Forum Geometricorum
Volume 11 (2011) 57-63.

FORUM GEOM
ISSN 1534-1178

On the Foci of Circumparabolas

Michel Bataille

Abstract. We establish some results about the foci of the infinitelpynzarabo-
las passing through three given pointsB, C. A very simple construction di-
rectly leads to their barycentric coordinates which preyigesides their locus, a
nice and unexpected link with the foci of the parabolas tahgethe sidelines
of triangle ABC.

1. Introduction

The parabolas tangent to the sidelines of a triangle arekmelvn: the pair
focus-directrix of such amparabola is formed by a point of the circumcircle other
than the vertices and its Steiner line (see [2] for exampheyiew of such a simple
result, one is encouraged to consider the parabolas passough the vertices or
circunmparabolas. The purpose of this note is to show how an elemyectastruc-
tion of their foci leads to some interesting results.

2. A construction

Given a triangleABC, a ruler and compass construction of the focus of a cir-
cumparabola follows from two well-known results that wealkas lemmas.

Figure 1.

Lemma l. Let P be a point on a parabola. The symmetric of the diameter thioug
P in the tangent at? passes through the focus.

Lemma2. Given three pointsl, B, C of a parabola and the directiom of its axis,
the tangents to the parabola @t B, C' are constructible with ruler and compass.
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Lemma 1 is an elementary property of the tangents to a parademma 2
follows by applying Pascal’s theorem to the six pointis B, A, A, m, C on the
parabola. The intersectiol3 = BC N Am, E =mCnNAAandF =mmnN BA
are collinear. Note thak' is the infinite point ofAB. Therefore, by constructing
(i) the parallel tom through A to meetBC at D,

(ii) the parallels toA B through D to meet the parallel te: throughC at F,
we obtain the lined F as the tangent to the parabolasa{see Figure 1).

Now, let ABC be a triangle andn be a direction other than the directions of its
sides. It is an elementary fact that a unique paraBplawith axis of directionm
passes through, B, C. The tangents t®,, at A, B, C can be drawn in accordance
with Figure 1. Then, Lemma 1 indicates how to complete thesttantion of the
focus F' of this circumparabol&’,, (see Figure 2). Note that the directrix is the
line through the symmetricg,, Fy, F. of F'in the tangents atl, B, C.

Figure 2.
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3. Thebarycentric coordinates of F’

In what follows, all barycentric coordinates are relatwe (A, B, C), and as
usual,a = BC,b = CA,c = AB. First, we give a short proof of a result that will
be needed later:

Lemma3. If (f : g : h) is the infinite point of the liné, then the infinite point
(f": ¢ : h') of the perpendiculars téis given by

f'=9Sp—hSc, ¢ =hSc—fSa, RK =fSa—gSs

2 2 2 2 2 2 2 2 2
whereSy = "= Gp = e b G = atb o

Proof. Note thatf +g+h =0 = f'+ ¢+ h' and thatS 4, S, Sc are just the dot
_— s = = = —— . .
productsAB - AC, BC - BA,C A - CB, respectively. Expressing that the vectors
— — — — .
gAB + hAC andg’ AB + h' AC' are orthogonal yields

0= (gAB + hAC) - (¢ AB + WAC) = ¢'(gc® + hS4) + W (9S4 + hb?)

so that
g/ —n f/
gSa +hb?2  hSp+ g2 —gSa — hb? + hSy + gc?
or, as it is easily checked,
f/ g/ h/
9Sp—hSc hSc—fSa fSa—gSs’

O

For an alternative proof of this lemma, see [3].

From now on, we identify direction and infinite point and denby P,, or
Puv.w the circumparabola whose axis has direction= (u : v : w) (distinct from
the directions of the sides of triangleBC’). Translating the construction of the
previous paragraph analytically, we will obtain the conades ofF'.

Theorem 4. Letu,v,w be real numbers with, v,w # 0 andu + v + w = 0.
Barycentric coordinates of the focusof the circumparabol&P, , ., are

u? a?vw v2 b2wu  w?  Auww
+ D — P —

vw P wu p uv p
wherep = a?vw + b*wu + uw.
Proof. First, consider the conic with equation
uyz 4+ v 2z + wlzy = 0. Q)

Clearly, this conic passes through B, C' and also through the infinite point =

(u : v : w). Moreover, the tangent at this pointigwov? + vw?) + y(uw? +
wu?) + z(vu? +uv?) = 0 that is, the line at infinity (sincew? + vw? = —uvw =
uw? +wu? = vu? +uv?). It follows that(1) is the equation of the circumparabola
Pm.
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From(1), standard calculations give the tangento P, at A and the diameter
m 4 throughA:

ta: w2y+v2220, mya: wy—ovz=0.

