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Heptagonal Triangles and Their Companions

Paul Yiu

Abstract. A heptagonal triangle is a non-isosceles triangle formed by three ver-
tices of a regular heptagon. Its angles @r,e%’f and 47". As such, there is a
unique choice of a companion heptagonal triangle formed by three akthe
maining four vertices. Given a heptagonal triangle, we display a numiber
interesting companion pairs of heptagonal triangles on its nine-point eintle
Brocard circle. Among other results on the geometry of the heptagdaadte,

we prove that the circumcenter and the Fermat points of a heptagomagléria
form an equilateral triangle. The proof is an interesting application of 'sste
theorem that the Fermat points, the circumcenter and the nine-point oéate
triangle are concyclic.

1. The heptagonal triangleT and its companion

A heptagonal triangld’ is one with angleg;, 27” and%’r. Its vertices are three
vertices of a regular heptagon inscribed in its circumcircle. Among the rengainin
four vertices of the heptagon, there is a unique choice of three whioh &or
other (congruent) heptagonal trian@é We call this the companion &, and the
seventh vertex of the regular heptagon the residual vert8xarfid T’ (see Figure
1). Inthis paper we work with complex number coordinates, and take theitohé
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Figure 1. A heptagonal triangle and its companion

in the complex plane for the circumcircle ®f. By putting the residual vertek at
1, we label the vertices df by

4 2
A=(, B =¢, C=¢,
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and those ofl” by
A,:CBa B,:CG, C,:C5,
where( := cos 2F + isin 27 is a primitive7-th root of unity.

We study the triangle geometry @f, some common triangle centers, lines, cir-
cles and conics associated with it. We show that the Simson lingt$, d8’, C’
with respect tdT' are concurrent (Theorem 4). We find a number of interesting
companion pairs of heptagonal triangles associated Witkor example, the me-
dial triangle and the orthic triangle & form such a pair on the nine-point circle
(Theorem 5), and the residual vertex is a point on the circumcircle difis indeed
the Euler reflection point dI'. In the final section we prove that the circumcenter
and the Fermat points form an equilateral triangle (Theorem 22). Tkemirpaper
can be regarded as a continuation of Bankoff-Garfunkel [1].

2. Preliminaries

2.1 Some simple coordinate€learly, the circumcente&p of T has coordinaté,

and the centroid is the poiit = %(C + (2 + ¢*). Since the orthocentdd and the

nine-point centeV are points (on the Euler line) satisfying
OG:GN:NH=2:1:3,

we have

H=(+ o+

N= 2+ 4+, @

This reasoning applies to any triangle with vertices on the unit circle. The-bise
tors of anglesA, B, C of T intersect the circumcircle atC’, A’, B’ respectively.
These form a triangle whose orthocenter is the incehtdrT (see Figure 2). This
latter is therefore the point

I=¢ =+ (2)
Similarly, the external bisectors of anglds B, C intersect the circumcircle &t’,
—A’, —B' respectively. Identifying the excenters®Bfas orthocenters of triangles
with vertices on the unit circle, we have

L=~ +¢+¢,
I=¢+¢" = ¢, 3)
Ie= =+ +¢"

Figure 2 shows the tritangent circles of the heptagonal trigiigle

2.2 Representation of a companion paMWaking use of the simple fact that the
complex number coordinates of vertices of a regular heptagon can leazbtiam
any one of them by multiplications lay . .., ¢%, we shall display a companion pair
of heptagonal triangle by listing coordinates of the center, the residuaixvand
the vertices of the two heptagonal triangles, as follows.
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Figure 2. The tritangent centers

Center: P
Residual vertex: @

Rotation| Vertices Rotation| Vertices
¢ [ P+@-P)| ¢ |[P+Q-P)
¢ P+{(Q-P) ¢° P+¢%(Q—P)
¢ [ P+F@Q-P)] ¢ [P+(@Q-P)

2.3 While we shall mostly work in the cyclotomic fiel@(¢), ! the complex
number coordinates of points we consider in this paperesidinear combinations
of ¢¥ for 0 < k < 6, (the vertices of the regular heptagon on the circumcircle of

Isee Corollary 23 for an exception.
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T). The real coefficients involved are rational combinations of

