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When isa Tangential Quadrilateral a Kite?

Martin Josefsson

Abstract. We provel 3 necessary and sufficient conditions for a tangential quadri
lateral to be a kite.

1. Introduction

A tangential quadrilateral is a quadrilateral that has an incircle. A convex
guadrilateral with the sides, b, ¢, d is tangential if and only if

at+c=btd (1)

according to the Pitot theorem [1, pp.65-67]. kike is a quadrilateral that has
two pairs of congruent adjacent sides. Thus all kites hasdrcle since its sides
satisfy (1). The question we will answer here concerns tmvarse, that is, what
additional property a tangential quadrilateral must haveeta kite? We shall prove
13 such conditions. To prove two of them we will use a formwlathe area of a
tangential quadrilateral that is not so well known, so weverit here first. It is
given as a problem in [4, p.29].

Theorem 1. Atangential quadrilateral with sides a, b, ¢, d and diagonals p, ¢ has
the area

K = 1y/(pq)” — (ac — bd)’.

Proof. A convex quadrilateral with sides b, ¢, d and diagonal®, g has the area

K = %\/4p2q2 —(a? — b2+ 2 — d?)? (2)
according to [6] and [14]. Squaring the Pitot theorem (1)dge
a? 4 ¢ + 2ac = b* + d* + 2bd. ©)

Using this in (2), we get

K = 1\/4(pq)? — (2bd — 2ac)?

and the formula follows. O
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2. Conditionsfor when atangential quadrilateral isakite

In a tangential quadrilateral,tangency chord is a line segment connecting the
points on two opposite sides where the incircle is tangeridse sides, and the
tangent lengths are the distances from the four vertices to the points ofdaag
(see [7] and Figure 1). Aimedian in a quadrilateral is a line segment connecting
the midpoints of two opposite sides.

In the following theorem we will prove eight conditions folhen a tangential
quadrilateral is a kite.

Figure 1. The tangency chords! and tangent lengths f, g, h

Theorem 2. Inatangential quadrilateral the following statements are equivalent:
(i) The quadrilateral isa kite.

(i) The area is half the product of the diagonals.

(iii) The diagonals are perpendicular.

(iv) The tangency chords are congruent.

(v) One pair of opposite tangent lengths are congruent.

(vi) The bimedians are congruent.

(vii) The products of the altitudes to opposite sides of the quadrilateral in the
nonoverlapping triangles formed by the diagonals are equal.

(viii) The product of opposite sides are equal.

(ixX) Theincenter lies on the longest diagonal.

Proof. Let the tangential quadrilateral BC D have side, b, ¢, d. We shall prove
that each of the statements (i) through (vii) is equivaler(tii); then all eight of
them are equivalent. Finally, we prove that (i) and (ix) agaiealent.

(i) Ifin a kite a = d andb = ¢, thenac = bd. Conversely, in [7, Corollary 3] we
have already proved that a tangential quadrilateral with- bd is a kite.

(i) Using Theorem 1, we get

K =1(pg)? — (ac—bd)?> = 3pg &  ac=bd.
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(i) We use the well known formuld< = %pq sin @ for the area of a convex
quadrilateral, whered is the angle between the diagonalg. From

K= %\/(pq)2 — (ac —bd)? = %pq sin 0

we get

ezg & ac=bd

(iv) In a tangential quadrilateral, the tangency chotdssatisfy

k) _ b
l " ac
according to Corollary 2 in [7]. Hence

k=1l < ac=0bd.

(v) Let the tangent lengths ke f, g, h, wherea = e+ f,b=f+g,c=g+h
andd = h + e (see Figure 1). Then we have

ac = bd
< (e+f)lg+h)=(f+g)(h+e)
& ef—eh— fg+gh=0
< (e—g)(f-h)=0

which is true when (at least) one pair of opposite tangermjthenare congruent.
(vi) In the proof of Theorem 7 in [9] we noted that the lengthted bimedians
m,n in a convex quadrilateral are

m = 1\/2(2 + d2) — 402,
n=1v2(a®+ c2) — 42

wherew is the distance between the midpoints of the diagonals. dJsiese, we
have

m=n < ad+=0P+d> < ac=0bd
where the last equivalence is due to (3).

