
Forum Geometricorum
Volume 9 (2009) 259–270. b b

b

b

FORUM GEOM

ISSN 1534-1178

Some Triangle Centers Associated with
the Tritangent Circles

Nikolaos Dergiades and Juan Carlos Salazar

Abstract. We investigate two interesting special cases of the classical Apollo-
nius problem, and then apply these to the tritangent circlesof a triangle to find
pair of perspective (or homothetic) triangles. Some new triangle centers are con-
structed.

1. An interesting construction

We begin with a simple construction of a special case of the classical Apollonius
problem. Given two circlesO(r), O′(r′) and an external tangentL, to construct a
circleO1(r1) tangent to the circles and the line, with point of tangencyX between
A andA′, those of(O), (O′) andL (see Figure 1). A simple calculation shows that
AX = 2

√
r1r andXA′ = 2

√
r1r′, so thatAX : XA′ =

√
r :

√
r′. The radius of

the circle is

r1 =
1

4

(

AA′

√
r +

√
r′

)2

.
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Figure 1

From this we design the following construction.

Construction 1. On the lineL, choose two pointsP andQ be points on opposite
sides ofA such thatPA = r and AQ = r′. Construct the circle with diameter
PQ to intersect the lineOA at F such thatO andF are on opposite sides ofL.
The intersection ofO′F with L is the pointX satisfyingAX : XA′ =

√
r :

√
r′.

Let M be the midpoint ofAX. The perpendiculars toOM at M , and toL at X

intersect at the centerO1 of the required circle(see Figure 2).
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For a construction in the case whenL is not necessarily tangent of(O) and(O′),
see [1, Problem 471].

2. An application to the excircles of a triangle

We apply the above construction to the excircles of a triangle ABC. We adopt
standard notations for a triangle, and work with homogeneous barycentric coordi-
nates. The points of tangency of the excircles with the sidelines are as follows.

BC CA AB

(Ia) Aa = (0 : s − b : s − c) Ba = (−(s − b) : 0 : s) Ca = (−(s − c) : s : 0)
(Ib) Ab = (0 : −(s − a) : s) Bb = (s − a : 0 : s − c) Cb = (s : −(s − c) : 0)
(Ic) Ac = (0 : s : −(s − a)) Bc = (s : 0 : −(s − c)) Cc = (s − a : s − b : 0)

Consider the circleO1(X) tangent to the excirclesIb(rb) andIc(rc), and to the
line BC at a pointX betweenAc andAb (see Figure 3).
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Figure 3
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Lemma 2. The pointX has coordinates

(0 : s
√

s − c − (s − a)
√

s − b : s
√

s − b − (s − a)
√

s − c).

Proof. If (O1) is the circle tangent to(Ib), (Ic), and toBC at X betweenAc and
Ab, thenAcX : XAb =

√
rc :

√
rb =

√
s − b :

√
s − c. Note thatAcAb = b + c,

so that

BX =AcX − AcB

=

√
s − b√

s − b +
√

s − c
· (b + c) − (s − a)

=
s
√

s − b − (s − a)
√

s − c√
s − b +

√
s − c

.

Similarly

XC =
s
√

s − c − (s − a)
√

s − b√
s − b +

√
s − c

.

It follows that the pointX has coordinates given above. �

Similarly, there are circlesO2(Y ) andO3(Z) tangent toCA atY and toAB at
Z respectively, each also tangent to a pair of excircles. Their coordinates can be
written down from those ofX by cyclic permutations ofa, b, c.

3. The triangle bounded by the polars of the vertices with respect to the excir-
cles

Consider the triangle bounded by the polars of the vertices of ABC with respect
to the corresponding excircles. The polar ofA with respect to the excircle(Ia) is
the lineBaCa; similarly for the other two polars.

Lemma 3. The polars of the vertices ofABC with respect to the corresponding
excircles bound a triangle with vertices

U =(−a(b + c) : SC : SB),

V =(SC : −b(c + a) : SA),

W =(SB : SA : −c(a + b)).

Proof. The polar ofA with respect to the excircle(Ia) is the lineBaCa, whose
barycentric equation is

∣

∣

∣

∣

∣

∣

x y z

−(s − b) 0 s

−(s − c) s 0

∣

∣

∣

∣

∣

∣

= 0,

or
sx + (s − c)y + (s − b)z = 0.

