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Abstract. This paper is a survey of results on reflections in triangdenge-
try. We work with homogeneous barycentric coordinates wéterence to a
given triangleA BC and establish various concurrency and perspectivity tesul
related to triangles formed by reflections, in particulae teflection triangle
P p(® p(©) of a point P in the sidelines ofABC, and the triangle of reflec-
tions A(@ B® () of the vertices ofABC in their respective opposite sides.
We also consider triads of concurrent circles related tegheflections. In this
process, we obtain a number of interesting triangle cemtighsrelatively simple
coordinates. While most of these triangle centers have batogued in Kim-
berling’sEncyclopedia of Triangle Centefa7] (ETC), there are a few interest-
ing new ones. We give additional properties of known trianggnters related
to reflections, and in a few cases, exhibit interesting spoadences of cubic
curves catalogued in Gibert@atalogue of Triangle Cubidd4] (CTC).
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Notations. We adopt the usual notations of triangle geometry and wotk to-
mogeneous barycentric coordinates with reference to andi@ngle ABC' with
sidelengthsa, b, ¢ and angle measure$, B, C. Occasionally, expressions for
coordinates are simplified by using Conway’s notation:

_b2+02—a2 2 +a%—-b° a? + b2 —c?

S = =
2 ) B 2 ) c 2 ;

Sa
subject toSap + Spc + Sca = S?, wheresS is twice the area of triangld BC,
andSpc stands forSp.Se etc. The labeling of triangle centers follows ETC [27],
except for the most basic and well known ones listed belovierigaces to triangle
cubics are made to Gibert's CTC [14].

G X5 centroid (@) X3 circumcenter
H X, orthocenter N X5 nine point center
F X30 Euler infinity point E X110 Euler reflection point
I X1 incenter Ge X7 Gergonne point
N, Xs Nagel point Fe X1 Feuerbach point
K X6 symmedian point Fy | Xi3,X14 | Fermat points
J+ | Xi5, X16 | isodynamic points w Xys4 first Evans perspector
P isogonal conjugate aP
P* isotomic conjugate oP
p! inverse ofP in circumcircle
P/Q cevian quotient
P,P,P. cevian triangle ofP
PeP*P°  anticevian triangle oP
P pedal of P on BC
p@ reflection of P in BC
Ey Point on Euler line dividingD H in the ratiot : 1 — ¢

¢(P,Q) Bicevian conic through the traces Bfand@ on the sidelines
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1. The reflection triangle

Let P be a point with the homogeneous barycentric coordin@iesv : w) in
reference to trianglel BC'. The reflections of in the sidelinesBC, C A, AB are
the points

P9 = (—a?u: (a* +b* — A)u+a®v: (2 + a® = b)u+ dPw),
p®) ((a2 + b — 62)U +b%u: —b3u (b2 +c2 - az)v + b2w),
plo) — (((:2 +a2— b2)w + Pu (b2 +c2— a2)w + v —cQw).

Figure 1. The reflection triangle

We call P(@) P(®) p(c) the reflection triangle of (see Figure 1). Here are some
examples.

(1) The reflection triangle of the circumcentér is oppositely congruent to
ABC at the midpoint ofO H, which is the nine-point centg¥. This is the only
reflection triangle congruent td BC'.

(2) The reflection triangle off is inscribed in the circumcircle aA BC' (see
Remark (1) following Proposition 2 and Figure 3(b) below).

(3) The reflection triangle oN is homothetic at) to the triangle of reflections
(see Propositioin 5 below).

Proposition 1. The reflection triangle oP is

K(l
(a) right-angled if and only ifP lies on one of the circles with centers passing
KC
B, C
throughc, A respectively,
A, B

(b) isosceles if and only iP is on one of the Apollonian circles, each with diameter
the feet of the bisectors of an angle on its opposite side,

(c) equilateral if and only ifP is one of the isodynamic points.,

(d) degenerate if and only ¥ lies on the circumcircle.
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1.1 Circle of reflections.
Proposition 2. The circleP(@ P®) P(¢) has centerP*.

p

(a) Reflections and isogonal lines (b) circle of reflections
Figure 2. Circle of reflections aP with centerP*

Proof. Let @ be a point on the line isogonal #P with respect to angld, i.e., the
lines AQ and AP are symmetric with respect to the bisector of anglaC' (see
Figure 2(a)). Clearly, the triangleQ P and AQ P(®) are congruent, so thét is
equidistant fromP(®) and P(). For the same reason, any point on a line isogonal
to BP is equidistant fromP(©) and P(%). It follows that the isogonal conjugafe*

is equidistant from the three reflectio$®), P(®), p(c), O

This simple fact has a few interesting consequences.

(1) The circle through the reflections fand the one through the reflections of
P* are congruent (see Figure 3(a)). In particular, the refiastof the orthocenter
H lie on the circumcircle (see Figure 3(b)).

H®

H©

pla) o)
(a) Congruent circles of reflection (b) Reflections off on circumcircle
Figure 3. Congruence of circles of reflection®fand P~

(2) The (six) pedals oP and P* on the sidelines of triangld BC' are concyclic.
The center of the common pedal circle is the midpoinfd?* (see Figure 3(a)).
For the isogonal pai® and H, this pedal circle is the nine-point circle.
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1.2 Line of reflections .

Theorem 3. (a) The reflections of in the sidelines are collinear if and only if
P lies on the circumcircle. In this case, the line containihg teflections passes
through the orthocentef .

(b) The reflections of a lin€ in the sidelines are concurrent if and only if the
line contains the orthocentell. In this case, the point of concurrency lies on the
circumcircle.

Remarks.(1) Let P be a point on the circumcircle arfcha line through the ortho-
centerH. The reflections of lies on/ if and only if the reflections of concur at
P ([6, 29)]). Figure 4 illustrates the case of the Euler line.

Figure 4. Euler line and Euler reflection point

2 . b2

@) If P = ( a c? ) is the isogonal conjugate of the infinite point of

v—w T w—u " u—v

alineux + vy + wz = 0, its line of reflections is
Sa(v—w)xr + Sp(w —uw)y + Sc(u—v)z = 0.

(3) Let? be the line joiningH to P = (u : v : w). The reflections of in the
sidelines of triangled BC' intersect at the point

TO(P)::< a2 b2 & )

Spv — Scw : Scw — Sau : Sau — Spv

Clearly,ro(P1) = ro(P2) if and only if P, P», H are collinear.
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| line HP | ro(P) = intersection of reflections |

Eulerline| E = (bg‘l_zcg : czb_zaz : azc_zbz)
_ a® . b’ . c?

HI X109 = ((bfc)(bJrcfa) * (c—a)(cta—b) * (afb)(aerfc))
_ a® . b2 . c?

HE X2 = ((b2—c2)54 * (P=a®)Sp (a2—b2)sc)

Theorem 4 (Blanc [3]). Let ¢ be a line through the circumcenté&p of triangle
ABC, intersecting the sidelines &, Y, Z respectively. The circles with di-
ametersAX, BY, CZ are coaxial with two common points and radical axié
containing the orthocentefi .

(a) One of the common pointB lies on the nine-point circle, and is the center
of the rectangular circum-hyperbola which is the isogonathjagate of the liné.

(b) The second common poifitlies on the circumcircle, and is the reflection of
’r'o(P) in 4.

Figure 5. Blanc's theorem

Here are some examples.

[Tine 0 [P ] Q [ro(P) |
Euler line X125 X476 = ((SBfSc)(lssz‘SAA) Lol ) FE
Brocard axis | X115 X112 Xor1s
oI X1 X108:(m:'”:"') Xora0
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1.3 The triangle of reflectionsThe reflections of the vertices of triangleBC in
their opposite sides are the points

AW = (—a?:qa —I—b2 2 4 a? - b?),
B® = (a? 40> — % —b? :b2+c2—a2),
C© = (& +a? b2+62—a21—62).

We call triangleA(® B®)C(©) the triangle of reflections.

Proposition 5. The triangle of reflectionsi(®) B(®) C(¢) s the image of the reflec-
tion triangle of N under the homothety(O, 2).

