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Abstract. We study the triangle bounded by the antiparallels to tthelisies of a
given triangleA BC through the intercepts of the trilinear polar of a paihbther
than the centroidz. We show that this triangle is perspective with the refeeenc
triangle, and also study the condition of concurrency ofathigparallels. Finally,
we also study the configuration of inducétP-lines and obtain an interesting
conjugation of finite points other tha.

1. Perspector of atriangle bounded by antiparallels

We use the barycentric coordinates with respect to triargh” throughout.
Let P = (u : v : w) be a finite point in the plane oA BC, distinct from its
centroidG. The trilinear polar ofP is the line
c: L —

u v w
which intersects the sidelindsC, C' A, AB respectively at

P,=0:v:-w), PB=(-u:0:w), P.=(u:-v:0).
The lines throughP,, P,, P. antiparallel to the respective sidelinesABC are

L, : (b*w — v)x + (b2 — Awy + (0* — A)vz =
Ly : (? — a®)wzx + (Pu — a*w)y + (2 2)uz
L.: (a® = b*)vx + (a® — b*)uy + (a*v — bzu)z =

They bound a triangle with vertices

A= (—a*(a®(u® — vw) + b*u(w — u) — u(u — v))
2 (¢ — a®)(a®v(w — u) + bPu(v — w))
s (a® — b)) (Fu(v — w) + a*w(u — v))),
B' = ((v* = ) (a®v(w — u) + b*u(v — w)
b2 (b*(v? — wu) + v(u —v) — a*v(v — w))
s (a® — b)) (*w(u — v) + Folw — u))),
C' = ((b* = &A)(Fulv — w) + a*w(u —v))
(¢ — a®)(VPw(u —v) + o(w — u))
—A(A(w? — w) + a*w(v — w) — Pw(w — u))).
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Figure 1. Perspector of triangle bounded by antiparallels
The linesAA’, BB’, CC’ intersect at a point
b? —¢? c? —a? a® — b?
@= <b2w(u —v) + v(w — u) : cu(v — w) + a?w(u — v) : a?v(w — u) + b2u(v — w))
(1)

We show that) is a point on the Jerabek hyperbola. The coordinateg iof(1)
can be rewritten as

a?(b> —c?) (P —a?)  P(a® - b?)
Q= T : T
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V= (1 =Pzt (- d®)y+ (@ =Pz

e = et (- )yt (0= )2

-3+ (2 -1)=0,wehave

u v

0= Y a®(—=(* = Az + (- a®)y+ (a® - b*)2)

cyclic

= Y (2B - )+~ )+ - )
cyclic

= Z b — A + 2 — a¥)x.
cyclic

This is the equation of the Euler line. It shows that the p@ries on the Jerabek
hyperbola. We summarize this in the following theorem, vaittlight modification
of (1).

Theorem 1. Let P = (u : v : w) beapoint in the plane of triangle ABC, distinct
fromits centroid. The antiparallels through the intercepts of the trilinear polar of
P bound a triangle perspective with ABC' at a point

b2—62
P = D e te e
R I Eel ey
on the Jerabek hyperbola.

Here are some examples.
X1 | X3 | Xu | X6 | Xo Xoz | Xos | Xeg
(P) || Xos | Xea | Xa | X6 | X1ooz | Xurr | X3 | Xes

P
Q
P Xaes | Xsar | X103 | Xog | Xoga | Xoaz | X1167 | Xise
Q(P) || Xev | Xes | Xoo | Xro| X1 | Xr2 | Xo3 | X

Table 1. The perspectd)(P)

Note that for the orthocenteX, = H and X = K, we haveQ(H) = H and
Q(K) = K. Infact, for P = H, the lines,, L;, L. bound the orthic triangle.
On the other hand, faP = K, these lines bound the tangential triangle, anticevian
triangle of K. We prove that these are the only points satisfying®) = P.

