Forum Geometricorum

Volume 11 (2011) 139–144.

FORUM GEOM

ISSN 1534-1178

More on Twin Circles of the Skewed Arbelos

Hiroshi Okumura

Abstract. Two pairs of congruent circles related to the skewed arbelos are given.

1. Introduction

We showed several twin circles related to the skewed arbelos in [2]. In this article we give two more pairs, by generalizing two Archimedean circle pairs in [1]. We begin with a brief review of these circles. Let O be a point on a segment AB, and α, β, γ be the circles with diameters OA, OB, AB respectively. We denote one of the intersections of γ and the radical axis of α and β by I. The intersection of IA and α coincides with the tangency point of α and one of the external common tangents of α and β. The circle passing through this point and touching the line IO is Archimedean; so is the one tangent to IO and passing through the intersection of β with the external common tangent. These are the circles W_9 and W_{10} in [1] (see Figure 1). The circle touching α internally and touching the tangents of β from A is also Archimedean; so is the one tangent to β and the the tangents of α from B. These are the circles W_6 and W_7 in [1] (see Figure 2).

BAOIγβα

Figure 1

BAOIγβα

Figure 2

Suppose the circles α and β have radii a and b respectively. We set up rectangular coordinate system with origin O, so that A and B have coordinates (2a, 0) and (−2b, 0) respectively. Consider a variable circle touching α and β at points different from O. Such a circle is expressed by the equation ( x − b − a t^2 − 1

)_2 + ( y − 2t √ ab t^2 − 1

)_2 = ( a + b t^2 − 1

)_2 (1) Publication Date: June 29, 2011. Communicating Editor: Paul Yiu.

for a real number t ≠ ±1 [2]. We denote this circle by γ_t. It is tangent to α at

A_t = ( 2ab at^2 + b , 2at √ ab at^2 + b ) , and to β at

B_t = ( − 2ab a + bt^2 , 2bt √ ab a + bt^2 ) . The tangency (in both cases) is internal if |t| < 1 and external if |t| > 1. The configuration (α, β, γ_t) is called a skewed arbelos.

2. Archimedean twin circles in the skewed arbelos

The circle γ_t intersects the y-axis at the points

I^+_t = ( 0, 2 √ ab t + 1 ) and I^−_t = ( 0, 2 √ ab t − 1 )

respectively.

The lines I^+_t A_t and I^−_t A_t have equations

(at − b)x − (t + 1) √ aby + 2ab = 0, (at + b)x + (t − 1) √ aby − 2ab = 0.

These lines intersect the circle α again at the points ( 2ab a + b , 2a √ ab a + b ) and ( 2ab a + b , − 2a √ ab a + b ) . Now, it is well known that the common radius of the twin Archimedean circles tangent to α, β, γ is r_A =^{ab}_{a+b} .

These intersections are the fixed points ( 2r_A, 2r_A √ a b ) and ( 2r_A, −2r_A √ a b ) . Similarly, with B_t, the lines I^+_t B_t and I^−_t B_t intersect the circle β at the points ( −2r_A, 2r_A √ b a ) and ( −2r_A, −2r_A √ b a ) . From these we obtain the following result.

Theorem 1. For t ≠ ±1, if I_t is one of the intersections of the circle γ_t and the line IO, then the circle touching IO and passing through the remaining intersection of the line I_tA_t (respectively I_tB_t) and the circle α (respectively β) is an Archimedean circle of the arbelos (formed by α, β and γ; see Figure 3).

Two of these circles are W_9 and W_{10}, independent of the value of t. If t = ±1, A_t and the remaining intersection coincide.

BAOBtAtI^−_tI^+_tαβγt

Figure 3.

3. Non-Archimedean twin circles

In this section we generalize the Archimedean circles W_6 and W_7. We denote the lines x = 2r_A and x = −2r_A by L_α and L_β respectively. Let δ^α_t be the circle touching the line L_α from the side opposite to A_t and the tangents of β from A_t. The circle δ^β_t is defined similarly. The circle δ^α_t lies in the region x < 2r_A if |t| < 1 (see Figure 4), and in the region x > 2r_A if |t| > 1 (see Figure 5). If t = ±1, γ_t reduces to an external common tangent of α and β, and has equation (a − b)x ∓ 2 √ aby + 2ab = 0, which are obtained from (1) by letting t approach to ±1. In these cases, we regard δ^α_t as the tangency point of α with an external common tangent of α and β.

