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Pythagorean Triangles with Square of Perimeter Equal to
an Integer Multiple of Area

John F. Goehl, Jr.

Abstract. We determine all primitive Pythagorean triangles withaaglon perime-
ter equal to an integer multiple of its area.

Complete solutions can be found for several special casdéiseoproblem of
solving P? = nA, whereP is the perimeter and is the area of an integer-sided
triangle, andn is an integer. The general problem is considered in a recgdrp
[1]. We consider the case of right triangles. Let the sides,lbeandc, wherec is
the hypotenuse. We require

2(a+b+c)?
ab ’
By the homogeneity of the problem, itis enough to considenitive Pythagorean

triangles. It is well known that there are positive integeendg, relatively prime
and of different parity, such that

n =

a=p*—q¢* b=2pq c=p’+q.

With thesey = 222+ _ 4D \wharer — 2. Rewriting this as
q(p—q) t—1 q

42 — (n —4)t +n =0,

we obtain

where
d? = (n—4)* —16n = (n — 12)* — 128. 1)

Sincet is rational,d must be an integer (which we may assume positive). Equation
(1) may be rewritten as

(n—12—d)(n —12+d) =128 = 2".
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From this,
n—12—d= 2~
n—124+d= 277k,
fork =1,2,3. We have

4 —4— 2k
t:u:%"ﬂrl or t=" d_2°+8
8 8 8
Sincep andgq are relatively prime integers of different parity, we exdduthe cases
whent is an odd integer. Thus, the primitive Pythagorean triamgtaving P? =

nA are precisely those shown in the table below.

I [G.a)] @bha [n][A]P]
1] 3] (5,4)](9,40,41) [45] 180 [ 90
2[31(3,2)[(5,12,13) 30| 30 |30
312[(2,1)] (3,4,5) [24] 6 |12

Among these three solutions, only in the casé3fi, 5) can the square on the
perimeter be tessellated hycopies of the triangle.
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