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On Three Circles

David Graham Searby

Abstract. The classical Three-Circle Problem of Apollonius requires the con-
struction of a fourth circle tangent to three given circles in the Euclidean plane.
For circles in general position this may admit as many as eight solutions or even
no solutions at all. Clearly, an “experimental” approach is unlikely to solve the
problem, but, surprisingly, it leads to a more general theorem. Here weconsider
the case of a chain of circles which, starting from an arbitrary point on one of
the three given circles defines (uniquely, if one is careful) a tangent circle at this
point and a tangency point on another of the given circles. Taking this new point
as a base we construct a circle tangent to the second circle at this point and to the
third circle, and repeat the construction cyclically. For any choice of the three
starting circles, the tangency points are concyclic and the chain can containat
most six circles. The figure reveals unexpected connections with many classi-
cal theorems of projective geometry, and it admits the Three-Circle Problem of
Apollonius as a particular case.

In the third century B.C., Apollonius of Perga proposed (and presumably solved,
though the manuscript is now lost) the problem of constructing a fourth circletan-
gent to three given circles. A partial solution was found by Jean de la Viète around
1600, but here we shall make use of Gergonne’s extremely elegant solution, which
covers all cases. The closure theorem presented here is a generalization of this
classical problem, and it reveals somewhat surprising connections with theorems
of Monge, D’Alembert, Pascal, Brianchon, and Desargues.

Unless the three given circles are tangent at a common point, the Problem of
Apollonius may have no solutions at all or it may have as many as eight – a Carte-
sian formulation would have to take into consideration the coordinates of the three
centers as well as the three radii, and even after normalization we would still be left
with an eighth degree polynomial. Algebraic and geometrical considerations lead
us to consider points as circles with radius zero, and lines as circles with infinite
radius. Inversion will, of course, permit us to eliminate lines altogether, however

Publication Date: September 8, 2009. Communicating Editor: J. Chris Fisher.
A biographical note is included at the end of the paper by the Editor, who also provides the

annotations.



182 D. G. Searby

we must take into account the possibility of negative radii1. This apparent compli-
cation in reality allows us to define general parameters to describe the relationship
between pairs of circles:

Notation and Definitions (Circular Excess) Let Ci = Ci(xi, yi; ri) be the circle
with center(xi, yi) and radiusri; define

ei = x2
i +y2

i −r2
i , eij = (xi−xj)

2+(yi−yj)
2−(ri−rj)

2, and ǫij =
eij

4rirj
.

The usefulness of the “excess” quantitiese andǫ will be evident from the following
definitions.

Definition. We distinguish five types of relationships between pairs of circlesCi

andCj with nonzero radii, as illustrated in the accompanying table.

Nested:
εij < 0

Homogeneosuly tangent:
εij = 0

Intersecting:
0 < εij < 1

Oppositely tangent:
εij = 1

External:
εij > 1

These descriptions are preserved by inversion – specifically,

Theorem 1. (Inversive Invariants).The parameterǫij is invariant under inversion
in any circle whose center does not lie on either of the two given circles.

Proof. The circleC0(x0, y0; r0) invertsC(x, y; r) to C′(x′, y′; r′), where ifd is the

Euclidean distance between the centers ofC andC0, andI0 =
r2
0

d2
−r2 , we find

x′ = x0 + I0(x − x0),

y′ = y0 + I0(y − y0),

r′ = rI0.

1There are two common ways to interpret signed radii. They provide an orientation to the circles
(as in [6]), so thatr > 0 would indicate a counterclockwise orientation,r < 0 clockwise, andr = 0

an unoriented point. In the limitr = ±∞, and one obtains oriented lines. This seems to be Searby’s
interpretation. Alternatively, as in [11], one can assume a circle for which r > 0 to be a disk (that
is, a circle with its interior), whiler < 0 indicates a circle with its exterior; a line for whichr = ∞

determines one half plane andr = −∞ the other. This interpretation works especially well in the
inversive plane (called thecircle planehere) which, in the model that fits best with this paper, is the
Euclidean plane extended by a single point at infinity that is incident with every line of the plane.
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(See [5, p. 79]). Upon applying the formula forǫij to C′

i andC′

j then simplifying,
we obtain the theorem. �

Theorem 1 permits us to work in acircle planeusing Cartesian coordinates, the
Euclidean definition of circles being extended to admit negative, infinite, andzero
radii.