(vii) The diagonal intersectio® divides the diagonals in parts, z andy, z.
Let the altitudes in trianglesiBP, BCP,CDP, DAP to the sidesa, b, c,d be
h1, ha, hs, hy respectively (see Figure 2). By expressing twice the ardheate
triangles in two different ways we get

ahy = wysin b,
bhy = xysin 6,
chs = zzsin 6,

dhy = wzsin 6,

Irora proof, see [5] or [13, pp.212-213].
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wheref is the angle between the diagonals and we usedsthétr — 6) = sin6.
These equations yields

achihs = wxyz sin? 0 = bdhohy.

Hence

h1h3 = h2h4 <~ ac = bd.

Figure 2. The subtriangle altitudés, h, hs, ha

(ix) We prove that (i} (ix). A kite has an incircle and the incenter lies on the
intersection of the angle bisectors. The longest diag@ahiangle bisector to two
of the vertex angles since it divides the kite into two comgriutriangles (SSS),
hence the incenter lies on the longest diagér@bnversely, if the incenter lies on
the longest diagonal in a tangential quadrilateral (seear€i@) it directly follows
that the quadrilateral is a kite since the longest diagonddies the quadrilateral

into two congruent triangles (ASA), so two pairs of adjacgides are congruent.
U

Figure 3. This tangential quadrilateral is a kite

2A more detailed proof not assuming that a kite has an incisofgven in [10, pp.92—-93].
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For those interested in further explorations we note the tonvex quadri-
lateral wherenc = bd there is an interesting angle relation concerning the angle
formed by the sides and the diagonals, see [2] and [3]. Atzaitsithesdalanced
quadrilaterals.

Theorem 2 (vii) has the following corollary.

Corollary 3. The sums of the altitudes to opposite sides of a tangential quadrilat-
eral in the nonoverlapping triangles formed by the diagonals are equal if and only
if the quadrilateral is a kite.

Proof. If hq, hs, hs, hy are the altitudes from the diagonal intersectiBrio the
sidesAB, BC,CD, DAintrianglesABP, BCP,CDP, D AP respectively, then
according to [12] and Theorem 1 in [11] (with other notatlons

1 1 1 1

LR 4
i hs s ()

From this we get
h1 + hs ho + hy

hihs — hohy

Hence
hihs = hohy &  hi+hs=ho+ hy
and the proof is compleate. O

Remark. In [8] we attributed (4) to Minculete since he proved thisdition in [11].
After the publication of [8], Vladimir Dubrovsky pointed tthat condition (4) in
fact appeared earlier in the solution of Problem M1495 inRissian magazine
Kvant in 1995, see [12]. There it was given and proved by Yasiand Senderov
together with their solution to Problem M1495. This problemhich was posed
and solved by Vaynshtejn, was about proving a condition iterse inradii, see
(7) later in this paper. In [8, p.70] we incorrectly attribdtthis inradii condition to
Wu due to his problem in [15].

3. Conditionswith subtriangle inradii and exradii

In the proof of the next condition for when a tangential qulatiral is a kite we
will need the following formula for the inradius of a triamgl

Lemmad4. Theincirclein atriangle ABC with sides a, b, ¢ has the radius

at+b—c C
r=————>~=%tan —.

2 2
Proof. We use notations as in Figure 4, where there is one pair ofl ¢gogent
lengthsz, y andz at each vertex due to the two tangent theorem. For the sides of
the triangle we have =y + z,b = z + x andc = = + y; hencea + b — ¢ = 2z.
CI is an angle bisector, so
tan 5~ 3
and the formula follows. O
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Figure 4. Anincircle in a triangle

Theorem 5. Let the diagonals in a tangential quadrilateral ABC'D intersect at
P and let the inradii in triangles ABP, BCP, CDP, DAP be rq, ra, 13, 74
respectively. Then the quadrilateral isa kiteif and only if

r1+r3=r2+714.