B®

o

Figure 6. Homothety of triangle of reflections and reflectidangle of N

From this we conclude that
(1) the center of the circld (@) B®)C(©) is the pointh(O, 2)(N*), the reflection of
O in N*, which appears a¥95 in ETC, and
(2) the triangle of reflections is degenerate if and only & tiine-point centerV
lies on the circumcircle. Here is a simple construction atsa triangle (see Figure
7). Given a pointN on a circleO(R), construct

(a) the circleN (£) and choose a poinb on this circle, inside the given one
(0),

(b) the perpendicular t® D at D to intersectO) at B andC,

(c) the antipodeX of D on the circle(N), and complete the parallelogram
ODX A (by translatingX by the vectodO).

Then triangleABC has nine-point centelN on its circumcircle. For further
results, see [4, p.77], [18] or Proposition 21 below.
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Figure 7. Triangle with degenerate triangle of reflections

2. Perspectivity of reflection triangle

2.1 Perspectivity with anticevian and orthic triangles.

Proposition 6 ([10]). The reflection triangle oP is perspective with its anticevian
triangle at the cevian quotier = H/P, which is also the isogonal conjugate of
P in the orthic triangle.

A
Hy
%
i
s
// /
/
HC //
\ H/p P
\N
\| £
B Ha [a] Pa C
X
Pa

Figure 8. H,P andH,P® isogonal in orthic triangle
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Proof. Let P, P, P. be the cevian triangle dP, and P* P’ P¢ the anticevian trian-
gle. SinceP and P* divide AP, harmonically, we havegs + 45 = 5. If the

perpendicular fronP to BC intersects the liné>® H, at X, then

pPxXx pPP* PP,+FPP* PP, PP, 2PP, 2PPy

AH, AP AP« AP« " AP ~ AP, _ AH,
Therefore,PX = 2PP,, andX = P@. This shows thaP® lies on the line
P®H,. Similarly, P®) and P\ lie on P*H, and P°H, respectively. Since the
anticevian triangle of and the orthic triangle are perspective at the cevian quintie
H/P, these triangles are perspective with the reflection ttefity®) P®) P(©) at
the same point.

The fact thatP(@ lies on the lineH,P* means that the line&, P* and H, P
are isogonal lines with respect to the sidésH; and H, H.. of the orthic triangle;
similarly for the pairsH,P°, H,P and H,P¢, H.P. It follows that H/P and P
are isogonal conjugates in the orthic triangle. O

If P = (u:wv:w)inhomogeneous barycentric coordinates, then
H/P = (u(—=Sau+ Spv+ Scw) : v(=Spv+ Scw+ Sau) : w(—Scw+ Sau+ Spv)).

Here are some examples @, H/P) pairs.

P I G 0] H| N K
H/P || X46 | X193 | X155 | H | X52 | Xos

2.2 Perspectivity with the reference triangle.

Proposition 7. The reflection triangle of a poin® is perspective witd BC' if and
only if P lies on the Neuberg cubic

Z (Sap + Sac — 2Spc)u(c*v® — b*w?) = 0. (1)
cyclic
As P traverses the Neuberg cubic, the locus of the perspegtisrthe cubic
IS 2 2
> w5~ ) =" @
el 52 —3544 \S? —3Scc S*—3SBnB

The first statement can be found in [30]. The cubic (1) is tmedias Neuberg
cubic, the isogonal cubic/p(K, E. ) with pivot the Euler infinity point. It ap-
pears as KOO1 in CTC, where numerous locus properties of tub@tg cubic
can be found; see also [5]. The cubic (2), on the other hanbeipivotal isocubic
PK (X1989, Xo65), and appears as K060. Givéhon the cubic (2), the poinP
on the Neuberg cubic can be constructed as the perspectwr oétian and reflec-
tion triangles of@) (see Figure 9). Here are some example$RfQ) with P on
Neuberg cubic and perspectQrof the reflection triangle.

PlO|H| I W | Xqis7
QN |H| Xq | Xso | X1141
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Figure 9. The Neuberg cubic and the cubic KO60

Remarks.(1) X79 = (b2+c£a2+bc | T a2+b2£62+ab) is also the per-
spector of the triangle formed by the three lines each jgitire perpendicular feet
of a trace of the incenter on the other two sides (see Figure 10

7

(@)
Figure 10. Perspector of reflection trianglelof
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(2) For the paif W, Xg),
() W = Xyg4 = (a(a®+a%(b+c)—a(B® +bc+c?)—(b+c)(b—c)?) i -+ ---)is
the first Evans perspector, the perspector of the triangleftaictionsA(® B®) ()
and the excentral trianglE*I°I¢ (see [45)),

(ii) Xgo = (m et ) is the reflection conjugate df(see$3 below).
(3) For the F;a”(;(XIZALJF?g )(211412)’ 4 2 .2 4 2 2\2 (12 2
(i) Xyy57 = (=2 trte );rza(bg?fcz_)b_(cbztgccz))z_(b S LUEL) ) is the

inverse ofN* in the circumcircle,

e _ 1 . . . . .
(i) X111 = ((S2+SBC)(S2—3SAA) Deee > lies on the circumcircle.

The Neuberg cubic also contains the Fermat points and thgrsmic points.
The perspectors of the reflection triangles of

H H _ 1 . 1 . 1
() the Fermat pointd’, = <\/§SA+ES ! /35,95 * V35,15

((SA +ev38)? (Sp+ev3S)? (Sc+ E\/§S)2>

),s:il,are

(V3Sa+e9)2  (V3Sp+eS)2 (V3Sc +eS9)?

(ii) the isodynamic pointd, = (a?(vV3Sa +£S) : b*(V3Sp +€5) : 2(V3Sc +¢e9)),
e = +1, are

1 ‘ 1 . 1
((SA +eV3S)(V3Sa+eS) (S +ev39)(V3Ss+eS)  (So+ev3S)(V3Sc + ss)> '

The cubic (2) also contains the Fermat points. For thesecanesponding
points on the Neuberg cubic are

<a2(2(b2 +? — a3 =50+ 2 — a3 — - 2V3V?29) - - - ) .
2.3 Perspectivity with cevian triangle and the triangle of eefions.

Proposition 8. The reflection triangle oP is perspective with the triangle of re-
flections if and only ifP lies on the cubic2). The locus of the perspectd} is the
Neuberg cubigl).

Proof. Note thatA(®), P(@) and P, are collinear, since they are the reflections of
A, P and P, in BC. Similarly, B®, P p, are collinear, so ar€(©), p(c),

P.. 1t follows that the reflection triangle aP is perspective with the triangle of
reflections if and only if it is perspective with the ceviaraigle of P. O

Remark. The correspondencgP, @)) in Proposition 8 is the inverse of the corre-
spondence in Proposition 7 above.
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2.4. Perspectivity of triangle of reflections and anticeviaiarigles.

Proposition 9. The triangle of reflections is perspective to the anticevrangle

of P if and only if P lies on the Napoleon cubice., the isogonal cubic i (K, N)
Z (@®(* + %) — (0% = A)?)u(v? — b*w?) = 0. (3)
cyclic

The locus of the perspectd} is the Neuberg cubifl).

Figure 11. The Napoleon cubic and the Neuberg cubic

PTIT O [N N [ Xios
Q| W | Xz | Exo | X1157| O

Remarks.(1) For the case 0D, the perspector is the Parry reflection point, the
triangle centerX3g99 Which is the reflection o) in the Euler reflection poink. It

is also the point of concurrency of reflections in sidelinebnes through vertices
parallel to the Euler line (see [34, 35]). In other wordssittie perspector of the
triangle of reflections and the cevian trianglefof,. The Euler line is the only
direction for which these reflections are concurrent.
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(2) N* is the triangle centeKs, in ETC, called the Kosnita point. It is also the
perspector of the centers of the circte®C, OC A, OAB (see Figure 12).