S12S23S13

C1

C2

C3

Figure 1. The centers of similitudeSij of three circles lie on the axis of similitude.

Observation ( D’Alembert-Monge). The centers of similitudeSij of two circlesCi

andCj are the points on the line of centers where the common tangents (when they
exist) intersect. In Cartesian coordinates we have [7, Art. 114, p.105]

Sij =

(

rixj − rjxi

ri − rj
,
riyj − rjyi

ri − rj

)

.

Note that if the radii are of the same sign these coordinates correspond to the exter-
nal center of similitude; if the signs are opposite the center isinternal. Moreover,
three circles with signed radii generate three collinear points that lie on a line called
the axis of similitude(or Monge Line) σ, whose equation is [7, Art.117, p.107]

σ =
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∣

∣
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∣

∣

∣
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∣
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∣

∣

∣

∣

∣

∣

.

As similar determinants appear frequently, we shall write them as∆abc if the rows
areai, bi, ci; or simply∆ab shouldci = 1.
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Lemma 2 (Second tangency point). If P (x0, y0) is a point on a circleCi whileCj

is a second circle, then there exists exactly one circleCa(xa, ya; ra) that is homo-
geneously tangent toCi at P and toCj at some pointP ′(x′

0, y
′

0). MoreoverCa has
parameters

xa = xi +
(x0 − xi)eij

2f0
ij

, ya = yi +
(y0 − yi)eij

2f0
ij

; ra = −ri −
(r0 − ri)eij

2f0
ij

,

where

r0 := 0 and f0
ij := rirj − (x0 − xi)(x0 − xj) − (y0 − yi)(y0 − yj);

and the coordinates ofP ′ are

x′

0 = xi +
rie0j(xj − xi) + rjeij(x0 − xi)

rie0j + rj(eij − e0j)
,

y′0 = yi +
rie0j(yj − yi) + rjeij(y0 − yi)

rie0j + rj(eij − e0j)
,

where
e0j = (x0 − xj)

2 + (y0 − yj)
2 − r2

j

.

Ci Cj

Sij

Ca

Figure 2. The second tangency point of Lemma 2.

Proof. (Outline)2 The two tangency pointsP andP ′ are collinear with a center
of similitude Sij , which will be external or internal according as the radii have
the same or different signs [7, Art. 117, p. 108]. It is then sufficient tofind the
intersections ofSijP with Cj . One of the roots of the resulting quadratic equation

2The existence and uniqueness ofC is immediate to anybody familiar with inversive geometry:
inversion in a circle with centerP sendsP to infinity andCi to an oriented line; the image ofCa

under that inversion is then the unique parallel oriented line that is homogeneously tangent to the
image ofCj . Searby’s intent here was to provide explicit parameters, which were especially useful to
him for producing accurate figures in the days before the graphics programs that are now common.
I, however, drew the figures usingCinderella. Searby did all calculations by hand, but they are too
lengthy to include here; I confirmed the more involved formulas usingMathematica.
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represents the point onCj whose radius is parallel to that ofP on Ci; the other
yields the coordinates ofP ′, and the rest follows. �

We are now ready for the main theorem. The first part of the theorem – the
closure of the chain of circles – was first proved by Tyrrell and Powell[10], having
been conjectured earlier from a drawing.

Theorem 3(Apollonius Closure). LetC1, C2, andC3 be three circles in the Circle
Plane, and choose a pointP1 on C1. DefineC12 to be the unique circle homoge-
neously tangent toC1 at P1 and toC2, thus definingP2 ∈ C2. Continue withC23

homogeneously tangent toC2 at P2 and toC3 at P3, thenC34 homogeneously tan-
gent toC3 at P3 and toC1 at P4, ..., andC67 homogeneously tangent toC3 at P6

and toC1 at P7. Then this chain closes withC78 = C12 or, more simply,P7 = P1.
Moreover, the pointsP1, ..., P6 are cyclic(see Figure 3).

