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Trilinear Polars of Brocardians

Francisco Javier Garcı́a Capitán

Abstract. We study the trilinear polars of the Brocardians of a point,and inves-
tigate the condition for their orthogonality.

1. The Brocardians

LetP be a point not on any of the sidelines of triangleABC, with homogeneous
barycentric coordinates(u : v : w) and cevian triangleXY Z. Construct the
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(see Figure 1(a)). The triangle
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1(b) The BrocardianP←

Likewise, the parallels of
AB

BC

CA

through
Y

Z

X

intersect
BC

CA

AB

at
Xc

Ya

Zb

such that triangle

XcYaZb is perspective withABC at

P← :=

(

1

v
:

1

w
:

1

u

)

(see Figure 1(b)). The pointsP→ andP← are called the Brocardians ofP (see
[2, §8.4]). For example, the Brocardians of the symmedian point are the Brocard
pointsΩ =

(

1

c2
: 1

a2 : 1

b2

)

andΩ′ =
(
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b2
: 1

c2
: 1

a2

)

.
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2. Noncollinearity of P and its Brocardians

The pointsP , P→ andP← are never collinear since
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=
u2 + v2 + w2 − vw − wu − uv

uvw
6= 0.

It is well known that the Brocard points are equidistant fromthe symmedian
point. It follows that the pedal ofK on the lineΩΩ′ is the midpoint of the segment
ΩΩ′, the triangle centerX39 = (a2(b2 + c2) : b2(c2 + a2) : c2(a2 + b2)) in [1].

Now, for the Gergonne pointGe =
(

1

b+c−a
: 1

c+a−b
: 1

a+b−c

)

, the Brocardians

are the pointsGe→ = (a + b − c : b + c − a : c + a − b) andGe← = (c + a − b :
a + b − c : b + c − a). The midpoint ofGe→Ge← is the incenterI = (a : b : c).
Indeed,I is the pedal of the Gergonne point on the lineGe→Ge←

(b2 + c2 − a(b + c))x + (c2 + a2 − b(c + a))y + (a2 + b2 − c(a + b))z = 0.

3. Trilinear polars of the Brocardians

The trilinear polars of the Brocardians ofP are the lines

ℓ→ wx + uy + vz = 0,

and

ℓ← vx + wy + uz = 0.

These lines intersect at the point

Q = (u2 − vw : v2 − wu : w2 − uv).

Since

(u2−vw, v2−wu, w2−uv) = (u+v+w)(u, v, w)−(vw+wu+uv)(1, 1, 1),

the pointQ divides the segmentGP in the ratio

GQ : QP = (u + v + w)2 : −3(vw + wu + uv).

The pointQ is never an infinite point since

u2 + v2 + w2 − vw − wu − uv 6= 0.

It follows that the trilinear polarsℓ→ andℓ← are never parallel.

4. Orthogonality of trilinear polars of Brocardians

The trilinear polarsℓ→ andℓ← have infinite points(u − v : v −w : w − u) and
(w − u : u − v : v − w) respectively. They are orthogonal if and only if

SA(u − v)(w − u) + SB(v − w)(u − v) + SC(w − u)(v − w) = 0 (1)

(see [2,§4.5]). Now, (1) defines a conic with centerG = (1 : 1 : 1) (see [2,
§10.7.2]). Since the conic containsG, it is necessarily degenerate. Solving for the
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infinite points of the conic, we obtain the condition that theconic consists of a pair
of real lines if and only if

SAA + SBB + SCC − 2SBC − 2SCA − 2SAB ≥ 0.

Equivalently,

5(a4 + b4 + c4) − 6(b2c2 + c2a2 + a2b2) ≥ 0. (2)

Here is a characterization of triangles satisfying condition (2). Given two points
B andC with BC = a, we set up a Cartesian coordinates system such thatB =
(

−a

2
, 0

)

andC =
(

a

2
, 0

)

. If A = (x, y), then
(

x −
a

2

)2

+ y2 = b2,

(

x +
a

2

)2

+ y2 = c2.

With these, condition (2) becomes

(4x2 + 4y2 − 8ay + 3a2)(4x2 + 4y2 + 8ay + 3a2) ≥ 0.

This is the exterior of the two circles, centers(0, ±a), radii a

2
. Here is a simple

example. If we requireC = π

2
, thenSC = 0 and the degenerate conic (1) is the

union of the two linesv − w = 0 andSA(z − x) + SB(y − z) = 0. These are
theC-median and the lineGKc, Kc being theC-trace of the symmedian pointK.
Figure 2 illustrates the trilinear polars of the Brocardians of a pointP onGKc
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Figure 2.
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On the other hand, for pointsA on the circumferences of the two circles, the
triangleABC has exactly one real line through the centroidG such that for every
P on the line, the trilinear polars of the Brocardians intersect orthogonally (on the
same line). It is enough to considerA on the circle4(x2 + y2) − 8ay + 3a2 = 0,
with coordinates

(

a

2
cos θ, a + a

2
sin θ

)

. The center of triangleABC is the point
G =

(

a

6
cos θ, a

6
(2 + sin θ)

)

. The line in question connectsG to the fixed point
M =

(

0, a

2

)

:

(1 − sin θ)x + cos θ
(

y −
a

2

)

= 0.

The trilinear polars of the Brocardians of an arbitrary point P on this line are
symmetric with respect toGM , and intersect orthogonally (see Figure 3).
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Figure 3.
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E-mail address: garciacapitan@gmail.com


