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Some Triangle Centers Associated with
the Tritangent Circles

Nikolaos Dergiades and Juan Carlos Salazar

Abstract. We investigate two interesting special cases of the dabksipollo-
nius problem, and then apply these to the tritangent cimiestriangle to find
pair of perspective (or homothetic) triangles. Some neanggie centers are con-
structed.

1. Aninteresting construction

We begin with a simple construction of a special case of thesital Apollonius
problem. Given two circle®(r), O'(r’) and an external tangex}, to construct a
circle O (r1) tangent to the circles and the line, with point of tangeAthetween
AandA’, those of(O), (O') andL (see Figure 1). A simple calculation shows that
AX = 2./rir andX A’ = 2/r177, so thatAX : XA’ = \/r : V/r'. The radius of
the circle is

)
a\reVe )

Figure 1

From this we design the following construction.

Construction 1. On the lineZ, choose two point® and Q) be points on opposite
sides ofA such thatPA = r and AQ = r’. Construct the circle with diameter
PQ to intersect the lin@) A at F' such thatO and F' are on opposite sides .
The intersection of)’ F' with £ is the pointX satisfyingAX : XA = \/r : V7'
Let M be the midpoint oA X. The perpendiculars t& M at M, and to£ at X
intersect at the centad, of the required circlgsee Figure 2)
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Figure 2

For a construction in the case whéris not necessarily tangent @) and(0’),
see [1, Problem 471].

2. An application to the excircles of atriangle

We apply the above construction to the excircles of a trieadgBC. We adopt
standard notations for a triangle, and work with homogeadiarycentric coordi-
nates. The points of tangency of the excircles with the idslare as follows.

| | BC | CA | AB |
(I) | Aa=(0:s—=b:s—c¢) | Ba=(—(s=0):0:8) | Co=(—(s—¢):5:0)
(Ip) | Ap=0:—=(s—a):s) | Bp=(s—a:0:s—¢) | Cr=(s:—(s—¢):0)
(I.) | Ac=(0:8:—(s—a)) | Be=(s:0:=(s—¢)) |[Co=(s—a:5—0:0)

Consider the circle®; (X) tangent to the excircleg, (1) andI.(r.), and to the
line BC at a pointX betweenA. and A4, (see Figure 3).

Figure 3
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Lemma 2. The pointX has coordinates
0:svVs—c—(s—a)Vs—b:sVs—b—(s—a)Vs—c).

Proof. If (O;) is the circle tangent t¢/;), (I.), and toBC at X betweenA. and

Ay, thenA X : XAy = \/rc: /T, = Vs —b:+/s—c. Note thatd. 4, = b + c,
so that

BX =A.X — A.B

- Vb - (s—a)
Vs—b++s—c
sVs—b—(s—a)ys—c
 Vs—b4++s—c¢
Similarly
X0 = sx/sT—(s—a)m.
Vs—b++/s—c
It follows that the pointX has coordinates given above. a

Similarly, there are circle®(Y) andO3(Z) tangent taC' A atY and toAB at
Z respectively, each also tangent to a pair of excircles. rid¢mrdinates can be
written down from those oKX by cyclic permutations o, b, c.

3. Thetriangle bounded by the polars of the vertices with respect to the excir-
cles

Consider the triangle bounded by the polars of the vertiEesR®C' with respect
to the corresponding excircles. The polardfvith respect to the excirclgl,,) is
the line B,C,; similarly for the other two polars.

Lemma 3. The polars of the vertices of BC' with respect to the corresponding
excircles bound a triangle with vertices

U=(—a(b+c):Sc:Sp),

V =(Sc:-blc+a):Sa),

W =(Sp:S4:—cla+Db)).

Proof. The polar of A with respect to the excirclél,) is the line B,C,, whose
barycentric equation is

=0,

e
(s —¢)

»n o

O »w W

or
st+(s—c)y+(s—b)z=0.

Similarly, the polars’, A, and A. B, have equations
(s —c)x + sy + (s — a)z =0,
(s —=b)x + (s — a)y + sz =0.
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Figure 4

These intersect at the point
U=(—a(2s —a):ab—2s(s —c¢) :ca—2s(s — b))
=(—2a(b+¢):a>+ b -2 : 2 +a%>—b?)
=(—a(b+¢): Sc : Sp).
The coordinates o andW can be obtained from these by cyclic permutations of
a, b, c. O

Corollary 4. TrianglesUVW and ABC are
(a) perspective at the orthocentéf,
(b) orthologic with centerdd and I respectively.

Proposition 5. The triangleU'VW has circumcenteH and circumradiufR + r.

Proof. SinceH, B, V are collinear,HV is perpendicular té'A. Similarly, HW
is perpendicular tel B. SinceV'W makes equal angles witliA and A B, it makes
equal angles wittHV and HW. This meansdV = HW. For the same reason,
HU = HV,andH is the circumcenter d/ V.