¢+ (8 2m 2+ ¢ 47 SENG 6T

5 —(3087, Cy = 2 —COS7, c3 = 5 —cos7.
Note thate; > 0 andco, c3 < 0. An expression of a complex humbeias a real
linear combination ot*, ¢, ¢? (with sum of coefficients equal tt) actually gives
the absolute barycentric coordinate of the paimtith reference to the heptagonal
triangleT. For example,

Ccl1 =

¢ = 20-C" + 202-¢C +  1-C
G o= 2 + 1-¢C — 2
¢¢ = 1-¢* = 2c3-C + 2c3-C%
1 = —2¢-¢* — 2c3-¢C — 2¢1-C2

We shall make frequent uses of the important result.

Lemma 1(Gauss) 1+ 2(¢ + ¢ + ¢*) = V/Ti.

Proof. Although this can be directly verified itis actually a special case of Gauss
famous theorem that if = cos 2& T+ sin & - for an odd integer., then

n—1 .
2 Jvn  ifn=1 (mod4),
kZ:OC - {\/ﬁz ifn=3 (mod 4).

For a proof, see [2, pp.75-76]. O

2.4. Reflections and pedals.

Lemma 2. If o, (3, v are unit complex numbers, the reflectionofn the line
joiningaandfisy = a+  — af7.

Proof. As points in the complex plane; has equal distances fromand 3 as~
does. This is clear from

Y —a=p(1-07) =37y - ),
Y =B =a(l-p7) =ay(y-B).
]

Corollary 3. (1) The reflection of* in the line joining¢? and(¢7 is ¢ 4-¢7 — i+,
(2) The pedalorthogonal projectiondf ¢* on the line joiningt? and ¢’ is

S+ ¢E o)
(3) The reflections oft in BC', Bin CA, andC in AB are the points
A=+ - ¢
B* =+ ¢t - ¢ 4)
Cr=¢-¢P 4t
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3. Concurrent Simson lines

The Simson line of a point on the circumcircle of a triangle is the line containing
the pedals of the point on the sidelines of the triangle.

Theorem 4. The Simson lines of’, B’, C’ with respect to the heptagonal triangle
T are concurrent.

Figure 3. Simson lines

Proof. The pedals ofA on BC' is the midpointA’ of AA*; similarly for those of
BonCA andC on AB. We tabulate the coordinates of the pedalsd6f B/,

C’ on the sidelineBC, C A, AB respectively. These are easily calculated using
Corollary 3.

BC CA AB
AT (14 C+ 4 ) (P +¢h sC=C+ 3+
B 3¢+ -+ %(—1+<2+<4+<6> ¢+
c' 3¢+ S(—CH+CH+CC) F(-1+C+ T+ )

We check that the Simson lines 4f, B’, C’ all contain the point-1. For these,
it is enough to show that the complex numbers

CHCHA) A+ ¢, () A+, (HEHC) M+ )
are real. These are indeédr ¢%, ¢2 + ¢?, ¢3 + ¢* respectively. O
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Remark.The Simson line ofD, on the other hand, is parallel @D (see Figure
3). This is because the complex number coordinates of the pedBlsrafmely,

14+ - 143+ - 14+ -
2 ’ 2 ’ 2 ’
all have the same imaginary part¢ — ¢+ ¢2 — ¢> — 3 + ¢*).

4. The nine-point circle

4.1 A companion pair of heptagonal triangles on the nine-point cirés.is well
known, the nine-point circle is the circle through the vertices of the medialiéa
and of the orthic triangle. The medial triangle Bfclearly is heptagonal. It is
known thatT is the only obtuse triangle with orthic triangle similar to itsélfThe
medial and orthic triangles &F are therefore congruent. It turns out that they are
companions.

Theorem 5. The medial triangle and the orthic triangle @f are companion hep-
tagonal triangles on the nine-point circle @f. The residual vertex is the Euler
reflection pointE (on the circumcircle ofl’).

c’

Figure 4. A companion pair on the nine-point circle

2if the angles of an obtuse angled triangle arg. 8 < =, those of its orthic triangle a2z, 2,
and2~v — «. The two triangles are similar if and onlydf = 2y — 7, 8 = 2a. andy = 23. From
thesea = Z, 8 = 27” andy = 47” This shows that the triangle is heptagonal. The equilateral
triangle is the only acute angled triangle similar to its own orthic triangle.
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Proof. (1) The companionship of the medial and orthic triangles on the nine-point
circle is clear from the table below.