Figure 12. Perspectivity of the centers of the cireleBC, OC A, OAB

3. Reflection conjugates
Proposition 10. The three circles”(® BC, P C A, and P(“) AB have a common
point

r1(P) = (

u
(b2 + 2 — a®)u(u + v + w) — (avw + bPwu + uv) = @
4

It is easy to see that (P) = H if and only if P lies on the circumcircle. IP #
H and P does not lie on the circumcircle, we call(P) the reflection conjugate
of P; itis the antipode of in the rectangular circum-hyperbol&’( P) throughP
(and the orthocentell). It also lies on the circle of reflection8(@ P®) p(©) (see
Figure 13).

| P [n(P) | midpoint[ hyperbola]
I} Xgo = (m Do ) Xy1 | Feuerbach
G | Xenn = (m e ) X115 | Kiepert
O | Xogs = (52_537{%4 Do ) X125 | Jerabek
K | X¢7 = (m e ) X125 | Jerabek
X7 | X11s6 = (,2a2+a(bi6)+(b76)2 Deee ) X1 Feuerbach
X | Xiz20 = (alfitzz) Do ) X1, | Feuerbach

X3 | Xua X115 | Kiepert
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Figure 13. r1(P) and P are antipodal in7Z’(P)

Remark.r;(I) = Xg is also the perspector of the reflections of the excenters in
the respective sidelines (see [42] and Figure 143218, we have shown that (1)
is the perspector of the reflection trianglel&t.

Figure 14. r1(I) as perspector of reflections of excenters
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Proposition 11. Let Pl PVl Pld pe the antipedal triangle oP = (u : v : w).
The reflections of the circleBld BC in BC, PPICAin CA and PIYAB in AB
all contain the reflection conjugate (P).

Proof. SinceB, P, C, and P!l are concyclic, so are their reflections in the line
BC. The circlePlW BC is identical with the reflection of the circl®(® BC in
BC; similarly for the other two circles. The triad of circlesetiefore have-; (P)
for a common point. O

Proposition 12. Let P, Py Py be the pedal triangle of = (u : v : w). The
reflections of the circleslP[b}P[c] in P[b]P[c}- BP[C]P[G] in P[c]P[a}- and CP[a}P[b]
in P, P have a common point

ro(P) = (a*(2a*b*c*u + 2((a® + b — c2)? — 2a*b*)v + b*((c® + a® — b?)? — 2¢%a®)w)

-(B*Pu? — A — a*)uv + b (a? — b uw — a*(b* + A —aPvw) -1,
P TQ(P)
G a®(b* +c* —a* — b7 (a*(b* + ) — 2a%(b* —b* + ) + (b2 + ) (b7 — )P

Ceeeiees)
I (a(b®* +c* —a® —bc)(a®*(b+c) —a*(b* + ) —a(b+c)(b—c)* + (b° — 2)?)
0] circles coincide with nine-point circle
(2 a2 02 (X (02D —2a2 (b2 —b2 212 2 (5222

H X1986:< (O e —a?)? e (T (7] 20 (T 2T ) (P eP)( H,..;...)
Xiss | Xaos

Remarks.(1) For the case ofH, Xi9s6), See [22].

Figure 15. X986 as the common point of reflections of circumcircles of resid-
uals of orthic triangle

(2) For the pair(Xiss, X103),
() X1s6 is the inverse off in the circumcircle,
(i) X403 is the inverse off in the nine-point circle (seg4 below).
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4. Inversion in the circumcircle

The inverse ofP in the circumcircle is the point

P! = (a*(*Pu® + b (a® — bH)wu + (a® — *)uv — a*(B* + & — a*)vw)
V2 (a?v? + a? (b — a®)vw — b2 (2 + a® — bP)wu + (0 — )uw)

A(a??w? + a?(® — a®)ow + V(2 — P wu — P (a® + b? — )ww)).

4.1 Bailey’s theorem.

Theorem 13(Bailey [1, Theorem 5]) The isogonal conjugates @t and r;(P)
are inverse in the circumcircle.

Proof. Let P = (u : v : w), SO thatP* = (a?vw : b*wu : c2uv). From the above

formula,

(P! = (aPvw(a®vw + (¢ = b )uww + (a® — A)wu — (B* + 2 —a®)u?) - --)
= (aPvw(=(b* + & — a®)u(u + v+ w) + a*vw + bwu + uv) o).

This clearly is the isogonal conjugateqfl P) by a comparison with (4). O

4.2 The inverses afi(®), B(®) (o),

Proposition 14. The inversive images of(®, B®) C(©) in the circumcircle are
perspective witA BC at N*.

é pla)

Figure 16. N™* as perspector of inverses of reflections of vertices in cppsides
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Proof. These inversive images are

(A7 = (=a*(5% = 354a) : °(S° + Sap) : (5% + Sca)),
(B! = (a®(S? + Sap) : —b*(S? — 3SBR) : (5% + SBe)),
(CN ™t = (a2(8% + Sca) : b2(S? + Spe) : —c2(S% = 35c¢)).

From these, the triangle$BC and(A(®))~1(B®)~1(C()~! are perspective at

a? b2 c?
N* = : : .
<SZ+SBC S2+SCA SZ-FSAB)
O

Corollary 15 (Musselman [32]) The circlesAOA®, BOB®, COC(©) are coax-
ial with common point€) and (N*) L.

Figure 17. Coaxial circled PA”, BOB™, cOC®

Proof. Invert the configuration in Proposition 14 in the circumlgrc O

A generalization of Corollary 15 is the following.

Proposition 16 (van Lamoen [28]) The circlesAP A, BPB® and C PC(®)
are coaxial if and only ifP lies on the Neuberg cubic.

Remarks.(1) Another example is the paif, W).
(2) If P is a point on the Neuberg cubic, the second common point afitbkes
APA@, BPB® andCPC is also on the same cubic.
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4.3 Perspectivity of inverses of cevian and anticevian trlaag

Proposition 17. The inversive images d?,, P,, P. in the circumcircle form a
triangle perspective wittABC' if and only if P lies on the circumcircle or the
Euler line.

(a) If P lies on the circumcircle, the perspector is the isogonaljegate of the
inferior of P. The locus is the isogonal conjugate of the nine-point eiske
Figure 18)

|/
//
$’p

c

Figure 18. Isogonal conjugate of the nine-point circle

(b) If P lies on the Euler line, the locus of the perspector is thebare conic
through the traces of the isogonal conjugates of the Kieped Jerabek centers
(see Figure 19)

Figure 19. The bicevian coni€ (X 1,5, Xia5)
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The conic in Proposition 17(b) has equation

Z bt (0 — AP + 2 — a?)a® — 2a50%P (P — a?)%(a® - b?)?yz = 0.

cyclic

P
Q

G H N Xo1 HT
K| Xoy4 | X143 | Xeo | X1986

0
0

Remarks.(1) X5, is the Schiffler point, the intersection of the Euler lined 8C,
ICA, IAB (see [21]). Here is another property a&f,; relating to reflections
discovered by L. Emelyanov [11]. Let be the reflection of the touch point of
A-excircle in the line joining the other two touch points; garly defineY and

Z. The trianglesA BC and XY Z are perspective at the Schiffler point (see Figure
20).

Figure 20. Schiffler point and reflections

Sa : SB : Sc
orthic-of-orthic triangle (see [26]).
(3) X143 is the nine-point center of the orthic triangle.

(4) Xeo = (“2((512)_2“) : bQ(((fI;’)Qb) : CQ((C‘ZIS)QC)) is the isogonal conjugate of the

outer Feuerbach poig{s.

2) Xoy = (©824=8%)  V(Spp—57) . 02(300_32)> is the perspector of the

Proposition 18. The inversive images df?, PP, P¢ in the circumcircle form a
triangle perspective witld BC' if and only if P lies on

(1) the isogonal conjugate of the circky 22 + Spy? + Scz? =0, or

(2) the conic

b2 (0% — )2 + 2a?(P — a®)y? + a®b*(a® — b?)22 = 0.
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Remarks.(1) The circleSaz? + Spy? + Scz? = 0 is real only whenABC con-
tains an obtuse angle. In this case, it is the circle withereHt orthogonal to the
circumcircle.

(2) The conic in (2) is real only wheA BC' is acute. It has centel and is

homothetic to the Jerabek hyperbola, with raygm.

5. Dual triads of concurrent circles

Proposition 19. Let)f.(,’ }; g be two triads of points. The triad of circlesY’~Z’,

YZ'X"and ZX'Y’ have a common point if and only if the triad of circl&3Y 7,
Y'ZX andZ’ XY have a common point.

