
Forum Geometricorum
Volume 9 (2009) 301–348. b b

b

b

FORUM GEOM

ISSN 1534-1178

Reflections in Triangle Geometry

Antreas P. Hatzipolakis and Paul Yiu

On the 10th Anniversary of Hyacinthos

Abstract. This paper is a survey of results on reflections in triangle geome-
try. We work with homogeneous barycentric coordinates withreference to a
given triangleABC and establish various concurrency and perspectivity results
related to triangles formed by reflections, in particular the reflection triangle
P (a)P (b)P (c) of a pointP in the sidelines ofABC, and the triangle of reflec-
tions A(a)B(b)C(c) of the vertices ofABC in their respective opposite sides.
We also consider triads of concurrent circles related to these reflections. In this
process, we obtain a number of interesting triangle centerswith relatively simple
coordinates. While most of these triangle centers have beencatalogued in Kim-
berling’sEncyclopedia of Triangle Centers[27] (ETC), there are a few interest-
ing new ones. We give additional properties of known triangle centers related
to reflections, and in a few cases, exhibit interesting correspondences of cubic
curves catalogued in Gibert’sCatalogue of Triangle Cubics[14] (CTC).
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Notations. We adopt the usual notations of triangle geometry and work with ho-
mogeneous barycentric coordinates with reference to a given triangleABC with
sidelengthsa, b, c and angle measuresA, B, C. Occasionally, expressions for
coordinates are simplified by using Conway’s notation:

SA =
b2 + c2 − a2

2
, SB =

c2 + a2 − b2

2
, SC =

a2 + b2 − c2

2
,

subject toSAB + SBC + SCA = S2, whereS is twice the area of triangleABC,
andSBC stands forSBSC etc. The labeling of triangle centers follows ETC [27],
except for the most basic and well known ones listed below. References to triangle
cubics are made to Gibert’s CTC [14].

G X2 centroid O X3 circumcenter
H X4 orthocenter N X5 nine point center

E∞ X30 Euler infinity point E X110 Euler reflection point
I X1 incenter Ge X7 Gergonne point

Na X8 Nagel point Fe X11 Feuerbach point
K X6 symmedian point F± X13, X14 Fermat points
J± X15, X16 isodynamic points W X484 first Evans perspector

P ∗ isogonal conjugate ofP
P • isotomic conjugate ofP
P−1 inverse ofP in circumcircle
P/Q cevian quotient
PaPbPc cevian triangle ofP
P aP bP c anticevian triangle ofP
P[a] pedal ofP onBC

P (a) reflection ofP in BC
Et Point on Euler line dividingOH in the ratiot : 1 − t
C (P, Q) Bicevian conic through the traces ofP andQ on the sidelines
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1. The reflection triangle

Let P be a point with the homogeneous barycentric coordinates(u : v : w) in
reference to triangleABC. The reflections ofP in the sidelinesBC, CA, AB are
the points

P (a) = (−a2u : (a2 + b2 − c2)u + a2v : (c2 + a2 − b2)u + a2w),

P (b) = ((a2 + b2 − c2)v + b2u : −b2v : (b2 + c2 − a2)v + b2w),

P (c) = ((c2 + a2 − b2)w + c2u : (b2 + c2 − a2)w + c2v : −c2w).

A

B C

P

P (a)

P (c)

P (b)

Figure 1. The reflection triangle

We callP (a)P (b)P (c) the reflection triangle ofP (see Figure 1). Here are some
examples.

(1) The reflection triangle of the circumcenterO is oppositely congruent to
ABC at the midpoint ofOH, which is the nine-point centerN . This is the only
reflection triangle congruent toABC.

(2) The reflection triangle ofH is inscribed in the circumcircle ofABC (see
Remark (1) following Proposition 2 and Figure 3(b) below).

(3) The reflection triangle ofN is homothetic atO to the triangle of reflections
(see Propositioin 5 below).

Proposition 1. The reflection triangle ofP is

(a) right-angled if and only ifP lies on one of the circles with centers
Ka

Kb

Kc

passing

through
B, C
C, A
A, B

respectively,

(b) isosceles if and only ifP is on one of the Apollonian circles, each with diameter
the feet of the bisectors of an angle on its opposite side,
(c) equilateral if and only ifP is one of the isodynamic pointsJ±,
(d) degenerate if and only ifP lies on the circumcircle.
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1.1. Circle of reflections.

Proposition 2. The circleP (a)P (b)P (c) has centerP ∗.

A

B C

PQ

P (b)

P (c)

(a) Reflections and isogonal lines

A

B C

P

P∗

P (b)

P (c)

P (a)

(b) circle of reflections

Figure 2. Circle of reflections ofP with centerP ∗

Proof. Let Q be a point on the line isogonal toAP with respect to angleA, i.e., the
linesAQ andAP are symmetric with respect to the bisector of angleBAC (see
Figure 2(a)). Clearly, the trianglesAQP (b) andAQP (c) are congruent, so thatQ is
equidistant fromP (b) andP (c). For the same reason, any point on a line isogonal
to BP is equidistant fromP (c) andP (a). It follows that the isogonal conjugateP ∗

is equidistant from the three reflectionsP (a), P (b), P (c). �

This simple fact has a few interesting consequences.
(1) The circle through the reflections ofP and the one through the reflections of

P ∗ are congruent (see Figure 3(a)). In particular, the reflections of the orthocenter
H lie on the circumcircle (see Figure 3(b)).

A

B C

P

P∗

P (a)

M

P∗(a)

(a) Congruent circles of reflection

O

A

B C

H(a)

H(b)

H(c)

H

O(a)

(b) Reflections ofH on circumcircle

Figure 3. Congruence of circles of reflection ofP andP ∗

(2) The (six) pedals ofP andP ∗ on the sidelines of triangleABC are concyclic.
The center of the common pedal circle is the midpoint ofPP ∗ (see Figure 3(a)).
For the isogonal pairO andH, this pedal circle is the nine-point circle.
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1.2. Line of reflections .

Theorem 3. (a) The reflections ofP in the sidelines are collinear if and only if
P lies on the circumcircle. In this case, the line containing the reflections passes
through the orthocenterH.
(b) The reflections of a lineℓ in the sidelines are concurrent if and only if the
line contains the orthocenterH. In this case, the point of concurrency lies on the
circumcircle.

Remarks.(1) Let P be a point on the circumcircle andℓ a line through the ortho-
centerH. The reflections ofP lies onℓ if and only if the reflections ofℓ concur at
P ([6, 29]). Figure 4 illustrates the case of the Euler line.

O

H

A

B
C

E

Figure 4. Euler line and Euler reflection point

(2) If P =
(

a2

v−w
: b2

w−u
: c2

u−v

)

is the isogonal conjugate of the infinite point of

a lineux + vy + wz = 0, its line of reflections is

SA(v − w)x + SB(w − u)y + SC(u − v)z = 0.

(3) Let ℓ be the line joiningH to P = (u : v : w). The reflections ofℓ in the
sidelines of triangleABC intersect at the point

r0(P ) :=

(

a2

SBv − SCw
:

b2

SCw − SAu
:

c2

SAu − SBv

)

.

Clearly,r0(P1) = r0(P2) if and only if P1, P2, H are collinear.
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line HP r0(P ) = intersection of reflections

Euler line E =
(

a2

b2−c2 : b2

c2−a2 : c2

a2−b2

)

HI X109 =
(

a2

(b−c)(b+c−a) : b2

(c−a)(c+a−b) : c2

(a−b)(a+b−c)

)

HK X112 =
(

a2

(b2−c2)SA
: b2

(c2
−a2)SB

: c2

(a2
−b2)SC

)

Theorem 4 (Blanc [3]). Let ℓ be a line through the circumcenterO of triangle
ABC, intersecting the sidelines atX, Y , Z respectively. The circles with di-
ametersAX, BY , CZ are coaxial with two common points and radical axisL

containing the orthocenterH.
(a) One of the common pointsP lies on the nine-point circle, and is the center

of the rectangular circum-hyperbola which is the isogonal conjugate of the lineℓ.
(b) The second common pointQ lies on the circumcircle, and is the reflection of

r0(P ) in ℓ.

ℓ

L

O

Q

r0(P ) P

H

X

Y

Z

A

B C

Figure 5. Blanc’s theorem

Here are some examples.

Line ℓ P Q r0(P )

Euler line X125 X476 =
(

1
(SB−SC)(S2

−3SAA) : · · · : · · ·
)

E

Brocard axis X115 X112 X2715

OI X11 X108 =
(

a
(b−c)(b+c−a)SA

: · · · : · · ·
)

X2720
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1.3. The triangle of reflections.The reflections of the vertices of triangleABC in
their opposite sides are the points

A(a) = (−a2 : a2 + b2 − c2 : c2 + a2 − b2),

B(b) = (a2 + b2 − c2 : −b2 : b2 + c2 − a2),

C(c) = (c2 + a2 − b2 : b2 + c2 − a2 : −c2).

We call triangleA(a)B(b)C(c) the triangle of reflections.

Proposition 5. The triangle of reflectionsA(a)B(b)C(c) is the image of the reflec-
tion triangle ofN under the homothetyh(O, 2).

