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Class Preserving Dissections of Convex Quadrilaterals

Dan Ismailescu and Adam Vojdany

Abstract. Given a convex quadrilaterg) having a certain property, we are
interested in finding a dissection ¢f into a finite number of smaller convex
quadrilaterals, each of which has propefyas well. In particular, we prove that
every cyclic, orthodiagonal, or circumscribed quadrilateral can Isedied into
cyclic, orthodiagonal, or circumscribed quadrilaterals, respectifélg.problem
becomes much more interesting if we restrict our study to a particular fiype o
partition we call grid dissection

1. Introduction

The following problem represents the starting point and the motivation of this
paper.

Problem. Find all convex polygons which can be dissected into a finite number of
pieces, each similar to the original one, but not necessarily congruent.

It is easy to see that all triangles and parallelograms have this propestg.(se

[1, 7]).

NN/

Figure 1. (&) Triangle dissection into similar triangles.
(b) Parallelogram dissection into similar parallelograms.

Indeed, every triangle can be partitioned iGt@ or 8 triangles, each similar to
the initial one (see Figure 1 a). Simple inductive reasoning shows thavéoy e
k > 6, any triangl€el” can be dissected intotriangles similar tal’. An analogous
statement is true for parallelograms (see Figure 1 b). Are there any atlygops
besides these two which have this property?

The origins of Problem 1 can be traced back to an early paper of Lah[jf0).
More then twenty years later, Golomb [8] studied the same problem without no-
table success. It was not until 1974 when the first significant resutespusblished
by Valette and Zamfirescu.

Theorem 1(Valette and Zamfirescu, [13]Buppose a given convex polygBrcan
be dissected into four congruent tiles, each of which simil@?td@henP is either
a triangle, a parallelogram or one of the three special trapezoids shoviigiare
2 below.
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Figure 2. Trapezoids which can be partitioned into four congruent piece

Notice that the hypothesis of the above theorem is much more restrictive: the
number of pieces must be exactly four and the small polygons must all be con
gruent to each other, not only similar. However, as of today, the comviggons
presented in figures 1 and 2 are the only known solutions to the more fpradra
lem 1.

From aresult of Bleicher [2], it is impossible to dissect a convagon (a convex
polygon withn vertices) into a finite number of convexgons ifn > 6. The same
result was proved by Bernheim and Motzkin [3] using slightly differeahteques.

Although any convex pentagon can be partitioned into any nurhber 6 of
convex pentagons, a recent paper by Ding, Schattschneider andre&amf{4]
shows that it is impossible to dissect a convex pentagon into similar replicas of
itself.

Given the above observations, it follows that for solving problem 1 werea
strict ourselves to convex quadrilaterals. It is easy to prove that @segecondi-
tion for a quadrilateral to admit a dissection into similar copies of itself is that the
measures of its angles are linearly dependent over the integers. AciLgtignger
statement holds true: if the angles of a convex quadrilatgrdb not satisfy this
dependence condition, théhcannot be dissected into a finite number of smaller
similar convex polygons which are not necessarily simila@t¢for a proof one
may consult [9]). Nevertheless, in spite of all the above simplifications and r
newed interest in the geometric dissection topic (see e. g. [6, 12, 16Blepn 1
remains open.

2. A Related Dissection Problem

Preserving similarity under dissection is difficult: although all triangles have
this property, there are only a handful of known quadrilaterals sattiis con-
dition (parallelograms and some special trapezoids), while-gon can have this
property ifn > 5. In the sequel, we will try to examine what happens if we weaken
the similarity requirement.

Problem. Suppose that a given polygdhhas a certain property. Is it possible
to dissectP into smaller polygons, each having propettas well?

For instance, suppose means “convex polygon with sides”. As we have
mentioned in the previous section, in this particular setting Problem 2 has agositi
answer if3 < n < 5 and a negative answer for all> 6. Before we proceed we
need the following:
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Definition. a) A convex quadrilateral is said to beyclic if there exists a circle
passing through all of its vertices.

b) A convex quadrilateral is said to berthodiagonalif its diagonals are perpen-
dicular.

c) A convex quadrilateral is said to l@rcumscribedf there exists a circle tangent
to all of its sides.

d) A convex quadrilateral is said to bekite if it is both orthodiagonal and circum-
scribed.