Applying the law of sines to triangldU B,.., we have we have

. 180°—-C

AU:ABC-SIHSTé:(s—b)cot%:ra.
2

The circumradius oUVW is HU = HA + AU = 2Rcos A+ r, = 2R + r,
as a routine calculation shows. O
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Proposition 6. The triangleU VW and the intouch triangleD E F' are homothetic
at the point
b+ c c+a a+b
J= ( rte o _crae o _aof > . (1)

b+c—a c+a—b a+b—c
The ratio of homothety is 22t

Figure 5

Proof. The homothety follows easily from the parallelismiofy and E'F', and of
WU, FD, andUV, DE. The homothetic center is the common poihbf the
lines DU, EV, andFW (see Figure 5). These lines have equations

b—c)b+c—a)x+(b+c)(c+a—Dby— (b+c)(a+b—c)z =0,
—(c+a)b+c—a)r+ (c—a)(c+a—Dby+ (c+a)(a+b—c)z =0,
(a+b)(b+c—a)x—(a+b)(c+a—Db)y+ (a—b)(a+b—c)z=0.
It follows that
b+c—a)r:(c+a—-by:(a+b—c)z

| ¢e—a c+a|l |c+a —(c+a)| |-(c+a) c—a
" |—(a+0b) a—b]"la+b a-—b a+b —(a+0)
=2a(b+c): 2a(c+a):2a(a +b)

=b+c:ct+a:a+b.
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The coordinates of the homothetic cenfeare therefore as in (1) above.

Since the triangle$/V F' and DEF' have circumcircled? (2R + r) and I(r),
the ratio of homothety isrw%. The homothetic centef dividesI H in the ratio
I1J:JH =7r:2R+r. U

Remark.The triangle centey appears aXsy4 in Kimberling’s list [2].

4. Perspectivity of XY Z and UVW

Thteorem 7. Triangles XY Z and UV are perspective at a point with coordi-
nates

( SB i Sc B a(bJrC) . Sc X Sa B b(c+a) . Sa i SB _ C(a+b)>

Proof. With the coordinates o andU from Lemmas 1 and 2, the lin€U has
equation

x Yy z
—a(b+c) Sc SB =0.
0 svs—c—(s—a)Vs—b svs—b—(s—a)ys—c

Since the coefficient of is
(s(Sg + Sc) — aSp)Vs —b— (s(Sp + Sc) — aSc)Vs — ¢

=a((as — S)Vs —b— (as — Sc)V/'s — c)

=a(b+¢)((s — c)Vs —b— (s — b)V/5 — c).
From this, we easily simplify the above equation as

(s—c)Vs—b—(s—bs—c)z
+(sVs —b—(s—a)Vs —c)y+ ((s —a)Vs —b—svs —c)z = 0.

With u = /s — a, v = v/s — b, andw = /s — ¢, we rewrite this as

—vw(v—w)z+ (v(u? + v +w?) —uPw)y + (v —w(u® + 02 +w?))z = 0. (2)
Similarly the equations of the lindsY, W7 are

(v*w — u(u® + v + w?))r — wu(w — w)y + (wu? + v? + w?) — uw?)z =0,
®3)
(u(u? + 0% + w?) — vz + (W?u — v(u?® + v* + w?))y — ww(u — v)z =0.

(4)

It is clear that the sum of the coefficientso{respectivelyy andz) in (2), (3)
and (4) is zero. The system of equations therefore has aiviahsolution. Solving
them, we obtain the coordinates of the common point of treslkU, YV, ZW
as
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Figure 6

Tiy:z
=uv(v?(u® + v? + w?) — w?u?) + wu(w? (u? + v+ w?) — u*v?)
—vw(v? + w?)(2u? + v* + w?)
ww(w? (u? 4+ 0?2 + w?) — u?o?) +uv(u?((W? + v+ w?) — v2w?)
— wu(w? + u?) (u? + 20 + w?)
wu(u? (u? + v+ w?) — v*w?) + vw(?((W? + v + w?) — wu?)

—uv(u? + v?) (u? + v? + 2w?)

:(S—b)s—(s—c)(s—a) n (s—c)s—(s—a)(s—b) alb+c)

:(s—c)s—(s—a)(s—b) N (s—a)s=(s=b)(s—¢c) blc+a)
:(s—a)s—(s—b)(s—c)+(s—b)s—(s—c)(s—a) _cla+b)

_Sp, S _albto) S Sa_beta) Si, Sp_clath)

w v U Y w v v U w

The triangle center constructed in Theorem 3 above doesppeta in [2].

