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Characterizations of a Tangential Quadrilateral

Nicusor Minculete

Abstract. In this paper we will present several relations about the tangential
quadrilaterals; among these, we have that the quadrilatdsal D is tangential
if and only if the following equality
1 11 1
4(0,4B) " 4 =

(0,CD) — d(0,BC) T d(0, DA)
holds, where) is the point where the diagonals of convex quadrilatdrBIC D
meet. This is equivalent to Wu’'s Theorem.

A tangential quadrilateral is a convex quadrilateral whose sides all natgea
circle inscribed in the quadrilateralln a tangential quadrilateral, the four angle bi-
sectors meet at the center of the inscribed circle. Conversely, a cquadxilateral
in which the four angle bisectors meet at a point must be tangential. A regess
and sufficient condition for a convex quadrilateral to be tangential isith#vo
pairs of opposite sides have equal sums (see [1, 2, 4]). In [5], Eldosifescu
proved that a convex quadrilatetdBC D is tangential if and only if

x z Y w

tan — - tan — = tan = - tan —,

2 2 2 2

wherez, y, z, w are the measures of the angé®8D, ADB, BDC, andDBC
respectively (see Figure 1). In [3], Wu Wei Chao gave anotheraciarization of
tangential quadrilaterals. The two diagonals of any convex quadrilatierdé the
guadrilateral into four triangles. Let, r, r3, 4, in cyclic order, denote the radii
of the circles inscribed in each of these triangles (see Figure 2). Wul fina the
guadrilateral is tangential if and only if

1 1 1 1

L T3 T2 T4

In this paper we find another characterization (Theorem 1 below) oétsirad
guadrilaterals. This new characterization is shown to be equivalent te &@ndi-
tion and others (Proposition 2).

Consider a convex quadrilaterdlBC'D with diagonalsAC and BD intersect-
ing atO. Denote the lengths of the sidds3, BC, CD, DA by a, b, ¢, d respec-
tively.
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Tangential quadrilateral are also known as circumscriptible quadrilsteee [2, p.135].
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Figure 1 Figure 2

Theorem 1. A convex quadrilateral ABC D with diagonals intersecting at O is
tangential if and only if

1 1 1 1

4(0.4B) T d(0.CD) ~ d(0.BC) T (0, DA)’ @)

where d(O, AB) isthe distance from O to theline AB etc.

Proof. We first express (1) is an alternative form. Consider the projectiéng/,
P and@ of O on the sidesAB, BC, CD, D A respectively.

A

Figure 3
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Let AB=a,BC =b,CD =¢, DA =d. Itis easy to see

OM A0  0Q
d(C,AB) ~ AC ~ d(C,AD)’
OM  BO  ON
d(D,AB) BD d(D,BC)’
ON 0OC  OP
d(A,BC)  AC ~ d(A,DC)

This means

oM 0Q OM _ ON  ON _ OP
bsinB c¢sinD’ dsinA  ¢sinC’  asinB  dsinD’

The relation (1) becomes

1111
OM " OP  ON ' 0Q’

which is equivalent to

OM OM OM

1 —
top ~oN T oq

or

asin Asin B B dsinA bsinB
esinCsinD  e¢sinC esinD’

1+

Therefore (1) is equivalent to
asin Asin B 4 ¢sin C'sin D = bsin B sin C' 4 dsin D sin A. (2)

Now we show thatd BC'D is tangential if and only if (2) holds.
(=) If the quadrilaterad BC' D is tangential, then there is a circle inscribed in
the quadrilateral. Let be the radius of this circle. Then

= tA+ tB b= tBJr tC
a=r|{cot = +coto |, =7 (cot 5 +eoto ),

= tC+ tD d= tD—i- tA
c=r{cot o +cot o |, =7 {cot 5 +eot ).
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Hence,
B) A A B B

A
in Asin B = . — ] -4sin = cos = sin — cos —
asin A sin r<cot 5 —+ cot 5 Sin 5 Ccos 5 Sin 5 CcOs 5

A . B .
=4r | cos —sin — + cos —sin — | cos — cos —

2 2 2 2 2 2
drsi A B
= 4rsin COS — COS —
2 2
. +D A B
= 4rsin cos 3 Ccos 5

D . C .
=4r | cos —sin — + cos — sin — | cos — cos —
2 2 2 2 2 2

o (60 C b ton ) cos A cos B eos € cos 2
= 4r an2 an2 COS2COS2COSQCOSQ.

