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Maximal Area of a Bicentric Quadrilateral

Martin Josefsson

Abstract. We prove an inequality for the area of a bicentric quadgikat in
terms of the radii of the two associated circles and show lmeonstruct the
quadrilateral of maximal area.

1. Introduction

A bicentric quadrilateral is a convex quadrilateral thas bath an incircle and
a circumcircle, so it is both tangential and cyclic. Giveroteircles, one within
the other with radiir and R (wherer < R), then a necessary condition that there
can be a bicentric quadrilateral associated with theséesiis that the distancé
between their centers satisfies Fuss’ relation
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A beautiful elementary proof of this was given by Salazae (&3}, and quoted at
[1]). According to [9, p.292], this is also a sufficient cotain for the existence
of a bicentric quadrilateral. Now if there for two such caglexists one bicentric
quadrilateral, then according to Poncelet’s closure #mothere exists infinitely
many; any point on the circumcircle can be a vertex for oneheke¢ bicentric
quadrilaterals [11]. That is the configuration we shall gturdthis note. We derive
a formula for the area of a bicentric quadrilateral in termhighe inradius, the
circumradius and the angle between the diagonals, confdugéich quadrilateral
the area has its maximum value in terms of the two radii, apnd/$tow to construct
that maximal quadrilateral.

2. Moreon thearea of a bicentric quadrilateral

In [4] and [3, §6] we derived a few new formulas for the area of a bicentric
guadrilateral. Here we will prove another area formula ggiroperties of bicentric
quadrilaterals derived by other authors.

Theorem 1. If a bicentric quadrilateral has an incircle and a circumcie with
radii » and R respectively, then it has the area

K:r(r—i- 4R2+r2) sin 6
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whered is the angle between the diagonals.
Proof. We give two different proofs. Both of them uses the formula
K= %pq sin 6 Q)

which gives the area of a convex quadrilateral with diagepal; and angled
between them.

Figure 1. Using the inscribed angle theorem

First proof. In a cyclic quadrilateral it is easy to see that the diagoratssfy
p = 2Rsin B andq = 2Rsin A (see Figure 1). Inserting these into (1) we have
that a cyclic quadrilateral has the afea

K = 2R?sin Asin Bsin#. (2)

In [13] Yun proved that in a bicentric quadrilaterdlBC D (which he called a
double circle quadrilateral),

r2+r\/m

sin Asin B = 572

Inserting this into (2) proves the theorem.
Second proofin [2, pp.249, 271-275] itis proved that the inradius in ahitcic

guadrilateral is given by
pq

2v/pq + 4R2

Solving for the product of the diagonals gives
pq = 2r <r +V4R? + r2)

where we chose the solution of the quadratic equation wighpllas sign since
the product of the diagonals is positive. Inserting thig iflt) directly yields the
theorem. O

T =

1A direct consequence of this formula is the inequalify< 2R? in a cyclic quadrilateral, with
equality if and only if the quadrilateral is a square.
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Remark. According to [12, p.164], it was Problem 1376 in the journauxc
Mathematicorum to derive the equation

Pqg 4R? _q
4r? pqg
in a bicentric quadrilateral. Solving this also gives thedurctpg in terms of the

radii r and R.

Corollary 2. If a bicentric quadrilateral has an incircle and a circumcie with
radii » and R respectively, then its area satisfies

K§r<r+ 1R +1)
where there is equality if and only if the quadrilateral isight kite.

Proof. There is equality if and only if the angle between the dia¢pimgma right
angle, sincein 6§ < 1 with equality if and only iff = 7. A tangential quadrilateral
has perpendicular diagonals if and only if it is a kite acamgdo Theorem 2 (i)
and (i) in [5]. Finally, a kite is cyclic if and only if two oposite angles are right
angles since it has a diagonal that is a line of symmetry apdsife angles in a
cyclic quadrilateral are supplementary angles. a

We also have that the semiperimeter of a bicentric quadrdhsatisfies

s <r+ V4R? +r?

where there is equality if and only if the quadrilateral isght kite. This is a direct
consequence of Corollary 2 and the formiila= rs for the area of a tangential
quadrilateral. To derive this inequality was a part of PeoblL203 in Crux Mathe-
maticorum according to [10, p.39]. Another part of that peolbwas to prove that
in a bicentric quadrilateral, the product of the sides Batis

abed < %TZ(ZLRQ +1?).

It is well known that the left hand side gives the square ofarea of a bicentric
guadrilateral (a short proof is given in [4, pp.155-156]hu¥ the inequality can

be restated as
K < 3rVAR? + 12,

This is a weaker area inequality than the one in Corollaryl#civcan be seen in
the following way. An inequality between the two radii of @éntric quadrilateral
is R > v/2r.2 From this it follows thatt R? > 872, and so

3r < VAR2 +r2.

Hence, from Theorem 1, we have

K
— <r+ VAR? 412 < 5VAR? 412
;

so the expression in Corollary 2 gives a sharper upper bourtid area.

2References to several different proofs of this inequality given at the end of [6], where we
provided a new proof of an extension to this inequality.
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3. Construction of the maximal bicentric quadrilateral

Given two circles, one within the other, and assuming thatertric quadrilat-
eral exist inscribed in the larger circle and circumscribeaund the smaller, then
among the infinitely many such quadrilaterals that are agat®ut with these cir-
cles, Corollary 2 states that the one with maximal area igla kite. Since a kite
has a diagonal that is a line of symmetry, the constructiothisfis easy. Draw a
line through the two centers of the circles. It intersectdineumcircle at4 andC'.
Now all that is left is to construct tangents to the incir¢ieoughA. This is done by
constructing the midpoimt/ between the incentdrand A, and drawing the circle
with centerM and radiusM I according to [7]. This circle intersect the incircle at
E andF. Draw the tangentsl & and AF" extended to intersect the circumcircle at
B andD. Finally connect the pointd BC D, which is the right kite with maximal
area of all bicentric quadrilaterals associated with the ¢iwcles having centers
andO.

Figure 2. Construction of the right kit¢ BC D
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