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On the Newton Line of a Quadrilateral

Paris Pamfilos

Abstract. We introduce the idea of the conjugate polygon of a point relative
to another polygon and examine the closing property of polygons insciibe
others and having sides parallel to a conjugate polygon. Specializingifat-q
rangles we prove a characterization of their Newton line related to the pibgsib
to inscribe a quadrangle having its sides parallel to the sides of a conjugate o

1. Introduction

Given two quadrangles = A;A5A3A4 andb = ByB;BsB4 one can ask
whether it is possible to inscribe in the first a quadrangte C;C>C3Cy hav-
ing its sides parallel to corresponding sides of the second. It is also oftamoe
to know how many solutions to the problem exist and which is their structure. Th
corresponding problem for triangles is easy to solve, well known asddiations
to pivoting around a pivot-point of which there are twelve in the generse ¢,
p. 297], [8, p. 109]). Here | discuss the case of quadrangles asdnre extend
the case of arbitrary polygons. While in the triangle case the inscribed simaiis
lar to a given triangle, for quadrangles and more general polygons thisnsn®
possible. | start the discussion by examining properties of polygonshesicin
others to reveal some general facts. In this frame it is natural to intrddecgass
of conjugate polygonwith respect to a point, which generalize the idea offire2
ceviantriangle, having for vertices thearmonic associatesf a point [12, p.100].
Then | discuss some properties of them, which in the case of quadraelgiesthe
inscription-problem to the Newton line of their associatednpletequadrilateral
(in this sense | speak of thidewton line of the quadrangld 3, p.169], [6, p.76],
[3, p.69], [4], [7]). Atfter this preparatory discussion | turn to the mxaation of
the case of quadrangles and prove a characteristic property of thetohldine
(85, Theorems 11, 14).

2. Periodic polygon with respect to another

Consider two closed polygons = A;--- A, andb = B;--- B, and pick a
point C; on sideA; A, of the first. From this draw a parallel to sidé B, of
the second polygon until it hits sidé; A to a pointC, (see Figure 1). Continue
in this way picking point<’; on the sides of the first polygon so th@C;, is
parallel to sideB; B, of the second polygon (indicés> n are reduced modulo
n if corresponding pointsY; are not defined). In the last step draw a parallel to
B, B from C,, until it hits the initial sideA; A5 at a pointC,,.1. | call polygon
c=C1---Cyh4q parallel tob inscribed ina and starting atC;. In general polygon
cis not closed. It can even have self-intersections and/or some siggg)erate to
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Figure 1. Inscribing a polygon

points (identical with vertices af). One can though create a corresponding closed
polygon by extending segmeat,C,, 1 until to hit C1C5 at a pointZ. Polygon
Z(Cs ---C, has sides parallel to corresponding side®3¢f - - B,,. Obviously tri-
angleC,,+1ZCy has fixed angles and remains similar to itself if the place of the
starting pointC; changes oM A;. Besides one can easily see that the function
expressing the coordinateof C,,+; in terms of the coordinate of C; is a linear
oney = ax + b. This implies that poinZ moves on a fixed lind. ([10, Tome 2,

p. 10]) as point’; changes its position on lind; A, (see Figure 1). This in turn
shows that there is, in general, a unique place&’fpon sideA; A, such that points
Cr+1, Cy coincide and thus definecdosedpolygon( - - - C,, inscribed in the first
polygon and having its sides parallel to corresponding sides of the deddris
place forC1 is of course the intersection poift of line L with side A; A,. In the
exceptional case in which is parallel toA; A, there is no such polygon. By the
way notice that, for obvious reasons, in the case of triangledlipasses through
the vertex opposite to sidé; As.