Proposition 2. The perspector Q(P) coincides with P if and only if P isthe or-
thocenter or the symmedian point.
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Proof. The perspectoR coincides withP if and only if the linesAP, L, L. are
concurrent, so are the tripld3P, L., L, andCP, L,, L,. Now, AP, Ly, L. are
concurrent if and only if
0 w —v

(2 —a®)w (Pu—a*w) (2—a?)u|=0,
(@ - (a2 —-bP)u  (a®v — b*u)
or

a?(a® — b )v*w + a®(® — a®)vw?® — b*(c* — a®)w?u — A(a* — b*)w? = 0.
From the other two triples we obtain

a?(b? — A)ow? + b2 (V? — Hwu + b2 (a* — b*)wu? — A (a® — b*)uPv = 0

and

—a?(b* — A)Pw — b — aP)wu? 4 A( — a®)u*v + A (b — Aww? = 0.
From the difference of the last two, we have, apart from aofaet — 2,

u(D*w? — *v?) +v(u? — a*w?) + w(a*v? — v*u?) = 0.

This shows thatP lies on the Thomson cubic, the isogonal cubic with pivot the
centroidGG. The Thomson cubic is appearskB02 in Bernard Gibert's catalogue
[2]. The same point, as a perspector, lies on the Jerabektiglpe Since the
Thomson cubic is self-isogonal, its intersections withdeebek hyperbola are the
isogonal conjugates of the intersections with the Euler. lifrom [2],P* is either

G, O or H. This means thaP is K, H, or O. Table 1 eliminates the possiblility
P = 0, leavingH andK as the only points satisfyinQ (P) = P. O

Proposition 3. Let P be a point distinct from the centroid G, and T" the circum-
hyperbola containing G and P. If T traverses T', the antiparallels through the
intercepts of the triliner polar of 7" bound a triangle perspective with ABC' with
the same perspector Q(P) on the Jerabek hyperbola.

Proof. The circum-hyperbola containir(g andP is the isogonal transform of the
line KP*. If we Write P* = (u : v : w), then a pointl" on T" has coordinates

( U w+t 2> for some real number. By Theorem 1, we have

ut+ta? * v-+tb?

b — c?
Q(T): - . - .
b2 <u+ta _ v+tbh ) +62 <w+tc . u+ta)
a? b2 c2 a2
b2 — 2
“EEpreEs

= Q(P).
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2. Concurrency of antiparallels
Proposition 4. Thethreelines L, Ly, L. are concurrent if and only if
—2(a®=b*) (0*—*) (@ —a®)www+ > b Pu((P+a’—b* v’ —(a®+b*—c*)w?) = 0.

cyclic

2
Proof. The three lines are concurrent if and only if
Vw—cv 0 —-cAw (b2 —Aw
(2 —a®)w Pu—ad*w (2 —a®)u| =0.
(@®> =¥ (a? —bP)u  d®v—b*u
O

For P = X5 (the homothetic center of the orthic and tangential triasglthe
trilinear polar is parallel to the Lemoine axis (the trilargoolar of K'), and the lines
Lq, Ly, L. concur at the symmedian point (see Figure 2).

Figure 2. Antiparallels through the interceptsXis

The cubic defined by (2) can be parametrized as follows( lis the point

<¢12(I)2+Z—22—az)+t R ) on the Jerabek hyperbola, then the antiparallels through
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the intercepts of the trilinear polar of

Po(Q)Z( a’(bc? + 1) >

(0% + 2 —a?)(a?(b? + 2 —a?) + t)

are concurrent af). On the other hand, giveR = (u : v : w), the antiparallels
through the intercepts of the trilinear polars of

_ u(v—w) ' '
Py = <a2(52+02 — &) Rw(u—0) + Fo(w—u) e >

are concurrent a (P). Here are some examples.

