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Folding a Squareto Identify Two Adjacent Sides

Cristinel Mortici

Abstract. The purpose of this paper is to establish some properties that appear
in a square cut by two rays at 45 degrees passing through a vertexsijuhare.
Elementary proofs and other interesting comments are provided.

1. A simple problem and areformulation

The starting point of this work is the following problem from [3], partially dis-
cussed in [4]}

Proposition 1. Two pointsM and NV on the hypotenusB D of the isosceles, right-
angled triangleA B D, with M betweenB and N, define an angle’ M AN = 45°
if and only if BM? + ND? = M N? (see Figure 1)
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Figure 1 Figure 3

Proof. Let R be the midpoint ofBD so thatAR = BR = BR, andAR is an
altitude of triangleABD. We assumedR = 1 and denoteRM = z, RN =y
(see Figure 3). Note that

T4y 1

1—xzy

It follows that < M AN = 45° if and only if z + y = 1 — xy. On the other hand,
BM?+ ND? = MN?ifand onlyif (1 —2)%+ (1 —y)? = (z+y)?. Equivalently,
x +y =1 — zy, the same condition fo M AN = 45°. (]

tan(4MAN) = tan({MAR + AN AR) =
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This necessary and sufficient condition assumes new, interesting fones if
consider the isosceles right triangle as a half-square, and fold theeatigides
AB and AC along the linesAM and AN. Without loss of generality we assume
AB = AC =1.

Theorem 2. Let ABC'D be a unit square. Two half-lines through meet the
diagonalBD at M and N, and the side®&C', C D at M and P and( respectively
(see Figure 2)Assumed P # AQ.

D Q c
N
M P
B
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Figure 2

The following statements are equivalent:
() LPAQ = 45°.
(i) MN? = BM? + ND?,
(iii) The perimeter of triangl€' PQ is equal to2.
(v) PQ = BP+QD.
(v) The distance from to line PQ is equal tol.
(vi) The area of triangleA M N is half of the area of trianglel PQ.
(vii) PQ = v/2- MN.
(viiiy PQ? = 2(BM? + ND?).
(ix) The line passing through and M Q) N N P is perpendicular onPQ.
(X) AN = NP.
(xi) AM = MQ.

Remark.In the excluded casd P = A(Q), statement (ix) does not imply the other
statements.

Proof of Theorem 2With Cartesian coordinate$(0, 0), B(1, 0), C(1, 1), D(0, 1)
andP(1, a), Q(b, 1) for some distinctz, b € (0, 1), we haveM (1, %) and
N (7%, =). Then (i)-(xi) are each equivalent to

T+b° T+b
a+b+ab=1 (1)

This is clear from the following, which are obtained from routine calculations

g _ a+btab—1
(): tan LPAQ =1 — %.

. 2(a+b+ab—1
(i): MN2 - BM? - ND? = —W.
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(iii, iv): (PQ — BP — QD) +2=CP+PQ+QC=2— 2(a+b+ab—1)

atbty/(1—a)2+(1-b)2"
.3 _ (1—a)(1-b)(a+b+adb—1)
(v): dist(A, PQ) = 1+ TN/ o prar 0 Fp e
. areal[AMN a+b+ab—
(vi): area[[APQ]] =5+ 2(f+;r)(1+};)-

i a a—b)?+(ab®+a’b+a?+b%+2—6a
i): PQ2 —2MN? = (ab-+ -+ b— 1) - (LD bt )
(viii): PQ? —2(BM?+ ND?)= (a+b+ab—1)- f(a,b), where
—4a — 4b — ab® — a®b + ab® + a3b — 10ab + a? + a® + b*> + b3 — 2
f(a,b) := 5 5 .

(a+1)2(b+1)

(ix): If O isthe intersection oP N and@ N, then
(a—0b)(a+b+ab—1)
b(1 —b)(a+1)

(X): AN? = NP? = (a+b+ab—1)- {35
(xi) AM? — MQ* = (a+b+ab—1) {72,
The expression (vii) is indeed equivalent with (1), if we take into accthait
a?+ b2 +adb+abd+1+1
6

For (viii), we prove that thef(a,b) < 0 for a,b € [0,1]. This is because,
regarded as a function af € [0,1], f”(a) = 6a + 6ab + 2(1 — b) > 0. Since
f(0) < 0andf(1) < 0, we conclude thaf (a) < 0 fora € [0, 1]. O

maompg = —1+

> Va2 bv2.a3b-ab3-1-1 = ab.