A

1

Figure 2. The triangle case

This example shows that the answer to next question is not in general ifi-the a
firmative. The question is: Under which conditions for the two polygons is line
L identical with sideA; A,, so that the above procedure produces always closed
polygonsC - - - C,? If this is the case then | say that polygBn- - - B,, is periodic
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with respect td; - - - A,,. Below it will be shown that this condition is independent
of the sideA; A, selected. If it is satisfied by starting point§ on this side and
drawing a parallel td3, B then it is satisfied also by picking the starting paift
on sideA; A; 1, drawing a parallel td3; B;,1 and continuing in this way.

Figure 3. B1 B2 B3 B4 periodic with respect tol; A2 A3 Ay

There are actually plenty of examples of pairs of polygons satisfying thedse
icity condition. For instance take an arbitrary quadramylel A3 A4 and consider
its dual quadrangleB, B, B3 By, created through the intersections of its sides with
the lines joining the intersection of its diagonals with the two intersection points
of its pairs of opposite sides (see Figure 3). For every pGinbn A, A, the pro-
cedure described above closes and defines a quadr@nglg’'sC, inscribed in
A1A2A3A4 and having its sides parallel 8, B3 B3B4. This will be shown to
be a consequence of Theorem 11 in combination with Proposition 16. utdsho
be noticed though that periodicity, as defined here, is a relation depeowlitige
orderedsets of vertices of two polygon®; - - - B,, can be periodic with respect to
Aq--- A, but By - - - B, By not. Figure 4 displays such an example.

Figure 4. B, B3 B4 B1 not periodic with respect tal; A; A3 Ay
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To handle the question in a systematic way | introduce some structure into the
problem, which obviously is affinely invariant ([1], [2, vol.l, pp.32—-66]). |
will consider the correspondencg —— C), 1 as the restriction on lingl; A, of
a globally defined affine transformati@®, and investigate the properties of this
map. Figure 5 shows how transformati@h is constructed. It is the composition
of affine reflections; ([5, p. 203]). The affine reflectioh; has itsaxisalongA;Y;
which is the harmonic conjugate line of; X; with respect to the two adjacent
sidesA;_1A;, A;A;11 at A;. Its conjugate directioris A; X; which is parallel to
side B;_1 B;. By its definition mapF; corresponds to each poitd the pointY
such that the line-segmentY is parallel to the conjugate directiofy X; and has
its middle on the axisl;Y; of the map.

Figure 5. An affine transformation

The mapG; = FioF,oF, j0---oF;isaglobally defined affine transformation,
which on lineA; Az coincides with correspondencg — C,, ;. | call it the first
recycler ofb in a. Line A1 A, remains invariant byz; as a whole and each solution
to our problem having’;, = C,, .1 represents a fixed point @f;. Thus, if there
are more than one solutions, then lidg A will remain pointwise fixed under
G1. Assume now thafy; leaves lineA; A, pointwise fixed. Then it is either an
affine reflection or ashear([5, p.203]) or it is the identity map, since these are
the only affine transformations fixing a whole line and having determigant
SinceG; is a product of affine reflections, its kind depends only on the number
n of sides of the polygon. Thus for even it is a shear or the identity map and
for n odd it is an affine reflection. For even it is shown by examples that both
cases can happen: m&j can be a shear as well as the identity. In the second
case | callB; - - - B,, strongly periodicwith respect toA; - -- A,,. The strongly
periodic case delivers closed polygobs - - - D,, with sides parallel to those of
B, --- B, and the position ofD; can be arbitrary. To construct such polygons
start with an arbitrary poinD; of the plane and defin®y = Fy(D;), D3 =
F5(Ds),---, D, = F,(D,—1). The previous example of the dual of a quadrangle
is a strongly periodic one (see Figure 6).



On the Newton line of a quadrilateral 85

Figure 6. Strongly periodic case

Another case delivering many strongly periodic examples is that of a equar
A1A2A3A4 and the inscribed in it quadrangl® Bs B3 By, resulting by projecting
an arbitrary point X on the sides of the square (see Figure 7).