O

N

A

B C

A(a)

C(c)

B(b)

N(a)

N(b)

N(c)

Figure 6. Homothety of triangle of reflections and reflectiontriangle ofN

From this we conclude that
(1) the center of the circleA(a)B(b)C(c) is the pointh(O, 2)(N∗), the reflection of
O in N∗, which appears asX195 in ETC, and
(2) the triangle of reflections is degenerate if and only if the nine-point centerN
lies on the circumcircle. Here is a simple construction of such a triangle (see Figure
7). Given a pointN on a circleO(R), construct

(a) the circleN
(

R

2

)

and choose a pointD on this circle, inside the given one
(O),

(b) the perpendicular toOD atD to intersect(O) atB andC,
(c) the antipodeX of D on the circle(N), and complete the parallelogram

ODXA (by translatingX by the vectorDO).
Then triangleABC has nine-point centerN on its circumcircle. For further

results, see [4, p.77], [18] or Proposition 21 below.
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A

B

C

D

X

N

O

A(a)

B(b)

C(c)

Figure 7. Triangle with degenerate triangle of reflections

2. Perspectivity of reflection triangle

2.1. Perspectivity with anticevian and orthic triangles.

Proposition 6 ([10]). The reflection triangle ofP is perspective with its anticevian
triangle at the cevian quotientQ = H/P , which is also the isogonal conjugate of
P in the orthic triangle.

P

PaHa

P a

X

A

B CP[a]

Hb

Hc

H

Figure 8. HaP andHaP (a) isogonal in orthic triangle
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Proof. Let PaPbPc be the cevian triangle ofP , andP aP bP c the anticevian trian-
gle. SinceP andP a divide APa harmonically, we have 1

AP a + 1
AP

= 2
APa

. If the
perpendicular fromP to BC intersects the lineP aHa atX, then

PX

AHa

=
PP a

AP a
=

PPa + PaP
a

AP a
=

PPa

AP a
+

PPa

AP
=

2PPa

APa

=
2PP[a]

AHa

.

Therefore,PX = 2PP[a], andX = P (a). This shows thatP (a) lies on the line
P aHa. Similarly, P (b) andP (c) lie on P bHb andP cHc respectively. Since the
anticevian triangle ofP and the orthic triangle are perspective at the cevian quotient
H/P , these triangles are perspective with the reflection triangle P (a)P (b)P (c) at
the same point.

The fact thatP (a) lies on the lineHaP
a means that the linesHaP

a andHaP
are isogonal lines with respect to the sidesHaHb andHaHc of the orthic triangle;
similarly for the pairsHbP

b, HbP andHcP
c, HcP . It follows thatH/P andP

are isogonal conjugates in the orthic triangle. �

If P = (u : v : w) in homogeneous barycentric coordinates, then

H/P = (u(−SAu+SBv+SCw) : v(−SBv+SCw+SAu) : w(−SCw+SAu+SBv)).

Here are some examples of(P, H/P ) pairs.

P I G O H N K
H/P X46 X193 X155 H X52 X25

2.2. Perspectivity with the reference triangle.

Proposition 7. The reflection triangle of a pointP is perspective withABC if and
only if P lies on the Neuberg cubic

∑

cyclic

(SAB + SAC − 2SBC)u(c2v2 − b2w2) = 0. (1)

AsP traverses the Neuberg cubic, the locus of the perspectorQ is the cubic
∑

cyclic

SAx

S2 − 3SAA

(

y2

S2 − 3SCC

− z2

S2 − 3SBB

)

= 0. (2)

The first statement can be found in [30]. The cubic (1) is the famous Neuberg
cubic, the isogonal cubic pK(K, E∞) with pivot the Euler infinity point. It ap-
pears as K001 in CTC, where numerous locus properties of the Neuberg cubic
can be found; see also [5]. The cubic (2), on the other hand, isthe pivotal isocubic
pK(X1989, X265), and appears as K060. GivenQ on the cubic (2), the pointP
on the Neuberg cubic can be constructed as the perspector of the cevian and reflec-
tion triangles ofQ (see Figure 9). Here are some examples of(P,Q) with P on
Neuberg cubic and perspectorQ of the reflection triangle.

P O H I W X1157

Q N H X79 X80 X1141
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X79

X80

X1141

N

O

H

I
J+

F+

F−A

B
C

Figure 9. The Neuberg cubic and the cubic K060

Remarks.(1) X79 =
(

1
b2+c2−a2+bc

: 1
c2+a2−b2+ca

: 1
a2+b2−c2+ab

)

is also the per-

spector of the triangle formed by the three lines each joining the perpendicular feet
of a trace of the incenter on the other two sides (see Figure 10).

A

B C

X79 I

Ia

Ib

Ic

I(a)

I(b)

I(c)

Figure 10. Perspector of reflection triangle ofI
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(2) For the pair(W,X80),
(i) W = X484 = (a(a3+a2(b+c)−a(b2 +bc+c2)−(b+c)(b−c)2) : · · · : · · · ) is
the first Evans perspector, the perspector of the triangle ofreflectionsA(a)B(b)C(c)

and the excentral triangleIaIbIc (see [45]),

(ii) X80 =
(

1
b2+c2−a2−bc

: · · · : · · ·
)

is the reflection conjugate ofI (see§3 below).

(3) For the pair(X1157, X1141),

(i) X1157 =
(

a2(a6−3a4(b2+c2)+a2(3b4−b2c2+3c4)−(b2−c2)2(b2+c2))
a2(b2+c2)−(b2−c2)2

: · · · : · · ·
)

is the

inverse ofN∗ in the circumcircle,
(ii) X1141 =

(

1
(S2+SBC)(S2−3SAA)

: · · · : · · ·
)

lies on the circumcircle.

The Neuberg cubic also contains the Fermat points and the isodynamic points.
The perspectors of the reflection triangles of

(i) the Fermat pointsFε =
(

1√
3SA+εS

: 1√
3SB+εS

: 1√
3SC+εS

)

, ε = ±1, are
(

(SA + ε
√

3S)2

(
√

3SA + εS)2
:

(SB + ε
√

3S)2

(
√

3SB + εS)2
:

(SC + ε
√

3S)2

(
√

3SC + εS)2

)

,

(ii) the isodynamic pointsJε =
(

a2(
√

3SA + εS) : b2(
√

3SB + εS) : c2(
√

3SC + εS)
)

,
ε = ±1, are
(

1

(SA + ε
√

3S)(
√

3SA + εS)
:

1

(SB + ε
√

3S)(
√

3SB + εS)
:

1

(SC + ε
√

3S)(
√

3SC + εS)

)

.

The cubic (2) also contains the Fermat points. For these, thecorresponding
points on the Neuberg cubic are
(

a2(2(b2 + c2 − a2)3 − 5(b2 + c2 − a2)b2c2 − ε · 2
√

3b2c2S) : · · · : · · ·
)

.

2.3. Perspectivity with cevian triangle and the triangle of reflections.

Proposition 8. The reflection triangle ofP is perspective with the triangle of re-
flections if and only ifP lies on the cubic(2). The locus of the perspectorQ is the
Neuberg cubic(1).

Proof. Note thatA(a), P (a) andPa are collinear, since they are the reflections of
A, P andPa in BC. Similarly, B(b), P (b), Pb are collinear, so areC(c), P (c),
Pc. It follows that the reflection triangle ofP is perspective with the triangle of
reflections if and only if it is perspective with the cevian triangle ofP . �

Remark.The correspondence(P,Q) in Proposition 8 is the inverse of the corre-
spondence in Proposition 7 above.
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2.4. Perspectivity of triangle of reflections and anticevian triangles.

Proposition 9. The triangle of reflections is perspective to the anticeviantriangle
of P if and only ifP lies on the Napoleon cubic,i.e., the isogonal cubic pK(K,N)

∑

cyclic

(a2(b2 + c2) − (b2 − c2)2)u(c2v2 − b2w2) = 0. (3)

The locus of the perspectorQ is the Neuberg cubic(1).

E

O

H

I

N

A

B C

X399
Ia

Ib

Ic

A(a)

C(c)

B(b)

Figure 11. The Napoleon cubic and the Neuberg cubic

P I O N N∗ X195

Q W X399 E∞ X1157 O

Remarks.(1) For the case ofO, the perspector is the Parry reflection point, the
triangle centerX399 which is the reflection ofO in the Euler reflection pointE. It
is also the point of concurrency of reflections in sidelines of lines through vertices
parallel to the Euler line (see [34, 35]). In other words, it is the perspector of the
triangle of reflections and the cevian triangle ofE∞. The Euler line is the only
direction for which these reflections are concurrent.
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(2) N∗ is the triangle centerX54 in ETC, called the Kosnita point. It is also the
perspector of the centers of the circlesOBC, OCA, OAB (see Figure 12).

O

C
B

A O2

O3

O1

N∗

Figure 12. Perspectivity of the centers of the circlesOBC, OCA, OAB

3. Reflection conjugates

Proposition 10. The three circlesP (a)BC, P (b)CA, andP (c)AB have a common
point

r1(P ) =

(

u

(b2 + c2 − a2)u(u + v + w) − (a2vw + b2wu + c2uv)
: · · · : · · ·

)

.

(4)

It is easy to see thatr1(P ) = H if and only if P lies on the circumcircle. IfP 6=
H andP does not lie on the circumcircle, we callr1(P ) the reflection conjugate
of P ; it is the antipode ofP in the rectangular circum-hyperbolaH (P ) throughP

(and the orthocenterH). It also lies on the circle of reflectionsP (a)P (b)P (c) (see
Figure 13).