C1

C2

C3

P1

P2

P3

P4

P5

P6

C12

C23

C34

C45
C56

C61

Figure 3. Fori = 1, 2, and3 the given circleCi (in yellow) is homogeneously
tangent atPi to Ci(i+1) andC(i+5)i, and atPi+3 to C(i+3)(i+4) andC(i+2)(i+3)

(where the subscripts6 + ℓ of Cjk are reduced toℓ).

Proof.3 We first show that four consecutivePi’s lie on a circle, takingP1, P2, P3,
P4 as a typical example. See Figure 4.

3Rigby provides two proofs of this theorem in [6]. Searby independently rediscovered the result
around 1987; he showed it to me at that time and I provided yet another proof in [3]. Searby’s
approach has the virtue of being entirely elementary.
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P1 P4

P2P3
XY

C1

C23

C12 C34

π − (β + 2γ)π − (2α + β) γ

γα

α
β β

δ δ

Figure 4. Proof of the Main Theorem 3

Special cases are avoided by using directed angles (so that∠ABC is the angle
between 0 andπ through which the lineBA must be rotated counterclockwise
aboutB to coincide withBC). Denote byCi andCij the centers of the circlesCi

(wherei = 1, 2, 3) andCij (where1 ≤ i < j). By hypothesisPi is on the lines
joining C(i−1)i to Ci(i+1) andCi to bothCi(i+1) andC(i−1)i, where we use the
convention thatC3+k = Ck as shown in Figure 4. In that figure we denote the base
angles of the isosceles triangles△Ci(i+1)PiPi+1 by α, β, andγ, whileδ is the base
angle of△C1P4P1. Consider△C1XY formed by the linesC1P4C34, P2P3, and
C12P1C1. In △XP3P4, ∠P4 = γ and∠P3 = ∠P2P3C23 + ∠C23P3P4 = β + γ,
whence∠X = π − (β + 2γ). In △Y P1P2, ∠P1 = α and∠P2 = ∠P1P2C12 +
∠C12P2P3 = α + β, whence∠Y = π − (2α + β). Consequently,∠C1 =
π − (∠X + ∠Y ) = 2(α + β + γ)− π. But in△C1P4P1, ∠C1 = π − 2δ; whence,
2(α + β + γ) − π = π − 2δ, or

α + β + γ + δ = π.

Because∠P2P3P4 = β + γ and∠P2P1P4 = α+ δ, we conclude that these angles
are equal and the pointsP1, P2, P3, P4 lie on a circle. By cyclically permuting the
indices we deduce thatP5 andP6 lie on that same circle, which proves the claim
in the final statement of the theorem. This new circle already intersectsC1 at P1

andP4, so that the sixth circle of the chain, namely the unique circleC67 that is
homogeneously tangent toC3 at P6 and toC1, would necessarily be tangent toC1

atP1 or P4. Should the tangency point beP4, recalling thatC34 is the unique circle
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homogeneously tangent toC1 at P4 and toC3 at P3, we would necessarily have
P3 = P6. In that case we would necessarily have alsoP1 = P4 andP2 = P5,
and the circleP1P2P3 would be one of the pair of Apollonius Circles mentioned
earlier. In any case,P7 = P1, and the sixth circleC67 touchesC1 atP1, closing the
chain, as claimed. �

This Euclidean proof is quite general: if any of the circles were straight lines
we could simply invert the figure in any appropriate circle to obtain a configuration
of ten proper circles. We shall call the circle through the six tangency points the
six-point circle, and denote it byS. Note the symmetric relationship among the
nine circles – any set of three non-tangent circles chosen from the circles of the
configuration aside fromS will generate the same figure. Indeed, the names of the
circles can be arranged in an array

P1 P5 P3

P4 C1 C45 C34

P2 C12 C2 C23

P6 C61 C56 C3

so that the circles in any row or column homogeneously touch one another atthe
point that heads the row or column. Given the configuration of these nine circles
without any labels, there are six ways to choose the initial three non-tangent circles.
This observation should make clear that the closure of the chain is guaranteed even
when the Apollonius Problem has no solution.