Figure 7. Strongly periodic case Il

Analogously taz; one can define the affine méfy = FroFioF,0F, q10---0
F3, which | callsecond recycler dfin a. This does the same work in constructing
a polygonDs - -- D,, D inscribed inA; - - - A,, and with sides parallel to those of
B, - - - B,, B1 but now the starting poinb;, is to be taken on sidd; A3, whereas the
sides will be parallel successively 18, B3, B3 B4, - --. Analogously are defined
the affine maps€~;,7 = 3,--- ,n (i-th recycler ofb in a). It follows immediately
from their definition that; are conjugate to each other. Obviously, sincefhe
are involutive, we havé/s = F5 oG4 o F, and more generdl, = Fy o Gi_1 0 Fy.
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Thus, if there is a fixed poink; of G; on sideA; Ay, thenXy, = Fy(X7) will be

a fixed point ofG, on A, A3 and more generaK, = Fj o --- o F»(X7) will be

a fixed point ofGG;, on sideA; Ay 1. Corresponding property will be also valid in
the cased; A; remains pointwise fixed undér;. Then every sided; Ay, will
remain fixed under the correspondiig. The discussion so far is summarized in
the following proposition.

Proposition 1. (1) Given two closed polygons= A;--- A, andb = By --- By,
there is in the generic case only one closed polygenC; - - - C,, having its vertex
C; on sideA; A; ;1 and its sides;C;,1 parallel to B;B; 1 fori = 1,--- n. If
there are two such polygons then there are infinite many and their camelipg
point Cy can be an arbitrary point ofd; As. In this case is called periodic with
respect tau.

(2) Using the sides of polygonsand b one can construct an affine transfor-
mationG leaving invariant the sidel; A, and having the propertyb is periodic
with respect ta: precisely wherty; leaves sided; As pointwise fixed.

(3) In the periodic case, it is odd thenG, is an affine reflection with axis
(mirror) line A1 A5 and ifn is even then it is a shear with axis, A, or the identity
map. In the last caskis called strongly periodic with respect to

Figure 8. Periodic pentagons

Figure 8 shows a periodic case for= 5. The figure shows also a typical pair
Y = G1(X) of points related by the affine reflectiéf, resulting in this case.

3. Conjugate polygon

Given a closed polygoa = A, - - - A, and a pointP not lying on the side-lines
of a, consider for eachh= 1, ..., n the harmonic conjugate ling; X; of line A; P
with respect to the two adjacent sideswht A;. The polygonb = By --- B,
having sides these lines is callednjugate of: with respect toP. The definition
generalizes the idea of threcevian triangleof a trianglea = A1 A5 A3 with
respect to a poinP, which is the triangleB3, B, B3 having vertices théarmonic
associates3; of P with respect ta: ([12, p.100]).
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-

Figure 9. Conjugate quadrangle with respectto P

Proposition 2. Given a closed polygoa = A; - - - A,, with n odd and a pointP
not lying on its side-lines, lét = B; -- - B,, be the conjugate polygon afwith
respect toP. Then the transformatioty; is an affine reflection the axis of which
passes througl? and its conjugate direction is that of ling; A,.

Figure 10. G, is an affine reflection

That pointP remains fixed undef;; is obvious, sincé~; is a composition of
affine reflections all of whose axes pass throdyhtFrom this, using the preserva-
tion of proportions by affinities and the invariance 4f A, follows also the that
the parallels tod; A, remain also invariant undéf,. Let us introduce coordinates
(z,y) with origin at P andz-axis parallel toA; As. ThenG; has a representation
of the form{z’ = ax + by,y’ = y}. Since its determinant is1 it follows that
a = —1. Thus, on every lingg = y, parallel toA; A, the transformation acts
throughz’ = —x + byy & 2’ + = = byp, showing that the action on line= vy is
a point symmetry at poiri’ with coordinatesby, /2, yo), which remains also fixed
by GG; (see Figure 10). Then the whole lif&Z remains fixed by~,, thus showing
it to be an affine reflection as claimed. The previous proposition completielysso
the initial problem of inscription for conjugate polygons withsides anch odd.
In fact, as noticed at the beginning, such an inscription possibility carrelspto
a fixed point of the mag+; and this has a unique such point dnA,. Thus we
have next corollary.
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Corollary 3. If b = B; - - - By, is the conjugate of the closed polygos- A; - -- A,
with respect to a poinP not lying on its side-lines and is odd, then there is ex-
actly one closed polygof - - - C,, with C; € A;A; 44 foreveryi =1,--- ,n and
sides parallel to corresponding sides fof In particular, for n odd there are no
periodic conjugate polygons.