P r1(P ) midpoint hyperbola

I X80 =
(

1
b2+c2

−a2
−bc

: · · · : · · ·
)

X11 Feuerbach

G X671 =
(

1
b2+c2

−2a2 : · · · : · · ·
)

X115 Kiepert

O X265 =
(

SA

S2
−3SAA

: · · · : · · ·
)

X125 Jerabek

K X67 =
(

1
b4+c4−a4−b2c2 : · · · : · · ·

)

X125 Jerabek

X7 X1156 =
(

a
−2a2+a(b+c)+(b−c)2 : · · · : · · ·

)

X11 Feuerbach

X8 X1320 =
(

a(b+c−a)
b+c−2a

: · · · : · · ·
)

X11 Feuerbach

X13 X14 X115 Kiepert
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A

B C

P

P (a)

P (c)

P (b)

r1(P )

Figure 13. r1(P ) andP are antipodal inH (P )

Remark.r1(I) = X80 is also the perspector of the reflections of the excenters in
the respective sidelines (see [42] and Figure 14). In§2.2, we have shown thatr1(I)
is the perspector of the reflection triangle ofW .

A

B C

Ia

Ib

Ic

Ia(a)

Ib(b)

Ic(c)

X80

Figure 14. r1(I) as perspector of reflections of excenters
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Proposition 11. Let P [a]P [b]P [c] be the antipedal triangle ofP = (u : v : w).
The reflections of the circlesP [a]BC in BC, P [b]CA in CA and P [c]AB in AB
all contain the reflection conjugater1(P ).

Proof. SinceB, P , C, andP [a] are concyclic, so are their reflections in the line
BC. The circleP [a]BC is identical with the reflection of the circleP (a)BC in
BC; similarly for the other two circles. The triad of circles therefore haver1(P )
for a common point. �

Proposition 12. Let P[a]P[b]P[c] be the pedal triangle ofP = (u : v : w). The
reflections of the circlesAP[b]P[c] in P[b]P[c], BP[c]P[a] in P[c]P[a], andCP[a]P[b]

in P[a]P[b] have a common point

r2(P ) = (a2(2a2b2c2u + c2((a2 + b2 − c2)2 − 2a2b2)v + b2((c2 + a2 − b2)2 − 2c2a2)w)

· (b2c2u2 − c2(c2 − a2)uv + b2(a2 − b2)uw − a2(b2 + c2 − a2)vw) : · · · : · · · ).

P r2(P )

G (a2(b4 + c4 − a4 − b2c2)(a4(b2 + c2) − 2a2(b4 − b2c2 + c4) + (b2 + c2)(b2 − c2)2)
: · · · : · · · )

I (a(b2 + c2 − a2 − bc)(a3(b + c) − a2(b2 + c2) − a(b + c)(b − c)2 + (b2 − c2)2)
: · · · : · · · )

O circles coincide with nine-point circle

H X1986 =
(

a
2((b2+c

2
−a

2)2−b
2
c
2)(a4(b2+c

2)−2a
2(b4−b

2
c
2+c

4)+(b2+c
2)(b2−c

2)2)

b2+c2−a2 : · · · : · · ·
)

X186 X403

Remarks.(1) For the case of(H, X1986), see [22].

H

Ha

Hb

Hc

A

B CX1986

Figure 15. X1986 as the common point of reflections of circumcircles of resid-
uals of orthic triangle

(2) For the pair(X186, X403),
(i) X186 is the inverse ofH in the circumcircle,
(ii) X403 is the inverse ofH in the nine-point circle (see§4 below).
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4. Inversion in the circumcircle

The inverse ofP in the circumcircle is the point

P−1 = (a2(b2c2u2 + b2(a2 − b2)wu + c2(a2 − c2)uv − a2(b2 + c2 − a2)vw)

: b2(c2a2v2 + a2(b2 − a2)vw − b2(c2 + a2 − b2)wu + c2(b2 − c2)uv)

: c2(a2b2w2 + a2(c2 − a2)vw + b2(c2 − b2)wu − c2(a2 + b2 − c2)uv)).

4.1. Bailey’s theorem.

Theorem 13 (Bailey [1, Theorem 5]). The isogonal conjugates ofP and r1(P )
are inverse in the circumcircle.

Proof. Let P = (u : v : w), so thatP ∗ = (a2vw : b2wu : c2uv). From the above
formula,

(P ∗)−1 =
(

a2vw(a2vw + (a2 − b2)uv + (a2 − c2)wu − (b2 + c2 − a2)u2) : · · · : · · ·
)

=
(

a2vw(−(b2 + c2 − a2)u(u + v + w) + a2vw + b2wu + c2uv) : · · · : · · ·
)

.

This clearly is the isogonal conjugate ofr1(P ) by a comparison with (4). �

4.2. The inverses ofA(a), B(b), C(c).

Proposition 14. The inversive images ofA(a), B(b), C(c) in the circumcircle are
perspective withABC at N∗.

OO

N∗

A

B C

A(a)

C(c)

B(b)

(A(a))−1

(B(b))−1

(C(c))−1

Figure 16. N∗ as perspector of inverses of reflections of vertices in opposite sides
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Proof. These inversive images are

(A(a))−1 = (−a2(S2 − 3SAA) : b2(S2 + SAB) : c2(S2 + SCA)),

(B(b))−1 = (a2(S2 + SAB) : −b2(S2 − 3SBB) : c2(S2 + SBC)),

(C(c))−1 = (a2(S2 + SCA) : b2(S2 + SBC) : −c2(S2 − 3SCC)).

From these, the trianglesABC and(A(a))−1(B(b))−1(C(c))−1 are perspective at

N∗ =

(

a2

S2 + SBC

:
b2

S2 + SCA

:
c2

S2 + SAB

)

.

�

Corollary 15 (Musselman [32]). The circlesAOA(a), BOB(b), COC(c) are coax-
ial with common pointsO and(N∗)−1.

O

CB

A

A(a)

C(c)

B(b)

(N∗)−1

N∗

Figure 17. Coaxial circlesAPA(a), BOB(a), COC(c)

Proof. Invert the configuration in Proposition 14 in the circumcircle. �

A generalization of Corollary 15 is the following.

Proposition 16 (van Lamoen [28]). The circlesAPA(a), BPB(b) and CPC(c)

are coaxial if and only ifP lies on the Neuberg cubic.

Remarks.(1) Another example is the pair(I,W ).
(2) If P is a point on the Neuberg cubic, the second common point of thecircles

APA(a), BPB(b) andCPC(c) is also on the same cubic.
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4.3. Perspectivity of inverses of cevian and anticevian triangles.

Proposition 17. The inversive images ofPa, Pb, Pc in the circumcircle form a
triangle perspective withABC if and only if P lies on the circumcircle or the
Euler line.

(a) If P lies on the circumcircle, the perspector is the isogonal conjugate of the
inferior of P . The locus is the isogonal conjugate of the nine-point circle (see
Figure 18).

P

Pa

Pb

Pc

P−1
a

P
−1
bP−1

c

Q

O

X∗

116

X∗

115

X∗

125

A

B C

Figure 18. Isogonal conjugate of the nine-point circle

(b) If P lies on the Euler line, the locus of the perspector is the bicevian conic
through the traces of the isogonal conjugates of the Kiepertand Jerabek centers
(see Figure 19).

X∗

115
X∗

125

A

B C

O

K

X24

X60

X1986

X143

Figure 19. The bicevian conicC (X∗
115, X∗

125)
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The conic in Proposition 17(b) has equation
∑

cyclic

b4c4(b2 − c2)4(b2 + c2 − a2)x2 − 2a6b2c2(c2 − a2)2(a2 − b2)2yz = 0.

P O G H N X21 H−1

Q O K X24 X143 X60 X1986

Remarks.(1) X21 is the Schiffler point, the intersection of the Euler lines ofIBC,
ICA, IAB (see [21]). Here is another property ofX21 relating to reflections
discovered by L. Emelyanov [11]. LetX be the reflection of the touch point of
A-excircle in the line joining the other two touch points; similarly defineY and
Z. The trianglesABC andXY Z are perspective at the Schiffler point (see Figure
20).

A

B C

Ia

Ib

Ic

X

Y

Z

X21

Figure 20. Schiffler point and reflections

(2) X24 =
(

a2(SAA−S2)
SA

: b2(SBB−S2)
SB

: c2(SCC−S2)
SC

)

is the perspector of the

orthic-of-orthic triangle (see [26]).
(3) X143 is the nine-point center of the orthic triangle.

(4) X60 =
(

a2(b+c−a)
(b+c)2

: b2(c+a−b)
(c+a)2

: c2(a+b−c)
(a+b)2

)

is the isogonal conjugate of the

outer Feuerbach pointX12.

Proposition 18. The inversive images ofP a, P b, P c in the circumcircle form a
triangle perspective withABC if and only ifP lies on
(1) the isogonal conjugate of the circleSAx2 + SBy2 + SCz2 = 0, or
(2) the conic

b2c2(b2 − c2)x2 + c2a2(c2 − a2)y2 + a2b2(a2 − b2)z2 = 0.
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Remarks.(1) The circleSAx2 + SBy2 + SCz2 = 0 is real only whenABC con-
tains an obtuse angle. In this case, it is the circle with center H orthogonal to the
circumcircle.