Similarly,

D A A B D
bsin BsinC' = 4r | tan — + tan — cos—cos—cosgcos—,
2 2 2 2 2 2

inCsinD = dr (tan s + tan 2 A cos B cos Ccos 2
csim O sin = ar an 5 an B COS B COS B COS B COS 2,
B C A B C D

inDsinA =4 — - 2 cos = cos — cos =.
dsin D sin T <tan 5 + tan 5 ) cos 5 CoS 5 cos 5 cos 2
From these relations it is clear that (2) holds.
(<) We assume (2) and BC' D not tangential. From these we shall deduce a

contradiction.

A

Figure 4.

Case 1. Suppose the opposite sided 81C' D are not parallel.

Let T be the intersection of the linedD and BC. Consider the incircle of
triangle ABT (see Figure 4). Construct a parallel to the siglé which is tangent
to the circle, meeting the sidé3C and D A atC’ and D’ respectively. LeBC’ =
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V,C'D' =, D'A=d,C'C =z, D'D =y, andD'D = z, and whereD" is
the point onC’ D’ such thatC’C D D" is a parallelogram. Note that
b=b 42, c=c -y, d=d+=z
Since the quadrilateral BC' D' is tangential, we have

asin Asin B + ¢’ sin C'sin D = V' sin Bsin C + d’ sin D sin A. 3)

Comparison of (2) and (3) gives
asin Asin B 4 ¢sin C'sin D = bsin B sin C' 4 dsin Dsin A,

we have
—ysinC'sin D = xsin Bsin C' + zsin D sin A.
This is a contradiction since, v, = all have the same sighand the trigonometric
ratios are all positive.
Case 2. Now supposa BC' D has a pair of parallel sides, sayD and BC.
Consider the circle tangent to the sidés, BC and D A (see Figure 5).

A Dz D

Figure 5.

Construct a parallel t&C, tangent to the circle, and intersectiyf’, DA at
C' andD’ respectively. LeC’C = D'D = z, BC' =/, andD'A = d'. 3 Clearly,
bV =b—x,d=d +x, andC’'D" = CD = c. Since the quadrilateral BC' D' is
tangential, we have

asin Asin B + csin C'sin D = b sin Bsin C + d’ sin D sin A. 4

Comparing this with (2), we have(sin Bsin C' + sin D sin A) = 0. Sincex # 0,
sin A = sin B andsin C = sin D, this reduces t@sin Asin C' = 0, a contradic-
tion. O

Proposition 2. Let O bethe point where the diagonals of the convex quadrilateral
ABCD meet and r1, 9, r3, and r4 respectively theradii of the circlesinscribed in
thetriangles AOB, BOC, COD and DO A respectively. Thefollowing statements
are equivalent:

2In Figure 4, the circle does not intersect the gitP. In case it does, we treat y, z as negative.
3Again, if the circle intersect€’' D, thenz is regarded as negative.
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1 1 _ 1 1
Nt
(b) 7 0.1B) + o, CD) = 70,80y T 20,04y
b d

(€) 3408 + acop = apoc T apO
() ACODG ¢ AAOB = b~ADOA + d - ABOC.

(€)a-OC-OD+c¢-OA-OB=0b-OA-OD+d-OB-OC.

Proof. (a) < (b). The inradius of a triangle is related to the altitudes by the simple
relation

1 1 1 1

P he R
a b c
Applying this to the four triangleslO B, BOC, COD, andDO A, we have
1 1 1 1

7 d(O,AB) " d(A,BD) " d(B,AC)’
11 1 1
ry  d(O,BO) + d(C, BD) * d(B,AC)’
11 1 1
r3  d(O,CD) + d(C, BD) + d(D, AC)’
1 1 1 1

v2 (0, DA) T d(A,BD) " d(D,AC)’

From these the equivalence of (a) and (b) is clear.

(b) < (c) is clear from the fact thaém ol OAB) = sxa0p etc.
The equivalence of (c), (d) and (e) foIIows from follows from

AAOB = % -OA-OB -sinyp
etc., wherep is the angle between the diagonals. Note that
AAOB - ACOD = ABOC - ADOA = % -OA-OB-0C -0D -sin® .
[l
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