The analogous property for conjugate polygons arelen is expressed by the
following proposition.

Proposition 4. Given a closed polygon = A; - - - A, with n even and a poinP
not lying on its side-lines, léf = B --- B,, be the conjugate polygon afwith
respect toP. Then the transformatio@'; either is a shear the axis of which is the
parallel to sideA; A; through P, or it is the identity map.

The proof, up to minor changes, is the same with the previous one, so | omit it.
The analogous corollary distinguishes now two cases, the secondomcing to
(1 being the identity. Periodicity and strong periodicity coincide when even
and wherb is the conjugate of with respect to some point.

Corollary 5. If b = B; - - - By, isthe conjugate of the closed polygon- A; --- A,
with respect to a poinP not lying on its side-lines and is even, then there is ei-
ther no closed polygon; - - - C, with C; € A;A;;, for everyi = 1,--- ,n and
sides parallel to corresponding sidesigfor b is strongly periodic with respect to
a.

Remark. Notice that the existence of even one fixed point not lying on the par-
allel to A, A5 through P (the axis of the shear) imply that; is the identity or
equivalently, the corresponding conjugate polygon is strongly periodic.

The next propositions deal with some properties of conjugate polygatede
in the case of quadrangles, in relating the periodicity to the Newton'’s line.

Figure 11. Fixed poin©

Lemma 6. Let {ABC, D, e} be correspondingly a triangle, a point and a line.
Consider a variable line througld intersecting sidesA B, BC' correspondingly
at pointsE, F'. LetG be the middle of2 F' and P the intersection point of lines
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e and BG. Let furtherC'L be the harmonic conjugate of lir@P with respect to
CA,CB. Then the parallel t&’' L from F' passes through a fixed poiét

To prove the lemma introduce affine coordinates with axes along {iB€S e}
and origin atJ, wherel = enNCA,J = eN CB (see Figure 11). The points on
lineeare:M =enNAB,N =eNn(||BC,D),H=enDE,Q =en(||DE,B),
where the symbo{|| XY, Z) means:the parallel toXY from Z. Denote abscis-
sas/ordinates by the small letters corresponding to labels of points, withdbp-ex
tions ofa = DN, the abscissa of I’ and the ordinate) of K. The following
relations are easily deduced.

hx B bh . mgq - pi lx
c+a 1770 p_2q—m Cp—i’ y=7
Successive substitutions produce a homographic relation betweenessiai

b=

p1z + p2y + psxy =0,

with constants(p;, p2, p3), which is equivalent to the fact that linEK passes

through pointO with coordinateg—22, —£%).

Figure 12. Sides through fixed points

Lemma 7. Let{A; - A,,Ci,e} be correspondingly a closed polygon, a point
on sideA; A, and a line. Consider a poinP varying on linee and the corre-
sponding conjugate polygdn= B; - - - B,,. Construct the parallel té& polygon

c = C1---Cphyq Starting atCy. As P varies one, every side of polygon passes
through a corresponding fixed point.

The proof results by inductively applying the previous lemma to each side of
starting with sideC; C, which by assumption passes through(see Figure 12).
Next prove that sidé€’sCs passes through a poifks by applying previous lemma
to the triangle with sided ; A5, As A3, A3 A4 and by taking” to play the role ofD
in the lemma. Then apply the lemma to the triangle with sideds, A3 A4, A4 A5
taking for D the fixed pointOs3 of the previous step. There results a fixed point



90 P. Pamfilos

O34 through which passes sidgC,. The induction continues in the obvious way,
using in each step the fixed point obtained in the previous step, therebyeatomp
the proof.