Proof. Let Q be a common point of the triad of circle§Y'Z’, Y Z' X', ZX'Y".
Inversion with respect to a circle, cent@rtransforms the six pointX, Y, Z, X/,
Y', Z'intox,y, z, 2,9, 2/ respectively. Note thaty'z’, yz'z' andzz'y are lines
bounding a triangle’y’2’. By Miquel’s theorem, the circles'yz, y'zz andz'zy
have a common point. Their inversesX'Y Z,Y’Z X andZ’ XY have the inverse
Q' of ¢’ as a common point. O

Proposition 20(Musselman [31]) The circlesA P(®) () Bp(e) p(a) ¢ p(a) p(b)
intersect at the pointy(P) on the circumcircle.

pe

Figure 21. The circlestP® P(®), Bp() p(a) ¢ p(®) p() intersect on the circumcircle

5.1 Circles containingd(®, B®), C(©),

5.1.1 The triad of circlesAB® (), Al Bc(e) A(@) BO)C . Since the circles
A@BC, AB®C and ABC(© all contain the orthocentel, it follows that that
the circlesdB®) C(¢), A(@) BC(¢) and A B®)C also have a common point. This
is the pointXy5; = (N*)~! (see [41, 18]). The radical axes of the circumcircle
with each of these circles bound the anticevian triangl&/b{see Figure 22).
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Figure 22. Concurrency of circleB® (), A(@) BC(®) | A« B®) ¢

5.1.2 Thetangential triangle The circlesk*B®) () Al@) gb(©)| Ala) BO) e
have X399 the Parry reflection point as a common point. On the other htned
circlesAW Kb K¢, BO KeKe 0 KaKb are concurrent. (see [35]).

5.1.3 The excentral triangle The circlesA(@ 1t1¢, 7*B®) ¢, 191°C(©) also have
the Parry reflection poinksgg as a common point (see Figure 23).

Figure 23. The Parry reflection poiftsgg

The Parry reflection poinKsg9, according to Evans [12], is also the common
point of the circles 1*A@  11°B®) and11¢C©).
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By Proposition 19, the circleg?B®) () A(@) 1bC(e) and A(@ BO) ¢ have a
common point as well. Their centers are perspective WiBT' at the point

(a(a®*(a+b+c) —ab® —bec+c?) —(b+c)(b—c)?):--mi---)
on theOl line.

5.1.4 Equilateral triangles on the sideskore = +1, let A., B., C be the apices
of the equilateral triangles erected on the sid®s, C A, AB of triangle ABC
respectively, on opposite or the same sides of the verticesrding ax = 1 or
—1. Now, fore = +1, the circlesA® B.C., B®C.A., C(9) A, B, are concurrent
at the superior of the Fermat poiht . (see [36]).

5.1.5 Degenerate triangle of reflections .

Proposition 21 ([18, Theorem 4]) Suppose the nine-point centaf of triangle
ABC lies on the circumcircle.

(1) The reflection triangled(®) B®)C'(©) degenerates into a ling.

(2) If X,Y, Z are the centers of the circleBOC, COA, AOB, the linesAX,
BY, CZ are all perpendicular ta’.

(3) The circlesA0A@, BOB®, cOC©) are mutually tangent a®. The line
joining their centers is the parallel tg throughO.

(4) The circlesAB® (), BC(©) A@) ¢ A@ B®) pass througlO.

Figure 24. Triangle with degenerate triangle of reflections

5.2 Reflections in a point.
Proposition 22. GivenP = (u: v : w), let X, Y, Z be the reflections o, B, C
in P.

(8) The circlesAY Z, BZ X, C XY have a common point a point

wP) = (oo )
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which is also the fourth intersection of the circumcircledahe circumconic with
centerP (see Figure 25)

Figure 25. CirclesAY Z, BZX, CXY throughrs(P) on circumcircle and
circumconic with centeP

(b) The circlesX BC, Y C A and Z AB intersect have a common point
V+w—u
- )

2a2vw — (v + w — u)(bw + cv) e
which is the antipode af;(P) on the circumconic with centeP (see Figure 26)
It is also the reflection conjugate of the superiorraf

Figure 26. CirclesXBC, Y CA, ZAB throughr,(P) circumconic with centeP
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(c) For a given@ on the circumcircle, the locus d? for whichrs(P) = Q is
the bicevian coni&’ (G, Q).

Here are some examplesf( P) andr,(P).

| P 1 G 1 I | N K] X9 | Xio[Xoaso| Xoa | X115 |
r3(P) || Xoo | Xioo E E | X0 | X100 | Xoo | X100 | X100
r4(P) || 71(GQ) | Xiz20 | 71(0) | Xsos | X1156 | Xso G 1 N,

6. Reflections and Miquel circles

6.1 Thereflectionof in O. If X, Y, Z are the points of tangency of the excircles
with the respective sides, the Miquel point of the circlk® 27, BZX, CXY is
the reflection ofl in O, which is X4 in ETC. It is also the circumcenter of the
excentral triangle.

Ta

Figure 27. Reflection of in O as a Miquel point

6.2 Miquel circles. For a real numbet, we consider the triad of points
Xe=0:1—t:t), Vi=(:0:1-¢), Zy=(1—-t:¢:0)

on the sides of the reference triangle. The cirddés$7;, BZ, X; andC X, Y; inter-
sect at the Miquel point

My = (a*(b** + (1 — t)? — a®t(1 — 1))
DA+ d?(1 —t)? = b(1 —t))
D@+ 01— 1) — Pl —1))).
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Figure 28. Miquel circles and their reflections

The locus ofM; is the Brocard circle with diametép K, as is evident from the
data in the table below; see Figure 28 and [37, 17].

| t | M, [ P |
0 Q:biz:%z:(%z Cziazzazibzibzicz
% (0] X115 = ((0* = 2)?: (& —a?)?: (@ — b*)?)
1 O ==L .. T . 1 . 1
= 2 G2 2 252 " b2_c2 * 242
00 K (B —AB*+cF—2a%) - :--+)
202 A
WW Bl = a2 . 62 . b2 —(b4 — C4) . b2(62 — a2) . C2(CL2 — b2)
ZaZ b7t 2 .12. .2 212 2y . 4 4y . 2/ 2 2
(727_;2;_;2?32?7) By =c":b°:a" | a®*(b®—=c%):—(c* —a”): c(a® —b7)
aZb’—c 2., 2. 2 2772 2 2/ 2 2 4 4
m BSZbIaZC a(b —C)Zb(C —a):—(a —b)

6.3 Reflections of Miquel circles.et A;, B;, C; be the reflections ofl in Y; Z;, B
in Z, Xy, C'in X;Y;. The circlesA,Y; Z;, B; Z, X; andC; X,;Y; also have a common

point

P = ((0* = A (2 = a®)t + (a®> = bH)(1 — 1))
(= a®)((a® =Dt + (® — A)(1 —1t))
(a2 =) (B2 — At + (P —a®) (1 —1))).

Fort = % all three reflections coincide with the nine-point cirdttowever,P;
approaches the Kiepert cent&rii5 = ((b2 — ¢?)? : (2 — a?)? : (a® — b?)?) as
t — %. The locus of?, is the line

T Y z 0

+ =
B2 _2 2 _a2 a2 _p2
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which clearly contains both the Kiepert cent€i; and the Jerabek centéf,os
(see Figure 28). This line is the radical axis of the ninaipoircle and the pedal
circle of G. These two centers are the common points of the two circtesKiure
29).

B C

Figure 29. Xi15 and X125 as the intersections of nine-point circle and pedal
circle of G

6.4. Reflections of circles of anticevian residuatSonsider points(?, Y, Z! such
that A, B, C divide Yt Z!, Z! X!, XY respectively in the ratia — ¢ : ¢. Figure
30 shows the construction of these points frd) Y;, Z; and the midpoints of the
sides. Explicitly,

Xt= (1 —t): (1=1)*:2),
Y= (12 —t(1—t): (1—1)%),
Z'= (1=t : 7 —t(1 —1)).

Figure 30. Construction ak'Y*Z* from X,Y; Z;
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The circlesX!BC,Y!C A, Z! AB intersect at the isogonal conjugateldf. The
locus of the intersection is therefore the isogonal cortpigé the Brocard circle.
On the other hand, the reflections of the circlesBC, Y;C A, Z; AB intersect at
the point

1 1 1
((b2 T2 =202t + (a2 — %) (EFa?—b)t+ (B2 —c2) (a2 462 — )i+ (2 — a2)) ’
which traverses the Steiner circum-ellipse.