The following theorem provides characterizations for all of the quadrédite
defined above and will be used several times throughout the remainthermdper.

Theorem 2. Let ABC D be a convex quadrilateral.

(a) ABCD is cyclic if and only if opposite angles are supplementary — ga/+

ZC =180°.

(b) ABCD is orthodiagonal if and only if the sum of squares of two opposite
sides is equal to the sum of the squares of the remaining opposite sidessis; tha
AB? + CD? = AD? + BC?.

(c) ABCD is circumscribed if and only if the two pairs of opposite sides have
equal total lengths —thatisdAB + CD = AD + BC.

(d) ABCD is a kite if and only if (after an eventual relabeling)B = BC and
CD = DA.

A comprehensive account regarding cyclic, orthodiagonal and rogctibed
guadrilaterals and their properties, including proofs of the above thearan be
found in the excellent collection of geometry notes [14]. An instance dflEno 2
we will investigate is the following:

Problem. Is it true that every cyclic, orthodiagonal or circumscribed quadrilatera
can be dissected into cyclic, orthodiagonal or circumscribed quadrigtezapec-
tively?

It has been shown in [1] and [11] that every cyclic quadrilateral eadigsected
into four cyclic quadrilaterals two of which are isosceles trapezoids (see Figure 3
a).

Another result is that every cyclic quadrilateral can be dissectediirgayclic
guadrilaterals one of which is a rectangle (see Figure 3 b). This disséstased
on the following property known a3 he Japanese Theorgisee [5]).

Theorem 3. Let ABC'D be a cyclic quadrilateral and led/, N, P and@ be the
incenters of trianglesiBD, ABC, BCD and AC D, respectively. TheM N PQ
is a rectangle and quadrilateralsdl M NB, BNPC, CPQD and DQM A are
cyclic (see Figure 3)
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a) b)

Figure 3. (&) Cyclic quadrilateral 2-isosceles trapezoids2tcyclic quadrilaterals.
(b) Cyclic quadrilateral = one rectangle + four cyclic quadrilaterals.

Since every isosceles trapezoid can be dissected into an arbitrary nofrigmsce-
les trapezoids, it follows that every cyclic quadrilateral can be disseanted:
cyclic quadrilaterals, for everly > 4.

It is easy to dissect an orthodiagonal quadrilateral into four smaller dietgo-

nal ones.
A’A

&

<

a) b)

Figure 4. (&) Orthodiagonal quadrilateral = four orthodiagonal dlserals.
(b) Circumscribed quadrilateral = four circumscribed quadrilaterals.

Consider for instance the quadrilaterals whose vertex set consiste eoko@x
of the initial quadrilateral, the midpoints of the sides from that vertex and the inte
section point of the diagonals (see Figure 4 a). It is easy to prove ttlabéthese
guadrilaterals is orthodiagonal.

A circumscribed quadrilateral can be dissected into four quadrilateraldivégth
same property by simply taking the radii from the incenter to the tangency points
(see Figure 4 b).

Actually, it is easy to show that each of these smaller quadrilaterals is not only
circumscribed but cyclic and orthodiagonal as well.

The above discussion provides a positive answer to problem 2. Innfauct)
more is true.

Theorem 4 (Dissecting arbitrary polygons)Every convexi-gon can be parti-
tioned into3 (n — 2) cyclic kites(see Figure 5)
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a) b)

Figure 5. Triangle = three cyclic kites; Pentagon = nine cyclic kites.

Proof. Notice first that every triangle can be dissected into three cyclic kites by
dropping the radii from the incenter to the tangency points (see FigurePasd)-

tion the givenn-gon into triangles. For instance, one can do this by drawing all the
diagonals from a certain vertex. We obtain a triangulation consisting-o® tri-
angles. Dissect then each triangle into cyclic kites as indicated in Figure 5b).