Lemma8. Let{A;---A,,Ci,e} be correspondingly a closed polygon, a point
on sideA; A; and a line. Consider a poin® varying on linee, the corresponding
conjugate polygorb = Bj --- B, and the corresponding parallel tb polygon

¢ = C1---Cyqq starting atC;. Then the correspondende — C,,, 1 is either
constant or a projective one from lireonto line A As.

Assume that the correspondence is not a constant one. Proceed tiguiying
the previous lemma and using the fixed poifitg, O34, - - - through which pass the
sides of the inscribed polygonsas P varies on linee. It is easily shown induc-
tively that correspondence : P — Cs, fo : P — C3, ..., fn : P — Cpi1
are projective maps between lines. Tlfais a projectivity is a trivial calculation.
Map f5 is the composition off; and the perspectivity between lindg A,, A3 A,
from Os3, hence also projective. Maf3 is the composition of> and the perspec-
tivity between linesd4 A3, A4 A5 from O34, hence also projective. The proof is
completed by the obvious induction.

4. The case of parallelograms

The only quadrangles not possessing a Newton line are the parallelograms
these though the periodicity question is easy to answer. Next two propsstiow
that parallelograms are characterized by the strong periodicity of thgugates
with respect t@verypoint not lying on their side-lines.

Figure 13. Parallelograms and periodicity

Proposition 9. For every parallelogranu = A;A3A3A4 and every pointP not
lying on its side-lines the corresponding conjugate quadrarigie B; Bo B3 By is
strongly periodic.

The proposition (see Figure 13) is equivalent to the property of thespond-
ing first recyclerG; to be the identity. To prove this it suffices to show thatfixes
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a point not lying on the parallel td, A, throughP (see the remark after corollary
5 of previous paragraph). In the case of parallelograms however dtsiy/eseen
thata is the parallelogram of the middles of the sides of the conjudates

Figure 14. C, fixed by G

In fact, leth = By By B3 B4 be the conjugate af with respect taP and consider
the intersection point€’y, Cs, - - - of the sidesA; As, A5 As, - - - of the parallelo-
gram correspondingly with line® By, PBs, ... (see Figure 14). The bundles of
lines Ay (B, P,Cy, As) at Ay and As(By, P,Cq, Az) at Ay are harmonic by the
definition ofb. Besides their three first rays intercept on liA8; correspondingly
the same three poin8;, P, C1 hence the fourth harmonic of these three points is
the intersection point of their fourth rays, A4, A> A3, which is the point at infin-
ity. Consequently’; is the middle ofP B;. The analogous property fély, Cs, Cy
implies that quadrangle= C;C>C3Cy has its sides parallel to thoselpodnd con-
sequently linesP A; are the medians of triangled3B;_1 B;. Thus pointB; is a
fixed point ofG; not lying on its axis, consequentty; is the identity.

Proposition 10. If for every pointP not lying on the side-lines of the quadrangle
a = A1A3A3A4 the corresponding conjugate quadrangle= B1B;B3Bj is
strongly periodic, them is a parallelogram.

Figure 15. Parallelogram characterization
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This is seen by taking foP the intersection point of the diagonals of the quad-
rangle. Consider then the parallelit@olygon starting atd,. By assumption this
must be closed, thus defining a triangleC3C, (see Figure 15). The middles
D+, D, of the sides of the triangle are by definition on the diagohialls, which
is parallel toC3Cy. Thus the diagonafl; A3 is parallel to the conjugate direction
of the other diagonall; A4, consequentlyP is the middle of4; A3. Working in the
same way with sidel; A3 and the recycle6s it is seen thafP is also the middle
of Ay A4, hence the quadrangle is a parallelogram.