(2) The conic in (2) is real only whenABC is acute. It has centerE and is

homothetic to the Jerabek hyperbola, with ratio
√

1
2 cos A cos B cos C

.

5. Dual triads of concurrent circles

Proposition 19. Let X, Y, Z
X ′, Y ′ Z′ be two triads of points. The triad of circlesXY ′Z ′,

Y Z ′X ′ andZX ′Y ′ have a common point if and only if the triad of circlesX ′Y Z,
Y ′ZX andZ ′XY have a common point.

Proof. Let Q be a common point of the triad of circlesXY ′Z ′, Y Z ′X ′, ZX ′Y ′.
Inversion with respect to a circle, centerQ transforms the six pointsX, Y , Z, X ′,
Y ′, Z ′ into x, y, z, x′, y′, z′ respectively. Note thatxy′z′, yz′x′ andzx′y′ are lines
bounding a trianglex′y′z′. By Miquel’s theorem, the circlesx′yz, y′zx andz′xy
have a common pointq′. Their inversesX ′Y Z, Y ′ZX andZ ′XY have the inverse
Q′ of q′ as a common point. �

Proposition 20(Musselman [31]). The circlesAP (b)P (c), BP (c)P (a), CP (a)P (b)

intersect at the pointr0(P ) on the circumcircle.

O

A

B C

P

P (a)

P (c)

P (b)

r0(P )

Figure 21. The circlesAP (b)P (c), BP (c)P (a), CP (a)P (b) intersect on the circumcircle

5.1. Circles containingA(a), B(b), C(c).

5.1.1. The triad of circlesAB(b)C(c), A(a)BC(c), A(a)B(b)C . Since the circles
A(a)BC, AB(b)C andABC(c) all contain the orthocenterH, it follows that that
the circlesAB(b)C(c), A(a)BC(c) andA(a)B(b)C also have a common point. This
is the pointX1157 = (N∗)−1 (see [41, 18]). The radical axes of the circumcircle
with each of these circles bound the anticevian triangle ofN∗ (see Figure 22).
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O

CB

A

A(a)

C(c)

B(b)

X1157

N∗

Figure 22. Concurrency of circlesAB(b)C(c), A(a)BC(c), A(a)B(b)C

5.1.2. The tangential triangle .The circlesKaB(b)C(c), A(a)KbC(c), A(a)B(b)Kc

haveX399 the Parry reflection point as a common point. On the other hand, the
circlesA(a)KbKc, B(b)KcKa, C(c)KaKb are concurrent. (see [35]).

5.1.3. The excentral triangle .The circlesA(a)IbIc, IaB(b)Ic, IaIbC(c) also have
the Parry reflection pointX399 as a common point (see Figure 23).

O

A

B C

Ia

Ib

Ic

A(a)

C(c)

B(b)

E

X399

Figure 23. The Parry reflection pointX399

The Parry reflection pointX399, according to Evans [12], is also the common
point of the circlesIIaA(a), IIbB(b) andIIcC(c).
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By Proposition 19, the circlesIaB(b)C(c), A(a)IbC(c) andA(a)B(b)Ic have a
common point as well. Their centers are perspective withABC at the point

(a(a2(a + b + c) − a(b2 − bc + c2) − (b + c)(b − c)2) : · · · : · · · )
on theOI line.

5.1.4. Equilateral triangles on the sides .Forε = ±1, letAε, Bε, Cε be the apices
of the equilateral triangles erected on the sidesBC, CA, AB of triangleABC
respectively, on opposite or the same sides of the vertices according asε = 1 or
−1. Now, for ε = ±1, the circlesA(a)BεCε, B(b)CεAε, C(c)AεBε are concurrent
at the superior of the Fermat pointF−ε (see [36]).

5.1.5. Degenerate triangle of reflections .

Proposition 21 ([18, Theorem 4]). Suppose the nine-point centerN of triangle
ABC lies on the circumcircle.
(1) The reflection triangleA(a)B(b)C(c) degenerates into a lineL.
(2) If X, Y , Z are the centers of the circlesBOC, COA, AOB, the linesAX,
BY , CZ are all perpendicular toL.
(3) The circlesAOA(a), BOB(b), COC(c) are mutually tangent atO. The line
joining their centers is the parallel toL throughO.
(4) The circlesAB(b)C(c), BC(c)A(a), CA(a)B(b) pass throughO.

O

N
A

CB

A(a)

B(b)

C(c)

Figure 24. Triangle with degenerate triangle of reflections

5.2. Reflections in a point.

Proposition 22. GivenP = (u : v : w), let X, Y , Z be the reflections ofA, B, C
in P .

(a) The circlesAY Z, BZX, CXY have a common point a point

r3(P ) =

(

1

c2v(w + u − v) − b2w(u + v − w)
: · · · : · · ·

)
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which is also the fourth intersection of the circumcircle and the circumconic with
centerP (see Figure 25).

O

A

B
C

P

X

YZ

r3(P )

Figure 25. CirclesAY Z, BZX, CXY throughr3(P ) on circumcircle and
circumconic with centerP

(b) The circlesXBC, Y CA andZAB intersect have a common point

r4(P ) =

(

v + w − u

2a2vw − (v + w − u)(bw + cv)
: · · · : · · ·

)

which is the antipode ofr3(P ) on the circumconic with centerP (see Figure 26).
It is also the reflection conjugate of the superior ofP .

A

B
C

P

X

YZ

r4(P )

Figure 26. CirclesXBC, Y CA, ZAB throughr4(P ) circumconic with centerP
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(c) For a givenQ on the circumcircle, the locus ofP for which r3(P ) = Q is
the bicevian conicC (G,Q).

Here are some examples ofr3(P ) andr4(P ).

P G I N K X9 X10 X2482 X214 X1145

r3(P ) X99 X100 E E X100 X100 X99 X100 X100

r4(P ) r1(G) X1320 r1(O) X895 X1156 X80 G I Na

6. Reflections and Miquel circles

6.1. The reflection ofI in O. If X, Y , Z are the points of tangency of the excircles
with the respective sides, the Miquel point of the circlesAY Z, BZX, CXY is
the reflection ofI in O, which isX40 in ETC. It is also the circumcenter of the
excentral triangle.

X

A

B C

Ia

Ib

Ic

Y

Z

I′

Figure 27. Reflection ofI in O as a Miquel point

6.2. Miquel circles. For a real numbert, we consider the triad of points

Xt = (0 : 1 − t : t), Yt = (t : 0 : 1 − t), Zt = (1 − t : t : 0)

on the sides of the reference triangle. The circlesAYtZt, BZtXt andCXtYt inter-
sect at the Miquel point

Mt =
(

a2(b2t2 + c2(1 − t)2 − a2t(1 − t))

: b2(c2t2 + a2(1 − t)2 − b2t(1 − t))

: c2(a2t2 + b2(1 − t)2 − c2t(1 − t))
)

.
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O

K

A

B CXt

Yt

Zt

Mt

Pt
X115

X125

Figure 28. Miquel circles and their reflections

The locus ofMt is the Brocard circle with diameterOK, as is evident from the
data in the table below; see Figure 28 and [37, 17].

t Mt Pt

0 Ω = 1
b2

: 1
c2

: 1
a2

1
c2−a2 : 1

a2−b2
: 1

b2−c2

1
2

O X115 = ((b2 − c2)2 : (c2 − a2)2 : (a2 − b2)2)

1 Ω′ = 1
c2

: 1
a2 : 1

b2
1

a2−b2
: 1

b2−c2
: 1

c2−a2

∞ K ((b2 − c2)(b2 + c2 − 2a2) : · · · : · · · )
a
2
b
2
−c

4

(b2−c2)(a2+b2+c2)
B1 = a2 : c2 : b2 −(b4 − c4) : b2(c2 − a2) : c2(a2 − b2)

c
2
a
2
−b

4

(c2−a2)(a2+b2+c2)
B2 = c2 : b2 : a2 a2(b2 − c2) : −(c4 − a4) : c2(a2 − b2)

a
2
b
2
−c

4

(a2−b2)(a2+b2+c2)
B3 = b2 : a2 : c2 a2(b2 − c2) : b2(c2 − a2) : −(a4 − b4)

6.3. Reflections of Miquel circles.LetAt, Bt, Ct be the reflections ofA in YtZt, B
in ZtXt, C in XtYt. The circlesAtYtZt, BtZtXt andCtXtYt also have a common
point

Pt = ((b2 − c2)((c2 − a2)t + (a2 − b2)(1 − t))

: (c2 − a2)((a2 − b2)t + (b2 − c2)(1 − t))

: (a2 − b2)((b2 − c2)t + (c2 − a2)(1 − t))).

For t = 1
2 , all three reflections coincide with the nine-point circle.However,Pt

approaches the Kiepert centerX115 = ((b2 − c2)2 : (c2 − a2)2 : (a2 − b2)2) as
t → 1

2 . The locus ofPt is the line
x

b2 − c2
+

y

c2 − a2
+

z

a2 − b2
= 0,
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which clearly contains both the Kiepert centerX115 and the Jerabek centerX125

(see Figure 28). This line is the radical axis of the nine-point circle and the pedal
circle ofG. These two centers are the common points of the two circles (see Figure
29).