Lemma 2. The circles δ^α_t and δ^β_t are congruent with common radii |1 − t^2|r_A.

Proof. Let s be the radius of the circle δ^α_t . If γ_t touches α and β internally, then we get ( 2ab at^2 + b

− 2r_A ) : s = 2ab at^2 + b

: b.

Solving the equation we get s = (1 − t^2)r_A. Similarly we get s = (t^2 − 1)r_A in the case γ_t touching α and β externally. □

The point A_t divides the segment joining the centers of δ^α_t and β in the ratio |1−t^2|r_A : b externally (respectively internally) if γ_t touches α and β internally (respectively externally). Therefore the center of δ^α_t is the point ( r_A(1 + t^2), 2tr_A

√_a b ) .

OBtAtTβTαI^+_tI^−_tVβVα

Figure 4.

The circles α and δ^α_t are tangent to each other, since they have only one point in common, namely,

T_α = ( 2abt^2 a + bt^2 , 2at √ ab a + bt^2 ) . This point T_α lies on the line A_tB_t since

T_α = at^2 + b a + b

· A_t + a(1 − t^2) a + b

· B_t.

Similarly, the circles δ^β_t is tangent to β at

T_β = ( − 2abt^2 at^2 + b , 2bt √ ab at^2 + b ) , which also lies on the line A_tB_t. The point T_α lies on the line A_tB_t, since

T_β = b(1 − t^2) a + b

· A_t + a + bt^2 a + b

· B_t.

We summarize the results (see Figures 4 and 5).

Theorem 3. The circles δ^α_t and δ^β_t are congruent with common radius |1 − t^2|r_A. The points of tangency A_t, B_t, T_α, and T_β are collinear.

The circles δ^α_t and δ^β_t are generalizations of the Archimedean circles W_6 and W_7, which correspond to t = 0.

The circle δ^α_t touches the line L_α at the point

V_α = ( 2r_A, 2tr_A √ a b ) .

BAOBtAtTβTαVβVα

Figure 5.

From these coordinates it is clear that A_t, V_α and O are collinear (see Figures 4 and 5). Similarly, the circle δ^β_t touches the line L_β at

V_β = ( −2r_A, 2tr_A √ b a )

collinear with B_t and O. Now, the line T_αV_α is parallel to B_tO. Since the distances from V_α and V_β to the line IO (the radical axis of α and β) are equal, the lines T_αV_α and T_βV_β intersect on the radical axis. This intersection and O, V_α, V_β form the vertices of a parallelogram.

4. A special case

For real numbers t and w, the circles δ^α_t and δ^β_t and the circles δ^α_w and δ^β_w are congruent if and only if |1 − t^2| = |1 − w^2|, i.e., |t| = |w| or t^2 + w^2 = 2. From the equation of the circle γ_t, it is clear that this is the same condition for the congruence of the circles γ_t and γ_w. Therefore we get the following corollary.

Corollary 4. For real numbers t and w, the circles δ^α_t and δ^β_t and the circles δ^α_w and δ^β_w are congruent if and only if γ_t and γ_w are congruent.

In the case t^2 + w^2 = 2, one of the circles γ_t and γ_w touches α and β internally and the other externally. In particular, the circles δ^α_t and δ^β_t are Archimedean circles of the arbelos formed by α, β and γ if and only if γ_t is congruent to γ, i.e., t = ± √ 2 (see Figure 6).

BAOO1BtAt

Figure 6.

References

[1] C. W. Dodge, T. Schoch, P. Y. Woo, and P. Yiu, Those ubiquitous Archimedean circles, Math.

Mag., 72 (1999) 202–213.

[2] H. Okumura and M. Watanabe, The twin circles of Archimedes in a skewed arbelos, Forum Geom., 4 (2004) 229–251.

Hiroshi Okumura: 251 Moo 15 Ban Kesorn, Tambol Sila, Amphur Muang, Khonkaen 40000, Thailand

E-mail address: ilovepatnaree@gmail.com