Since the infinite point of 4 is (w? — v? : v? : —w?), the lemma readily provides
the normaln 4 to P,,, at A:

y(w?Sy — v3c?) — 2(v2S4 — w?b?) = 0.

Now, the symmetrian/, of m, in t,4 is the polar of the point0 : v : w) of
m 4 With respect to the pair of line§ 4,n4). The equation of this pair being
(w?y + v22) (y(w?Ss — v2c?) — 2(v2S4 — b*w?)) = O that is,

y?uw?(w?Sa — v*?) + yz(w'h? — vie?) + 220 (VPw? — v?S,) =0,
the equation ofr/, is easily found to be
ylw (ub® + va?) + uvw(uv + w?)] = z[vt (uc? + wa?) + b*uvw(uw + v?)]

From similar equations for the corresponding lime’g andm,, we immediately
see that the common poift of m’,, m'y, my, has barycentric coordinates

z1 = vt (P4 wb?)+a*uvw(vwu?), y1 = v (ucttwa?) b uvw (uw+v?),

21 = wh(ub® 4 va?) + Fuvw(uv + w?)
or, observing thati*(ve? + wb?) = pu® — a®udvw,

2,2 2

z1 = pu® + d2uu?,  yr = po? + 2Pow?, 2 = pwd + AuPoPu. (2)

Usingu® + v + w? = 3uvw (sinceu + v + w = 0), an easy computation yields
1 + y1 + 21 = duvwp and dividing out byuvwp in (2) leads to

2 2 2 b2 2 2
4F:<“—+avw>A+<v—+ wu>B+<w—+cw>C. 3)
vw p wu p uv p

O

4, Thelocusof F

Theorem 4 gives a parametric representation of the locé afnot well-known
curve, to say the least! (see Figure 3 below). Clearly, tarse must have asymp-
totic directions parallel to the sides of triangBC'. Actually, it is a quintic that
can be found in [1] under the referenc@7@ with more information, in particular
about the asymptotes. A barycentric equation of the cunedsis given, but this
equation is almost two-page long!
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Figure 3.

5. A connection with the inparabolas
Let us write (3) astF’ = 3P + F’ with

2 2 2 2 2 2

3P=— A+ B+ ¢C and F="2 <a—A+b—B+C—C>.
vw wu uv P u v w

We observe thaP is the centroid of the cevian triangle of the infinite point

(triangle XY Z in Figure 2),% and I’ is the isogonal conjugate of this infinite

point. Thus,F” is the focus of the inparabol®’,, whose axis has directiom =

(u: v :w). This pointF” is easily constructed as the point of the circumcircle of

triangle ABC whose Simson line is perpendicularsita Since4PF = ﬁ we
see thatF” is the image off’ under the homothety = h(P,4) with centerP and
ratio4. More can be said.

Theorem 5. With the notations above,

(@) P, is the image of°,,, underh(P, 4),

(b) the locus ofP is the cubicC with barycentric equatiofix + y + 2)3 = 272yz,
the centroidG of triangle ABC being excluded.

Proof. (a) As in§3, it is readily checked that a barycentric equatioP4f, is

u?z? + 0%y + w?2? — 2uwyz — 2wuze — 2uvry = 0.

1| thank P. Yiu for this nice observation.
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Let A’ = h(A) so thatuvw A’ = (4uvw —u?)A—v3B —w3C. Usingu = —v—w
repeatedly, a straightforward computation yields

u? (duvw —u?)? + 0% +w® — 201wt + 2uw? (duvw — u?) + 2uv? (duvw —ud) = 0

henceA’ is onP’,,,. By symmetry, the homotheti®’ andC’ of B andC' are
on P',, as well and therefore the parabof®é,, and KP,,) both pass through
A B, C"and(u : v : w). As aresult, KP,,) = P',,.

(b) SinceP(u? : v3 : w?) and (u? + v3 + w3)3 = (ud + v3 + (—u —v)3)3 =
(—3u?v — 3uv?)® = 27udv3w3, P is on the cubic. Clearly,P # G.

Conversely, supposing thd(z,y,z) is onC and P # G, we can setr =
ud,y = v3, z = w. Thenw is given byw? — 3uvw + v +v3 =0 or (w + u +
V) (w? = (u+v)w + (u? —uv +0?)) = 0. If u # v, the second factor does not

vanish, hencev = —u — v andu + v+ w = 0. If u = v, thenw # u (since
P # G) and we must have) = —2u = —u — v again. O
Note that settindé =t, % = —1 —t, the locus ofP can be also be constructed

as the set of point® defined by

—_— 2 — 2_>
cb—__ U i, Ut G

3(1+1) 3t
Figure 4 showg and the parabolaB,, and?’,,.

Figure 4.

In some way, the quintic ¢f4 can be considered as a combination of a quadratic
(the circumcircle) and a cubicy.
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