7. Reflections of a point in various triangles

7.1 Reflections in the medial triangldf P = (u : v : w), the reflections in the
sides of the medial triangle are

X' = ((Sg+Sc)(w+w) : Sgv — Sc(w —u) : Scw + Sp(u —v)),

Y'= (Sau+ Sc(v—w): (So+ Sa)(w+u) : Scw — Sa(u—v)),

7' = (Squ— Sp(v—w) : Spv+ Sa(w —u) : (Sa + Sp)(u+v)).
Proposition 23. The reflection triangle of in the medial triangle is perspective
with ABC'if and only if P lies on the Euler line or the nine-point circle dfBC.

(a) If P lies on the Euler line, the perspector traverses the Jerdtygerbola.

(b) If P lies on the nine-point circle, the perspector is the infipigent which is
the isogonal conjugate of the superior Bf
Remarks.(1) If P = E;, then the perspect@p = E};, where
;o a’b’c2(1 —t)

t = .
a26202(1 —t)— 4SABC(1 —2t)

P|| G| O |H|N | Xos | Xaoz | Xaor | Xaog | Xaa2 | Fo
QI H®| Xes | H| O | Xes | Xra | K | Xos | Xro | Xogs

(2) For P = G, these reflections are the points
X' =(2a*:Sp:Sc), Y' =(S4:20*:5c), Z =(Sa:Sp:2).
They are trisection points of the correspondii§—cevian (see Figure 31(a)). The
perspector ofX'Y'Z" is X9 = H®.

(3) If P = N, the circumcenter of the medial triangle, the circle thioukg
reflections in the sides of the medial triangle is congruerthé nine-point circle
and has center at the orthocenter of the medial triangleslwithe circumcented
of triangle ABC. These reflections are therefore the midpoints of the ciradin
OA, OB, OC (see Figure 31(b)).

(4) Xo5 — (62+g§_a2 R a2+g§_02> is the homothetic center of the
tangential and orthic triangles. It is also the perspectdhe tangential triangle
and the reflection triangle df. In fact,

AX' X'H,=d?>:S4, BY' :Y'H,=b*>:Sg, C'Z':Z'H,=¢c:5c.

(8) Xior = (iber + 2o Py ) is the inverse ofXys in the or-

thocentroidal circle. It is also the homothetic center @ tinthic triangle and the
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(a) Reflections of (b) Reflections ofV
Figure 31. Reflections in the medial triangle

triangle bounded by the tangents to the nine-point circlh@tmidpoints of the
sidelines (see [7]).

(6) If P is on the nine-point circle, it is the inferior of a poift’ on the cir-
cumcircle. In this case, the perspectpis the infinite point which is the isogonal
conjugate ofP’. In particular, for the Jerabek centér= X;95 (which is the in-
ferior of the Euler reflection poink = X;19), the reflections are the pedals of the
vertices on the Euler line. The perspector is the infinitexpof the perpendicular
to the Euler line (see Figure 32).

Figure 32. Reflections of Jerabek center in medial triangle

Proposition 24. The reflections ofiP, BP, C'P in the respective sidelines of the
medial triangle are concurrreni.e., triangleX'Y’Z’ is perspective with the orthic
triangle)if and only if P lies on the Jerabek hyperbola dfBC. As P traverses
the Jerabek hyperbola, the locus of the perspector is therHink (see Figure 33)
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Figure 33. Reflections in medial triangle

Remark.The correspondence is the inverse of the correspondencefpoition
23(a).
7.2 Reflections in the orthic triangle.
Proposition 25. The reflection triangle of in the orthic triangle H,H, H.,. is
perspective wittd BC' if and only if P lies on the cubic
u
Z Pre_a2 (f(Ca a, b)U2 = f(b,c, a)w2) = 0. (5)
cyclic
where
f(a,b,¢) = a*(® + ) — 2a2(b* = V22 + ) + (B® + &) (V¥ — 2)>.
The locus of the perspect@ is the cubic

a’(S? —3S44)x
y o — AT (S — Sec? —H(S” -~ Spp)?) =0, (6)

cyclic
Remarks.(1) The cubic (5) is the isocubici( X303, H), labeled K339 in TCT.

(2) The cubic (6) is the isocubicip( X1g6, X571) (See Figure 34).
(3) Here are some correspondences of

P H | O] X
Q|| Xoa | O| Xigs

The reflection triangle off in the orthic triangle is homothetic td BC' at

_ (d*(544—5%) . B*(SB—S5?%) . A(Scc—5?)
Xpg = (4=, PO, Hoee),
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Figure 34. The cubics K339 andi{ X156, X571)

7.3. Reflections in the pedal triangle.

Proposition 26. The reflection triangle of in its pedal triangle are perspective

with
() ABC if and only if P lies on the orthocubic cubic
Z Spox(y? —b22%) =0,

cyclic

(b) the pedal triangle if and only iP lies on the Neuberg cubid).

Xae H

Figure 35. The orthocubic cubic

(7)
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Remarks.(1) The orthocubic defined by (7) is the curve K006 in CTC.
(2) Both cubics contain the poinfs O, H. Here are the corresponding perspec-
tors.

P [7[O [ H |
perspector wittABC | 1] Xes | Xoa
perspector with pedal triangle I | O

The missing entry is the perspector of the orthic triangle te reflection tri-
angle ofH in the orthic triangle; it is the triangle center

(a2530(352 — SAA)(a2b262 + 2SA(52 +8Bc)) ).
7.4. Reflections in the reflection triangle.

Proposition 27. The reflections oP in the sidelines of its reflection triangle are
perspective with

(a) ABC if and only if P lies on the Napoleon cubi@).

(b) the reflection triangle if and only iP lies on the Neuberg cubid).

Remark.Both cubics contain the points, O, H. Here are the corresponding
perspectors.

P 7] 0 | H |
perspector witd BC I | Xogs | Xiss
perspector with reflection triangle/ | O

The missing entry is the perspectorf® H®) H() and the reflection triangle
of H in H@ H®) () it is the triangle center

(a2Spc(a?b?c* (352 — Saa) + 8S4(S% + Spe) (S — San)) - ---).
8. Reflections in lines

8.1 Reflections in a line.

Proposition 28. Let ¢ be a line through the circumcenté?, and A’ B'C’ be the
reflection of ABC' in £. A’B’C’ is orthologic to ABC' at the fourth intersection
of the circumcircle and the rectangular circum-hyperbolaieh is the isogonal
conjugate of (see Figure 36)

Remarks.(1) By symmetry, ifA’B’C’ is orthologic toABC atQ, thenABC'is
orthologic toA’ B'C” at the reflection of) in the line.

[Tine 0 | Q | @ |
Euler line Xoy = (% Do ) X7
Brocard axis ng = (m ) X2698
oI X104 = (a2(b+c)72abcaf(b+c)(bic)2 Ll ) Xos53

(2) The orthology is valid i¥ is replaced by an arbitrary line.
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Figure 36. Orthology of triangles symmetricén

Proposition 29. Let/ be a line through a given poi®, and A’, B’, C’ the reflec-
tions of A, B, C in £. The linesA’P, B'P, C'P intersect the sideline8C, C A,
AB respectively atX, Y, Z. The pointsX, Y, Z are collinear, and the lineZ
containing them envelopes the inscribed conic withs a focugsee Figure 37)

Figure 37. LineZ induced by reflections i
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Proof. Let ¢ be the line joiningP = (u : v : w)and@ = (z : y : z). The line.Z
containingX, Y, Z is

uX
=0
c%c (B%2u? + 2Scuv + a?v?)(uz — wz)? — (aPw? + 2Spwu + 2u?)(ve — uy)? ’
equivalently with line coordinates
u . .
(b2u? + 2Scuv + a?v?)(uz — wz)? — (a?w? + 2Spwu + 2u?)(ve —uy)? =~ '

Now, the inscribed coni@” with a focus atP = (u : v : w) has center the midpoint
betweenP and P* and perspector

1 1 1
(u(c%2 + 2540w + b2w?) * v(a?w? + 2Spwu + 2u?) T w(b?u? + 2Scuv + a2w2)> '
Its dual conic is the circumconic

Z u(v? + 250w + B*w?) 0

. X
cyclic
which, as is easily verified, contains the lit# (see [38,510.6.4]). This means
that.Z is tangent to the inscribed corti€. O

Remarks.(1) For the collinearity ofX, Y, Z, see [23].
(2) The line.Z touches the inscribed corf€ at the point

1 (uz —wzx) _ (v — uy)? 2
u(c2v? + 2540w + b2w?) \ a?w? + 2Spwu + 2u?  b2u2 4+ 2Scuv + a?v? ’ ’ '

() If P = I, then the lineZ is tangent to the incircle. For example fifs the
OI-line, then.Z touches the incircle at

X3025 = (a®(b—c)?(b+c—a)(a®> =b? +bc—c?):--m:--0).

