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Characterizations of a Tangential Quadrilateral

Nicuşor Minculete

Abstract. In this paper we will present several relations about the tangential
quadrilaterals; among these, we have that the quadrilateralABCD is tangential
if and only if the following equality
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holds, whereO is the point where the diagonals of convex quadrilateralABCD

meet. This is equivalent to Wu’s Theorem.

A tangential quadrilateral is a convex quadrilateral whose sides all tangent to a
circle inscribed in the quadrilateral.1 In a tangential quadrilateral, the four angle bi-
sectors meet at the center of the inscribed circle. Conversely, a convexquadrilateral
in which the four angle bisectors meet at a point must be tangential. A necessary
and sufficient condition for a convex quadrilateral to be tangential is thatits two
pairs of opposite sides have equal sums (see [1, 2, 4]). In [5], Marius Iosifescu
proved that a convex quadrilateralABCD is tangential if and only if
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wherex, y, z, w are the measures of the anglesABD, ADB, BDC, andDBC

respectively (see Figure 1). In [3], Wu Wei Chao gave another characterization of
tangential quadrilaterals. The two diagonals of any convex quadrilateraldivide the
quadrilateral into four triangles. Letr1, r2, r3, r4, in cyclic order, denote the radii
of the circles inscribed in each of these triangles (see Figure 2). Wu found that the
quadrilateral is tangential if and only if
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In this paper we find another characterization (Theorem 1 below) of tangential
quadrilaterals. This new characterization is shown to be equivalent to Wu’s condi-
tion and others (Proposition 2).

Consider a convex quadrilateralABCD with diagonalsAC andBD intersect-
ing atO. Denote the lengths of the sidesAB, BC, CD, DA by a, b, c, d respec-
tively.
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1Tangential quadrilateral are also known as circumscriptible quadrilaterals, see [2, p.135].
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Theorem 1. A convex quadrilateral ABCD with diagonals intersecting at O is
tangential if and only if

1

d(O, AB)
+
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d(O, CD)
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d(O, BC)
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1

d(O, DA)
, (1)

where d(O, AB) is the distance from O to the line AB etc.

Proof. We first express (1) is an alternative form. Consider the projectionsM , N ,
P andQ of O on the sidesAB, BC, CD, DA respectively.
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Let AB = a, BC = b, CD = c, DA = d. It is easy to see
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This means

OM

b sin B
=

OQ

c sinD
,

OM

d sinA
=

ON

c sinC
,

ON

a sinB
=

OP

d sinD
.

The relation (1) becomes
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which is equivalent to
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or
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a sinA sinB

c sinC sinD
=
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Therefore (1) is equivalent to

a sinA sin B + c sinC sinD = b sinB sin C + d sinD sinA. (2)

Now we show thatABCD is tangential if and only if (2) holds.
(⇒) If the quadrilateralABCD is tangential, then there is a circle inscribed in

the quadrilateral. Letr be the radius of this circle. Then
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Hence,
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Similarly,
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From these relations it is clear that (2) holds.
(⇐) We assume (2) andABCD not tangential. From these we shall deduce a

contradiction.
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Figure 4.

Case 1. Suppose the opposite sides ofABCD are not parallel.
Let T be the intersection of the linesAD andBC. Consider the incircle of

triangleABT (see Figure 4). Construct a parallel to the sideDC which is tangent
to the circle, meeting the sidesBC andDA atC ′ andD′ respectively. LetBC ′ =
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b′, C ′D′ = c′, D′A = d′, C ′C = x, D′′D′ = y, andD′D = z, and whereD′′ is
the point onC ′D′ such thatC ′CDD′′ is a parallelogram. Note that

b = b′ + x, c = c′ − y, d = d′ + z.

Since the quadrilateralABC ′D′ is tangential, we have

a sinA sin B + c′ sinC sinD = b′ sin B sinC + d′ sinD sin A. (3)

Comparison of (2) and (3) gives

a sinA sin B + c sinC sinD = b sinB sin C + d sinD sinA,

we have
−y sinC sinD = x sinB sinC + z sin D sinA.

This is a contradiction sincex, y, z all have the same sign,2 and the trigonometric
ratios are all positive.

Case 2. Now supposeABCD has a pair of parallel sides, sayAD andBC.
Consider the circle tangent to the sidesAB, BC andDA (see Figure 5).
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Construct a parallel toDC, tangent to the circle, and intersectingBC, DA at
C ′ andD′ respectively. LetC ′C = D′D = x, BC ′ = b′, andD′A = d′. 3 Clearly,
b′ = b − x, d = d′ + x, andC ′D′ = CD = c. Since the quadrilateralABC ′D′ is
tangential, we have

a sinA sinB + c sinC sinD = b′ sinB sin C + d′ sinD sinA. (4)

Comparing this with (2), we havex(sinB sin C + sinD sinA) = 0. Sincex 6= 0,
sinA = sinB andsinC = sinD, this reduces to2 sinA sin C = 0, a contradic-
tion. �

Proposition 2. Let O be the point where the diagonals of the convex quadrilateral
ABCD meet and r1, r2, r3, and r4 respectively the radii of the circles inscribed in
the triangles AOB, BOC, COD and DOA respectively. The following statements
are equivalent:

2In Figure 4, the circle does not intersect the sideCD. In case it does, we treatx, y, z as negative.
3Again, if the circle intersectsCD, thenx is regarded as negative.
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(a) 1
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+ 1
r3

= 1
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.

(b) 1
d(O,AB) + 1

d(O,CD) = 1
d(O,BC) + 1

d(O,DA) .

(c) a
∆AOB

+ c
∆COD

= b
∆BOC

+ d
∆DOA

.
(d) a · ∆COD + c · ∆AOB = b · ∆DOA + d · ∆BOC.
(e)a · OC · OD + c · OA · OB = b · OA · OD + d · OB · OC.

Proof. (a)⇔ (b). The inradius of a triangle is related to the altitudes by the simple
relation
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.

Applying this to the four trianglesAOB, BOC, COD, andDOA, we have
1

r1
=

1

d(O, AB)
+

1

d(A, BD)
+

1

d(B, AC)
,

1

r2
=

1

d(O, BC)
+

1

d(C, BD)
+

1

d(B, AC)
,

1

r3
=

1

d(O, CD)
+

1

d(C, BD)
+

1

d(D, AC)
,

1

r4
=

1

d(O, DA)
+

1

d(A, BD)
+

1

d(D, AC)
.

From these the equivalence of (a) and (b) is clear.
(b)⇔ (c) is clear from the fact that 1

d(O,AB) = a
a·d(O,AB) = a

2∆AOB
etc.

The equivalence of (c), (d) and (e) follows from follows from

∆AOB =
1

2
· OA · OB · sinϕ

etc., whereϕ is the angle between the diagonals. Note that

∆AOB · ∆COD = ∆BOC · ∆DOA =
1

4
· OA · OB · OC · OD · sin2 ϕ.
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