265
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5. Another construction

Given three circle®);(r;), i = 1,2,3, on one side of a lin&, tangent to the
line, we construct a circl®(r), tangent to each of these three circles externally.
Fori = 1,2, 3, let the circleO;(r;) touch£ at.S; andO(r) atT;. If the line S; T}

meets the circléO) again atT’, then the tangent t60) at 7" is a line £ parallel
to £. Hence, T, Ty, S are collinear; so ar&", T3, S3. Since the lin€lL T3 is
antiparallel to£’ with respect to the line$'T, andT'T3, it is also antiparallel taC
with respect to the line%'S; andT'Ss, and the pointds, T3, S3, So are concyclic.
FromTTy - TS, = T7T3-TSs, we conclude that the poifit lies on the radical axis
of the circlesOz(r2) andO3(r3), which is the perpendicular from the midpoint of
5553 to the lineO,03. For the same reason, it also lies on the radical axis of the
circlesOs(rs) andO; (1), which is the perpendicular from the midpoint &S5

to the lineO;03. HenceT is the radical center of the three given circlegr;),

i = 1,2,3, and the circleél1T5T3 is the image of the lin& under the inversion
with centerT” and powerI'T; - T'S;. From this, the required circléO) can be
constructed as follows.

Figure 7

Construction 8. Construct the perpendicular from the midpoint%{S; to 0,0,
and from the midpoint of;53 to O103. LetT be the intersection of these two
perpendiculars. Fot = 1,2, 3, let T; be the intersection of the lin€S; with the
circle (O;). The required circlgO) is the one throughT’, T», T (see Figure 7)

6. Circlestangent to theincircle and two excircles

We apply Construction 2 to obtain the circle tangent to thérafe (7) and the
excircles(I,) and(I.). Let the incircle(]) touch the side®3C, CA, AB atD, E,
I respectively.

Proposition 9. The radical center ofI), (1), (I.) is the point
Jo=0b+c:c—a:b—a).
This is also the midpoint of the segmént/.
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Proof. The radical axis of(/) and (1) is the line joining the midpoints of the
segmentd 4, and F'Cy,. These midpoints have coordinai@s: a — ¢ : a + ¢) and
(c+a:c—a:0). This line has equation

—(c—a)r+ (c+a)y+ (c—a)z =0.
Similarly, the radical axis of/) and(I.) is the line
(a—b)x —(a—Db)y+ (a+b)z =0.

The radical center, of the three circles is the intersection of these two radical
axes. Its coordinates are as given above.

By Construction 2,J, is the intersection of the lines through the midpoints of
Ay D andA.D perpendicular td I, andl I. respectively. As such, itis the midpoint
of DU. O

Figure 8.

The linesJ, D, J,A, andJ, A. intersect the circle$!), (1) and(I.) respec-
tively again at

Ay =((b+c)*(s —b)(s —c): (s —a)(s —c) : b*(s — a)(s — b)),
Al =((b+¢)*s(s —¢) : —(ab— c(s — a))? : b*s(s — a)),
AL =((b+¢c)*s(s —b) : ?s(s — a) : —(ca — b(s — a))?).
The circle through these points is the one tangerif 1o(1;), and(1.) (see Figure

8). It has radiug® - =2 +7a,
In the same way, we have a cirdl@;) tangent ta(]), (1.), (I,) respectively at
B, B!, B!, and passing through the radical cenfgrof these three circles, and

another circle(O,..) tangent to(1), (I,), (1) respectively aC, C,,, C;, passing
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through the radical centel. of the circles.J, and.J, are respectively the midpoints
of the segment&V and FIW. The coordinates ofy, J., By, C; are as follows.

.

Iq

Figure 9.

Proposition 10. The triangleJ, J,J. is the image of the intouch triangle under the
homothetyh(.J, — £).

Proof. SinceUVW and DEF are homothetic af, andJ,, J;, J. are the mid-
points of DU, EV, FW respectively, it is clear thai, J,J. and DEF' are also
homothetic at the samé Note that/,J. = (VW — EF). The circumradius of
JoJp . IS %((2R +r) —r) = R. The ratio of homothety of,,J,J. and DEF' is
_R \:‘

r -
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Corollary 11. J is the radical center of the circleg), ), (Oy), (O.).

Proof. Note that/J, - J4; = £ . D.J - JA;. This is£ times the power of with
respect to the incircle. The same is true §ok, - JB; andJJ. - JCy. This shows
thatJ is the radical center of the circl€®),,), (Oy), (O.). O

Since the incirclgI) is the inner Apollonius circle and the circumcirde;),
1= 1,2,3, it follows that J, J,J.. is the outer Apollonius circle to the same three
circles (see Figure 10). The centef of the circleJ, J,J. is the midpoint between
the circumcenters oD EF and UVIV, namely, the midpoint of H. It is the
triangle centetXy44 in [2].

1o

Figure 10.

Proposition 12. A; B is perspective with BC' at the point

Q- 1 . 1 . 1
\a%(s—a) b2(s—b) A(s—c))’
which is the isotomic conjugate of the insimilicenter of tireumcircle and the
incircle.
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This is clear from the coordinates df;, B,, C;. The perspectof) is the iso-
tomic conjugate of the insimilicenter of the circumcircledathe incircle. It is not
in the current listing in [2].
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