3. Grid Dissections of Convex Quadrilaterals

We have seen that the construction used in theorem 4 renders problemas2 a
trivial. The problem becomes much more challenging if we do restrict the type o
dissection we are allowed to use. We need the following

Definition. Let ABC'D be a convex quadrilateral and let andn be two posi-
tive integers. Consider two sets of segmefits- {s1, s2,..., s;,—1} and7 =

{t1, ta,..., tn,—1} with the following properties:

a) If s € S then the endpoints of belong to the sidegd B andC'D. Similarly, if

t € T then the endpoints dgfbelong to the sided D and BC'.

b) Every two segments i§ are pairwise disjoint and the same is true for the seg-
ments in7 .

We then say that segmends, ss, ..., $m-1, t1, t2, ..., t,—1 define anm-by-n
grid dissectiorof ABC'D (see Figure 6).

a)

Figure 6. A3-by-1 and a3-by-4 grid dissection of a convex quadrilateral
The really interesting problem is the following:
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Problem. Is it true that every cyclic, orthodiagonal or circumscribed quadrilat-
eral can be partitioned into cyclic, orthodiagonal, or circumscribed dasetr
als,respectivelyyia a grid dissection? Such dissections shall be referred to as
class preserving grid dissectiorm for short CPGdissections (or CPG partitions).

3.1 Class Preserving Grid Dissections of Cyclic Quadrilaterals.this section
we study whether cyclic quadrilaterals have class preserving grid dmsecWe
start with the following

Question. Under what circumstances does a cyclic quadrilateral adibg-1
grid dissection into cyclic quadrilaterals? What aboRttay-2 grid dissection with
the same property?

The answer can be readily obtained after a straightforward investigédtibe o
sketches presented in Figure 7.

a) b)

Figure 7. (aR-by-1 CPG dissection of cycli@) exists iff Q = trapezoid.
(b) 2-by-2 CPG dissection of cycli§) exists iff Q = rectangle.

A quick analysis of the angles reveals that-ay-1 CPG partition is possible if
only if the initial cyclic quadrilateral is an isosceles trapezoid - see Figude & a
similar reasoning leads to the conclusion thatly-2 CPG partition exists if and
only if the original quadrilateral is a rectangle — Figure 7 b). These ghtens
can be easily extended to the following:

Theorem 5. Suppose a cyclic quadrilaterd) has anm-by-n grid partition into
mn cyclic quadrilaterals. Then:

a) If m andn are both eveng) is necessarily a rectangle.

b) If m is odd andn is even() is necessarily an isosceles trapezoid.

We leave the easy proof for the reader. It remains to see what hajberbk
m andn are odd. The next two results show that in this case the situation is more
complex.

Theorem 6 (A class of cyclic quadrilaterals which hageby-1 CPG dissections)

Every cyclic quadrilateral all of whose angles are greater thancos @ =
51.83° admits a3-by-1 grid dissection into three cyclic quadrilaterals.
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Proof. If ABCD is an isosceles trapezoid, then any two segments parallel to the
bases will give the desired dissection. Otherwise, assume/thais the largest
angle (a relabeling of the vertices may be needed). Sitig¢e- /D = ZA+/C =

180° it follows that / B is the smallest angle o1 BC D. We therefore have:

ZB < min{ZA, ZC} < max{ZA, ZC} < £D. (1)

Denote the measures of the a@, EE, CD and DA on the circumcircle of
ABCD by 2a, 2b, 2c and2d respectively (see Figure 8 a). Inequalities (1) imply
thatc + d < min{b+ ¢, a + d} < max{b+c¢, a+d} < a+ b, thatis,c < aand

d <b.

a) b)

Figure 8. (a)DE||BC,CF | AD, E andF betweend andB due toc < a.
(b) 3-by-1 grid dissection into cyclic quads iP E andC'F' do not intersect.

Through vertexD construct a segmer?E | BC with E on line AB. Since
¢ < a, point £ is going to be betweer and B. Similarly, through vertexC
construct a segmentF | AD with F' on AB. As above, since < a, point F will
lie betweend and B.