2. A simple geometric proof of (i) < (ii)

Statement (ii) clearly suggests a right triangle with sides congrudhfio N D
and M N. One way to do this is indicated in Figure 5, whe€ is chosen such
that the segmenb M’ is perpendicular taBD and is congruent t&3 /. Under
the hypothesis (ii), we havé/'N = MN. Moreover,AAMB = AAM'D,
and4MAM' = 90°. It also follows that the triangled M N and AM’N have
three pairs of equal corresponding sides, and are congruent.tRiQiM AN =
£ANAM' = 45°. This shows that (ii)= (i).

D D

Figure 5 Figure 6
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Another idea is to build an auxiliary right triangle with the hypotenigéy,
whose legs have lengths equal®d/ and N D. This is based on the simple idea
of folding the half-squarel BD alongAM and AN to identify the adjacent sides
AB andAC. Let F be the reflection oB in the line AM (see Figure 6). Note that
BM = ME. Assuming£{MAN = 45°, we see thaf is also the reflection of
D in the line AN. Now the trianglesAM B and AM E are congruent, so are the
trianglesANE andAND. Thus,AMEN = AMFEA+ {NEA = {MBA +
ANDA = 45° 4+ 45° = 90°. By the Pythagorean theoremy/ N? = ME? +
EN? = BM? 4+ ND?2. This shows that ()= (ii).

3. A generalization

V. Proizolov has given in [6] the following nice result illustrating the bealtfty o
the configuration of Theorem 2.

Proposition 3. If M and N are points inside a squaté BC'D suchthatd M AN =
AMCN = 45°, thenM N? = BM? + N D? (see Figure 8)

Figure 8 Figure 8A

This situation can be viewed as a surprising extension from the case @i¢rian
ABD in Figure 6 is distorted into the polygoABM N D. In fact, by consid-
ering the symmetric of trianglel BD with respect to hypotenusBD in Figure
1, a particular case of Proposition 3 is obtained. This analogy carriesmtee
general case. More precisely, we try to use the auxiliary construction Fig-
ure 6, namely to consider the poiitsuch that the triangled NE and AN D are
symmetric and also the trianglgsV/ £ and AM B are symmetric.

Let F' be analogue defined, starting from the verféfsee Figure 8A).

It follows that<{ M EN + £ M F N = 180°, as the sum of the anglesB and<£ D
of the square. But the triangldd EN and M F'N are congruent, sSe M EN =
AMFN = 90°. The conclusion follows now from Pythagorean theorem applied
in triangle M EN.
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4. Rotation of the square

We show how to use the above auxiliary constructions to establish further inte
esting results. Complete the right triangled3 D from Figure 5 to an entire square
ABCD. TriangleAD M’ is obtained by rotating triangld BM aboutA, through
90°. This fact suggests us to make a clockwise rotation with cefigfrthe entire
figure to obtain the squaréD ST (see Figure 9).

Denote the points correspondingté, N, P, Q by M’, N', P’, Q' respectively.
Assume thak PAQ = 45°, or equivalentlyM N? = M B? + ND?2.

S P’ D Q C
M’
Q' N
N/

M P
B

T A

Figure 9

FromAAPQ = AAP'Q it follows that PQ = P'Q. If AB =1, then
2=5C=SP' +PQ+QC=CP+PQ+QC

and we obtained the implication B=- (iii).
The converse (iii)= (i) was first stated by A. B. Hodulev in [2].

5. Secants, tangentsand linesexternal toacircle

We begin this section with an interesting question. Assurdi§C' D a unit
square, how can we construct poifts() such that the perimeter of triangle)C'
is equal to2? As we have already seen, one method is to makelQ) = 45°.
Alternatively, note that the perimeter of triangR)C' is equal to2 if and only if
PQ = BP + DQ. This characterization allows us to construct poifRts) on the
sides with the required property.

If we draw the arc with cented, passing througlB and D, then every tan-
gent line meeting the circle &t and the sides aP and(@ determines the triangle
APQC of perimeter2, becausé®T = PB andQT = QD (see Figure 10).

Moreover, if PQQ does not meet the arc, then the lengthRd) is less than the
parallel tangenf”’ )’ to the circle (see Figure 11). Consequently, if a segnitpt
does not meet the circle, thehP AQ < 45°. On the other hand, iPQ) meets the
circle twice, therk PAQ > 45°.

We summarize these in the following theorem.
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Theorem 4. Let ABCD be a unit square, and, @ be points on the sideBC
andC D respectively. Consider the quadranbf the circle with center, passing
throughB and D.

() £PAQ = 45° if and only if PQ) is tangent tav. Equivalently, the perimeter of
triangle PQC' is equal to2.

(b) £PAQ > 45° if and only if PQ intersectsv at two points. Equivalently, the
perimeter of trianglePQC is greater thart.

(c) £PAQ < 45° if and only if PQQ is exterior tow. Equivalently, the perimeter of
triangle PQC' is less thar®.