Observation (Apollonius Axis). The requirement that a circleC(x, y; r) be tangent
to three circlesCi(xi, yi; ri) yields a system of three quadratic equations which
can be simplified to a linear equation inx andy, and which will be satisfied by
the coordinates of the centers of two of the solutions of the Apollonius Problem.
(The other six solutions are obtained by taking one of the radii to be negative.)
We shall call the line through those two centers (whose points satisfy the resulting
linear equation) theApollonius Axisand denote it byα; its equation [7, Art. 118,
pp.108-110] is

α : x∆xr + y∆yr =
∆er

2
.

Note that the two linesσ andα are perpendicular; they are defined even when
the corresponding Apollonius Circles fail to exist (or, more precisely, are not real).

Observation (Radical Center). The locus of all points having the same power
(that is, the square of the distance from the center minus the square of the radius)
with respect to two circles is a straight line, theradical axis [7, Art. 106, 107,
pp.98–99]:

ρij : 2(xi − xj)x + 2(yi − yj)y = ei − ej .

The axes determined by three circles are concurrent at theirradical center

CR =

(

∆ey

2∆xy
,

∆xe

2∆xy

)

.
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P1

P2P3

P4

P5

P6 CR

Apollonius axis

Axis of similitude

S12

S23

S13

Figure 5. The Apollonius Axis of three oriented circles contains the centersof
the two Apollonius circles, the radical centerCR, and the centersS of all six-
point circles. It is perpendicular to the axis of similitude.

This point is also known as theMonge Point, as it is the center of the circle, called
the Monge Circle, that is orthogonal to all three given circles whenever such a
circle exists. By substitution one sees thatCR lies onα. In summary,

Theorem 4 (Monge Circle). The Apollonius Axisα of three given circles is the
line through their radical centerCR that is perpendicular to the axis of similitude
σ; furthermore the Monge circle, if it exists, is a six-point circle that inverts the
nine-circle configuration of Theorem3 into itself.

Theorem 5(Centers of Six-Point Circles). For any three given non-tangent circles,
as P1 moves aroundC1 the locus of the centerS of the corresponding six-point
circle is either the entire Apollonius Axisα, the segment ofα between the centers
of the two Apollonius Circles (homogeneously tangent to all three of the given
circles), or that segment’s complement inα.

Proof. Let P1 = (x0, y0). We saw (while finding the second tangency point) that
the lineP1P2 coincides withS12P1, which (by the formula forS12) has gradient

r1(y0 − y2) − r2(y0 − y1)

r1(x0 − x2) − r2(x0 − x1)
;
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because the perpendicular bisectorβ of P1P2 passes throughC12, its equation must
therefore be

β :
y − y1 −

(y0−y1)e12

2f0
12

x − x1 −
(x0−x1)e12

2f0
12

= −
r1(x0 − x2) − r2(x0 − x1)

r1(y0 − y2) − r2(y0 − y1)
.

We can then use Cramer’s rule to find the point whereβ intersects the Apollonius
Axis α, which entails the arduous but rewarding calculation of the denominator,

(r2 − r1)

∣

∣

∣

∣

∣

∣

∣

∣

x0 x1 x2 x3

y0 y1 y2 y3

r0 r1 r2 r3

1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

.

It requires only a little more effort to find the coordinates of the desired intersection
point, which we claim to beS, namely

S =


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∣
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∣
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∣

∣
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





















, (1)

where we have usede0 to stand forx2
0 + y2

0 (with r0 = 0). Of course, the same
calculation could be applied toC61, and we would obtain the same point (1). In
other words, the perpendicular bisectors of the chords ofS formed by the tangency
points of C12 with C1 and C2, and ofC61 with C1 and C3, must intersect atS,
which is necessarily the center ofS. As a byproduct of the way its coordinates
were calculated, we must haveS on α, as claimed. Finally, the Main Theorem
guarantees the existence ofS, and (1) shows that its coordinates are continuous
functions ofx0 andy0. Since a solution circle to the Problem of Apollonius is
obviously a (degenerate) six-point circle, the second part of the theorem is also
proved. �

SettingS = (s1, s2) and rewriting the first coordinate of (1) as
∣

∣

∣

∣

∣

∣

∣

∣

e0 e1 e2 e3
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0 r1 r2 r3

1 1 1 1

∣

∣
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∣

∣

∣

∣

= 2s1
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∣

∣

∣

, (2)

we readily see that this is an equation of the form

x2
0 − 2s1x0 + y2

0 − 2s2y0 + (terms involving neitherx0 nory0) = 0;

the only step that cannot be done in one’s head is checking that the coefficient ofy0

necessarily equals the second coordinate of (1). In particular, we seethat the point
(x0, y0) satisfies the equation of a circle with centerS = (s1, s2). But, the unique
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circle with centerS that passes through(x0, y0) is our six-point circleS. Because
both equation (2) and the corresponding equation using the second coordinate of
(1) hold for any pointP1 in the plane, even ifP1 does not lie onC1, we see thatS
is part of a larger family of circles that cover the plane. We therefore deduce that

Theorem 6 (Six-point Pencil). The equations(2) represent the complete set of
six-point circles, which is part of a pencil of circles whose radical axisis σ. When
the pencil consists of intersecting circles,σ might itself be a six-point circle.4

Proof. S12 has the same power5, namelye12r1r2

r2
1−r2

2
, with respect to all circles tangent

to C1 andC2; but, for any pointP1 ∈ C1, the quantityS12P1 × S12P2 is also the
power ofS12 with respect to the six-point circle determined byP1. Since similar
claims hold forS23 andS31, it follows thatσ (the line containing the centers of
similitude) is the required radical axis. The rest follows quickly from the defini-
tions. �

Since the tangency pointsP1 andP2 of C12 with C1 andC2 are collinear with
S12, and similarly for the other pairs, we see immediately that (as in Figure 6)

Theorem 7(Pascal). The points where the six-point circleS meets the given circles
form a Pascal hexagonP1P2P3P4P5P6 whose axis is the axis of similitudeσ.

Again, the pair of Apollonius circles deriving from Gergonne’s construction and
(if they are real) delimiting the pencil of Theorem 6 are special positions of theCij ,
whence (as in Figure 7)

Theorem 8(Gergonne-Desargues). For any given triple of circles, the six tangency
points of a pair of Apollonius Circles, the three centers of similitudeSij , and the
radical centerCR are ten points of a Desargues Configuration.

Proof. We should mention for completeness that by Gergonne’s construction6, the
poles(x′

i, y
′

i) of σ with respect toCi are collinear with the radical centerCR and
the tangency points of the two Apollonius Circles withCi. For those who prefer
the use of coordinates,

x′

i = xi + ri
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∣
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∣

∣

∣

,

4One easily sees that each six-point circle cuts the three given circles at equal angles. Salmon [7,
Art. 118] derives the same conclusion as our Theorem 6 while determining the locus of the center of
a circle cutting three given circles at equal angles.

5I wonder if Searby used the definition ofpowerthat he gave earlier (in the formd2
− r2), which

seems quite awkward for the calculations needed here. The claim about the constant power ofS12

is clear, however, without such a calculation: the circle, or circles, of inversion that interchangeC1

with C2, called themid-circlesin [2, Sections 5.7 and 5.8] (see, especially, Exercise 5.8.1 on p.126),
is the locus of pointsP such that two circles, tangent to bothC1 andC2, are tangent to each other at
P . The center of this mid-circle isS12, and the square of its radiusS12P is the power ofS12 with
respect to any of these common tangent circles.

6Details concerning Gergonne’s construction can be found in many of thereferences that deal
with the Problem of Apollonius such as [1, Section 10.11.1, p.318], [4,Section 1.10, pp.22–23], or
[7, Art. 119 to 121, pp.110–113].
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P1

P2P3

P4

P5

P6

S12

S23

S13

Figure 6. The points where the six-point circleS (in blue) meets the given circles
(in yellow) form a Pascal hexagon whose axis is the axis of similitude

and the equation of the line joiningCR to the points whereCi is tangent to the
Apollonius Circles is
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= 0.

