+v+u 25+1+U—u) 2(e+)+u—v 2etutv and 2(f4u)+1 2(ptv)—1 It
6 ’ 6 ! 6 ’ 6 6 ) 6 :

follows thatG; andG4y have coordinateé
(2(d+e+f)+u+1 2(6+5+<,0)+v>
9 ) 9

andGy = Gs.

d+e+f49rQ(u+1)’ 6+£+§0+2v) and

respectively. It is now easy to check th@ = G4
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Sa
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Figure 9. G and G5 divide G, G~ in four equal parts andl BC' is orthologic
with G124G348G56c iff it is orthologic with DEF".

Let & divide the segment, G, in the ratiol : 2. SinceG, <d+6+f, ‘”f,f‘”)

and G, (44, %), we have(G})” = 2(Ge)"HC) . @RZuHdter)) _ (g,
Of course, in the same way we see tf@t)¥ = (G1)¥ and thaiGg dividesG,G,
in the same ratia : 2. U

Theorem 9. The following statements are equivalent:

(a) The trianglesABC' and G124 G343Gsec are orthologic.

(b) The trianglesABC andG12p G314 G5 are orthologic.

(c) The trianglesD EF' and G454 Gg13G23¢ are orthologic.

(d) The trianglesD EF and G45pGe1 eGosr are orthologic.

(e) The trianglesG 124 G348Gssc and G454 Ge18Gasc are orthologic.
(f) The trianglesG1op G4 Gser and G4sp G pGogr are orthologic.
(g) The trianglesA BC and DEF are orthologic.

Proof. The equivalence of (a) and (g) follows from the relation

A
Ao(ABC, G124G348G56c) = 3
The equivalence of (g) with (b), (c), (d), (e) and (f) one can provthe same
way. ([

9. Four triangles on vertices of squares

In this section we consider four triangld$B’C’, D'E'F', A”B"C", D" E" F"
which have twelve outer vertices of the squares as vertices. The sureasf af
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the first two is equal to the sum of areas of the last two. The same relatiosiihold
we replace the word "area” by the phrase "sum of the squares of tbg"sid

C//

Cl

FI

FII
Figure 10. Four triangled’ B’'C’, D'E'F’, A" B"C" andD"E" F" .

ForatriangleXY Z let | XY Z| ands2 (XY Z) denote its (oriented) area and the
sum|Y Z|? + |ZX|? + | XY |? of squares of lengths of its sides.

Theorem 10. (a) The following equality for areas of triangles holds:
|A/B/C/| + |D/E/F/‘ — ’AI/B//C//‘ + ’D//E//F//‘.
(b) The following equality also holds:
SQ(A/B/C/) + SQ(D,E/F/) — SQ(A//B//C//> + SQ(D//EHFH).

The proofs of both parts can be accomplished by a routine calculation.

Let A}, B} andC denote centers of squares of the same orientation built on the
segmentB’C’, C' A" andA’B’. The pointsD}, E1, Fy, A, BY, CY, DY, EY and
F{" are defined analogously. Notice ttiat B'C", A1 B1C1), (A”"B"C", A{B{CY),
(D'E'F', D{E{F]) and (D"E"F" D{E{F{") are four pairs of both orthologic
and homologic triangles.

The following theorem claims that the four triangles from these centersiafreg
retain the same property regarding sums of areas and sums of squiaregtio$ of
sides.

Theorem 11. (a) The following equality for areas of triangles holds:
|A1B1C1| + |DIE1FY| = |AYB{CY| + |DYE{ FY'|.
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(b) The following equality also holds:
$2(A1B1CY) + s2(D1ELFY) = s2(A1BYCY) + s2(DYEVFY).

The proofs of both parts can be accomplished by a routine calculation.

Notice that in the above theorem we can take instead of the centers any points
that have the same position with respect to the squares erected on thefsides o
the trianglesA’B’C’, D'E'F’, A”B"C"” and D" E"F". Also, there are obvious
extensions of the previous two theorems from two triangles to the statements abo
two n-gons for any integen > 3.

Of course, it is possible to continue the above sequences of triangleefind
for every integei > 0 the trianglesd; B; C}, A]B)/C}!, D, E, F;, and D} E}'F}!.

The sequences start with B’'C’, A”B"C"”, D'E'F’ andD" E" F”. Each member
is homologic, orthologic, and shares the centroid with all previous membdrs an
for eachk an analogue of Theorem 11 is true.