(i) If P is a point on the circumcircle, then the cofads an inscribed parabola,
with focus P and directrix the line of reflections d? (see§l.2). If we takel to be
the diameteO P, then the lineZ touches the parabola at the point

(a(b* — ) (S? —3544)% -+ :---).

(3) Let/ be the Euler line. The two line&’ corresponding t@ and H intersect
at

Xagss = (% — 2)?(S? —3Spc)(S% —3S44) c---:--)

on the nine-point circle, the inferior af476, the reflection ofE in the Euler line
(see [15]). More generally, for isogonal conjugate poiRtand P* on the Macay
cubic K003,i.e., pK (K, O), the two corresponding line&” with respect to the
line PP* intersect at a point on the common pedal circlePodnd P*. For other
results, see [24, 16].
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8.2 Reflections of lines in cevian triangle.

Proposition 30 ([9]). The reflection triangle o” = (u : v : w) in the cevian
triangle of P is perspective witd BC' at

2 2 2 242 g2
r5(P):<u<_a_2+ +C_2+#>:...:...>. (8)
u w

v2 VW

A

Figure 38. Reflections in sides of cevian triangle

Proof. Relative to the trianglé®, P, P., the coordinates of are(v + w : w + u :
u + v). Similarly, those of4, B, C are
(—(v4w) : wtu : utv), (v+w: —(wtu) : utv), (v+w: wtu: —(utw)).

Triangle ABC is the anticevian triangle d? relative toP, P, P.. The perspectivity
of ABC and the reflection triangle @? in P, P, P. follows from Proposition 6.
The reflection ofP in the line P, F, is the point

X—<u(ﬁ b? 62_b2+62—a2+2(02+a2—b2)+2(a2—|—b2—c2)>

_l’_ - N
u? v2  w? VW wu uv
a? b2+02+02+a2—b2 a2+b2 02+a2—|—b2—02
vl === +=+——v|l=+=- =4+ — )
w2 v?2 w? wu w2 v?2 w? uv

Similarly, the coordinates of the reflectiosof P in P.P,, andZ of P in P, P,
can be written down. From these, it is clear that the liAes, BY, C'Z intersect
at the point with coordinates given in (8). a

The triangleX'Y Z is clearly orthologic with the cevian triangle, P, P., since
the perpendiculars fronX to P, F,., Y to P.P,, andZ to P, P, intersect atP. It
follows that the perpendiculars frof, to Y Z, P, to ZX, andP. to XY are also
concurrent. The point of concurrency is

Py — a2 b2 2 b2 + 2 — a? ' '
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Infact, P,, P, P, lie respectively on the perpendicular bisector¥’cf, ZX, XY.
The pointrg(P) is the center of the circl&'Y Z (see Figure 39). As such, itis the
isogonal conjugate aP in its own cevian triangle.

c

Figure 39. Circumcircle of reflections in cevian triangle

I G H Ge Xog | X100 E
7’5(P) X35 H. X24 X57 Xik15 Fc* Xik25
r6(P) X | H | Xzs4 X1618

Remarks.(1) In ETC,r5(P) is called the Orion transform a?.
(2) X35 = (a®(B* + 2 —a®+bc) : B*(* +a? —b?+ca) : (a®+b*—*+ab))
dividesOI in the ratioR : 2r. On the other hand,

r6(I) = (a®(b? + 2 —a® 4 3bc) : b?( +a? —b* +3ca) : P (a® +b* — 2 +3ab))

divides OI in the ratio3R : 2r (see also Remark (3) following Proposition 31
below).

8.3 Reflections of sidelines of cevian triangldset P be a point with cevian trian-
gle P, P, P.. Itis clear that the line®C, P, P., and their reflections in one another
concur at a point on the trilinear polar 6f(see Figure 40).

This is the same for lin€' A, P.P, and their reflections in one another; similarly
for AB and P, P,. Therefore, the following four triangles are line-perspexat
the trilinear polars ofP:

() ABC,

(i) the cevian triangle ofP,

(iii) the triangle bounded by the reflections B§P, in BC, P.P, in CA, P, P, in
AB,

(iv) the triangle bounded by the reflections 8L in P, P,, CA in P.P,, AB in
P, P,.

It follows that these triangles are also vertex-perspedisee [25, Theorems 374,
375]. Clearly if P is the centroidZ, these triangles are all homothetic(at
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Figure 40. Reflections of sidelines of cevian triangle

Proposition 31. Let P, P, P, be the cevian triangle aP = (u : v : w).
(a) The reflections of?, P. in BC', P.P, in CA, and P, P, in AB bound a triangle
perspective wittd BC' at

r7(P) = o ST
T \u(@+ =)o+ (@ + 02— Aw) ' '
(b) The reflections oBC' in P,P., CAin P.P,, andAB in P, P, bound a triangle
perspective wittA BC' at

P = (

Here are some examples.
L P I T [ O [H[K] X | E [ Xss]
[ r7(P) || Xo1 [ X1105 [ O [ N® | Xuaaa | Xoos | H® |

a*vw + u(Spv + Scw) _ _
—3a2v2w? + b2wu? + 2uv? — 2uvw(Sau + Spv + Scw) ' '

Remarks.(l) The pair(Xlg, X1444).

() X19 = (% : % : %) is the Clawson point. It is the perspector of the triangle

bounded by the common chords of the circumcircle with thérebes.

(i) Xpaas = (‘gi‘g ; 055 aifb) is the intersection ofs Xgo and X- Xo,.

(2) X303 = (505 5o % is the barycentric square of the orthocenter.
Let H,HyH . be the orthic triangle, and;, A. the pedals of{, onCA andAB
respectively, andl’ = BA. N CA,. Similarly defineB’ andC’. The linesAA’,
BB', CC' intersect atX 393 (see [40]).

(3) The coordinates ofs(P) are too complicated to list here. Fér = I, the
incenter, note that
() rs(I) = Xog42 = (a(a®(b+¢) + 2abc — (b+c)(b—¢)?) :--- :---),and
(ii) the reflections ofBC' in P,P,, CAin P.P,, andAB in P, P, form a triangle
perspective withP, P, P, atrg(I) which dividesO[ in the ratio3R : 2r.
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8.4. Reflections oH in cevian lines.

Proposition 32(Musselman [33]) Given a pointP, let X, Y, Z be the reflections
of the orthocenter in the linesAP, BP, CP respectively. The circledPX,
BPY,CPZ have a second common point

1
P — : .« .. : PEEEY .
r9(P) <—252vw + Sa(a?vw + b2wu + cuv) )

Remark.rq(P) is also the second intersection of the rectangular circypetbola
 (P) (throughH and P) with the circumcircle (see Figure 41).

Figure 41. Triad of circles through reflections@fin three cevian lines

8.5, Reflections in perpendicular bisectors.

Proposition 33([8]). Given a pointP with reflectionsX, Y, Z in the perpendic-
ular bisectors ofBC, C'A, AB respectively, the triangl&Y 7 is perspective with
ABC if and only if P lies on the circumcircle or the Euler line.