G

N

O

A

B C

X115

X125

Figure 29. X115 andX125 as the intersections of nine-point circle and pedal
circle ofG

6.4. Reflections of circles of anticevian residuals.Consider pointsXt, Y t, Zt such
thatA, B, C divide Y tZt, ZtXt, XtY t respectively in the ratio1 − t : t. Figure
30 shows the construction of these points fromXt, Yt, Zt and the midpoints of the
sides. Explicitly,

Xt = (−t(1 − t) : (1 − t)2 : t2),

Y t = (t2 : −t(1 − t) : (1 − t)2),

Zt = ((1 − t)2 : t2 : −t(1 − t)).

A

B CMa

MbMc

Xt

Yt

Zt

X′

Y ′

Z′

Xt

Y t

Zt

Figure 30. Construction ofXtY tZt from XtYtZt
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The circlesXtBC, Y tCA, ZtAB intersect at the isogonal conjugate ofMt. The
locus of the intersection is therefore the isogonal conjugate of the Brocard circle.
On the other hand, the reflections of the circlesXtBC, YtCA, ZtAB intersect at
the point
(

1

(b2 + c2 − 2a2)t + (a2 − b2)
:

1

(c2 + a2 − b2)t + (b2 − c2)
:

1

(a2 + b2 − c2)t + (c2 − a2)

)

,

which traverses the Steiner circum-ellipse.

7. Reflections of a point in various triangles

7.1. Reflections in the medial triangle.If P = (u : v : w), the reflections in the
sides of the medial triangle are

X ′ = ((SB + SC)(v + w) : SBv − SC(w − u) : SCw + SB(u − v)),

Y ′ = (SAu + SC(v − w) : (SC + SA)(w + u) : SCw − SA(u − v)),

Z ′ = (SAu − SB(v − w) : SBv + SA(w − u) : (SA + SB)(u + v)).

Proposition 23. The reflection triangle ofP in the medial triangle is perspective
with ABC if and only ifP lies on the Euler line or the nine-point circle ofABC.

(a) If P lies on the Euler line, the perspector traverses the Jerabekhyperbola.
(b) If P lies on the nine-point circle, the perspector is the infinitepoint which is

the isogonal conjugate of the superior ofP .

Remarks.(1) If P = Et, then the perspectorQ = E∗
t′

, where

t′ =
a2b2c2(1 − t)

a2b2c2(1 − t) − 4SABC(1 − 2t)
.

P G O H N X25 X403 X427 X429 X442 E∞

Q H• X68 H O X66 X74 K X65 X72 X265

(2) ForP = G, these reflections are the points

X ′ = (2a2 : SB : SC), Y ′ = (SA : 2b2 : SC), Z ′ = (SA : SB : 2c2).

They are trisection points of the correspondingH•−cevian (see Figure 31(a)). The
perspector ofX ′Y ′Z ′ is X69 = H•.

(3) If P = N , the circumcenter of the medial triangle, the circle through its
reflections in the sides of the medial triangle is congruent to the nine-point circle
and has center at the orthocenter of the medial triangle, which is the circumcenterO
of triangleABC. These reflections are therefore the midpoints of the circumradii
OA, OB, OC (see Figure 31(b)).

(4) X25 =
(

a2

b2+c2−a2 : b2

c2+a2−b2
: c2

a2+b2−c2

)

is the homothetic center of the

tangential and orthic triangles. It is also the perspector of the tangential triangle
and the reflection triangle ofK. In fact,

A′X ′ : X ′Ha = a2 : SA, B′Y ′ : Y ′Hb = b2 : SB , C ′Z ′ : Z ′Hc = c2 : SC .

(5) X427 =
(

b2+c2

b2+c2−a2 : c2+a2

c2+a2−b2
: a2+b2

a2+b2−c2

)

is the inverse ofX25 in the or-

thocentroidal circle. It is also the homothetic center of the orthic triangle and the
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H•

A

B C

G

X′

Y ′

Z′

(a) Reflections ofG

O
N

X

YZ

A

B C

Y ′

X′

Z′

(b) Reflections ofN

Figure 31. Reflections in the medial triangle

triangle bounded by the tangents to the nine-point circle atthe midpoints of the
sidelines (see [7]).

(6) If P is on the nine-point circle, it is the inferior of a pointP ′ on the cir-
cumcircle. In this case, the perspectorQ is the infinite point which is the isogonal
conjugate ofP ′. In particular, for the Jerabek centerJ = X125 (which is the in-
ferior of the Euler reflection pointE = X110), the reflections are the pedals of the
vertices on the Euler line. The perspector is the infinite point of the perpendicular
to the Euler line (see Figure 32).

O

N

H

J

G

X

YZ

A

B C

E

Y ′

X′

Z′

Figure 32. Reflections of Jerabek center in medial triangle

Proposition 24. The reflections ofAP , BP , CP in the respective sidelines of the
medial triangle are concurrrent(i.e., triangleX ′Y ′Z ′ is perspective with the orthic
triangle) if and only ifP lies on the Jerabek hyperbola ofABC. AsP traverses
the Jerabek hyperbola, the locus of the perspector is the Euler line (see Figure 33).
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A

B C

H

G

Ma

MbMc

P

Q

Ha

Hb

Hc

Figure 33. Reflections in medial triangle

Remark.The correspondence is the inverse of the correspondence in Proposition
23(a).

7.2. Reflections in the orthic triangle.

Proposition 25. The reflection triangle ofP in the orthic triangleHaHbHc is
perspective withABC if and only ifP lies on the cubic

∑

cyclic

u

b2 + c2 − a2

(

f(c, a, b)v2 − f(b, c, a)w2
)

= 0. (5)

where

f(a, b, c) = a4(b2 + c2) − 2a2(b4 − b2c2 + c4) + (b2 + c2)(b2 − c2)2.

The locus of the perspectorQ is the cubic
∑

cyclic

a2(S2 − 3SAA)x

b2 + c2 − a2

(

c4(S2 − SCC)y2 − b4(S2 − SBB)z2
)

= 0. (6)

Remarks.(1) The cubic (5) is the isocubic pK(X3003, H), labeled K339 in TCT.
(2) The cubic (6) is the isocubic pK(X186, X571) (see Figure 34).
(3) Here are some correspondences of

P H O X1986

Q X24 O X186

The reflection triangle ofH in the orthic triangle is homothetic toABC at

X24 =
(

a2(SAA−S2)
SA

: b2(SBB−S2)
SB

: c2(SCC−S2)
SC

)

.
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X24

X1986

O
H

I

A

B C

Figure 34. The cubics K339 and pK(X186 , X571)

7.3. Reflections in the pedal triangle.

Proposition 26. The reflection triangle ofP in its pedal triangle are perspective
with
(a)ABC if and only ifP lies on the orthocubic cubic

∑

cyclic

SBCx(c2y2 − b2z2) = 0, (7)

(b) the pedal triangle if and only ifP lies on the Neuberg cubic(1).

O

H

I

X46

A

B C

Figure 35. The orthocubic cubic
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Remarks.(1) The orthocubic defined by (7) is the curve K006 in CTC.
(2) Both cubics contain the pointsI, O, H. Here are the corresponding perspec-

tors.

P I O H

perspector withABC I X68 X24

perspector with pedal triangleI O

The missing entry is the perspector of the orthic triangle and the reflection tri-
angle ofH in the orthic triangle; it is the triangle center

(a2SBC(3S2 − SAA)(a2b2c2 + 2SA(S2 + SBC)) : · · · : · · · ).
7.4. Reflections in the reflection triangle.

Proposition 27. The reflections ofP in the sidelines of its reflection triangle are
perspective with
(a)ABC if and only ifP lies on the Napoleon cubic(3).
(b) the reflection triangle if and only ifP lies on the Neuberg cubic(1).

Remark.Both cubics contain the pointsI, O, H. Here are the corresponding
perspectors.

P I O H

perspector withABC I X265 X186

perspector with reflection triangleI O

The missing entry is the perspector ofH(a)H(b)H(c) and the reflection triangle
of H in H(a)H(b)H(c); it is the triangle center

(a2SBC(a2b2c2(3S2 − SAA) + 8SA(S2 + SBC)(S2 − SAA)) : · · · : · · · ).

8. Reflections in lines

8.1. Reflections in a line.

Proposition 28. Let ℓ be a line through the circumcenterO, andA′B′C ′ be the
reflection ofABC in ℓ. A′B′C ′ is orthologic toABC at the fourth intersection
of the circumcircle and the rectangular circum-hyperbola which is the isogonal
conjugate ofℓ (see Figure 36).

Remarks.(1) By symmetry, ifA′B′C ′ is orthologic toABC at Q, thenABC is
orthologic toA′B′C ′ at the reflection ofQ in the lineℓ.

Line ℓ Q Q′

Euler line X74 =
(

a2

S2−3SBC
: :

)

X477

Brocard axis X98 =
(

1
SBC−SAA

: · · · : · · ·
)

X2698

OI X104 =
(

a
a2(b+c)−2abc−(b+c)(b−c)2 : · · · : · · ·

)

X953

(2) The orthology is valid ifℓ is replaced by an arbitrary line.
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ℓ

O

Q

Q′

H

A′

B′

C′

A

B
C

Figure 36. Orthology of triangles symmetric inℓ

Proposition 29. Let ℓ be a line through a given pointP , andA′, B′, C ′ the reflec-
tions ofA, B, C in ℓ. The linesA′P , B′P , C ′P intersect the sidelinesBC, CA,
AB respectively atX, Y , Z. The pointsX, Y , Z are collinear, and the lineL
containing them envelopes the inscribed conic withP as a focus(see Figure 37).