Gergonne’s construction yields the tangency points in three pairs collinearwith
CR, which is, consequently, the center of perspectivity of the triangles inscribed in
the Apollonius Circles. The axis is clearlyσ because, as with the circlesCij , an
Apollonius circle is tangent to the given circlesCi andCj at points whose joining
line passes throughSij . �

Finally, on inverting the intersection point ofσ andα in S and tracing the six
tangent lines toS at the pointsPi where it meets the given circles, after much
routine algebra (which we leave to the reader)7 we obtain

Theorem 9(Brianchon). The inverse image ofσ∩α in S is the Brianchon Point of
the hexagon circumscribingS and tangent to it at the six points where it intersects
the given circlesCi, taken in the order indicated by the labels.

7There is no need for any calculation here: Theorem 9 is the projective dual of Theorem 7 – the
polarity defined byS takes each pointPi to the line tangent there toS, while (becauseσ ⊥ α) it
interchanges the axis of similitudeσ with the inverse image ofσ ∩ α in S.
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S12S23S13

C1

C2

C3

CR

Figure 7. The triangles (shown in blue) whose vertices are the points where the
Apollonius circles (red) are tangent to the three given oriented circles (yellow)
are perspective from the radical centerCR; the axis of the perspectivity is the
axis of similitude of the given circles.

Conclusion. Uniting as it does the classical theorems of Monge, D’Alembert,
Desargues, Pascal, and Brianchon together with the problem of Apollonius, we
feel that this figure merits to be better known. The ubiquitous and extremely useful
e and ǫ symbols take their name from the Einstein-Minkowski metric: in fact,
the circle plane (or its three-dimensional analogue) is a vector space which, on
substitution of the last coordinate (that is, the radius) by the imaginary distancecti

(wherei2 = −1) yields interesting analogies with relativity theory.8
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David Graham Searby (1948 - 1998): David Searby was born on October 30, 1948 in Melbourne,
Australia, and lived in both Melbourne and Adelaide while growing up. He graduated from Flinders
University of South Australia with a Bachelor of Science degree (1970) and a Bachelor of Science
Honours (1972). He began graduate work there under the supervision of John Wamsley, with whom
he published his first paper [8]. He moved to Italy in 1974, and for threeyears was supported
by a foreign-student scholarship at the University of Bologna, funded by the National Research
Council (CNR) of Italy. He lived in Bologna for the remainder of his life; although he maintained
a tenuous relationship with the university, he survived by giving privatelessons in English and in
mathematics. He was an effective and inspiring teacher (although he taught relatively little) and
scholar – in addition to his mathematics, he knew every corner of Italy, its history and literature; he
spoke flawless Italian and even mastered the local Bolognese dialect. He was driven by boundless
curiosity and intellectual excitement, and loved to spend long evenings in local bars, sustained by
soup, beer and ideas. His lifestyle, however, was unsustainable, and he died on August 19, 1998, just
short of his 50th birthday. He left behind a box full of his notes and computations in no apparent
order. One of his research interests concerned configurations in projective planes, both classical
and finite. An early paper [9] on the existence of Pappus configurationsin planes of order nine
indicated the direction his research was to take: he found that in the HughesPlane of order nine there
exist triangles which fail to contain a Pappus configuration that has three points on each of its sides.
Were coordinates introduced using such a triangle as the triangle of reference, the imposed algebraic
structure would be nearly trivial. From this Searby speculated on the existence of finite projective
planes whose order is not the power of a prime, and whose coordinateshave so little structure that
the plane could be discovered only by computer. He collected configuration theorems throughout
most of his life with a goal toward finding configurations on which he could base a computer search.
Unfortunately, he never had access to a suitable computer. Among his papers was the first draft of a
monograph (in Italian) that brought together many of his elementary discoveries on configurations;
it is highly readable, but a long way from being publishable. There was also the present paper,
almost ready to submit for publication, which brings together several ofhis discoveries involving
configuration theorems. It has been lightly edited by me; I added the footnotes, references, and
figures. I would like to thank David’s brother Michael and his friends David Glynn, Ann Powell, and
David Tiley for their help in preparing the biographical note. (J. Chris Fisher)