Center: N = 1(< ¥ §2 T C4)
Residual vertex: E = g(f1 +CH+ G+ Y

Rotation| Medial triangle | Rotation| Orthic triangle
¢t A =1+ ¢ =36+ -C+ ¢
¢ [Bo=3+¢D [ ¢ TA=5+E+¢ -
¢ [ Co=3+Y ¢ [ Bi=35(C+¢+¢-¢)

Figure 5. The Euler reflection point af

(2) We show thatt is a point on the reflection of the Euler line in each of the
sidelines ofT. In the table below, the reflections 6f are computed from the
simple fact tha© BO;C, OCO; A, OAO} B are rhombi. On the other hand, the
reflections ofH in the sidelines can be determined from the fact tHd{ and
AA* have the same midpoint, so dbH;; andBB*, HH} andCC*. The various
expressions foE’ given in the rightmost column can be routinely verified.
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Line | Reflection ofO | Reflection ofH || £ =

BC | O:=(+ CQ H} = —Cﬁ (=2c1 —ca —¢3)Ok + (—co —c3)H}
CA OZ = CQ + C4 H; = —C5 (—61 — 2¢9 — 63)02< + (—Cl — Cg)H{;
AB O: = C + C4 Hg = _<3 (—01 — Cy — 263)(): + (—Cl — CQ)H:

Thus, E, being the common point of the reflections of the Euler liné'dh its
sidelines, is the Euler reflection point@f, and lies on the circumcircle @&. [

4.2. The second intersection of the nine-point circle and the circumcircle.

Lemma 6. The distance between the nine-point cerifeand theA-excentetl, is
equal to the circumradius of the heptagonal trian@te

Proof. Note thatl, — N =

complex number.

24CHCHC! L BHIR2(CHECHCY) 34T i
5 = 1 = =5~ is a unit

O

This simple result has a number of interesting consequences.

Proposition 7. (1) The midpointF, of N1, is the point of tangency of the nine-
point circle and theA-excircle.
(2) The A-excircle is congruent to the nine-point circle.
(3) F, lies on the circumcircle.

C/
Figure 6. TheA-Feuerbach point dT"
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Proof. (1) By the Feuerbach theorem, the nine-point circle is tangent externally to
each of the excircles. Sin@€l, = R, the circumradius, and the nine-point circle
has radiu%R, the point of tangency with thd-excircle is the midpoint ofV1i,,
ie.

_ L+ N 2+43(C++¢Y

F, 5 1 . (5)

This proves (1).
(2) It also follows that the radius of thé-excircle is%R, and theA-excircle is
congruent to the nine-point circle.

(3) Note thatF, = F306CHEHD) 163V s 4 unit complex number. [

Remark.The reflection of the orthic triangle if, is the A-extouch triangle, since
the points of tangency are

3 C5 C6
~(EFCHO) S ACHEFON S, (OO Y

(see Figure 6).
4.3. Another companion pair on the nine-point circle.

Center: N=3(+C+
Residual vertex: F, = $(2+3(¢+ 2+ ¢%)
Rot. | Feuerbach triangle Rot. | Companion

G R=1C+C+3+20" ) | " [FL=206¢+2+4C"+° + ()
C IR =7+C+-C+O) [ ¢ [FH=74+3C++2("+ )
C [ Fe=3+2C-C++O) | & [F=30@0+4C+3 +3¢"+¢°)

Proposition 8. F., F,, Fy, F,. are the points of tangency of the nine-point circle
with the incircle and thed-, B-, C-excircles respectivelisee Figure 7)

Proof. We have already seen thBf = 1 - N + 1 - I,. Itis enough to show that
the pointsFy, Fy, F, lie onthe linesNI, N1, NI respectively:

Fo= (e —e5)- N+ (cr— 265 —8es) T,
Fy, = (CQ - 63) -N + (_201 — 3¢ — 63) Ay,
F.=(c1 —c2) N+ (=3c1 —c2 — 2¢3) - L.
[l

Proposition 9. The verticed,, F}, F,. of the companion of}, F.. F, are the second
intersections of the nine-point circle with the lines joiniAgto A, B, C respec-
tively.