ℓ

L

X

Y

Z

P

A′

B′

C′

A

B
C

Figure 37. LineL induced by reflections inℓ
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Proof. Let ℓ be the line joiningP = (u : v : w) andQ = (x : y : z). The lineL

containingX, Y , Z is
∑

cyclic

uX

(b2u2 + 2SCuv + a2v2)(uz − wx)2 − (a2w2 + 2SBwu + c2u2)(vx − uy)2
= 0,

equivalently with line coordinates
(

u

(b2u2 + 2SCuv + a2v2)(uz − wx)2 − (a2w2 + 2SBwu + c2u2)(vx − uy)2
: · · · : · · ·

)

.

Now, the inscribed conicC with a focus atP = (u : v : w) has center the midpoint
betweenP andP ∗ and perspector
(

1

u(c2v2 + 2SAvw + b2w2)
:

1

v(a2w2 + 2SBwu + c2u2)
:

1

w(b2u2 + 2SCuv + a2w2)

)

.

Its dual conic is the circumconic
∑

cyclic

u(c2v2 + 2SAvw + b2w2)

X
= 0,

which, as is easily verified, contains the lineL (see [38,§10.6.4]). This means
thatL is tangent to the inscribed conicC . �

Remarks.(1) For the collinearity ofX, Y , Z, see [23].
(2) The lineL touches the inscribed conicC at the point

(

1

u(c2v2 + 2SAvw + b2w2)

(

(uz − wx)2

a2w2 + 2SBwu + c2u2
− (vx − uy)2

b2u2 + 2SCuv + a2v2

)2

: · · · : · · ·
)

.

(i) If P = I, then the lineL is tangent to the incircle. For example, ifℓ is the
OI-line, thenL touches the incircle at

X3025 = (a2(b − c)2(b + c − a)(a2 − b2 + bc − c2) : · · · : · · · ).

(ii) If P is a point on the circumcircle, then the conicC is an inscribed parabola,
with focusP and directrix the line of reflections ofP (see§1.2). If we takeℓ to be
the diameterOP , then the lineL touches the parabola at the point

(a4(b2 − c2)(S2 − 3SAA)2 : · · · : · · · ).

(3) Letℓ be the Euler line. The two linesL corresponding toO andH intersect
at

X3258 = ((b2 − c2)2(S2 − 3SBC)(S2 − 3SAA) : · · · : · · · )
on the nine-point circle, the inferior ofX476, the reflection ofE in the Euler line
(see [15]). More generally, for isogonal conjugate pointsP andP ∗ on the Macay
cubic K003, i.e., pK(K,O), the two corresponding linesL with respect to the
line PP ∗ intersect at a point on the common pedal circle ofP andP ∗. For other
results, see [24, 16].
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8.2. Reflections of lines in cevian triangle.

Proposition 30 ([9]). The reflection triangle ofP = (u : v : w) in the cevian
triangle ofP is perspective withABC at

r5(P ) =

(

u

(

−a2

u2
+

b2

v2
+

c2

w2
+

b2 + c2 − a2

vw

)

: · · · : · · ·
)

. (8)

A

B C

P

Pa

Pb

Pc

X

Y

Z

r5(P )

Figure 38. Reflections in sides of cevian triangle

Proof. Relative to the trianglePaPbPc, the coordinates ofP are(v + w : w + u :
u + v). Similarly, those ofA, B, C are

(−(v+w) : w+u : u+v), (v+w : −(w+u) : u+v), (v+w : w+u : −(u+v)).

TriangleABC is the anticevian triangle ofP relative toPaPbPc. The perspectivity
of ABC and the reflection triangle ofP in PaPbPc follows from Proposition 6.

The reflection ofP in the linePbPc is the point

X =

(

u

(

3a2

u2
+

b2

v2
+

c2

w2
− b2 + c2 − a2

vw
+

2(c2 + a2 − b2)

wu
+

2(a2 + b2 − c2)

uv

)

: v

(

a2

u2
− b2

v2
+

c2

w2
+

c2 + a2 − b2

wu

)

: w

(

a2

u2
+

b2

v2
− c2

w2
+

a2 + b2 − c2

uv

))

.

Similarly, the coordinates of the reflectionsY of P in PcPa, andZ of P in PaPb

can be written down. From these, it is clear that the linesAX, BY , CZ intersect
at the point with coordinates given in (8). �

The triangleXY Z is clearly orthologic with the cevian trianglePaPbPc, since
the perpendiculars fromX to PbPc, Y to PcPa, andZ to PaPb intersect atP . It
follows that the perpendiculars fromPa to Y Z, Pb to ZX, andPc to XY are also
concurrent. The point of concurrency is

r6(P ) =

(

u

(

a2

u2
+

b2

v2
+

c2

w2
+

b2 + c2 − a2

vw

)

: · · · : · · ·
)

.
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In fact,Pa, Pb, Pc lie respectively on the perpendicular bisectors ofY Z, ZX, XY .
The pointr6(P ) is the center of the circleXY Z (see Figure 39). As such, it is the
isogonal conjugate ofP in its own cevian triangle.

A

B C

P

Pa

PbPc

X

Y

Z

r6(P )

Figure 39. Circumcircle of reflections in cevian triangle

P I G H Ge X99 X100 E
r5(P ) X35 H• X24 X57 X∗

115 F ∗

e X∗

125

r6(P ) X141 H X354 X1618

Remarks.(1) In ETC,r5(P ) is called the Orion transform ofP .
(2) X35 = (a2(b2 +c2−a2 +bc) : b2(c2 +a2−b2 +ca) : c2(a2 +b2−c2 +ab))

dividesOI in the ratioR : 2r. On the other hand,

r6(I) = (a2(b2 + c2−a2 +3bc) : b2(c2 +a2− b2 +3ca) : c2(a2 + b2− c2 +3ab))

divides OI in the ratio3R : 2r (see also Remark (3) following Proposition 31
below).

8.3. Reflections of sidelines of cevian triangles.LetP be a point with cevian trian-
glePaPbPc. It is clear that the linesBC, PbPc, and their reflections in one another
concur at a point on the trilinear polar ofP (see Figure 40).

This is the same for lineCA, PcPa and their reflections in one another; similarly
for AB andPaPb. Therefore, the following four triangles are line-perspective at
the trilinear polars ofP :
(i) ABC,
(ii) the cevian triangle ofP ,
(iii) the triangle bounded by the reflections ofPbPc in BC, PcPa in CA, PaPb in
AB,
(iv) the triangle bounded by the reflections ofBC in PbPc, CA in PcPa, AB in
PaPb.
It follows that these triangles are also vertex-perspective (see [25, Theorems 374,
375]. Clearly ifP is the centroidG, these triangles are all homothetic atG.
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A

B C

P

Pa

Pb

Pc

P ′

a

P ′

b

Figure 40. Reflections of sidelines of cevian triangle

Proposition 31. LetPaPbPc be the cevian triangle ofP = (u : v : w).
(a)The reflections ofPbPc in BC, PcPa in CA, andPaPb in AB bound a triangle
perspective withABC at

r7(P ) =

(

a2

u((c2 + a2 − b2)v + (a2 + b2 − c2)w)
: · · · : · · ·

)

.

(b) The reflections ofBC in PbPc, CA in PcPa, andAB in PaPb bound a triangle
perspective withABC at

r8(P ) =

(

a2vw + u(SBv + SCw)

−3a2v2w2 + b2w2u2 + c2u2v2 − 2uvw(SAu + SBv + SCw)
: · · · : · · ·

)

.

Here are some examples.

P I O H K X19 E X393

r7(P ) X21 X1105 O N• X1444 X925 H•

Remarks.(1) The pair(X19, X1444).

(i) X19 =
(

a

SA
: b

SB
: c

SC

)

is the Clawson point. It is the perspector of the triangle

bounded by the common chords of the circumcircle with the excircles.

(ii) X1444 =
(

aSA

b+c
: bSB

c+a
: cSC

a+b

)

is the intersection ofX3X69 andX7X21.

(2) X393 =
(

1
SAA

: 1
SBB

: 1
SCC

)

is the barycentric square of the orthocenter.

Let HaHbHc be the orthic triangle, andAb, Ac the pedals ofHa on CA andAB
respectively, andA′ = BAc ∩ CAb. Similarly defineB′ andC ′. The linesAA′,
BB′, CC ′ intersect atX393 (see [40]).

(3) The coordinates ofr8(P ) are too complicated to list here. ForP = I, the
incenter, note that
(i) r8(I) = X942 = (a(a2(b + c) + 2abc − (b + c)(b − c)2) : · · · : · · · ), and
(ii) the reflections ofBC in PaPb, CA in PcPa, andAB in PaPb form a triangle
perspective withPaPbPc at r6(I) which dividesOI in the ratio3R : 2r.
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8.4. Reflections ofH in cevian lines.

Proposition 32(Musselman [33]). Given a pointP , let X, Y , Z be the reflections
of the orthocenterH in the linesAP , BP , CP respectively. The circlesAPX,
BPY , CPZ have a second common point

r9(P ) =

(

1

−2S2vw + SA(a2vw + b2wu + c2uv)
: · · · : · · ·

)

.

Remark.r9(P ) is also the second intersection of the rectangular circum-hyperbola
H (P ) (throughH andP ) with the circumcircle (see Figure 41).