5. A property of the Newton line

By the convention made above thiewton lineof a quadrangle, which is not
a parallelogram, is the line passing through the middles of the diagonals of the
associatedompletequadrilateral. In this paragraph | assume that the quadrangle
of reference is not a parallelogram, thus has a Newton line. The point&sdifih
are then characterized by having their corresponding conjugateaqueistrongly
periodic.

Theorem 11. Given a non-parallelogramic quadrangle = A;A4;A3A4 and a
point P on its Newton-line, the corresponding conjugate quadrangieB; Bo B3 By
with respect taP is strongly periodic.

Before starting the proof | supply two lemmata which reduce the periodicity
condition to a simpler geometric condition that can be easily expressed in{rojec
tive coordinates.

Figure 16. A fixed point

Lemmal2. Leta = EE'FF’' be a quadrangle with diagonalSF', E'F’ and cor-
responding middles on thefm, A. Draw from A parallels AB, AC correspond-
ingly to sidesF'F’, F'E intersecting the diagonakl I’ correspondingly at points
B, C. For every pointP on the Newton-lined D of the quadrangle line®FE, PF
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intersect correspondingly linedC, AB at pointsS, T'. Line ST intersects the di-
agonal EF' always at the same poimt, which is the harmonic conjugate of the
intersection pointG of the diagonals with respect i8, C.

The proof is carried out using barycentric coordinates with respectaagle
ABC. Then pointsD, E, F, ...on lineBC are represented using the correspond-
ing small letters for parametefs = B+dC, E = B+eC, F = B+ fC, ...(see
Figure 16). In additionP is represented through a parametén P = D + pA.
First we calculate®’, F” in terms of these parameters:

E'=(f+9+2fg)A— fB—(fg)C,
F'=(g— f)A+ fB+ fgC.
Then the coordinates ¢f, 7" are easily shown to be:
S =pA+(d—e)C,
T =(pf)A+(f—d)B.
From these the intersection poiRtof line ST with BC is seen to be:
R=(d—-f)B+(f(d—e))C.
This shows thai? is independent of the value of paramegenence the same for
all points P on the Newton-line. Some more work is needed to verify the claim
about its precise location on linéB. For this the parallelisn& 7’ to AC and the

fact thatD is the middle ofE F" are proved to be correspondingly equivalent to the
two conditions:

_ fl+e) _flet D) +e(f+1)
Tl f T (e D) (fHD)
These imply in turn the equation
_ fle—d)
=7

which is easily shown to translate to the fact tiais the harmonic conjugate 6f
with respect taB, C.

Lemma 13. Leta = ABCD be a quadrangle with diagonaldC, BD and cor-
responding middles on thed/, N. Draw from M parallels M E, M F corre-
spondingly to sidesiB, AD intersecting the diagonaBD at pointsE, F'. Let
P be a point of the Newton-ling/ N and S, T correspondingly the intersections
of line-pairs(PB, M E), (PD, M F). The conjugate quadrangle &f is periodic
precisely when the harmonic conjugateAP with respect tod B, AD is parallel
to ST.

In fact, consider the transformatid@r, = F4 o F3 o F5 o F} composed by the
affine reflections with corresponding axe€’, PD, PA, PB. By the discussion
in the previous paragraph, the periodicity of the conjugate quadrilatetgl ito
equivalent ta7; being the identity. Sincé&’; is a shear and acts dsiC' in general
as a translation by a vecteorto show thatv = 0 it suffices to show that it fixes
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Figure 17. Equivalent problem

an arbitrary point orBC. This criterion applied to poinf’ means that fofl” =
F»(C),S" = F3(T") pointC’ = Fy(S’) is identical withC' (see Figure 17). Since
T, S are the middles of£T”, C'S’, this implies the lemma.

Figure 18. Representation in coordinates

Proof of the theoremBecause of the lemmata 12 and 13 one can consider the
variable pointP not as an independent point varying on the Newton-lhé&/ but
as a construct resulting by varying a line throughwhich is the harmonic con-
jugate of the intersection poirdt of the diagonals with respect 6, F. Such a
line intersects the parallel E, M F' to sidesAB, AD at S, T and determine#®
as intersection of line®S, DT. Consider the coordinates defined by the projec-
tive basis (see Figure 18§)A(1,0,0), B(0,1,0), D(0,0,1), M(1,1,1)}. Assume
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further that the line at infinity is represented by an equation in the form
axr + by +cz = 0.