If segmentd £ andC'F' do not intersecthen a3-by-1 grid dissection oA BC' D
into cyclic quadrilaterals can be obtained in the following way:

Choose two pointg” and D’ on sideC'D, such thatC’ is close toC and D’ is
close toD. ConstructD’E’ || DE andC’F’ || CF as shown in figure 8 b). Since
segmentsDFE and C'F' do not intersect it follows that for choices 6f and D’
sufficiently close taC' and D respectively, the segmeni' E’ and C’ F” will not
intersect. A quick verification shows that each of the three quadrilatetal&/hich
ABCD is dissectedd E'D’'D, D'E'F'C" andC'F' BC) is cyclic.

It follows that a sufficient condition for this grid dissection to exist is thah{so
A — FE — F — B appear exactly in this order along sideB, or equivalently,
AE + BF < AB.

The law of sines in trianglel D E gives thatAE sin(c + d) = ADsin(a — ¢)
and sinceAD = 2R sin d we obtain

AE — 2RSII.1d sin(a — ¢)
sin(c + d)

: 2
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whereR is the radius of the circumcircle of BCD.
Similarly, using the law of sines in trianglBC' F' we haveBF sin(b + ¢) =
BC sin(a — ¢) and sinceBC' = 2R sin b it follows that

2Rsinb sin(a — c¢) 3)
sin(b+ ¢) )

Using equations (2), (3) and the fact thdB = 2R sin a, the desired inequality
AFE + BF < AB becomes equivalent to

BF =

sind sin(a —¢)  sinb sin(a — ¢)

sin(c + d) sin(b + ¢) < sma
sind sin(b+c—c¢) sin(la—c+c)

sin(c + d) * sin(b + ¢) sin(a — ¢)
sind

& sn(c+d) + cosc —sine cot(b+ ¢) < cosc+ sinc cot(a — ¢),

and after using + b + ¢ + d = 180° and simplifying further,
AE + BF < AB & sin(a — ¢) sin(b + ¢) sind < sin®(c + d) sin(c).  (4)

Recall that pointsZ and F' belong toAB as a result of the fact that < a. A
similar construction can be achieved using the fact#hatb.

Let AG ||CD andDH || AB as shown in Figure 9 a). Sinee< b, pointsG
and H will necessarily belong to sidBC'. As in the earlier analysis, if segments
AG and D H do not intersect, small parallel displacements of these segments will
produce a3-by-1 grid partition of ABC'D into 3 cyclic quadrilaterals:ABG’ A/,
A'G'"H'D" andH'D" DC (see Figure 9 b).

2c C

2a 2a
a) b)

Figure9. a)AG| CD,DH || AB, G andH betweenB andC sinced < b
b) 3-by-1 CPG grid dissection iAG and D H do not intersect.

The sufficient condition for this construction to work is that poiBtsG— H —C
appear in this exact order along si8€’, or equivalentlyBG + CH < BC.
Using similar reasoning which led to relation (4) we obtain that

BG + CH < BC < sin(b — d) sin(a + d) sinc < sin®(a +b) sind.  (5)
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The problem thus reduces to proving thatin{ £ A, /B, ZC, ZD} > arccos @
then at least one of the inequalities that appear in (4) and (5) will hold.
To this end, suppose none of these inequalities is true. We thus have:

sin ¢
. B . > . 9 ]
sin(a — ¢) sin(b+c¢) > sin“(c+d) nd and,
ind
in(b— d) sin(a+d) > sin’(a+b)- .
sin( )sin(a+d) > sin“(a+0b) .

Recall thata + b + ¢ + d = 180° and thereforesin(a + d) = sin(b + ¢) and
sin(a + b) = sin(c + d). Adding the above inequalities term by term we obtain

sin(b + ¢) - (sin(a — ¢) + sin(b — d)) > sin®*(c + d) - <sinc sinc>

sind = sind
= sin(b+c¢) - 2-sin(90° — ¢ — d) - cos(90° — b — d) > sin®(c + d) - 2
& sin(b 4+ ¢) - sin(c 4 d) - cos(c + d) > sin?(c + d)

= cos(c+d) > 1 — cos?(c+ d)

N
2

1 _
= cos(c+ d) = cos(£B) > , contradiction

This completes the proof. Notice that the result is the best possible in the sens
thatarccos \/52‘1 ~ 51.83° cannot be replaced by a smaller value. Indeed, itis easy
to check that a cyclic quad whose angles areos % 90°, 90° and180° —
arccos @ does not have a-by-1 grid partition into cyclic quadrilaterals. [

The following result can be obtained as a corollary of Theorem 6.