Figure 11.G,G,.G,. G,» andG,G-G .~ G,/ are squares.

10. The centroids of the four triangles

LetGy, G, Gy, G, G, andG, be shorter notation for the centroi@sy g/,
Gpgp, Gangrnon, Gprgnpn, G515355 and G5254S6. The following theorem
shows that these centroids are the vertices of three squares assoitiatibe ring
of six squares.

Theorem 12. (a) The centroid€~,, G, G, andG, are vertices of a square.
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(b) The centroidg7,» and G are reflections of the centroids,» and G, in
the lineG,G . Hence, the centroid&' ., G5/, G, and G, are also vertices of a
square.

(c) The centroidd=. and G, are the centers of the squares (@) and (b), re-
spectively. Hence, the centroids,, G., G, andG,, are also vertices of a square.

The proofs are routine.

11. Extension of Ehrmann—Lamoen results

Ka A,\/ K b

Figure 12. The trianglé, K, K. from parallels toBC, C A, AB throughB”,
C", A” is homothetic taA BC from the centetky.

Let K, KK, be a triangle from the intersections of parallels to the liB&s,
C'A and AB through the pointsB”, C” and A”. Similarly, Let K, K, K. be a
triangle from intersections of parallels to the linBg', C A and AB through the
points B”, C” and A”. Similarly, the trianglesL,LyL., M,MyM,., N,NyN,,
P,P,P. andQ,Q,Q. are constructed in the same way through the triples of points
(', A, B, (D", E", F"), (D', E', F'),(S1, Ss, S5) and(Ss, Sy, Sg), respec-
tively. Some of these triangles have been considered in the case wherigetr
DEF isthe pedal triangl®, P, P. of the pointP. Work has been done by Ehrmann
and Lamoen in [4] and also by Hoffmann and Sashalmi in [8]. In this sect®n w
shall see that natural analogues of their results hold in more generdicsigia

Theorem 13. (a) The trianglesK Ky K., LoLyLe, Mo MyM,., Ny NyN,., P, P, P,
andQ,Q,Q. are each homothetic with the triangleBC.

(b) The quadrangle$s,L,M,N,, KyLyM,N, and K.L.M_.N,. are parallelo-
grams.

(c) The centerd,, J, and.J, of these parallelograms are the vertices of a trian-
gle that is also homothetic with the triangkeBC'.
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Figure 13. The triangle& Ky K., Lo Ly Le, Mo My M. andN, N, N, together
with three parallelograms.

Proof of parts (a) and (c) are routine while the simplest method to proveatte p
(b) is to show that the midpoints of the segmehtsM, and L, N, coincide for
r=a,hb,ec.

Let Jy, Ko, Lo, My, No, Py and@Q)q be centers of the above homotheties. Notice
that.Jj is the intersection of the line&y My and Ly Ng.

Figure 14. The lind<, Lo goes through the symmedian pofitof the triangleABC.

Theorem 14. (a) The symmedian poink of the triangle ABC' lies on the line
KoLyg.
(b) The pointsPy and Qg coincide with the point&vy and M.
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. e E—
(c) The equalitieg - P,Q, = K, L, hold forv = a, b, c.
Proof. (a) Itis straightforward to verify that the symmedian point with co-ordinates
Sd b sty ) lies on the linef Lo,
(b) That the centeP, coincides with the cente¥N, follows easily from the fact
that(A, N,, P,) and(B, N, P,) are triples of collinear points.

(c) SinceQy = 2= py = 221 1Y = f — 1andK{ = —f, we see that
2-(Q4 — ) = Ly — Ki.
- - - - —_— —
Similarly, 2 - (Q¥ — PT) = L* — KZ. This proves the equaliy- P,Q, = K,L,.
O

Theorem 15. The trianglesk, K, K. and L, L L. are congruent if and only if the
trianglesABC and DEF are orthologic.

Proof. Since the triangle&, K, K. and L, L; L. are both homothetic to the trian-
gle ABC, we conclude that they will be congruent if and onlyAf, K| = | L, Ly|.
Hence, the theorem follows from the equality
[(Qu—1)2+ (2v+1)2+2] A
5 .
v

|KaKb|2 - |LaLb‘2 =
O

Let O andw denote the circumcenter and the Brocard angle of the triahHl€'.