Then all relevant points and lines of the figure can be expressed in tdrthe o
constantga, b, ). In particular

ar— (a+c)y+cz=0, ar+by—(a+b)z=0, (c—bx+by—cz=0,

are the equations of line® F', M E and the Newton-liné/ N. Point R has coor-
dinates(0,d’,b"), wherea’ = (¢ — a — b), b’ = (a + ¢ — b). Assume further that
the parametrization of a line throughis done by a poin©(¢,0,1) on line AD.
This gives for lineRQ the equationRQ : o’z + (tV')y — (ta’)z = 0. PointS has
coordinatega”, b”, ") wherea” = t(a’b—b'(a+b)), b" = d'(a+b) —tad’, " =
a'b — tal/. This gives for P the coordinategba”, cc” — a”(c — b),bc”) and
the coordinates of the intersection poliitof PA with RQ) can be shown to be
U=7d"Q— (c+at)Q', whereQ'(tt/, —d’, 0) is the intersection point ai B and
RQ. From these follows easily thdf is the middle ofQQ’ showing the claim
according to Lemma 13.

Theorem 14. For a non-parallelogramic quadrangle = A;A5A3A4 only the
points P on its Newton-line have the corresponding conjugate quadrabgie
By By B3 B, strongly periodic.

The previous theorem guarantees that all points of the Newton line hiremgly
periodic corresponding conjugate polygbn Assume now that there is an addi-
tional point Py, not on the Newton line, which has also a strongly periodic cor-
responding conjugate polygon. In addition fix a paiiton A; A;. Take then a
point P, on the Newton line and consider lime= Py P,. By Lemma 8 the corre-
spondenced : e — Aj As sending to each poir® € e the end-poinC,,; of the
polygon parallel to the conjugateof a with respect taP starting at a fixed point
(1 is either a constant or a projective map. Sirfceakes for two points?, P,
the same value (namelf( ) = f(P1) = C;) this map is constant. Hence the
whole linee consists of points having corresponding conjugate polygon strongly
periodic. This implies that any point of the plane has the same propertyctin fa
for an arbitrary point) consider a linezg passing througld) and intersecting:
and the Newton line at two pointg, and@:. By the same reasoning as before we
conclude that all points of lineg have corresponding conjugate polygons strongly
periodic, hencé) has the same property. By Proposition 10 of the preceding para-
graph it follows that the quadrangle must be a parallelogram, hence adiztin
to the hypothesis for the quadrangle.

6. Thedual quadrangle

In this paragraph | consider a non-parallelogramic quadrangied; A, A3 A,
and itsdualquadranglé = B, B, B3 By, whose vertices are the intersections of the
sides of the quadrangle with the lines joining the intersection point of its didggjona
with the intersection points of its two pairs of opposite sides. After a prepgrato
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lemma, Proposition 16 shows thiais the conjugate polygon with respect to an
appropriate point on the Newton line, hericie strongly periodic.

Lemmal5. Leta = A1 A3 A3 A, be a quadrangle and with diagonals intersecting
at E. Let also{ F, G} be the two other diagonal points of its associated complete
guadrilateral. Let als& = By B2 B3 B4 be the dual quadrangle af.

(1) Line EG intersects the paralleli4 N to the sideB; B, of b at its middle)M .

(2) SideB; B; of b intersects the segmenf NV at its middleO.

Figure 19. Dual property

MN/MA4 = 1, since Menelaus theorem applied to trianglgNV A4 with se-
cantlineB, B3G gIVGS(BlN/BlAl)(MA4/MN)(GA1/GA4) =1. BUtBlN/BlAl
B4yA4/B4Ay = GA4/GA,. Later equality because3,, G) are harmonic conju-
gate to(A;, A4). Also ON/OM = 1, since the bundlé3;(Bs, B4, E, F') is har-
monic. Thus the paralleV M to line B; B, of the bundle is divided in two equal
parts by the other three rays of the bundle.