P X1 | X3 Xy | Xo | X
Q Xos | Xea | Xy | X6 | X3
Po(Q) || Xars | X073 | Xoos2 | Xos | X19903
Table 2. Py (Q) for @ on the Jerabek hyperbola

Py(Xe6) = <02(b4—|-1c4 a4):,..:...>7
Py(Xgo) = (P> +?—3a?): - :---),
Py(X71) = (a*(b+c—a)(albe + ca+ab) — (P 4+ ) -1 --0),
Py(X73) = (a® —a*(b4+¢c)—alb+ ) + (b+c) (b + )i -0,

3. Tripleof induced G P-lines

Let P be a point in the plane of triangld BC', distinct from the centroid>,
with trilinear polar intersectind3C, C A, AB respectively at?,, P,, P.. Let the
antiparallel toBC through P, intersectC' A and AB at B, and C, respectively;
similarly defineC}, Ay, andA., B.. These are the points

By = (0> =cv:0: v —bPw), Cu=((b*>—cHw: v —b*w:0);
Ay =(0:(c? —a®)u:a®w — u), Cy= (a’w— c2u (2 —a®)w: 0);
Ae = (0:0%u —a®v : (a® — b*)u), B.= (b*u—a’v:0: (a® —b?)v).
The trianglesAB,C,,, Ay BCy, A.B.C are all similar toABC. For every point
T with reference taA BC', we can speak of the corresponding points in these tri-

angles with the same homogeneous barycentric coordinBbes., theP-points in
these triangles are

Py = (VPP (u+v+w)(v—w)—ctv?+btw? : bPw(cPv — bPw) : oo — b*w)),
Pp = (a®w(a®w — c?u) : a®(u+v +w)(w — u) — a*w? + cu? : Fula®w — 2u)),

Po = (a®v(b?u — a®v) : B*u(b*u — a®v) : a*b*(u + v+ w)(u — v) — b*u? + a*v?).
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On the other hand, the centroids of these triangles are tinéspo

Ga= (20 (v —w) — v+ blw : (v — bPw) : A (v — bPw)),
Gp = (a®(ad*w — Pu) : 2c2a*(w — u) — a'w + 'u : P (d*w — Pu)),

Geo = (a*(V*u — a®v) : B*(b*u — a®v) : 20%0* (u — v) — blu + a'v).
We call G4 P4, GgPg, GoPc the triple of GP-lines induced by antiparallels

through the intercepts of the trilinear polar Bf or simply the triple of induced
G P-lines.

Figure 3. Triple of inducedr P-lines

Theorem 5. Thetriple of induced G P-lines are concurrent at

7(P) = (—a?(u?® — v* + vw — w?) + b?u(u + v — 2w) + Pu(w + u — 20)

ca?v(u+ v —2w) — b (v — w? + wu — u?) + oo+ w — 2u)

s aPw(w 4 u — 20) + V*w(v +w — 2u) — A(w? — u? + uv — v?)).
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Proof. The equations of the linegs 4 P4, GgPg, GoPc are

(v —bPw)z + (P(w+u —v) — bPw)y — (B} (u+v —w) — )z =

—(A(v+w —u) —d?

0,
w)z + (a*w — Pu)y + (a*(u +v —w) — u)z = 0,
V(v +w — u) — a®v)x — (a*(w 4+ u — v) — b*u)y + (b*u — a’v)z = 0.
These three lines intersecttP) given above. O
Remark. If T traverses the lin&'P, thent(T') traverses the lin€&/r(P).

Note that the equations of inducét-lines are invariant under the permutation
(z,y,2) < (u,v,w), i.e, these can be rewritten as

(Py =V 2)u+ (E(z +x —y) = 2o — (B} (2 +y —2) — Cylw = 0,
—(E(y+2—x) —d?2)u+ (a®z — Ex)v+ (d*(xz +y — 2) — Ea)w = 0,
(VP (y+ 2z — x) — a®>y)u — (a®*(z + = — y) — b?2)v + (b*z — a®y)w = 0.

This means that the mappingis a conjugation of the finite points other than the
centroidG.

Corollary 6. Thetriple of induced G P-lines concur at @ if and only if the triple
of induced GQ-lines concur at P.

We conclude with a list of pairs of triangle centers conjegatderr.

| X1, Xiosa [ X3, X0 [ Xy, Xigs [ Xe, X | Xo3, Xuso | Xeo, Xi2s |
| Xog, X1316 | X100, X1083 | X184, Xise | Xisr, X353 | X352, Xor4 |
Table 3. Pairs conjugate under
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