Theorem 16. If the trianglesABC and DEF' are orthologic then the following
statements are true.

(a) The symmedian poirft” of the triangleA BC is the midpoint of the segment
KoLyg.

(b) The trianglesM, M, M. and N, N, N are congruent.

(c) The trianglesP, P, P. and Q. Q@ are congruent.

(d) The common ratio of the homotheties of the triandted(, K. and L, L, L.
with the triangleABC' is (1 + cot w) : 1.

(e) The translationsK, K, K. +— Ly,LyL. and N,NyN,. — M, M,M,_ are for
the image of the vect@- O[DEF, ABC] under the rotatiorp (O, %).

(f) The vector of the translatioR, P, P. — Q.,QyQ. is the image of the vector

—_
O[DEF, ABC] under the rotatiorp (O, 3).
Proof. (a) Let¢ = u? — u +v?. Let the trianglesABC and DEF be such that
the centersky and Ly are well-defined. In other words, &/, N # 0, where
M, N = (u—1)d+vd —ue —ve+ f £ ({+1). Let Z; be the midpoint of the
segmentiyLg. Then|ZyK|? = Mﬁ, where
Q S? (€4 1)2T7
E+u2(E+3u+1)2 " (E+u)(E+3u+1)

S = (ue +ve) (€2 + & — 3u(u— 1)) + (€ + u)
[(+3u+1)((u—1)d+vd) + (1 -2 u—&—1)f = (E+1)(§+u—1)],
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Q=¢8>+ du+1)¢+uBu+1)andT = ue + ve + (€ +u)(f — 1). Hence, if
the trianglesABC and DEF' are orthologic (i. e.A =0), thenK = Z,. The
converse is not true because the factSrand 7T can be simultaneously equal to
zero. For example, this happens for the poiaits, 0), B(1,0), C (1, 1), D(2,5),
E (4, —3) andF(3, —1). Aninteresting problem s to give geometric description
for the conditionsS = 0 andT = 0.

(b) This follows from the equality

d(vd+ (1 —u)d —vetue—p+E+1)A
v? '

‘NaNbF - ’MaMbP =

(c) This follows similarly from the equality

(vd+ (1 —u)d —vetue—p+E{+v+1)A
5 :

PaPif? ~ |Qu @il = .

(d) The ratio”fjg"" is [A+uizuwte®orl] Hence, when the triangle$BC and

DEF are orthologic, thelh = 0 and this ratio is

v —ut+vi+u+1 " |BO|? + |CA|? + |AB|?
v B 4-|ABC|

=1+ cotw.

(e) The tip of the vectoK, L, (translated to the origin) is at the point
V(€ —2(ue +ve —uf), 2f —1).

The intersection of the perpendiculars through the paihtsnd E onto the side-
lines BC andC A is the point

-1 _ o
u ((1 —u)d — vd + ue + ve, wvd + (u )f]du ue 05)) ‘
When the trianglesABC and DEF' are orthologic this point will be the second

orthology centefDEF, ABC|. Since the circumcent&? has the co-ordinates

<l i) the tip of the vecto? - OU is at the point
20 20

W (2(<1 —u)d — vd + ue 4+ ve) — 1, 2((u — 1)(ud — ue — ve) + uvd) — f) _

v

Its rotation about the circumcenter Byhas the tip at?V’ (—(W*)¥, (W*)*). The
relationsU* — W% = % andUY — WY = 2A now confirm that the claim (e)
holds.

(f) The proof for this part is similar to the proof of the part (e). O

12. New results for the pedal triangle

Let a, b, c and S denote the lengths of sides and the area of the triaAgté€’.
In this section we shall assume tHaf' F' is the pedal triangle of the poiit with
respecttcd BC. Our goal is to present several new properties of Bottema'’s original
configuration. It is particularly useful for the characterizations of thecBrd axis.
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c"
c’
C
A’
E X
.~ /\D
P
o B
A F B
BI

Al/
Figure 15.52(A’B'C") = s2(A” B”C") iff P is on the Brocard axis.

Theorem 17. There is a unique central poii with the property that the triangles
515355 and S2.5,5¢ are congruent. The first trilinear co-ordinate of this poift
isa((b? + c* +29)a® — b* — c* —28(b? + ¢?)). It lies on the Brocard axis and
divides the segme@ K in the ratio (— cot w) : (1 + cotw) and is also the image
of K under the homothety(O, — cotw).