Similarly, the polarsCbAb andAcBc have equations

(s − c)x + sy + (s − a)z =0,

(s − b)x + (s − a)y + sz =0.
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These intersect at the point

U =(−a(2s − a) : ab − 2s(s − c) : ca − 2s(s − b))

=(−2a(b + c) : a2 + b2 − c2 : c2 + a2 − b2)

=(−a(b + c) : SC : SB).

The coordinates ofV andW can be obtained from these by cyclic permutations of
a, b, c. �

Corollary 4. TrianglesUV W andABC are
(a)perspective at the orthocenterH,
(b) orthologic with centersH andI respectively.

Proposition 5. The triangleUV W has circumcenterH and circumradius2R+ r.

Proof. SinceH, B, V are collinear,HV is perpendicular toCA. Similarly, HW

is perpendicular toAB. SinceV W makes equal angles withCA andAB, it makes
equal angles withHV andHW . This meansHV = HW . For the same reason,
HU = HV , andH is the circumcenter ofUV W .

Applying the law of sines to triangleAUBc, we have we have

AU = ABc ·
sin 180◦−C

2

sin C

2

= (s − b) cot
C

2
= ra.

The circumradius ofUV W is HU = HA + AU = 2R cos A + ra = 2R + r,
as a routine calculation shows. �
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Proposition 6. The triangleUV W and the intouch triangleDEF are homothetic
at the point

J =

(

b + c

b + c − a
:

c + a

c + a − b
:

a + b

a + b − c

)

. (1)

The ratio of homothety is−2R+r

r
.
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Proof. The homothety follows easily from the parallelism ofV W andEF , and of
WU , FD, andUV , DE. The homothetic center is the common pointJ of the
linesDU , EV , andFW (see Figure 5). These lines have equations

(b − c)(b + c − a)x + (b + c)(c + a − b)y − (b + c)(a + b − c)z =0,

−(c + a)(b + c − a)x + (c − a)(c + a − b)y + (c + a)(a + b − c)z =0,

(a + b)(b + c − a)x − (a + b)(c + a − b)y + (a − b)(a + b − c)z =0.

It follows that

(b + c − a)x : (c + a − b)y : (a + b − c)z

=

∣

∣

∣

∣

c − a c + a

−(a + b) a − b

∣

∣

∣

∣

:

∣

∣

∣

∣

c + a −(c + a)
a + b a − b

∣

∣

∣

∣

:

∣

∣

∣

∣

−(c + a) c − a

a + b −(a + b)

∣

∣

∣

∣

=2a(b + c) : 2a(c + a) : 2a(a + b)

=b + c : c + a : a + b.
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The coordinates of the homothetic centerJ are therefore as in (1) above.
Since the trianglesUV F andDEF have circumcirclesH(2R + r) andI(r),

the ratio of homothety is−2R+r

r
. The homothetic centerJ dividesIH in the ratio

IJ : JH = r : 2R + r. �

Remark.The triangle centerJ appears asX226 in Kimberling’s list [2].

4. Perspectivity of XY Z and UV W

Theorem 7. TrianglesXY Z and UV W are perspective at a point with coordi-
nates

(

SB√
s − c

+
SC√
s − b

−
a(b + c)
√

s − a
:

SC√
s − a

+
SA√
s − c

−
b(c + a)
√

s − b
:

SA√
s − b

+
SB√
s − a

−
c(a + b)
√

s − c

)

.

Proof. With the coordinates ofX andU from Lemmas 1 and 2, the lineXU has
equation

∣

∣

∣

∣

∣

∣

x y z

−a(b + c) SC SB

0 s
√

s − c − (s − a)
√

s − b s
√

s − b − (s − a)
√

s − c

∣

∣

∣

∣

∣

∣

= 0.

Since the coefficient ofx is

(s(SB + SC) − aSB)
√

s − b − (s(SB + SC) − aSC)
√

s − c

=a((as − SB)
√

s − b − (as − SC)
√

s − c)

=a(b + c)((s − c)
√

s − b − (s − b)
√

s − c).

