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Abstract. We offer a survey of some lesser known or new trigonometric proofs
of the Steiner-Lehmus theorem. A new proof of a recent refinedtaisaalso
given.

1. Introduction

The famous Steiner-Lehmus theorem states that if the internal angle bésector
of two angles of a triangle are equal, then the triangle is isosceles. Foeat rec
survey of the Steiner-Lehmus theorem, see M. Hajja [8]. From the biblibgra
of [8] one can find many methods of proof, purely geometric, or trigondmetr
of this theorem. Our aim in this note is to add some new references, and to draw
attention to some little or unknown proofs, especially trigonometric ones. We sha
also include a new trigonometric proof of a refined version of the Steirlrrlus
theorem, published recently [9].

First, we want to point out some classical geometric proofs published id 196
by A. Froda [4], attributed to W. T. Williams and G. T. Savage. Another irstang
proof by A. Froda appears in his book [5] (see also the book of thenskeauthor
[15]). Another purely geometric proof was published in 1973 by M. Kthga
Narayama [16]. Other papers are by K. Seydel and C. Newman [L#eanore
recent papers by D. Beran [1] or Diikhing [13]. None of the recent extensive
surveys connected with the Steiner-Lehmus theorem mentions the use dégomp
numbers in the proof. Such a method appears in the paper by C. I. Luim[1
1959.

Trigonometric proofs of Euclidean theorems have gained additional impertan
after the appearance of Ungar’s book [18]. In this book, the auttneldps a kind
of trigonometry that serves Hyperbolic Geometry in the same way our oydinar
trigonometry does Euclidean Geometry. He calls it Gyrotrigonometry anceprov
that the ordinary trigonometric identities have counterparts in that trigonometry
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Consequently, he takes certain trigonometrical proofs of Euclideaneimsoand
shows that these proofs, hence also the corresponding theorem#) xefichin
Hyperbolic Geometry. In this context, he includes the trigonometric proatiseof
Urquhart and the Steiner-Lehmus theorems that appeared in [7] anB¢Bted

to the question, first posed by Sylvester (also mentioned in [8]), whethes th

a direct proof of the Steiner-Lehmus theorem, recently J. H. Conway[2$chas
given an intriguing argument that there is no such proof. However,dhidity of
Conway’s argument is debatable since a claim of the non-existence etaplioof
should be formulated in a more precise manner using, for example, the tangua
of intuitionistic logic.

2. Trigonometric proofs of the Steiner-Lehmus theorem

2.1 Perhaps one of the shortest trigonometric proofs of the Steiner-Lehems th
rem one can find in a forgotten paper (written in Romanian) in 1916 by \t€3ds
[3]. Let BB’ andCC’ denote two angle bisectors of the triangl&C' (see Fig.
1). By using the law of sines in trianglB B’C', one gets

BB BC

sinC  sin (C + £)°

A

Figure 1.

AsC + B = ¢ 180°-C=4 _ g¢° _ A-C one has

sin C'
BB =a- ————.
oS %
Similarly,
sin B
CcC'=a - ——.
cos A*TB
Assuming BB’ = CC’, and using the identitiesin C = 2sin $ cos &, and
sin % = cos AJFTB, sin g = cos #, we have
A+ B A-B B A+C A-C
COS — - COS cos = COS — COS cos . (1)

2 2 2 2 2 2
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Now from the identity
cos(z 4+ ) - cos(z — y) = cos? z + cos?y — 1,
relation (1) becomes
— — — = = — — ——1].
cos 2 (cos 9 + cos 5 > cos 5 (COS 5 + cos 5
This simplifies into

B N (a2 A s B ©) o
COS B COS 9 S1814 9 COS B COS 9 = u.

As the second paranthesis of (6) is strictly positive, this impibe% —cos % =0,
soB=C.

2.2 In 2000, respectively 2001, the German mathematicians D. Plachky [@i2] an
D. Ruthing [14] have given other trigonometric proofs of the Steiner-Lehmers-th
rem, based on area considerations. We present here the method bgyPlzefote
the angles aB andC respectively by3 and~, and the angle bisectol3B’ and
AA’ by w, andw, (see Figure 2).

A

K1
B

A c

Figure 2.