Proof. Let P(p, ¢). The orthogonal projections,, P, and P, of the pointP onto
the sidelineBC, C'A and AB have the co-ordinates

(u—1)2%p+vu—1)g+v* v((u—1)p+vg—u+1)
< E—u+1 ’ E—u+1 )’

Etu 0 E+u
Since the triangles;53555 and 55545 have equal area, it is easy to prove
using the Heron formula that they will be congruent if and only if two of their
corresponding sides have equal length. In other words, we must gnsbthtion
of the equations

<u(up+vq) v(up+“‘1)) and(p, 0).

v v? +u—1
|SgS5|2—|S456’2_ é.p q § _

= — 0,
E+u 4w 2

2 s v(Eptvg € -Q2u-v)-é+u(u-1)
511" ~ 18652l == 2(¢ —u+1) =0
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As this is a linear system it is clear that there is only one solution. The required
point is P (1‘2;““’ 52“”“)5*”2). Lets = L = =Zwtw The pointP di-

2 ’ 202 1+ 511 1+cotw”

vides the segme@ K in the ratios : 1, whereO (%, %) andK (25(2._%{), 2(511)>-

Theorem 18. The trianglesS; 5355 and 525456 have the same centroid if and
only if the pointP is the circumcenter of the trianglé BC'.

2 _ M24 N2 :
Proof. We get|G,G.|* = SE—u e (T 1) with

M =362u—1p+v(l+48)q—E(26+3u—1)

andN =v(1+¢&)(2p—1). Hence,G, = G, if and only if N = 0 and M = 0.
In other words, the centroids of the triangl€sS3S5; and.S254Sg coincide if and
onlyifp = % andqg = % (i. e., if and only if the pointP is the circumcente® of
the triangleABC). (]

Recall that the Brocard axis of the triangle3C' is the line joining its circum-
center with the symmedian point.

Let s be a real number different froand—1. Let the points4,, B; andC
divide the segment8D, CE and AF' in the ratios : 1 and let the pointd;, E;
andF; divide the segment®C, EA andF'B in the ratiol : s.

Theorem 19. For the pedal triangleD E'F' of a point P with respect to the triangle
ABC the following statements are equivalent:

(a) The trianglesA ByCy and Dy E Fy are orthologic.

(b) The trianglesA BC and G454 Ge18G23¢ are orthologic.

(c) The trianglesABC' and G45p Gg1Gosr are orthologic.

(d) The trianglesG124G348G56c and GyspGe1 eGasr are orthologic.

(e) The trianglesG 1o p G341 Gser and Gys 4Ge1 8Go3c are orthologic.

(f) The trianglesA’ B'C’" and A” B”"C" have the same area.

(g) The trianglesd’ B’'C’" and A” B” C"" have the same sums of squares of lengths
of sides.

(h) The trianglesD’ E' F/ and D" E” F” have the same area.

(i) The trianglesD’ E' F' and D" E” F" have the same sums of squares of lengths
of sides.

(i) The trianglesS; 5355 and S2.545¢ have equal sums of squares of lengths of
sides.

(k) For any real number # —1, 0, 2, the trianglesS! S5t and S4.5%SE have
equal sums of squares of lengths of sides.

() For any real numbers # —1, 0, the trianglesTyT3T¢ and 1517 T¢ have
equal sums of squares of lengths of sides.

(m) The trianglesA;B;C and D,E, F; have the same area.

(n) The pointP lies on the Brocard axis of the triangléBC'.
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Proof. (a) The orthology criteriod\y(AyByCo, DoFEoFp) is equal to the quotient
W&J\/l—u-i—l)’ with M the following linear polynomial ip andg.

M=2(+&-v?)p+2vR2u—1)g—(E+u)(E+u—1).

Infact, M = 0is the equation of the Brocard axis because the co—ordiv(e}t,e%)

and (25(‘5“3{), 2(511)> of the circumcentet) and the symmedian poirft” satisfy
this equation. Hence, the statements (a) and (n) are equivalent.

(f) It follows from the equaliMA”B”C”] — |A'B'C'| = W@W—um that the
statements (f) and (n) are equivalent.