(a) If P is on the circumcircle, the lined X, BY, CZ are parallel. The per-
spector is the isogonal conjugate Bf(see Figure 42)

(b) If P = E; on the Euler line, then the perspector A, on the Jerabek
hyperbola, where

; a’b’c2(1+t)
Ca2b2c(1+t) — (b2 + 2 —a?)(c? + a2 — b2)(a? + b2 — 2)t
(see Figure 43)
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Figure 42. Reflections ofP on circumcircle in perpendicular bisectors

Figure 43. Reflections aP on Euler line in perpendicular bisectors

8.6. Reflections in altitudesLet X, Y, Z be the reflections aoP in the altitudes of
triangle ABC. The linesAX, BY, C'Z are concurrent (at a poi) if and only if
P lies on the reflection conjugate of the Euler line. The pergpdies on the same
cubic curve (see Figure 44). This induces a conjugation ertiic.
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Figure 44. Reflections in altitudes and the reflection caalig@f the Euler line

Proposition 34. The reflections of;(E;) in the altitudes are perspective with
ABC atri(Ey) if and only if
a’b’c?

tt' = :
a?b?c? — (b2 + 2 — a?)(c® + a? — b?)(a® + b2 — 2)

9. Reflections of lines in the cevian triangle of incenter
Let 1,11, be the cevian triangle df.

Proposition 35([20, 44]). The reflections of,I. in Al,, I.1,in BI,, and [ in
C1. bound a triangle perspective withBC' at

a b c
Xg1 = : :
81 <b+c cta a+b>

(see Figure 45)

Proof. The equations of these reflection lines are
—bcx +c(c+a—bly+bla+b—c)z= 0,
clb+c—a)r—cay+ala+b—c)z= 0,
b(b+c—a)r+alc+a—0b)y—abz= 0.
The last two lines intersect at the point
(—a(b® + —a?—be):bla+b)(b+c—a):c(c+a)b+c—a)).

With the other two points, this form a triangle perspectivithwd BC' at Xg; with
coordinates indicated above. O

Remark. Xg; is also the homothetic center dfBC and the triangle bounded by
the three lines each joining the perpendicular feet of a&tcd@n angle bisector on
the other two angle bisectors ([39]).
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Figure 45. Reflections in the cevian triangle of incenter

Proposition 36. The reflections oBC'in Al,, CAin BI,, andAB in CI. bound
a triangle perspective witli, I 1. at

Xs5 = (a*(b+c—a):b*(c+a—b):la+b—rc)).

Figure 46. Reflections in angle bisectors
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Proposition 37([43]). The reflections ofil, in I1., Bl in I.1,,andC1.in I, 1,
are concurrent at a point with coordinates

(a(a® + a®(b + ¢) — 4a*be — a® (b + ¢)(2b% + be + 2¢%)
—a?(3b* —b?c® +3c*) +alb+¢)(b— ¢)?(b* + 3bc + ¢?) + 2(b — c)*(b+ ¢)*)
)
(see Figure 47)

Figure 47. Reflections of angle bisectors in the sideline=ewfan triangle of incenter

10. Reflections in a triangle of feet of angle bisectors

Let P be a given point. Consider the bisectors of andk3C, CPA, APB,
intersecting the sideBC, C A, AB at D,, Dy, D, respectively (see Figure 48).

Proposition 38. The reflections of the lined P in D, D.., BP in D.D,, andCP
in D, D, are concurrent.

Proof. Denote byz, y, z the distances oP from A, B, C respectively. The point
D, divides BC in the ratioy : z and has homogeneous barycentric coordinates
(0:z:y). Similarly, D, = (2 : 0 : z) andD. = (y : = : 0). These can be
regarded as the traces of the isotomic conjugate of the poiny : z). Therefore,
we consider a more general situation. Given poifits= (v : v : w) andQ =
(z:y:z),let D,DyD,. be the cevian triangle @p*, the isotomic conjugate a).
Under what condition are the reflections of the cevidd3, BP, CP in the lines
DyD., D.D,, D,D, concurrent?

The line Dy D, being—xX + yY + 2Z = 0, the equation of the reflection of the
cevianAP in DyD,. is

(—z((® +a® = b))z — (b + & — a®)y + 2 2)v + 2 ((a® +b% — )z + 267y — (b® + % — a®)2)w)X
+ (y((c2 + a? - b2)z — (b2 + - a2)y + 202z)v + (a2m2 — b2y2 + 222 + (02 + a? — b2)zw)w)Y
2

2

—((@®2® + %y — 2% + (a® + 0% — Dazy)v + 2((a® + 0% — D)z + 2%y — (b° + & — a®)2)w)Z

(
0.
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Figure 48. Reflections in a triangle of feet of angle bisextor

By permutating cyclicallyu, v, w; z, y, z; X, Y, Z, we obtain the equations
of the reflections ofBP in D.D, andCP in D,D,. The condition for the con-
currency of the three lines i8 = 0, whereF' is a cubic form inu, v, w with
coefficients which are sextic forms in y, z given in the table below.

term | coefficient |
vw? | a®zx(—a’z® + b7y* + 227 + (b + &£ — a?)yz)-

(a2 = 30%y® + 2% + (V¥ + 2 — a®)yz + (P 4+ a® — bP)zz — (a® + b* — P)wy)
viw | —azy(—a®z? + 0%y + P22+ (7 + & —a?)yz)-

(a2® + b*y? — 3227 —|— (62 +c - az)yz — (4 a® = b)zz + (a® +b* — A)zy)
wu? | bxy(a’z® — bz 2 —I— c P + (c? —I— a® — b?)zx)-

(a2 + b2y2 ( + ¢ )yz + (¢ +a® = b?)zz + (a® + b2 — P)ay)
w?u —b2yz( b2y2 + 74 (c —I— a® — b%)zx)-

(=3a%z? + %y 4 222 (b2 +cf—a )yz + (4 a? — bz — (a® + b — P)ay)
wv?® | Pyz(a®z? +b%y% — 27+ (a —I—bz Azy)-

(—3a%z? + b2y2 + 22 (B )yz — (4 a® = b)za + (a® + b* — A)zy)
v?v | —cFzx(a’z® + b7y® — 227 + (a + b2 — A)zy)-

(@%a” 39" 4 2" — (¥ 4+ & —aP)yz 4 ( + o’ — e + (0 1~ )ay)
ww | 3 e @27 (@ + 07 — Py — (& +a® = b7)2)
 Yoyene @221 ((a® + 17 — )%y — (& +a” — %))
+chcllca’ T yz((( ) +3b2(02 +a2) —464):1/
—((a® = %) + 3¢ (a + %) — 4¢Y)2)

By substituting
22 by 2v? + (b + 2 — a®)vw + b*w?,
y? by a®>w? + (® + a® — b*)wu + 2u?, and
22 by b2u? + (a® + b — )uv + a’v?,
which are proportional to the squares of the distan¢€s B P, C P respectively,
with the help of a computer algebra system, we verify that= 0. Therefore
we conclude that the reflections dfP, BP, C' P in the sidelines oD, D, D, do
concur. U
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In the proof of Proposition 38, if we tak@ = G, the centroid, this yields
Proposition 24. On the other hand,(f = Xg, the Nagel point, we have the
following result.

Proposition 39. The locus ofP for which the reflections of the ceviads®, BP,
C P in the respective sidelines of the intouch triangle is thioamf the circumcir-
cle and the lineD1:

Z be(b—c)(b+c—a)X=0.

cyclic

(a) If P is on the circumcircle, the cevians are parallel, with inf@npoint the isog-
onal conjugate of (see Figure 49)

Figure 49. Reflections of cevians a? in the sidelines of the intouch triangle

Ison the lin , the pomt Ol concurrency traverses the conic
(b)If Pi he lineO1, the point of h i
Y b—o)b+c—a)a®+(b-c)(cta—Db)(at+b—cyz=0,

cyclic
which is the Jerabek hyperbola of the intouch trian@ee Figure 50)Iit has center
(alc+a—b)a+b—c)a®(b+c)—2a(b?> + )+ B+ ) :eovionn).

Finally, if we take@ = (a% L c%) in the proof of Proposition 38, we obtain
the following result.