Theorem 7. (A class of cyclic quadrilaterals which have3-by-3 grid dissec-
tlons) Let ABCD be a cycllc guadrilateral such that the measure of each of the
arcs AB BC CD and DA determined by the vertices on the circumcircle is
greater than60°. ThenABC D admits a3-by-3 grid dissection into nine cyclic
guadrilaterals.

2c C

2a 2a
a) b)

Figure 10. a)DE | BC,CF| AD,AG| CD,DH | AB
b) 3-by-3 grid dissection into nine cyclic quadrilaterals.
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Proof. Notice that the condition regarding the arc measures is stronger than the
requirement that all angles agfBC' D exceed0°. We will use the same assump-
tions and notations as in Theorem 6. The idea is to overlay the two constriction
in Theorem 6 (see Figure 10).

Itis straightforward to check that each of the nine quadrilaterals shofiguire
10 b) is cyclic. The problem reduces to proving that{a, b, ¢, d} > 30° implies
that both inequalities in (4) and (5) hold simultaneously. Due to symmetry it is
sufficient to prove that (5) holds. Indeed,

BG + CH < BC & sin(b— d) sin(b+ ¢) sinc < sin?(¢ + d) sind
2 sin?(c + d) sind
sinc

& cos(c+d) —cos(2b+c—d) <

2sin®(c + d) sind
sinc

d
ctrd cos?

T

cos(c+d)+1<

C+dsind

ct+d . .
2 cos? sine¢ < 8sin?

sine < 2 sind - (1 — cos(c+ d))
sine < 2 sind — 2 sind cos(c + d)
sinc < 2 sind + sin ¢ — sin(c + 2d))
sin(c + 2d) < 2sind

< 1< 2sind.

K I

The last inequality holds true since we assurded 30°. This completes the
proof.
O

3.2 Class Preserving Grid Dissections of Orthodiagonal Quadrilaterdiss easy
to see that an orthodiagonal quadrilateral cannot h&#bya1 grid dissection into
orthodiagonal quadrilaterals. Indeed, if say we attempt to dissect tlukilgiaral
ABCD with a segment/ P, whereM ison AB and P is onC'D, then the diag-
onals of AD PM are forced to intersect in the interior of the right triangl® D,
preventing them from being perpendicular to each other (see Figurg 11 a

a) b)

Figure 11. a) Orthodiagonal quadrilaterals haveiy-1 CPG dissections
b) A kite admits infinitely many-by-2 CPG dissections
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The similar question concerning the existence-bfy-2 CPG dissections turns out
to be more difficult. We propose the following:

Conjecture 1. An orthodiagonal quadrilateral has a-by-2 grid dissection into
four orthodiagonal quadrilaterals if and only if it is a kite.

The “only if” implication is easy to prove. We can show that every kite has
infinitely many2-by-2 CPG grid dissections. Indeed, l&BC D be a kite AB =
AD andBC = CD) and letM N || BD with M and N fixed points on sidesi B
and respectivelyAD. Consider then a variable segmdng) || BD as shown in
figure 11 b). Denoté/ = NQ N M P; due to symmetryJ € AC. Consider the
grid dissection generated by segmenfs® and N(Q. Notice that quadrilaterals
ANUM andCPUQ are orthodiagonal independent of the positiorPgj. Also,
quadrilateralsD NU P and BM U@ are congruent and therefore it is sufficient to
have one of them be orthodiagonal.

Let point P slide alongCD. If P is close to vertex’, it follows that@ andU
are also close t¢' and therefore the measure of angl® X N is arbitrarily close
to the measure of DC' N, which is acute. On the other hand, wheris close to
vertexD, () is close toB and the angle’ DX N becomes obtuse.