(i) It follows from the equalityss(D'E'F") — so(D"E"F") = vl

. . T 2(64u)(—utl)
that the statements (i) and (n) are equivalent. O

Itis well-known thatcot w = % so that we shall assume that the degener-
ate triangles do not have well-defined Brocard angle. It follows thatttteraent
"The trianglesS;.5355 and S254.5¢ have equal Brocard angles” could be added
to the list of the previous theorem provided we exclude the points for whieh th
trianglessS;S3.55 and S»54.5¢ are degenerate. The following result explains when
this happens. LekK _,, denote the point described in Theorem 17.

Theorem 20. The following statements are equivalent:

(a) The pointsSy, S3 and Sy are collinear.

(b) The pointsS,, S5 and.Sg are collinear.

(c) The pointP is on the circle with the centek_, and the radius equal to the
circumradiusR of the triangleABC times the numbey/(1 + cot w)? + 1.

Proof. Let M be the following quadratic polynomial inandg:
PP+ @) FoRu—w)p— (€ +wé—v?)g— (E+u) (€ —utw),
wherew = v + 1. The pointsSy, S3 and.Ss are collinear if and only if
Sy Sy 1

M
0=|5 8 1|= v .
ng SZ?J 1 2(w—1-¢)(u+§)

The equivalence of (a) and (c) follows from the fact that= 0 is the equation
of the circle described in (¢). Indeed, we see directly that the co-dedildiits cen-

ter are(“’*zu E1we—v*) 50 that this center is the poiAf_,, while the square of

v 202
4u qu v
A3 is equal to the numbey/(1 + cot w)2 + 1 becauseot w = 11,
The equivalence of (b) and (c) is proved in the same way. O

Theorem 21. The trianglesA, ByCy and Dy Ey Fy always have different sums of
squares of lengths of sides.
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Proof. The differencesy(AgByCy) — so(DoEoFy) is equal t%, where

N denotes the following quadratic polynomial in variabtesndg:
1\’ £, 3¢ —u+ D)€+
(f"z) i (qm) i 1? |
However, this polynomial has no real roots. O

\\ % //

Figure 16. | Ao BoCo| = | Do Fo Fo| iff P is on the circledo.

Theorem 22. The trianglesd, BoCy and Dy Ey Fyy have the same areas if and only
if the point P lies on the circlgdy with the center at the symmedian poikitof the
triangle ABC and the radiusR v'4 — 3 tan? w, where R andw have their usual
meanings associated with triangheBC.

. . . v2 2
Proof. The differencel Do EgFy| — |AoBoCo| is equal tg the quotlg 6/f(<ﬁ4u)’ .
where( = ¢+ 1, p = £ + w and M denotes the following quadratic polynomial
in variablesp andgq:

TR S ORI S L (St O C Sk L)
P=79¢ 17 5¢ 40202 '
The third term is clearly equal te R?(4 — 3tan®w). Hence,M = 0 is the equa-

tion of the circle whose center is the symmedian point of the triadgh’ with

the co-ordinatesé“;g, %) and the radiug? v4 — 3 tan? w. O
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Let A*, B*, C*, D*, E* and F* denote the midpoints of the segments4”,
B'B",C'C"”, D'D", E'E" andF'F". Notice that the points\*, B*, C*, D*, £*
and F* are the centers of squares built on the segménts, SsS51, S2.53, S1.59,
S35, andS5.Sg, respectively. Also, the triangle$* B*C* and D* E* F* share the
centroids with the triangled BC andDEF.

Notice that the linesi A*, BB* andC'C* intersect in the isogonal conjugate of
the pointP with respect to the triangld BC'.

Theorem 23. The trianglesA* B*C* and D* E* F'* have the same sums of squares
of lengths of sides if and only if the poiRtlies on the circledy.

Proof. The proof is almost identical to the proof of the previous theorem since the

differencesy(D* E*F*) — so( A*B*C*) is equal t 2(22_(513?51\@)- U

Theorem 24. For any pointP the trianglesA* B*C* and D* E* F* always have
different areas.

Proof. The proof is similar to the proof of Theorem 21 since the difference

* Tk T * RE K| N
|D*E*F*| — |A*B*C*| is equal t 8(§_u”+1)(5+u)' -

13. New results for the antipedal triangle

Recall that the antipedal triangle; P; P of a point P not on the side lines of
the triangleABC' has as vertices the intersections of the perpendiculars erected
atA, BandC to PA, PB and PC respectively. Note that the trianglé; P, P
is orthologic with the triangleABC' so that Bottema’s Theorem also holds for
antipedal triangles.