6. Comparison of areas

The implication (i) = (vi) was first discovered by Z. G. Gotman in [1].
In Figure 12 below, observe that the quadrilaterdBPN and ADQM are
cyclic, respectively becauséN AP = A NBP and{ M AQ = £ M DQ.

D Q c
N
T
P
B
A
Figure 12

ConsequentlyAM @ and AN P are isosceles right-angled triangles. Hence,
Samn _ AM-AN AM AN 1 1 1
Sapg AP-AQ  AQ AP V2 V2 2
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Now we establish the implication (i}= (ix).

In triangle AAPQ, QM and PN are altitudes, so the radiusI” from Figure
10 is in fact the third altitude of the triangl® APQ).

We can continue with the identifications, making use of the congruehdd3B =
AAPT andAAQD = AAQT. We deduce thdf'M = M B andTN = ND. It
follows that

MN? = MT? + TN? = BM? + ND?.

Remark.The pointE from Figure 6, coinciding with the poirit from Figure 12,
is more interesting than we have initially thought. It lies on the circumcircle of the
given triangleABD.

7. Two pairs of congruent segments

The implications ()= (x) and (xi) follow from the fact thal N P andAM Q)
are isosceles right-angled triangles.

For the converses, let us assume by way of contradictionthatd N, = 45°,
with Ny in BD, distinct fromN. ThenAN; = N1 P. Aswe have alselN = NP,
it follows that NN, and consequently3 D is the perpendicular bisector ofP,
which is absurd.

8. Concluding remarks

Now let us return for a short time to the opposite angles drawn in Figurds8. It
the moment to celebrate the contribution of V. Proizvolov which proves in ] th
following nice result.

Proposition 5. If M and N are points inside a squar¢ BC'D suchthatd M AN =
£LMCN = 45°, then

Smcen +Sva +Svap = Suan + Susc + Snep-

Having at hand the previous construction from Figure 8A (whérie defined
by the conditionsACND = ACNF andACM B = ACMF), we have

Smen + Sva +Svap = Sucen + SameEN = Samen + SvEN-

Similarly, Spyran+SvBe+SNep = Samen+Syrn and the conclusion follows
from the congruence of the trianglés EN andM F'N.

We mention for example that the idea of folding a square as in Figure 6 leads to
new results under weaker hypotheses. Indeed, if we consider toatqfipaper as
an isosceles triangle, not necessarily right-angled, then similar resultsTiald,
if triangle ABD is isosceles, then in triangld £ N, the angle M EN is the sum
of angles{ABD and £ ADB. Consequently, by applying the law of cosines to
triangle M E N, we obtain the following extension of Proposition 1.

Proposition 6. Let M and N be two points on sid& D of the isosceles triangle
ABD such thatthe anglg M AN = 14BAD. Then

MB? — MN? + DN? = —2M B - DN cos A.
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Another interesting extension is the following problem proposed by the autho
at the 5th Selection Test of the Romanian Team participating at 44th IMO Japan
2003.

Problem. Find the angles of a rhombud BC'D with AB = 1 given that on
sidesC' D (CB) there exist pointd, respective)) such that the angle PAQ =
%L{BAD and the perimeter of triangl€ PQ is equal ta2.

C P D

B
W A
E
Figure 13

Let £ be as in Figure 13 such thatAPD = AAE B. In fact we rotate triangle
APD aboutA and what it is interesting for us is th&)) = QF andPD = BE.
Now, the equalityPQQ = PD + QB can be written a§)EF = BFE + QB, so the
points@, B, E are collinear.

This is possible only whed BC' D is square.

Finally, we consider replacing the square in Theorem 2 by a rhombupo$iro
tion 7 below was proposed by the author as a problem for the 12th Editior of th
Clock-Tower School Competition, @nnicu Valcea, Romania, 2009, then given
at the first selection test for the Romanian team participating at the JunicarBalk
Mathematical Olympiad, Neptun-Constanta, April, 15-th, 2009.

Proposition 7. Let ABC D be a rhombus. Two rays throughmeet the diagonal
BD at M, N, and the sideBC and C'D at P, () respectively(see Figure 14)
ThenAN = NPifand only if AM = MQ.

D Q c

N1

Figure 14
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Proof. The key idea is that the statementd” = NP andAM = M@ are equiv-
alentto£ PAQ = $£ABC.

First, if {PAQ = 14ABC, then{ NAP = £NBP, and the quadrilateral
ABPN is cyclic. As{ABN = £{PBN, we haveAN = NP.

For the converse, we considaf on BD such thatx PAN; = %ABAD. As
above, we gei N1 = N1 P. ButAN = N P so thatB D must be the perpendicular
bisector of the segmenmtP. This is absurd. O
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