Figure 20. Dual is strongly periodic

Proposition 16. Leta = A1A>A3A4 be a quadrangle and with diagonals in-
tersecting atE. Let also{F,G} be the two other diagonal points of its cor-
responding complete quadrilateral and?, @, R} the middles of the diagonals
{A2A4, A1 A3, FG} contained in the Newton line of the quadrilateral. let=
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B B3 B3 B4 be the dual quadrangle af

(l) The four median$A1D1, AQDQ, A3D3, A4D4} of triangIeS{AlBlB4, A9 By By,
A3 B3 By, AyB4Bs} respectively meet at a poiston the Newton line.

(2) S is the harmonic conjugate of the diagonal mid&lavith respect to the two
others(P, Q).

Start with the intersection poifit of diagonalB, B, with line A, R (see Figure
20). Draw fromT line TV parallel to sideA; A, intersecting sideds A4 at U.
Since the bundlé’(V, T, U, A;) is harmonic and’V is parallel to rayF A, of it
pointU is the middle of'V'. SinceA4 (A1, W, T, R) is a harmonic bundle and is
the middle of F'G, its ray A4 T is parallel toF'G. It follows thatA,TFV is a paral-
lelogram. Thud/ is the middle ofA,F', hence the initial parallél'V to line A; A;
passes through the middles of segments having one end-pointaid the other
on line A; A;. Among them it passes through the middleg df A4, A4N, A4 Ao}
the last beingP the middle of the diagonali; A4. Extend the mediam; D, of
triangle A; B; B, to intersect the Newton line &t Bundle A; (P, Q, S, R) is har-
monic. In fact, using Lemma 15 it is seen that it has the same traces of'lline
with those of the harmonic bundié(P, A;, M,T). ThusS is the harmonic con-
jugate of R with respect tq P, Q).

Remarks.(1) Poncelet in a preliminary chapter [10, Tome I, p. 308] to his cele-
bratedporism(see [2, Vol. 1l, pp. 203-209] for a modern exposition) examined
the idea ofvariable polygonsb = B; - - - B,, havingall but oneof their vertices on
fixed lines (sides of another polygon) and restricted by having their sidpass
through corresponding fixed poinks, - - - , F,. Maclaurin had previously shown
that in the case of trianglea (= 3) the free vertex describes a conic([11, p. 248]).
This generalizes to polygons with arbitrary many sides. If the fixed pointsi¢fr
which pass the variable sides aalinearthen the free vertex describes a line ([10,
Tome 2, p. 10]). This is the case here, since the fixed points are the poittie o
line at infinity determining the directions of the sides of the inscribed polygons.

(2) In fact one could formulate the problem handled here in a somewha mor
general frame. Namely consider polygons inscribed in a fixed polyger; - - - A,
and having their sides passing through corresponding fislthear points. This
case though can be reduced to the one studied here by a projegtsstyding the
line carrying the fixed points to the line at infinity. The more general problees li
of course in the projective plane. In this frame the affine reflectionsonsidered
above, are replaced dyarmonic homologie¢[5, p. 248]). The center of each
F; is the corresponding fixed poi#f; through which passes a sidg B, of the
variable polygon. The axis of the homology is the polar of this fixed point with
respect to the side-pafid;, A;, A;A; 1) of the fixed polygon. The definitions of
periodicity and the related results proved here transfer to this more ¢éaena
without difficulty.

(3) Though I am speaking all the time about a quadrangle, the propestggim
85 essentially characterizes the associatadplete quadrilaterallf a point P has
a periodic conjugate with respect to one, out of the three, quadranglesdeled
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in the complete quadrilateral then it has the same property also with respeet to th
other two quadrangles embedded in the quadrilateral.
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