Proof.
Fl' = —2cy- F, —2(c1 +c3)A,
F, = —2c3-F, —2(c1 + c2)B,
Fl= —2c;-F, —2(ca + ¢3)C.
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Figure 7. Another companion pair on the nine-point circle

5. The residual vertex as a Kiepert perspector

Theorem 10. D is a Kiepert perspector of the heptagonal triangl&C.

Proof. What this means is that there are similar isosceles trianfléxC, B"C A,

C" AB with the same orientation such that the linéd”, BB”, CC" all pass
through the poinD. Let A” be the intersection of the linesD and A’ B/, B” that
of BD andB’'C’, andC” that of C D andC’ A’ (see Figure 8). Note thatC’ B’ A”,

BAC'B", andA’ B'CC" are all parallelograms. From these,

A//:C4_C5+C67
B =+,
C//:CQ+<3_C6‘
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Figure 8. D as a Kiepert perspector af

It is clear that the linest A”, BB” andCC" all contain the poinD. The coordi-
nates ofA”, B”, C” can be rewritten as

A//:C2+C+C2_<_

(L+2(C+ ¢ +¢h),

2 2
4 2 4_ 2
B//:C —;C _|_< 2< -(1+2(C+CQ+C4))7
4 _ 4
C//:C—ZC +< 2C .(1—|—2(C+C2+C4))'

Sincel + 2(¢ + ¢ + ¢*) = /T7i (Gauss sum), these expressions show that
the three isosceles triangles all have base angiesn /7. Thus, the triangles
A"BC, B"CA, C"AB are similar isosceles triangles of the same orientation.
From these we conclude thBXis a point on the Kiepert hyperbola. O

Corollary 11. The center of the Kiepert hyperbola is the point

Ki= -5+ + ). ©)

Proof. Since D is the intersection of the Kiepert hyperbola and the circumcircle,
the center of the Kiepert hyperbola is the midpoint/ofi, where H is the or-
thocenter of triangleA BC' (see Figure 9). This has coordinate as given in (6)
above. O

Remark. K; is also the midpoint 0O 1,,.
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Figure 9. The Kiepert hyperbola af

SinceX = —1 is antipodal to the Kiepert perspector= 1 on the circumcircle,
it is the Steiner point ofl’, which is the fourth intersection of the Steiner ellipse
with the circumcircle. The Steiner ellipse also passes through the circumdbeter
A-excenter, and the midpoint &f G. The tangents af, and X pass througlH,
and that ap passes throughi = (1 — (¢3 + ¢° + ¢°)) on the circumcircle such
thatOX NY is a parallelogram (see Lemma 21).

Figure 10. The Steiner ellipse af
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6. The Brocard circle

6.1 The Brocard points.

Proposition 12 (Bankoff and Garfunkel) The nine-point centel is the first Bro-
card point.

c’

Figure 11. The Brocard points of the heptagonal triafigle

Proof. The relations

_ _ _ 2 4
R &)

_ _ _ 2 4
gl o= P ta T UICHERE) (2 )

_ _ _ 2 4
;(<+C2+C4)—C2=< 3c1 — 2¢p 2037)(4+C+C +¢%) (¢t = ¢?)

show that the linesVA, NB, NC are obtained by rotations a8 A, CB, AC
through the same angle (which is necessarily the Brocard argld his shows
that the nine-point centeV is the first Brocard point of the heptagonal triangle
T. O

Remark. It follows that4 + ¢ + ¢2 + ¢* = V14(cosw + i sinw).

Proposition 13. The symmedian poitt has coordinat (1“(@7“42*44)) =z,



138 P. Yiu

Proof. It is known that on the Brocard circle with diamet@', /NOK = —w.

From this,
1
K = (cosw —isinw) - N
cosw

7
= (1)
244+ HE)
N 7 2
= 24 2(C+ ¢+ ¢Y)
ﬁ
VT
by Lemma 1. O

Corollary 14. The second Brocard point is the Kiepert centér

Proof. By Proposition 13, the Brocard axi3K is along the imaginary axis. Now,
the second Brocard point, being the reflectionMdfin OK, is simply—%(g3 +
¢® + (). This, according to Corollary 11, is the Kiepert centgr O

SinceOD is along the real axis, it is tangent to the Brocard circle.