P

X

Y

Z

r9(P )

H

A

B C

Figure 41. Triad of circles through reflections ofH in three cevian lines

8.5. Reflections in perpendicular bisectors.

Proposition 33 ([8]). Given a pointP with reflectionsX, Y , Z in the perpendic-
ular bisectors ofBC, CA, AB respectively, the triangleXY Z is perspective with
ABC if and only ifP lies on the circumcircle or the Euler line.

(a) If P is on the circumcircle, the linesAX, BY , CZ are parallel. The per-
spector is the isogonal conjugate ofP (see Figure 42).

(b) If P = Et on the Euler line, then the perspector isE∗
t′

on the Jerabek
hyperbola, where

t′ =
a2b2c2(1 + t)

a2b2c2(1 + t) − (b2 + c2 − a2)(c2 + a2 − b2)(a2 + b2 − c2)t

(see Figure 43).
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I

A

B C

O

H

PX

Y

Z

Figure 42. Reflections ofP on circumcircle in perpendicular bisectors

A

B C

O

H

P
X

Y

Z

Q

Figure 43. Reflections ofP on Euler line in perpendicular bisectors

8.6. Reflections in altitudes.Let X, Y , Z be the reflections ofP in the altitudes of
triangleABC. The linesAX, BY , CZ are concurrent (at a pointQ) if and only if
P lies on the reflection conjugate of the Euler line. The perspector lies on the same
cubic curve (see Figure 44). This induces a conjugation on the cubic.



Reflections in triangle geometry 339

A

B
C

H

Ha

Hb

Hc

PX

Y

Z

r1(P ) X′

Y ′

Z′

Figure 44. Reflections in altitudes and the reflection conjugate of the Euler line

Proposition 34. The reflections ofr1(Et) in the altitudes are perspective with
ABC at r1(Et′) if and only if

tt′ =
a2b2c2

a2b2c2 − (b2 + c2 − a2)(c2 + a2 − b2)(a2 + b2 − c2)
.

9. Reflections of lines in the cevian triangle of incenter

Let IaIbIc be the cevian triangle ofI.

Proposition 35([20, 44]). The reflections ofIbIc in AIa, IcIa in BIb, andIaIb in
CIc bound a triangle perspective withABC at

X81 =

(

a

b + c
:

b

c + a
:

c

a + b

)

(see Figure 45).

Proof. The equations of these reflection lines are

−bcx + c(c + a − b)y + b(a + b − c)z = 0,

c(b + c − a)x − cay + a(a + b − c)z = 0,

b(b + c − a)x + a(c + a − b)y − abz = 0.

The last two lines intersect at the point

(−a(b2 + c2 − a2 − bc) : b(a + b)(b + c − a) : c(c + a)(b + c − a)).

With the other two points, this form a triangle perspective with ABC at X81 with
coordinates indicated above. �

Remark.X81 is also the homothetic center ofABC and the triangle bounded by
the three lines each joining the perpendicular feet of a trace of an angle bisector on
the other two angle bisectors ([39]).
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I

A

B CX

YZ

X81

X′

Z′

Y ′

Figure 45. Reflections in the cevian triangle of incenter

Proposition 36. The reflections ofBC in AIa, CA in BIb, andAB in CIc bound
a triangle perspective withIaIbIc at

X55 = (a2(b + c − a) : b2(c + a − b) : c2(a + b − c)).

A

B C

I

Ia

Ib

Ic

X55

X

Y

Z

Figure 46. Reflections in angle bisectors
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Proposition 37([43]). The reflections ofAIa in IbIc, BIb in IcIa, andCIc in IaIb

are concurrent at a point with coordinates

(a(a6 + a5(b + c) − 4a4bc − a3(b + c)(2b2 + bc + 2c2)

− a2(3b4 − b2c2 + 3c4) + a(b + c)(b − c)2(b2 + 3bc + c2) + 2(b − c)2(b + c)4)

: · · · : · · · )
(see Figure 47).

I

A

B CIa

Ib

Ic

Q

Figure 47. Reflections of angle bisectors in the sidelines ofcevian triangle of incenter

10. Reflections in a triangle of feet of angle bisectors

Let P be a given point. Consider the bisectors of anglesBPC, CPA, APB,
intersecting the sidesBC, CA, AB atDa, Db, Dc respectively (see Figure 48).

Proposition 38. The reflections of the linesAP in DbDc, BP in DcDa, andCP
in DaDb are concurrent.

Proof. Denote byx, y, z the distances ofP from A, B, C respectively. The point
Da dividesBC in the ratioy : z and has homogeneous barycentric coordinates
(0 : z : y). Similarly, Db = (z : 0 : x) andDc = (y : x : 0). These can be
regarded as the traces of the isotomic conjugate of the point(x : y : z). Therefore,
we consider a more general situation. Given pointsP = (u : v : w) andQ =
(x : y : z), let DaDbDc be the cevian triangle ofQ•, the isotomic conjugate ofQ.
Under what condition are the reflections of the ceviansAP , BP , CP in the lines
DbDc, DcDa, DaDb concurrent?

The lineDbDc being−xX + yY + zZ = 0, the equation of the reflection of the
cevianAP in DbDc is

(−x((c2 + a
2
− b

2)x − (b2 + c
2
− a

2)y + 2c
2
z)v + x((a2 + b

2
− c

2)x + 2b
2
y − (b2 + c

2
− a

2)z)w)X

+ (y((c2 + a
2
− b

2)x − (b2 + c
2
− a

2)y + 2c
2
z)v + (a2

x
2
− b

2
y
2 + c

2
z
2 + (c2 + a

2
− b

2)zx)w)Y

− ((a
2
x
2

+ b
2
y
2
− c

2
z
2

+ (a
2

+ b
2
− c

2
)xy)v + z((a

2
+ b

2
− c

2
)x + 2b

2
y − (b

2
+ c

2
− a

2
)z)w)Z

= 0.
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A

B C

P

Da

Db

Dc

Figure 48. Reflections in a triangle of feet of angle bisectors

By permutating cyclicallyu, v, w; x, y, z; X, Y, Z, we obtain the equations
of the reflections ofBP in DcDa andCP in DaDb. The condition for the con-
currency of the three lines isF = 0, whereF is a cubic form inu, v, w with
coefficients which are sextic forms inx, y, z given in the table below.

term coefficient

vw2 a2zx(−a2x2 + b2y2 + c2z2 + (b2 + c2 − a2)yz)·
(a2x2 − 3b2y2 + c2z2 + (b2 + c2 − a2)yz + (c2 + a2 − b2)zx − (a2 + b2 − c2)xy)

v2w −a2xy(−a2x2 + b2y2 + c2z2 + (b2 + c2 − a2)yz)·
(a2x2 + b2y2 − 3c2z2 + (b2 + c2 − a2)yz − (c2 + a2 − b2)zx + (a2 + b2 − c2)xy)

wu2 b2xy(a2x2 − b2y2 + c2z2 + (c2 + a2 − b2)zx)·
(a2x2 + b2y2 − 3c2z2 − (b2 + c2 − a2)yz + (c2 + a2 − b2)zx + (a2 + b2 − c2)xy)

w2u −b2yz(a2x2 − b2y2 + c2z2 + (c2 + a2 − b2)zx)·
(−3a2x2 + b2y2 + c2z2 − (b2 + c2 − a2)yz + (c2 + a2 − b2)zx − (a2 + b2 − c2)xy)

uv2 c2yz(a2x2 + b2y2 − c2z2 + (a2 + b2 − c2)xy)·
(−3a2x2 + b2y2 + c2z2 + (b2 + c2 − a2)yz − (c2 + a2 − b2)zx + (a2 + b2 − c2)xy)

u2v −c2zx(a2x2 + b2y2 − c2z2 + (a2 + b2 − c2)xy)·
(a2x2 − 3b2y2 + c2z2 − (b2 + c2 − a2)yz + (c2 + a2 − b2)zx + (a2 + b2 − c2)xy)

uvw
∑

cyclic a4x5((a2 + b2 − c2)y − (c2 + a2 − b2)z)

+
∑

cyclic a2x4((a2 + b2 − c2)2y2 − (c2 + a2 − b2)2z2)

+
∑

cyclic a2x3yz(((c2 − a2)2 + 3b2(c2 + a2) − 4b4)y

−((a2 − b2)2 + 3c2(a2 + b2) − 4c4)z)

By substituting
x2 by c2v2 + (b2 + c2 − a2)vw + b2w2,
y2 by a2w2 + (c2 + a2 − b2)wu + c2u2, and
z2 by b2u2 + (a2 + b2 − c2)uv + a2v2,
which are proportional to the squares of the distancesAP , BP , CP respectively,
with the help of a computer algebra system, we verify thatF = 0. Therefore
we conclude that the reflections ofAP , BP , CP in the sidelines ofDaDbDc do
concur. �
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In the proof of Proposition 38, if we takeQ = G, the centroid, this yields
Proposition 24. On the other hand, ifQ = X8, the Nagel point, we have the
following result.

Proposition 39. The locus ofP for which the reflections of the ceviansAP , BP ,
CP in the respective sidelines of the intouch triangle is the union of the circumcir-
cle and the lineOI:

∑

cyclic

bc(b − c)(b + c − a)X = 0.

(a) If P is on the circumcircle, the cevians are parallel, with infinite point the isog-
onal conjugate ofP (see Figure 49).