Since the measure of DX N depends continuously on the position of paint
it follows that for some intermediate position Bfon C'D we willhave/DX N =
90°. For this particular choice aP both DNU P and BM U@ are orthodiagonal.
This proves the “only if” part of the conjecture.

Extensive experimentation with Geometer’s Sketchpad strongly suggesiis the
rect statement also holds true. We used MAPLE to verify the conjecturevin se
eral particular cases - for instance, the isosceles orthodiagonat didpeith base
lengths of1 and+/7 and side lengthg does not admit @-by-2 dissection into
orthodiagonal quadrilaterals.

3.3 Class Preserving Grid Dissections of Circumscribed Quadrilateréiter
the mostly negative results from the previous sections, we discoverealitheinhg
surprising result.

Theorem 8. Every circumscribed quadrilateral haszaby-2 grid dissection into
four circumscribed quadrilaterals.

Proof. (Sketch) This is in our opinion a really unexpected result. It appears to be
new and the proof required significant amounts of inspiration and persest&Ve
approached the problem analytically and used MAPLE extensively tonpeithe
symbolic computations. Still, the problem presented great challenges, adlwe w
describe below.

Let M N PQ be a circumscribed quadrilateral with incent@r With no loss
of generality suppose the incircle has unit radius. Ogt1 < i < 4 denote
projections ofO onto the sides as shown in Figure 12 a). Denote the angles
404001 = 2a, 401002 = 2b, 402003 = 2¢ and403004 = 2d. Clearly,
a+ b+ c+d=180° andmax{a, b, ¢, d} < 90°. Consider a coordinate system
centered a® such that the coordinates 6, are(1, 0).
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F

M
&

T W /E
Q

Figure 12. a) A circumscribed quadrilateral
b) Attempting a2-by-2 CPG dissection with lines through and F’

We introduce some more notatiorkna = A, tanb = B, tanc = C, tand = D.
Notice that quantities!, B, C' and D are not independent. Sineet+ b+ c+d =
180° it follows thatA+ B+ C+ D = ABC+ ABD+ ACD + BC D. Moreover,
sincemax{a, b, ¢, d} < 90° we have thatd, B, C andD are all positive.

Itis now straightforward to express the coordinates of the verfi¢ed/, P and
Q in terms of the tangent valueg B, C andD. Two of these vertices have simple
coordinatesM (1, A) andQ(1, — D). The other two are

1— A2 —-24AB 2A+ B — A’B and P 1—-D2—-2CD C+2D — CD?
1+ A2 ’ 1+ A2 1+ D2 ’ 1+ D2 ’

The crux of the proof lies in the following idea. Normally, we would look for
four points (one on each side), which create the degirbg-2 grid partition. We
would thus have four degrees of freedom (choosing the points) ameééuations
(the conditions that each of the smaller quadrilaterals formed is circumsgribed

However, the resulting algebraic system is extremely complicated. Trying to
eliminate the unknowns one at a time leads to huge resultants which even MAPLE
cannot handle.

Instead, we worked around this difficulty. Extend the sided&WV PQ until
they intersect at point& and F' as shown in Figure 12 b). (Ignore the case when
M N PQ) is a trapezoid for now). Now locate a poititon sideM N and a pointS
on side@M such that when segmentd/ and £'S are extended as in the figure,
the four resulting quadrilaterals are all circumscribed. This reducesuimder
of variables from four to two and thus the system appears to be ovarriessl.
However, extended investigations with Geometer’s Sketchpad indicatethibat
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construction is possible. At this point we start computing the coordinateseof th
newly introduced points. We have

E<1+AD A—D) and F(l A+B>.

1-AD’ 1—-AD "1- AB
Denote
MU QS
m——MN a q——QM.

Clearly, the coordinates @ andV are rational functions om, A, B, C and D
while the coordinates o8 and7’ depend in a similar manner @n A, B, C'andD.
These expressions are quite complicated; for instance, each one obtitinates

of point7 takes five full lines of MAPLE output. The situation is the same for the
coordinates of poinV.