From this, we easily simplify the above equation as

((s − c)
√

s − b − (s − b)
√

s − c)x

+(s
√

s − b − (s − a)
√

s − c)y + ((s − a)
√

s − b − s
√

s − c)z = 0.

With u =
√

s − a, v =
√

s − b, andw =
√

s − c, we rewrite this as

−vw(v−w)x+(v(u2 +v2 +w2)−u2w)y+(u2v−w(u2 +v2 +w2))z = 0. (2)

Similarly the equations of the linesV Y , WZ are

(v2w − u(u2 + v2 + w2))x − wu(w − u)y + (w(u2 + v2 + w2) − uv2)z =0,
(3)

(u(u2 + v2 + w2) − vw2)x + (w2u − v(u2 + v2 + w2))y − uv(u − v)z =0.
(4)

It is clear that the sum of the coefficients ofx (respectivelyy andz) in (2), (3)
and (4) is zero. The system of equations therefore has a nontrivial solution. Solving
them, we obtain the coordinates of the common point of the linesXU , Y V , ZW

as
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x : y : z

=uv(v2(u2 + v2 + w2) − w2u2) + wu(w2(u2 + v2 + w2) − u2v2)

− vw(v2 + w2)(2u2 + v2 + w2)

:vw(w2(u2 + v2 + w2) − u2v2) + uv(u2((u2 + v2 + w2) − v2w2)

− wu(w2 + u2)(u2 + 2v2 + w2)

:wu(u2(u2 + v2 + w2) − v2w2) + vw(v2((u2 + v2 + w2) − w2u2)

− uv(u2 + v2)(u2 + v2 + 2w2)

=
(s − b)s − (s − c)(s − a)

w
+

(s − c)s − (s − a)(s − b)

v
− a(b + c)

u

:
(s − c)s − (s − a)(s − b)

u
+

(s − a)s − (s − b)(s − c)

w
− b(c + a)

v

:
(s − a)s − (s − b)(s − c)

v
+

(s − b)s − (s − c)(s − a)

u
− c(a + b)

w

=
SB

w
+

SC

v
− a(b + c)

u
:

SC

u
+

SA

w
− b(c + a)

v
:
SA

v
+

SB

u
− c(a + b)

w
.

�

The triangle center constructed in Theorem 3 above does not appear in [2].
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5. Another construction

Given three circlesOi(ri), i = 1, 2, 3, on one side of a lineL, tangent to the
line, we construct a circleO(r), tangent to each of these three circles externally.

Fori = 1, 2, 3, let the circleOi(ri) touchL atSi andO(r) atTi. If the lineS1T1

meets the circle(O) again atT , then the tangent to(O) at T is a lineL′ parallel
to L. Hence,T , T2, S2 are collinear; so areT , T3, S3. Since the lineT2T3 is
antiparallel toL′ with respect to the linesTT2 andTT3, it is also antiparallel toL
with respect to the linesTS2 andTS3, and the pointsT2, T3, S3, S2 are concyclic.
FromTT2 ·TS2 = TT3 ·TS3, we conclude that the pointT lies on the radical axis
of the circlesO2(r2) andO3(r3), which is the perpendicular from the midpoint of
S2S3 to the lineO2O3. For the same reason, it also lies on the radical axis of the
circlesO3(r3) andO1(r1), which is the perpendicular from the midpoint ofS1S3

to the lineO1O3. HenceT is the radical center of the three given circlesOi(ri),
i = 1, 2, 3, and the circleT1T2T3 is the image of the lineL under the inversion
with centerT and powerTT1 · TS1. From this, the required circle(O) can be
constructed as follows.

S1S2 S3

T1

T2

T3

T

O1

O2

O3

O

L

L′

Figure 7

Construction 8. Construct the perpendicular from the midpoint ofS1S2 to O1O2,
and from the midpoint ofS1S3 to O1O3. Let T be the intersection of these two
perpendiculars. Fori = 1, 2, 3, let Ti be the intersection of the lineTSi with the
circle (Oi). The required circle(O) is the one throughT1, T2, T3 (see Figure 7).