A

B C

I

O

P

X

Y

Z

Figure 49. Reflections of cevians ofP in the sidelines of the intouch triangle

(b) If P is on the lineOI, the point of concurrency traverses the conic
∑

cyclic

(b − c)(b + c − a)2x2 + (b − c)(c + a − b)(a + b − c)yz = 0,

which is the Jerabek hyperbola of the intouch triangle(see Figure 50). It has center

(a(c + a − b)(a + b − c)(a2(b + c) − 2a(b2 + c2) + (b3 + c3)) : · · · : · · · ).

Finally, if we takeQ =
(

u

a2 : v

b2
: w

c2

)

in the proof of Proposition 38, we obtain
the following result.

Proposition 40. Let P ∗
a P ∗

b
P ∗

c be the cevian triangle of the isogonal conjugate of
P . The reflections ofAP in P ∗

b
P ∗

c , BP in P ∗
c P ∗

a , CP in P ∗
a P ∗

b
are concurrent(see

Figure 51).
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A
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I
O

P

X
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Q

A′
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C′

Figure 50. Reflections of cevians ofP in the sidelines of the intouch triangle

A

B
C

P

P∗P∗

c

P∗

a

P∗

b

Q

Figure 51. Reflections of cevians ofP in cevian triangle ofP ∗

A special case is Proposition 37 above. ForP = X3 = O, the common point
is X3 = O. This is because the cevian triangle ofO∗ = H is the orthic triangle,
and the radiiOA, OB, OC are perpendicular to the respective sides of the orthic
triangle. Another example is(P,Q) = (K, X427).
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Synopsis

Triangle
centers References

Fe Table following Thm. 4
Table following Prop. 10

F± End of§2.2
Table following Prop. 10

J± Prop. 1(c); end of§2.2
Ω, Ω′ Table in§6.3
E Rmk (3) following Thm. 3; Figure 4

Table following Thm. 4
Rmk (1) following Prop. 9
Table following Prop. 22
Table in§8.2
Table following Prop. 31

E∞ Rmk following Prop. 7
Rmk (2) following Prop. 9

W = X484 Rmk (2) following Prop. 7
Rmk following Prop. 16

N∗ Rmk (1) following Prop. 5
Rmk (2) following Prop. 9
Prop. 14

X19 Rmk (1) following Prop. 31
X21 Rmk (1) following Prop. 17

Table following Prop. 31
X24 Rmk (2) following Prop. 17

Rmk (3) following Prop. 25
Table in Rmk (2) following Prop. 12
Table in§8.2

X25 = H/K Table following Prop. 6
Rmk (4) following Prop. 23

X35 Rmk (2) at the end of§8.2
X40 §6.1
X46 = H/I Table following Prop. 6
X52 = H/N Table following Prop. 6
X55 = G∗

e Prop. 36
X57 Table in§8.2
X59 = F ∗

e Table in§8.2
X60 Rmk (4) following Prop. 17
X65 Table in Rmk (1) following Prop. 23
X66 Table in Rmk (1) following Prop. 23
X67 Table following Prop. 10
X68 Table in Rmk (1) following Prop. 23

Table in Rmk (2) following Prop. 12
X69 = H• Table in Rmk (1) following Prop. 23

Table in§8.2
Table following Prop. 31

X72 Table in Rmk (1) following Prop. 23
X74 Table in Rmk (1) following Prop. 23

Table in Rmk (1) following Prop. 28

Triangle
centers References

X79 Rmk (1) following Prop. 7
X80 Rmk (2) following Prop. 7

Rmk following Thm. 10
Table following Prop. 22

X81 Prop. 35
X95 = N• Table following Prop. 31
X98 Table in Rmk (1) following Prop. 28
X99 Table following Prop. 22

Table in§8.2
X100 Table following Prop. 22

Table in§8.2
X104 Table in Rmk (1) following Prop. 28
X108 Table following Thm. 4
X109 Rmk (3) following Thm. 3
X112 Rmk (3) following Thm. 3

Table following Thm. 4
X115 Table following Thm. 4

Table following Prop. 10
§§6.2, 6.3

X125 Table following Thm. 4
Table following Prop. 10;
§6.3
Rmk (6) following Prop. 23

X141 Table in§8.2
X143 Rmk (3) Prop. following 17
X155 = H/O Table following Prop. 6
X186 Rmk (2) followingProp. 12

Rmk (2) following Prop. 25
Table in Rmk following Prop. 27

X193 = H/G Table following Prop. 6
X195 Rmk (1) following Prop. 5

Rmk (2) following Prop. 9
X214 Table following Prop. 22
X249 = X∗

115 Prop. 17(b); Table in§8.2
X250 = X∗

125 Prop. 17(b); Table in§8.2
X265 = r1(O) Table following Prop. 10

Tables following Prop. 22, 23, 27
X354 Table in§8.2
X393 Rmk (2) following Prop. 31
X399 Rmk (1) following Prop. 9

§5.1.2;§5.1.3
X403 Rmk (2) following Prop. 12

Table in Rmk (1) Prop. 23
X427 Rmk (5) following Prop. 23

Rmk following Prop. 40
X429 Table in Rmk (1) Prop. 23
X442 Table in Rmk (1) Prop. 23
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Triangle
centers References

X476 Table following Thm. 4
X477 Table in Rmk (1) following Prop. 28
X571 Rmk (2) following Prop. 25
X671 Tables following Prop. 10, 22
X895 Table following Prop. 22
X942 Rmk (3) following Prop. 31
X925 Table Prop. 31
X953 Table in Rmk (1) following Prop. 28
X1105 Table Prop. 31
X1141 Rmk (3) following Prop. 7
X1145 Table following Prop. 22
X1156 Tables following Prop. 10, 22
X1157 Rmk (3) following Prop. 7
= (N∗)−1 Table following Prop. 9

Corollary 15;§5.1.1
X1320 Table following Prop. 10

Table following Prop. 22
X1444 Rmk (1) following Prop. 31
X1618 Table in§8.2

Triangle
centers References

X1986 Rmk (1) following Prop. 12
Table following Prop. 17
Rmk (3) following Prop. 25

X2698 Table in Rmk (1) following Prop. 28
X2715 Table following Thm. 4
X2720 Table following Thm. 4
X2482 Table following Prop. 22
X3003 Rmk (1) following Prop. 25
X3025 Rmk (2) following Prop. 29
X3528 Rmk (3) following Prop. 29
superiors of
Fermat points §5.1.4
new End of§2.2

Rmk (2) following Prop. 12
§5.1.3
Rmk following Prop. 27
Rmk (2) following Prop. 29
Rmk (2) following Prop. 30
Prop. 37, 39

Reflection triangles References

O §1
H Rmk (1) following Prop. 12; Rmk following Prop. 27
N §1, Prop. 5
K Rmk (4) following Prop. 23

Cevian triangles References

G (medial) §7.1
I (incentral) Rmk (1) following Prop. 7;§9
H (orthic) Prop. 6;§5.1.1,§7.2; Rmk (5) following Prop. 23

Anticevian triangles References

I (excentral) Figure 11;§5.1.3
K (tangential) Prop. 1(a);§5.1.2; Rmk (4) following Prop. 23
N∗ §5.1.1

Lines References

Euler line Figure 4; Prop. 17, 23, 24, 33; Rmk (2) following Prop. 29
OI Prop. 39
Circles References

Circumcircle Prop. 1(d); Thm. 3; Prop. 17, 33, 39
Incircle Rmk (2) following Prop. 29
Nine-point circle Rmk 2 Prop. 2;§6.3; Prop. 23
Apollonian circles Prop. 1(b)
Brocard circle §6.2
Pedal circle ofG §6.3
P (a)P (b)P (c) Prop. 2; Rmk following Prop. 10
Circles containingA(a), B(b), C(c) §5 passim
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Conics References

Steiner circum-ellipse §6.4
Jerabek hyperbola Prop. 23, 24, 33
bicevian conicC (G, Q) Prop. 22
bicevian conicC (X∗

115, X∗
125) Prop. 17

Jerabek hyperbola of intouch triangle Prop. 39
circumconic with centerP Prop. 22
Inscribed parabola with focusE Rmk (2) following Prop. 29
rectangular circum-hyperbola throughP Rmk following Prop. 10; Rmk following Prop. 32
Inscribed conic with a given focusP Prop. 29

Cubics References

Neuberg cubic K001 Prop. 7, 8, 9, 16, 26, 27
Macay cubic K003 Rmk (3) following Prop. 29
Napoleon cubic K005 Prop. 9, 27
Orthocubic K006 Prop. 26
pK(X1989 , X265) = K060 Prop. 7, 8
pK(X3003 , H) = K339 Prop. 25
pK(X186, X571) Prop. 25
Reflection conjugate of Euler line§8.6

Quartics References

Isogonal conjugate of nine-point circle Prop. 17
Isogonal conjugate of Brocard circle §6.4

Constructions References

H/P Prop. 6
r0(P ) Rmk (3) following Thm. 3; Thm. 4; Prop. 20
r1(P ) Prop. 10, Prop. 11
r2(P ) Prop. 12
r3(P ) Prop. 22
r4(P ) Prop. 22
r5(P ) Prop. 30
r6(P ) §8.2
r7(P ) Prop. 31
r8(P ) Prop. 31
r9(P ) Prop. 32
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