Define the following quantities:

Z1= MU+ WS —-WU - MS,
Zy= NT+WU —-WT — NU,
Z3= PV +WT - WV — PT,
Zy= QS+WV -WS—-QV.
By Theorem 2 b), a necessary and sufficient condition for the questala\M/ U W S,

NTWU, PVWT andQSWYV to becyclicisthatZ; = Z, = Z3 = Z4, = 0.
Notice that

1+ Zo+Z3s+Zy=MU—-NU+NT—PT+PV-QV+QS—MS (6)

and

Zy—Zo+Zs—Zy= MN —-NP+ PQ - QM +2(WS+WT —-WU - WV)
= 2(ST-UV), @)

the last equality is due to the fact thet/V PQ is circumscribed.

Since we wan¥; = 0 for everyl < i < 4, we need to have the right hand terms
from (6) and (7) each equal t In other wordsnecessaryconditions for finding
the desired grid dissection are

MU—-NU+PV—-QV =PT—NT+MS—QS and UV = ST. (8)

There is a two-fold advantage we gain by reducing the number of equditans
four to two: first, the system is significantly simpler and second, we avoidjusin
pointW - the common vertex of all four small quadrilaterals which is also the point
with the most complicated coordinates.

System (8) has two equations and two unknowms andq - and it is small
enough for MAPLE to handle. Still, after eliminating varialjethe resultant is
a polynomial of degreé0 of m with polynomial functions of4, B, C and D as
coefficients.

This polynomial can be factored and the valuerofve are interested in is a root
of a quadratic. Althoughn does not have a rational expression dependingipn

B, C andD it can still be written in terms of/sin a, v/cosa, ..., Vsind, Vcosd.
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Explicit Formulation of Theorem 8Let M N P() be a circumscribed quadrilateral
as described in figure 12. Denote

$1 = Vsina, S = +V/sinb, s3 = +/sinc, sS4 = Vsind
1 =4/cosa, cy =+cosb, c3=./cosc, c4=+/cosd.

O
Define pointd/ € MN, T € NP,V € TQ andS € QM such that

MU NT PV QS

My =" NP PP Qu !

where
5984C3(8451(53¢3 + s3¢3) + s5283)

(S%C% + S%C%)(815284 + 530%)(515253 + 5405) ’
s351C3(s182(85¢3 + s3¢3) + s354)

— , (10)
(8363 + s3c3)(s2s351 + sac3) (528354 + 5163)

(9)

m =

848262(8283(5503 + sicg) + 8481)

7 (11)
(83¢3 + s3c2)(s3s452 + s1¢2) (838481 + s2C3)

p:

s183¢3(8354(s3¢3 + s3¢3) + s5182)
(s3c3 + s3c3)(sas183 + s2¢7)(sas152 + s3¢7)

DenoteWW = ST NnUV. Then, quadrilateral3/UW S, NTWU, PVWT and
QSWYV are all circumscribed €., Z1 = Zy = Z3 = Z, = 0).

Verifying these assertions was done in MAPLE. Recall thatndq were obtained
as solutions of the systedy + Zs + Z3+ Z4, =0, 21 — Zo + Z3 — Z, = 0. At
this point it is not clear why for these choicesf n, p andq we actually have
Z; =0,foralll <i<4.

Using the expressions ot, n, p andg given above, we can write the coordinates
of all points that appear in figure 12 in termsspfandc; wherel < i < 4. We can
then calculate the lengths of all the twelve segments which appear as sides of th
smaller quadrilaterals.

For instance we obtain:

q= (12)

(5354C2 + 5152547 + 5953)5254
2 2 PR
c5 (515253 + €554) (515254 + ¢753)
(8383¢3 + s78983¢3 + $154)5183
c2(s15283 + 254) (518254 + C283)
and similar relations can be written fof7", PV, QS andPT', QV, M S by circu-

lar permutations of the expressions faftV and NU, respectively.
In the same way it can be verified that

MU =

NU =

Uv =8T
_ (sic + sief)(sts] + s3s3 + 2s1508354(57c3 + s5¢7)) (s3¢] + sTc] + 2s1505354)
(518283 + c354) (528354 + c%sl)(333431 + c2s9) (518254 + C}s3)
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and
AUV UV A ST T s ST

UW: 5 — ) - ’ - )
Ar + iy A As + fis As + s

where

2 22
5182¢y + S18254C1 + 5354) (525354 + S1¢3)(535451 + S2¢)

(s ) 3)( 1)
Ly = (5%546% + 5354S§C§ + 5182) (845182 + 5361)(818283 + 8465 )
(s5 ) 3)( 5)

2 22
5458103 + S45183Cy + 5253)(528384 + $1C3)(S15253 + 545

s = (5553¢3 + s95350¢3 + 5451) (545152 + 53¢3) (535451 + 52€3).