6.2 A companion pair on the Brocard circle.

Center: 1(1+2(¢C+ 3+ M)
Residual vertex: O =0

Rot. | First Brocard triangle Rot. | Companion
¢ Ay =1(—4c1 —2c5 —8c3) - (—=¢°) | ¢* [ F(—4e1 — 2cp — 8cy) -
C6 B_w = %(—801 — 462 — 263) . (—C?’) C %(—861 — 462 - 203) . C4
C5 C_w = %(—201 — 802 — 463> . (—CG) CQ %(—261 — 862 — 403) . C
Since—¢? is the midpoint of the minor arc joining and¢?, the coordinate of
the point labeledd _,, shows that this point lies on the perpendicular bisector of
BC'. Similarly, B_, andC_,, lie on the perpendicular bisectors 6fA and AB
respectively. Since these points on the Brocard circle, they are theegedidthe
first Brocard triangle.
The vertices of the companion are the second intersections of the Bioicaed

with and the lines joining) to C, A, B respectively.

Proposition 15. The first Brocard triangle is perspective withBC' at the point
—1 (see Figure 12)

Proof.
1

2

(=3c1 —2c9 —2¢3) - Ay +¢1 - ¢,
(—2¢1 —3cg — 2¢3) - B_yy + 2+ (,
(—261 — 262 — 363) . C'_w +c3- Cz.
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Figure 12. A regular heptagon on the Brocard circle

7. A companion of the triangle of reflections

We have computed the coordinates of the vertices of the triangle of reflgction
A*B*C* in (4). Itis interesting to note that this is also a heptagonal triangle, and
its circumcenter coincides with,. The residual vertex is the reflection©fin 1.

Center: I,=—(C+ ¢+
Residual vertex: D = —2(¢3 + ¢® + (%)

Rotation| Triangle of reflectiong| Rotation| Companion
A=+ ¢ [ B=1+-¢
¢ B =+ -¢ ¢ 1C=1+¢-¢
¢ [o=¢-¢¢+ ¢ [A=1+-¢

The companion has vertices on the sides of triangh’,

(14 2¢1)¢ — 2¢y - Cz;
(1+ 202)C2 — 2¢9 - C4;
C = (1+2c3)¢t —2¢3-C.

It is also perspective wit. Indeed, the linestA, BB, CC are all perpendic-
ular to the Euler line, since the complex numbers

1+ -¢—¢t 14+ -¢-¢ 14+¢-¢-¢
C+G+¢ 7 G+t T e+
are all imaginary, being respectively,/2(¢% — ¢%), v2(¢2 — ¢*), —v2(¢ — ¢%).

Z:
E:
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lok

Figure 13. The triangle of reflections a@f

Proposition 16. The triangle of reflectiongl* B*C* is triply perspective witlT.

Proof. The triangle of reflectiomd* B*C* is clearly perspective witld BC at the
orthocenterH. SinceA*C, B* A, C* B are all parallel (to the imaginary axis), the
two triangles are triply perspective ([3, Theorem 381]). In other wopAt B*C*
is also perspective witlBC A. In fact, the perspector is the residual verfex

A= —(142¢1) 14 (24 2¢1)¢,

B* = — (14 2¢) - 1+ (2 + 2¢2)¢?,

C* = — (14 2¢c3) -1+ (2 + 2¢3)¢

O

Remark. The circumcircle of the triangle of reflections also contains the circum-
centerO, the Euler reflection poink, and the residual verteX.
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8. A partition of T by the bisectors

Let A;B;C7 be the cevian triangle of the incenteof the heptagonal triangle
T = ABC. ltis easy to see that triangld3CI, ACC; and BB;C' are also
heptagonal. Each of these is the image of the heptagonal triah§té under
an affine mapping of the formv = az + 8 or w = «az + 8, according as the
triangles have the same or different orientations. Note that the image triaamgle h
circumcentepd and circumradiug|.