By using the trigonometric forrr%absirw of the area of triangled BC, and
decomposing the initial triangle in two triangles, we get

1 o681 B8 1 Ca 1 e
iawﬁ sin 5 + §cwﬁ sin 5 = §bwa sin 3 + §cwa sin 9
By the law of sines we have
sina  sinf  sin(m — (a+ (3))
a b c
SO assumingv, = wg, We obtain

)

csin o . B s G csin 3 L« s a
——— sin— 4+e¢sine = ———sin — + esin —
sinfa+ ) 2 2 sin(a+p8) 2 2’

or

sin(a + ) <sin(; —sin g) + sin % sin § — sinasing = 0. (2)
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Writing sin o = 2 sin § cos § etc and using the formulae

uU—v U+ v

sinu — sinv = 28in 5 008 —5— (3)
COSU — COSV = —2sinujvsinu;v, (4)
we rewrite (2) as
+

e
2sin

i <sin(a+ﬁ)cosa +281n3sin§sina+ﬁ> —0.

2
Sincea+( < 7, the expression inside the parenthesis is strictly positive. It follows
thata = 5.

2.3 The following trigonometric proof seems to be much simpler. It can found
in [10, pp. 194-196]. According to Honsberger, this proof was kmisred by

M. Hajja who later came across in it some obscure Russian book. The swuthor
rediscovered again this proof, and wish to thank the referee for thisniiafion.
Writing the area of trianglel BC' in two different ways (using triangle$ BB’ and
BB’C) we get immediately

2ac J6]

wb—a+ccos§. (5)
Similarly,
2bc o
wa—b+ccos§. (6)

Suppose now that, > b. Thena > 3,502 > 2. As ¢, 9 ¢ (0, %), one gets
cos 5 < cosg. Also, % < & is equivalent td < a. Thus (5) and (6) imply
w, > wp. This is indeed a proof of the Steiner-Lehmus theorem, as supposing
w, = wp and lettinga > b, we would lead to the contradictiom, > wy, a
contradiction; similarly withz < b.

For another trigonometric proof of a generalized form of the theoremgvee r

the reader to [6].

3. A new trigonometric proof of a refined version

Recently, M. Hajja [9] proved the following stronger version of the Steiner
Lehmus theorem. LeBY andC'Z be the angle bisectors and BY =y, CZ =
z,YC =v, BZ =V (see Figure 3).

Then

c>b=>y+v>2z4+V. (7

AsV = 25, v = aa—fc it is immediate that > b = V > v». Thus, assuming
¢ > b, and using (7) we gaf > z, i.e. the Steiner-Lehmus theorem ($2e3). In
[9], the proof of (7) made use of a nice lemma by R. Breusch. We offier hi@ew
trigonometric proof of (7), based only on the law of sines, and simple trigxetaic
facts.
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A

Figure 3.

In triangle BC'Y one can write
a CcYy BY

sin (C+§) N sing ~ sinC’

SO
Y+ _ a
sinC—i—sing sin(C’—i—g)’
implying
a (sinC + sin g)
+v= 8
yrv sin (C + g) ®)
Similarly,
Z+V:a(sinB+sin%) )

sin (B + %)
Assume now thay + v > z + V. Applyingsinu 4 sinv = 2sin “74'” cos “5* and

using the facts thatos (§ + 2) > 0, cos (§ + ) > 0, after simplification, from
(8) and (9) we get the inequality

cos Q—E cos E—i—g > cos E—g Ccos €+§
2 4 2 4 2 4 2 4 )

Using2 cos u cos v = cos "T“’ + cos “57, this implies

Cos <30+B> + cos (C—?)B> >cos<
4 4 4 4
or
3C B 3B C
Cos <4+4> — COoS <4+4> >cos<
Now applying (4), we get
—sin Bl sin - > —sin 2 sin % (20)
By sin 3u = 3sinu — 4sin® u we get immediately from (10) that

C B
—3 + 4sin® 5 >3+ 4 sin? 3 (11)
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Since the function: + sin® z is strictly increasing inc € (0, %), the inequality
(11) is equivalentt@’ > B. We have actually shown thgt-v > z+V < C > B,
as desired.
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