Still, verifying thatZ; = 0 is not as simple as it may seem. The reason is that the
quantitiess; andc; are not independent. For instance we hgve- ¢! = 1, for all
1 <4< 4. Also, sincea+b+c+d = 180O we havesin(a+b) = sin(c+d) which
translates te? c2 &, + s3c} =s3c3 + s c3 Similarly, cos(a + b) = — cos(c + d)
which means? ¢ — s? s3 = s2s2 — c2¢3. There arel + 3 + 3 = 10 such side
relations which have to be used to prove that two expressions which |dekedtit
are in fact equal. MAPLE cannot do this directly.

For example, it is not at all obvious that the expressionsipf, p andg de-
fined above represent numbers from the intef@all). Since each expression is
obtained via circular permutations from the preceding one it is enough tcalibok
m.

Clearly, sinces; > 0 ande; > 0 forall 1 < i < 4 we have thatn > 0. On the
other hand, using the side relations we mentioned above we get that

5351¢3 (s283(83¢3 + s3¢3) + 5184)
(s1c3 4 s3¢3)(s15284 + $3¢3) (515283 + $4¢3)

1—m=

Obviously,1 — m > 0 and therefor® < m < 1.

As previously eluded the construction works in the case wWheN PQ is a
trapezoid as well. In this casedf N | PQ thenUV || M N too. In conclusion, it
is quite tricky to check that the valuesf, n, p andq given by equalities (9) - (12)
imply that 7, = Z, = Z3 = Z, = 0. The MAPLE file containing the complete
verification of theorem 8 is about pages long. On request, we would be happy
to provide a copy. O

4. Conclusions and Directions of Future Research

In this paper we mainly investigated what types of geometric properties can be
preserved when dissecting a convex quadrilateral. The original cotidriis are
contained in section 3 in which we dealt exclusively with grid dissectionsrerhe
are many very interesting questions which are left unanswered.

1. The results from Theorems 6 and 7 suggest that if a cyclic quadrilateral
ABC D has ann-by-n grid dissection into cyclic quadrilaterals with - n a large
odd integer, thed BC' D has to be “close” to a rectangle. It would be desirable to
guantify this relationship.
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2. Conjecture 1 implies that orthodiagonal quadrilaterals are “bad” when it
comes to class preserving dissections. On the other hand, theoreme8 phav
circumscribed quadrilaterals are very well behaved in this respect. \Gény tthis
happen? After all, the characterization Theorem 2 b) and 2 c¢) suggdgshtse
two properties are not radically different.

More precisely, let us define am-quadrilateral to be a convex quadrilateral
ABCD with AB* + CD* = BC® + AD%, where« is a real number. Notice
that fora. = 1 we get the circumscribed quadrilaterals anddoe 2 the ortho-
diagonal ones. In particular, a kite is anquadrilateral for all values of. The
natural question is:

Problem. For which values otx does everyx-quadrilateral have &-by-2 grid
dissection intax-quadrilaterals?

3. Theorem 8 provided a constructive method for finding a grid dissection of
any circumscribed quadrilateral into smaller circumscribed quadrilateratsthis
construction be extended toleby-4 class preserving grid dissection? Notice that
extending the opposite sides of each one of the four small cyclic quadaikater
which appear in Figure 12 we obtain the same pair of poiAtgnd F. 1t is
therefore tempting to verify whether iterating the procedure usedfdfPQ for
each of these smaller quads would lead telay-4 grid dissection of\/ N PQ into
16 cyclic quadrilaterals. Maybe ever2a-by-2" grid dissection is possible. If true,
it is desirable to first find a simpler way of proving Theorem 8.
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