A o

Figure 14. Partition off" by angle bisectors

Each of these mappings is determined by the images of two vertices. For exam-
ple, sinceABC and BC'I have the same orientation, the mappjia@:) = az +
is determined by the image$(A) = B and f1(B) = C; similarly for the map-
pings fo and f3.

| Affine mapping |A|B|C|
filz) =(C+¢Hz-¢ Bl C |1
L) =0+(+C+)z-(1+C+) [A] O[O
=0+ ++CzZ-0+C+O)[B|B| C

Thus, we have
I= fi(C)=¢ =+,

Cr= fo(C)=-1+¢+ -+

Br= f3(B) = -1+ (+ (' =+
Note also that fromfa(A;) = I, it follows that

A =1+ -+ =

Remark.The affine mapping that associates a heptagonal triangle with circumcen-
terc and residual vertex to its companion is given by

d—c _ dec—7cd

= zZ+ = .
d—¢ d—¢

w =



142 P. Yiu
8.1 Four concurrent lines.A simple application of the mappingj yields the fol-
lowing result on the concurrency of four lines.

Proposition 17. The orthocenter of the heptagonal triangk'I lies on the line
OC and the perpendicular fror@'; to AC.

Figure 15. Four concurrent altitudes

Proof. Since ABC has orthocenteH = ¢ + ¢? + (%, the orthocenter of triangle
BC1T is the point

H' = fi(H) = —(1+¢") = =(¢* +¢*)¢%
This expression shows that’ lies on the radiu®)C. Now, the vectorH'C; is
given by
Cr—H' = (-1+¢(+ =+ )+ 1+
=+ -G+ + ¢
On the other hand, the vectatC is given by¢? — ¢*. To check thatH'Cy is
perpendicular tAC, we need only note that

C+C=CH+ONC-N) =2~ O)+ (=) + (P = ¢
is purely imaginary. O

Remark. Similarly, the orthocenter cAC'Cy lies on theC-altiude of ABC, and
that of BB;C on the B-altitude.
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8.2 Systems of concurrent circles.

Proposition 18. The nine-point circles ol CC; and(the isosceles trianglé)’ A’C
are tangent internally at the midpoint &' C'.

Figure 16. Two tangent nine-point circles

Proof. The nine-point circle of the isosceles triandkeA’C' clearly contains the
midpoint M of B’C. Since triangleAB’C is also isosceles, the perpendicular
from A to B'C passes through/. This means that/ lies on the nine-point circle
of triangle ACC;. We show that the two circles are indeed tangert/at

The nine-point center cAC'CY is the point

1
Fa(N) = 520+ + P+ M+ ).
On the other hand, the nine-point center of the isosceles tridigle” is the point
1
N' = 5(42 + ¢+ ().

Since

¢2+¢° ,
M = = (1 —2cp — 4e3) fo(N) + (2¢2 + 4e3) N

as can be verified directly, we conclude that the two circles are tangemntaiiye
O
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Theorem 19. The following circles have a common point.
(i) the circumcircle ofACCY,

(i) the nine-point circle oACCY,

(iii) the A-excircle ofACCY,

(iv) the nine-point circle oBB;C.

Figure 17. Four concurrent circles

Proof. By Proposition 7(3), the first three circles concur at h&euerbach point
of triangle AC'C, which is the point

1
fo(Fa) = 2(C+262 + ¢ = ¢+ C0).
It is enough to verify that this point lies on the nine-point circle®B;C, which

has center
<<+<2+<4> A+ HCH
f3 2 - 2 5

and square radius
TP = 1 (B )+ (C+ ) 2+ ().

This is exactly the square distance betwge(F;,) and the center, as is directly
verified. This shows thafk(F,) indeed lies on the nine-point circle 8fB;C. [
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Theorem 20. Each of the following circles contains the Feuerbach p@inof T :
() the nine-point circle ofT,

(i) the incircle ofT,

(iii) the nine-point circle of the heptagonal triangkC'7,

(iv) the C-excircle of BC1,

(v) the A-excircle of the heptagonal triangléCC',

(vi) the incircle of the isosceles triangle/C’;.

Figure 18. Six circles concurrent at the Feuerbach poifit of

Proof. It is well known that the nine-point circle and the incircleBfare tangent
to each other internally at the Feuerbach pdint It is enough to verify that this
point lies on each of the remaining four circles.

