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The Area of the Diagonal Point Triangle

Martin Josefsson

Abstract. In this note we derive a formula for the area of the diagonal point tri-
angle belonging to a cyclic quadrilateral in terms of the sides of the quadrilateral,
and prove a characterization of trapezoids.

1. Introduction

If the diagonals in a convex quadrilateral intersect atE and the extensions of the
opposite sides intersect atF andG, then the triangleEFG is called thediagonal
point triangle [3, p.79] or sometimes just the diagonal triangle [8], see Figure 1.
Here it’s assumed the quadrilateral has no pair of opposite parallel sides. If it’s a
cyclic quadrilateral, then the diagonal point triangle hasthe property that its ortho-
center is also the circumcenter of the quadrilateral [3, p.197].
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Figure 1. The diagonal point triangleEFG

How about the area of the diagonal point triangle? In a note inan old number
of the MONTHLY [2, p.32] reviewing formulas for the area of quadrilaterals, we
found a formula and a reference to an even older paper on quadrilaterals by Georges
Dostor [4, p.272]. He derived the following formula for the areaT of the diagonal
point triangle belonging to a cyclic quadrilateral,

T =
4a2b2c2d2K

(a2b2 − c2d2)(a2d2 − b2c2)

wherea, b, c, d are the sides of the cyclic quadrilateral andK its area. To derive
this formula was also a problem in [7, p.208].1 However, the formula is wrong, and
the mistake Dostor made in his derivation was assuming that two angles are equal
when they in fact are not. The purpose of this note is to derivethe correct formula.
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1But it had a misprint, the 4 was missing.
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As far as we have been able to find out, this triangle area has received little
interest over the years. But we have found one important result. In [1, pp.13–
17] Hugh ApSimon made a delightful derivation of a formula for the area of the
diagonal point triangle belonging to a general convex quadrilateral ABCD. His
formula (which used other notations) is

T =
2T1T2T3T4

(T1 + T2)(T1 − T4)(T2 − T4)

whereT1, T2, T3, T4 are the areas of the four overlapping trianglesABC, ACD,
ABD, BCD respectively. In [6, p.163] Richard Guy rewrote this formula using
T1 + T2 = T3 + T4 in the more symmetric form

T =
2T1T2T3T4

K(T1T2 − T3T4)
(1)

using other notations, whereK = T1 + T2 is the area of the convex quadrilateral.

2. The area of the diagonal point triangle belonging to a cyclic quadrilateral

We will use (1) to derive a formula for the area of the diagonalpoint triangle
belonging to a cyclic quadrilateral in terms of the sides of the quadrilateral.

Theorem 1. If a, b, c, d are the consecutive sides of a cyclic quadrilateral, then its
diagonal point triangle has the area

T =
2abcdK

|a2 − c2||b2 − d2|

if it’s not an isosceles trapezoid, where

K =
√

(s − a)(s − b)(s − c)(s − d)

is the area of the quadrilateral and s = a+b+c+d

2
is its semiperimeter.

Proof. In a cyclic quadrilateralABCD opposite angles are supplementary, so
sinC = sin A and sin D = sin B. From these we get thatsin A = 2K

ad+bc
and

sinB = 2K

ab+cd
by dividing the quadrilateral into two triangles by a diagonal in two

different ways. Using (1) and the formula for the area of a triangle, we have

T =
2 · 1

2
ad sin A · 1

2
bc sin C · 1

2
ab sin B · 1

2
cd sin D

K
(

1

2
ad sin A · 1

2
bc sin C − 1

2
ab sin B · 1

2
cd sin D

)

=
1

2
abcd sin2A sin2B

K
(

sin2A − sin2B
) =

1

2
abcd

K
(

1

sin2B
− 1

sin2A

)

=
2abcdK

(ab + cd)2 − (ad + bc)2
=

2abcdK

(ab + cd + ad + bc)(ab + cd − ad − bc)

=
2abcdK

(a + c)(b + d)(a − c)(b − d)
=

2abcdK

(a2 − c2)(b2 − d2)
.

Since we do not know which of the opposite sides is longer, we put absolute values
around the subtractions in the denominator to cover all cases. The areaK of the
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cyclic quadrilateral is given by the well known Brahmaguptaformula [5, p.24].
The formula for the area of the diagonal point triangle does not apply when two
opposite sides are congruent. Then the other two sides are parallel, so the cyclic
quadrilateral is an isosceles trapezoid.2

�

3. A characterization of trapezoids

In (1) we see that ifT1T2 = T3T4, then the area of the diagonal point triangle
is infinite. This suggests that two opposite sides of the quadrilateral are parallel,
giving a condition for when a quadrilateral is a trapezoid. We prove this in the next
theorem.

Theorem 2. A convex quadrilateral is a trapezoid if and only if the product of the
areas of the triangles formed by one diagonal is equal to the product of the areas
of the triangles formed by the other diagonal.

Proof. We use the same notations as in the proof of Theorem 1. The following
statements are equivalent.

T1T2 = T3T4,

1

2
ad sin A · 1

2
bc sin C = 1

2
ab sin B · 1

2
cd sin D,

sin A sin C = sin B sin D,

1

2
(cos (A − C) − cos (A + C)) = 1

2
(cos (B − D) − cos (B + D)) ,

cos (A − C) = cos (B − D),

A − C = B − D or A − C = −(B − D),

A + D = B + C = π or A + B = C + D = π.

Here we have used thatcos (A + C) = cos (B + D), which follows from the sum
of angles in a quadrilateral. The equalities in the last lineare respectively equiva-
lent toAB ‖ DC andAD ‖ BC in a quadrilateralABCD. �
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