6. Circles tangent to the incircle and two excircles

We apply Construction 2 to obtain the circle tangent to the incircle (I) and the
excircles(Ib) and(Ic). Let the incircle(I) touch the sidesBC, CA, AB atD, E,
F respectively.

Proposition 9. The radical center of(I), (Ib), (Ic) is the point

Ja = (b + c : c − a : b − a).

This is also the midpoint of the segmentDU .
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Proof. The radical axis of(I) and (Ib) is the line joining the midpoints of the
segmentsDAb andFCb. These midpoints have coordinates(0 : a− c : a + c) and
(c + a : c − a : 0). This line has equation

−(c − a)x + (c + a)y + (c − a)z = 0.

Similarly, the radical axis of(I) and(Ic) is the line

(a − b)x − (a − b)y + (a + b)z = 0.

The radical centerJa of the three circles is the intersection of these two radical
axes. Its coordinates are as given above.

By Construction 2,Ja is the intersection of the lines through the midpoints of
AbD andAcD perpendicular toIIb andIIc respectively. As such, it is the midpoint
of DU . �

I
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A′
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Figure 8.

The linesJaD, JaAb andJaAc intersect the circles(I), (Ib) and(Ic) respec-
tively again at

A1 =((b + c)2(s − b)(s − c) : c2(s − a)(s − c) : b2(s − a)(s − b)),

A′

b =((b + c)2s(s − c) : −(ab − c(s − a))2 : b2s(s − a)),

A′

c =((b + c)2s(s − b) : c2s(s − a) : −(ca − b(s − a))2).

The circle through these points is the one tangent to(I), (Ib), and(Ic) (see Figure

8). It has radius a

b+c
· (s−a)2+r2

a

4ra

.
In the same way, we have a circle(Ob) tangent to(I), (Ic), (Ia) respectively at

B1, B′

c, B′

a, and passing through the radical centerJb of these three circles, and
another circle(Oc) tangent to(I), (Ia), (Ib) respectively atC1, C ′

a, C ′

b
, passing
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through the radical centerJc of the circles.Jb andJc are respectively the midpoints
of the segmentsEV andFW . The coordinates ofJb, Jc, B1, C1 are as follows.

Jb =(c − b : c + a : a − b),

Jc =(b − c : a − c : a + b);

B1 =(a2(s − b)(s − c) : (c + a)2(s − c)(s − a) : c2(s − a)(s − b)),

C1 =(a2(s − b)(s − c) : b2(s − c)(s − a) : (a + b)2(s − a)(s − b)).
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Figure 9.

Proposition 10. The triangleJaJbJc is the image of the intouch triangle under the
homothetyh(J,−R

r
).

Proof. SinceUV W andDEF are homothetic atJ , andJa, Jb, Jc are the mid-
points ofDU , EV , FW respectively, it is clear thatJaJbJc andDEF are also
homothetic at the sameJ . Note thatJbJc = 1

2(V W − EF ). The circumradius of
JaJbJc is 1

2((2R + r) − r) = R. The ratio of homothety ofJaJbJc andDEF is
−R

r
. �
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Corollary 11. J is the radical center of the circles(Oa), (Ob), (Oc).

Proof. Note thatJJa · JA1 = R

r
·DJ · JA1. This is R

r
times the power ofJ with

respect to the incircle. The same is true forJJb · JB1 andJJc · JC1. This shows
thatJ is the radical center of the circles(Oa), (Ob), (Oc). �

Since the incircle(I) is the inner Apollonius circle and the circumcircle(Oi),
i = 1, 2, 3, it follows thatJaJbJc is the outer Apollonius circle to the same three
circles (see Figure 10). The centerO′ of the circleJaJbJc is the midpoint between
the circumcenters ofDEF and UV W , namely, the midpoint ofIH. It is the
triangle centerX946 in [2].
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Proposition 12. A1B1C1 is perspective withABC at the point

Q =

(

1

a2(s − a)
:

1

b2(s − b)
:

1

c2(s − c)

)

,

which is the isotomic conjugate of the insimilicenter of thecircumcircle and the
incircle.
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This is clear from the coordinates ofA1, B1, C1. The perspectorQ is the iso-
tomic conjugate of the insimilicenter of the circumcircle and the incircle. It is not
in the current listing in [2].
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