Our final result is an analogue of Theorem 19 for the antipedal triafiglpaint.

It gives a nice connection of a Bottema configuration with the Kiepert giar
(i. e., the rectangular hyperbola which passes through the verticegrttreid and
the orthocenter [3]).

In the next theorem we shall assume thaf F' is the antipedal triangle of the
point P with respect taA BC'. Of course, the poinP must not be on the side lines
BC,CAandAB.

Theorem 25. The following statements are equivalent:

(a) The trianglesAg By Cy and Dy E Fy are orthologic.

(b) The trianglesA BC and G454 G¢15G23c are orthologic.

(c) The trianglesA BC' and G45p Gg1 Gosr are orthologic.

(d) The triangles7124G34G56c and G 45 pGe1 pGasr are orthologic.

(e) The trianglesG 1o p G341 Gser and Gy 4Ge1 8Go3c are orthologic.

(f) The trianglesA’ B’C’" and A” B”"C" have the same area.

(g) The trianglesd’ B’C’" and A” B” C"" have the same sums of squares of lengths
of sides.

(h) The trianglesD’ E' F and D" E” F” have the same area.

(i) The trianglesD’ E' F/ and D" E” F"" have the same sums of squares of lengths
of sides.
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Ss
Figure 18.52(5153S55) = s2(525456) also whenP is on the circumcircle.

(i) The trianglesS: 5355 and S2.545¢ have equal sums of squares of lengths of
sides.
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(k) For any real numbet # —1, 0, 2, the trianglesS? S%St and S§.S%SE have
equal sums of squares of lengths of sides.

() For any real numbers # —1, 0, the trianglesTyT5T¢ and T5T;T¢ have
equal sums of squares of lengths of sides.

(m) The trianglesA;B;C; and D,E, F; have the same area.

(n) The pointP lies either on the Kiepert hyperbola of the triangdd3C or on
its circumcircle.

Proof. (g) so(A"B"C") — s9(A'B'C’) = q(vp_uq)a”(ﬁjl\g_(u_l)q), with

1\? £\? &+
M=(p—= _8) L
(p 2) +<q 221) 0?

N:v(2u—1)(p2—q2—p)—2 (u2—u—02+1)pq+(u2+u—v2)q.

In fact, M = 0 is the equation of the circumcircle of the triangleBC' while
N =0 is the equation of its Kiepert hyperbola because the co-ordinates of the

verticesA, B andC' and the co—ordinateéu, @) and (!, ¢) of the ortho-
centerH and the centroid~ satisfy this equation. Hence, the statements (g) and
(n) are equivalent.

() It follows from the equality

vM N
q(vp —ug)(v(p — 1) — (u —1)q)
that the statements (j) and (n) are equivalent.
(m) It follows from the equality

52(525456) — 52(515355) =

svMN
2(s +1)?q(vp —ug)(v(p — 1) — (u—1)q)
that the statements (m) and (n) are equivalent. O

’DSESFS| - |A5Bscs| ==

Of course, as in the case of the pedal triangles, we can add the statérhent ”
trianglesS,.53S5 and.S>S4.5¢ have equal Brocard angles.” to the list in Theorem 25
but the points on the circle described in Theorem 20 must be excludedcfsom
sideration.

Notice that when the poinP is on the circumcircle oA BC then much more
could be said about the properties of the six squares built on segBéntDC,
CE, FEA, AF andF B. A considerable simplification arises from the fact that the
antipedal triangléD E I reduces to the antipodal poiftof the pointP. For exam-
ple, the trianglesS; 5355 and 525456 are the images under the rotatign@/, 7)

and p(V, —T) of the triangleA, B.C,, = h(O, %2)(ABC) (the image ofABC

under the homothety with the circumcenéeas the center and the facté?—). The
pointsU andV” are constructed as follows.

Let the circumcircles,, of the triangleA,B,C., intersect the segmeid(Q in
the pointR, let ¢ be the perpendicular bisector of the segm@iit and letT be
the midpoint of the segmer®(@. Then the pointl/ is the intersection of the
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line ¢ with p(T, 7)(PQ) while the pointV is the intersection of the liné with
p(T, =7)(PQ).
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