Proposition 40. Let P; P P’ be the cevian triangle of the isogonal conjugate of
P. Thereflections ol P in P P}, BPin P P;, CPin P; P’ are concurren{see
Figure 51)
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Figure 50. Reflections of cevians Bfin the sidelines of the intouch triangle

Figure 51. Reflections of cevians 8fin cevian triangle ofP*

A special case is Proposition 37 above. Fbe= X35 = O, the common point
is X3 = O. This is because the cevian triangle(@f = H is the orthic triangle,
and the radiiD A, OB, OC are perpendicular to the respective sides of the orthic
triangle. Another example igP, Q) = (K, X427).
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Synopsis

Triangle Triangle

centers References centers References

Fe Table following Thm. 4 X79 Rmk (1) following Prop. 7
Table following Prop. 10 Xs0 Rmk (2) following Prop. 7

Fy End of§2.2 Rmk following Thm. 10
Table following Prop. 10 Table following Prop. 22

J+ Prop. 1(c); end 0§2.2 Xs1 Prop. 35

Q, Table in§6.3 Xog5 = N* Table following Prop. 31

E Rmk (3) following Thm. 3; Figure 4| Xos Table in Rmk (1) following Prop. 2
Table following Thm. 4 Xo9 Table following Prop. 22
Rmk (1) following Prop. 9 Table in§8.2
Table following Prop. 22 X100 Table following Prop. 22
Table in§8.2 Table in§8.2
Table following Prop. 31 X104 Table in Rmk (1) following Prop. 24

Ex Rmk following Prop. 7 Xio0s Table following Thm. 4
Rmk (2) following Prop. 9 X109 Rmk (3) following Thm. 3

W = Xusa Rmk (2) following Prop. 7 X112 Rmk (3) following Thm. 3
Rmk following Prop. 16 Table following Thm. 4

N~ Rmk (1) following Prop. 5 Xi15 Table following Thm. 4
Rmk (2) following Prop. 9 Table following Prop. 10
Prop. 14 886.2, 6.3

X9 Rmk (1) following Prop. 31 X125 Table following Thm. 4

X1 Rmk (1) following Prop. 17 Table following Prop. 10;
Table following Prop. 31 §6.3

Xo4 Rmk (2) following Prop. 17 Rmk (6) following Prop. 23
Rmk (3) following Prop. 25 Xia Table in§8.2
Table in Rmk (2) following Prop. 12 X143 Rmk (3) Prop. following 17
Table in§8.2 X155 = H/O | Table following Prop. 6

Xos = H/K | Table following Prop. 6 Xis6 Rmk (2) followingProp. 12
Rmk (4) following Prop. 23 Rmk (2) following Prop. 25

X35 Rmk (2) at the end 0§8.2 Table in Rmk following Prop. 27

Xao §6.1 X193 = H/G | Table following Prop. 6

Xu6 = H/I | Table following Prop. 6 X105 Rmk (1) following Prop. 5

Xs2 = H/N | Table following Prop. 6 Rmk (2) following Prop. 9

X55 = G Prop. 36 X214 Table following Prop. 22

X57 Table in§8.2 Xoag = X115 | Prop. 17(b); Table ig8.2

X509 = FY Table in§8.2 Xos0 = Xios Prop. 17(b); Table i8.2

Xo0 Rmk (4) following Prop. 17 Xa65 = r1(0) | Table following Prop. 10

Xe5 Table in Rmk (1) following Prop. 23 Tables following Prop. 22, 23, 27

Xeo Table in Rmk (1) following Prop. 23 X354 Table in§8.2

Xe7 Table following Prop. 10 X303 Rmk (2) following Prop. 31

Xes Table in Rmk (1) following Prop. 23 Xsg9 Rmk (1) following Prop. 9
Table in Rmk (2) following Prop. 12 §5.1.2;85.1.3

Xe9 = H® Table in Rmk (1) following Prop. 23 X403 Rmk (2) following Prop. 12
Table in§8.2 Table in Rmk (1) Prop. 23
Table following Prop. 31 Xaor Rmk (5) following Prop. 23

X7 Table in Rmk (1) following Prop. 23 Rmk following Prop. 40

X4 Table in Rmk (1) following Prop. 23 X429 Table in Rmk (1) Prop. 23

Table in Rmk (1) following Prop. 29

Xaa2

Table in Rmk (1) Prop. 23
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Triangle Triangle
centers References centers References
Xuze Table following Thm. 4 X086 Rmk (1) following Prop. 12
Xurr Table in Rmk (1) following Prop. 2§ Table following Prop. 17
X571 Rmk (2) following Prop. 25 Rmk (3) following Prop. 25
X671 Tables following Prop. 10, 22 Xo698 Table in Rmk (1) following Prop. 2§
Xgos Table following Prop. 22 Xor1s Table following Thm. 4
Xoa2 Rmk (3) following Prop. 31 X720 Table following Thm. 4
Xoo5 Table Prop. 31 Xo4g2 Table following Prop. 22
Xos3 Table in Rmk (1) following Prop. 28§ X3003 Rmk (1) following Prop. 25
Xi105 Table Prop. 31 X3025 Rmk (2) following Prop. 29
X114 Rmk (3) following Prop. 7 X3508 Rmk (3) following Prop. 29
Xi14s Table following Prop. 22 superiors of
Xi156 Tables following Prop. 10, 22 Fermat points| §5.1.4
Xi157 Rmk (3) following Prop. 7 new End of§2.2
= (N*)~! | Table following Prop. 9 Rmk (2) following Prop. 12

Corollary 15;§5.1.1 85.1.3
X1320 Table following Prop. 10 Rmk following Prop. 27
Table following Prop. 22 Rmk (2) following Prop. 29

X444 Rmk (1) following Prop. 31 Rmk (2) following Prop. 30
X1618 Table in§8.2 Prop. 37, 39

Reflection tri

angles References

0]
H
N
K

61

Rmk (1) following Prop. 12; Rmk following Prop. 27

81, Prop. 5

Rmk (4) following Prop. 23

Cevian triangles References

G (medial)
I (incentral)
H (orthic)

§7.1
Rmk (1) following Prop. %9

Prop. 6§5.1.1,§7.2; Rmk (5) following Prop. 23

Anticevian tr

iangles References

I (excentral)

K (tangential)

Figure 11§5.1.3

Prop. 1(ag5.1.2; Rmk (4) following Prop. 23

N* §5.1.1

Lines References

Euler line Figure 4; Prop. 17, 23, 24, 33; Rmk (2) followingpr 29
(0]] Prop. 39

Circles References

Circumcircle Prop. 1(d); Thm. 3; Prop. 17, 33, 39
Incircle Rmk (2) following Prop. 29
Nine-point circle Rmk 2 Prop. 36.3; Prop. 23
Apollonian circles Prop. 1(b)

Brocard circle £6.2

Pedal circle ofd §6.3

pla) p®) ple)
Circles containingd(®), B®, ¢(©)

85 passim

Prop. 2; Rmk following Prop. 10




Reflections in triangle geometry 347

Conics References

Steiner circum-ellipse §6.4

Jerabek hyperbola Prop. 23, 24, 33
bicevian conicg' (G, Q) Prop. 22

bicevian conict (X115, Xios) Prop. 17

Jerabek hyperbola of intouch triangle Prop. 39

circumconic with centeP Prop. 22

Inscribed parabola with focus Rmk (2) following Prop. 29
rectangular circum-hyperbola through Rmk following Prop. 10; Rmk following Prop. 32
Inscribed conic with a given focuB Prop. 29

Cubics References

Neuberg cubic K001 Prop. 7, 8,9, 16, 26, 27

Macay cubic K003 Rmk (3) following Prop. 29
Napoleon cubic KO05 Prop. 9, 27

Orthocubic KOO6 Prop. 26

pK(X19897 X265) = K060 Prop. 7,8

pK(Xgoog, H) = K339 Prop. 25

PK (X186, Xs71) Prop. 25

Reflection conjugate of Euler line §8.6

Quartics References

Isogonal conjugate of nine-point circle Prop. 17
Isogonal conjugate of Brocard circle §6.4

Constructions References

H/P Prop. 6

ro(P) Rmk (3) following Thm. 3; Thm. 4; Prop. 20
r1(P) Prop. 10, Prop. 11
ra2(P) Prop. 12

r3(P) Prop. 22

ra(P) Prop. 22

r5(P) Prop. 30

re(P) §8.2

r7(P) Prop. 31

rs(P) Prop. 31

ro(P) Prop. 32
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