(iii) and (iv) The C-excircle of BCI is the image of theB-excircle of ABC
under the affine mapping . It is therefore enough to check thAt(F;) = Fe:

(R = JCHCHE Pt ¢ - ¢

= O =R
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(v) The heptagonal triangld C'C7 is the image ofABC under the mapping
f2. It can be verified directly thatl = —1(¢ — ¢? + 3¢3 + 3¢%) — (% is the
point for which fo(W) = F.. The square distance ¥ from the A-excenter
I, = —(¢®+ 5+ ¢%)isthe square norm aV — I, = (¢ + 2+ 3+ ¢°). An
easy calculation shows that this is

i(—c +C+C+ONCH+T+ - = =1L

_1
16 4
It follows that, under the mapping, F. lies on theA-excircle of ACC7.

Figure 19. The incircle of an isosceles triangle

(vi) Since C;BC and IC B; are isosceles triangles, the perpendicular bisec-
tors of BC andC By are the bisectors of anglég’; B andC; I B respectively. It
follows that the incenter of the isosceles trianBléC'; coincides with the circum-
center of triangleB B;C, which is the pointl’ = —(1 + ¢3 + ¢°) from the affine
mappingfs. This incircle touches the sideC; at its midpointM, the sidel B at
the midpointQ) of BBy, and the sideB(C’; at the orthogonal projectioR of C' on
AB (see Figure 19). A simple calculation shows tHd& M () = 37” To show that
I lies on the same circle, we need only verify tha? F,.(Q = 47”. To this end, we
first determine some complex humber coordinates:

P=3(+E -4 Y,

Q=5(-1+20+¢ =+ ).
Now, with £, = 3(2¢ + ¢% + ¢* — ¢° + ¢5), we have
Q-Fe=("+)(P-F).

From the expressiott* + (5 = (~2(¢ + ¢°), we conclude that indeedPF,Q =
47r. O
7
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9. A theorem on the Fermat points

Lemma 21. The perpendicular bisector of the segmény is the line containing

X =-landY = 3(1—(¢3+ ¢ +¢Y)).

Proof. (1) Complete the parallelogrami, H X, then
X=0+H-I,=(C+C+MN+(E++0) =1

is a point on the circumcircle. Note that is the midpoint ofl, X. Thus,NX =

NI, = R = OX. This shows tha¥ is on the bisector cON.

(2) Complete the parallelogramN 1,Y, with Y = O + I, — N. Explicitly,
Y =3(1-(¢®+ ¢ +¢%). But we also have

X+Y=(0O+H-1,)+(O+I,—N)=(2-N—-1,)+(O+1I,—N)=O+N.

This means thaD X NY is a rhombus, and/'Y = OY'.
From (1) and (2) XY is the perpendicular bisector 6fN. O

o’

Figure 20. The circumcenter and the Fermat points form an equilatienad e

Theorem 22. The circumcenter and the Fermat points of the heptagonal triangle
T form an equilateral triangle.
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Proof. (1) Consider the circle through, with center at the point
1
L:= —g(Cg + ¢+ ¢%).

This is the center of the equilateral triangle withas a vertex ands; = —%(C?’ +
¢ + ¢%) the midpoint of the opposite side. See Figure 20.

(2) With X andY in Lemma 21, it is easy to check that=
means thaL lies on the perpendicular bisector@fV.

(3) SinceKj is on the Brocard circle (with diametérK'), O Kj is perpendicular
to the line K K;. Itis well known that the ling< K; contains the Fermat point%.
Indeed, K is the midpoint of the Fermat points. This means thas lies on the
perpendicular bisector of the Fermat points.

(4) By awell known theorem of Lester (see, for example, [5]), thefagpoints,
the circumcenter, and the nine-point center are concyclic. The centiee ofrcle
containing them is necessarily, and this circle coincides with the circle con-
structed in (1). The side of the equilateral triangle opposit® tis the segment
joining the Fermat points. O

(X +2Y). This

Corollary 23. The Fermat points of the heptagonal triandleare the points
1
Fr= (420 + ¢+ ),
1
Fo= (X +20)(¢C 4+ ¢ +¢0),

whereX = 2(—1+v/3i) andA? = 1(—1 — /3¢) are the imaginary cube roots of
unity.

Remarks,(1) The triangle with vertices, and the Fermat points is also equilateral.

(2) SinceOI, = /2R, each side of the equilateral triangle has Ieng@R.

(3) The Lester circle is congruent to the orthocentroidal circle, whichHh&
as a diameter.
(4) The Brocard axi®) K is tangent to thed-excircle at the midpoint of , H.
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