Proof. We use the same notations as in Figure 2. The four incircldgtair radii
are marked in Figure 5. Sinten 7% = cot §, whered is the angle between the
diagonals, Lemma 4 yields

1+ Tr3="r9 414

— 0 — 0 —-b 0 —d 0

2 2 2 2 2 2 2 2
0 0
& (w+x+y+z—a—c)tan§=(w+x+y+z—b—d)cot§. (5)

Using the Pitot theorem + ¢ = b + d, (5) is egivalent to
(w+3:+y+z—a—c)<tang—cotg>:0. (6)

According to the triangle inequality applied in trianglé$3 P andC' D P, we have
w+y >aandx + z > c. Hencew + = + y + z > a + c and (6) is equivalent to

0 6 90 0 T
tan§—cot§—0 < tan 5—1 & 3= 1 & 6’—§
where we used tha# > 0, so the negative solution is invalid. According to Theo-
rem 2 (iii), a tangential quadrilateral has perpendiculagdnals if and only if it is

a kite. 0

Corollary 6. If rq, r9, r3, 74 are the same inradii as in Theorem 5, then the tan-
gential quadrilateral isakiteif and only if

r1r3 = rory.
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Figure 5. The incircles in the subtriangles

Proof. In a tangential quadrilateral we have according to [12] dr] [
1 1 1 1
—t —=—+— @)

™ r3 T2 T4 '

We rewrite this as
r1+ 173 ro + 74

173 TroTy

Hence
TN +1r3="ro+71y = 173 = 19Ty
which proves this corollary. O

Now we shall study similar conditions concerning the exramlithe same sub-
triangles.

Lemma 7. The excircleto side AB = cinatriangle ABC with sides a, b, ¢ has

theradius
a—i—b—i—ct C

an —.
2 2
Proof. We use notations as in Figure 6, where- v = ¢. Also, according to the
two tangent theorenb,+ v = a + v. Henceb+ u = a + ¢ — u, SO

R. =

a—b+c
U= ——"
2
and therefore b
For the exradius we have
‘ C R,
an — =
2 b+u
sinceC is an angle bisector, and the formula follows. O

Theorem 8. Let the diagonalsin atangential quadrilateral ABC'D intersect at P
and let the exradii in triangles ABP, BCP, CDP, DAP opposite the vertex P
be R1, Re, R3, R4 respectively. Then the quadrilateral isakiteif and only if

Ri + R3 = Ry + Ry.
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Figure 6. An excircle to a triangle

Proof. The four excircles and their radii are marked in Figure 7 c8ian ”T‘e =
cot % wheref is the angle between the diagonals, Lemma 7 yields

Ri+R3 =Ry + Ry
w+y+a 0 z+z+c 0 z+y+b 0 w+z+d 0

5 tan§+Ttan§:Tco‘c§+fC0t§
0 0

& (w+x+y+z+a+c)tan§:(w+x+y+z+b+d)co‘c§. (8)
Using the Pitot theorem + ¢ = b + d, (8) is egivalent to
0 0

(w+x+y+z+a+c)(tan§—00t§)=0. 9)

The first parenthesis is positive. Hence (9) is equivaleithab the second paren-
thesis is zero and the end of the proof is the same as in The@rem O

Corollary 9. If Ry, Rs, R3, R4 are the same exradii as in Theorem 8, then the
tangential quadrilateral isakiteif and only if

R1R3 = RaR,.

Proof. In a tangential quadrilateral we have according to Theoran§]

L1 _ 1 1
Ry Rs Re Ry
We rewrite this as

Ri+R3 Ro+ Ry
RiR3  RoRs
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Figure 7. The excircles to the subtriangles

Hence

Ri+R3=Ry+Ry &  RiR3=RoRy
completing the proof. O
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