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Pedal Polygons

Daniela Ferrarello, Maria Flavia Mammana, and Mario Pennisi

Abstract. We study the pedal polygoH: H - - - H,, of a point P with respect
to a polygonP, where the pointd{; are the feet of the perpendiculars drawn
from P to the sides ofP. In particular we prove that iP is a quadrilateral
which is not a parallelogram, there exists one and only one goifur which
the pointsH; are collinear.

1. Introduction

Consider a polygonl; As - - - A, and call itP. Let P be a point and le#; be the
foot of the perpendicular fron® to the lineA; A;,1,7 = 1,2,...,n (with indices
i taken modula2). The pointsH; usually form a polygorf{; Hs - - - H,,, which we
call thepedal polygorof P with respect td?, and denote b¥ (see Figure 1). We
call P thepedal point See ([2, p.22]) for the notion of pedal triangle.

H2 A2

Figure 1

In this article we find some properties of the pedal poly&bof a point P with
respect taP. In particular, wherP is a triangle we find the point® such that
the pedal triangld is a right, obtuse or acute triangle. WhBris a quadrilateral
which is not a parallelogram, we prove that there exists one and only amie/po
for which the pointsH; are collinear. Moreover, we find the poingfor which
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the pedal quadrilaterdl of P has at least one pair of parallel sides. We also prove
that, in general, there exists one and only one pedal point with respedtitth w
H is a parallelogram. In the last part of the paper, we find some properttags of
pedal polygorH in the general case of a polyg&hwith n sides.

2. Properties of the pedal triangle

Let P be a triangle. The pedal triangle of the circumcentePdt the medial
triangle of P; the one of the orthocenter is the orthic triangleRyf the one of
the incenter is the Gergonne trianglelf(i.e., the triangle whose vertices are the
points in which the incircle oP touches the sides @).

Theorem 1. [2, p.41]If P is a triangle, the pointdd; are collinear if and only if
P lies on the circumcircle oP.

The line containing the point#l; is called Simson lineof the point P with
respect t@ (see Figure 2).

Figure 2.

Theorem 2. [1, p.108]The pointd for which the pedal triangl# is isosceles are
all and only the points that lie on at least one of the Apollonius circles astautia
to the vertices oP.

The Apollonius circle associated to the vertéxis the locus of pointgd” such
that PA;11 : PAjro = AjAi1o @ A;A;+1. The three Apollonius circles are
coaxial and they intersect in the two isodynamic points of the triaRglg and/,.
Therefore the isodynamic points d? are the only points whose pedal triangles
with respect t@ are equilateral(see Figure 3).
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Figure 3

We will find now the pointsP whose pedal triangle is a right, acute, obtuse
triangle. LetP be a point (see Figure 4) and ldtA; 1 = a;102, PA; = x5,
H;H; .1 = hijys. Since the quadrilateral; H; PH; o is cyclic, h; = z;sin A4; ([2,
p.2]).

Figure 4
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By the Pythagorean theorem and its converse, the pedal trianglésafight in
H; if and only if
2
By the law of sines, this is equivalent to

22 2 9 2 9
a;T; = Qi 1T + Qi aTiys. (1)

22 sin® A; = x?_H sin? A1 + 33224_2 sin? Aiyo.

This relation represents the locysof points P for which the triangleH is right

in H;. Therefore, the locus of point8 whose pedal triangle is a right triangle is
~v1 U~y U~3. Observe that; contains the pointgl;,; and A;5; moreover;y; and
~;+1 intersect only in the point,; ;.

We verify now thaty, is a circle. Set up an orthogonal coordinate system such
that A, = (1,0) and A3 = (—1,0); let A} = (a,b) and P = (z,y). The relation
(1) becomes:

A((z=a)*+(y=0)*) = ((a+1)*+0°) ((x—1)*+y°)+((a—1)*+b%) ((a+1)*+¢?).

Simplifying, we obtain the equation of a circle:

(a® + 0% — 1)(2? + y?) + 4by — (a®> +b* — 1) = 0.

Moreover, it is not hard to verify that the tangents to the circumcircl® of
the pointsA4, and A; pass through the center of.

Analogously the same holds fos and~s;. We can then state that is a circle
passing through the point;; and A;»; the tangents to the circumcircle Bfin
the pointsA;,; and A; 5 pass through the centél; of ~;; moreover;y; and~y;+1
are tangent iM; ;. Then, if C;C3C5 is the tangential triangle ofl; A3 A3, ; is
the circle with cente€’; passing through;_; and A, (see Figure 5).

Figure 5

Observe that, by the law of cosines, the angléljrof the pedal triangle of is

obtuse if and only if:

2 2 2 2 2 2
a;xy > ;4T + AT,
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i.e., the pointP lies inside the circley;. Thus, we have established the following
theorem.

Theorem 3. The pedal triangle of a poinP is

(a) aright triangle if and only ifP lies on one of the circles;,

(b) an obtuse triangle if and only P is inside one of the circles;,
(c) an acute triangle if and only iP is external to all the circles;.

3. Properties of the pedal quadrilateral

Let P be a cyclic quadrilateral. The pedal quadrilateral of the circumcenter of
P is the Varignon parallelogram @&, and the one of the anticenter ([6, p.152]) is
the principal orthic quadrilateral @ ([5, p.80]).

Let P be a tangential quadrilateral. The pedal quadrilateral of the incenter of
is the contact quadrilateral &f, i.e., the quadrilateral whose vertices are the points
in which the incircle ofP touches the sides a&?.

For a generic quadrilateral, we consider the problem of finding the |pedats
for which the pointsH; are collinear.

It is easy to verify that if® has only one pair of parallel sides, there is only one
pedal pointP for which the pointsH; are collinear. P is the common point to
the lines containing opposite and non parallel sideB ofnd the pointdd; lie on
the perpendicular fron® to the parallel sides dP. On the other hand, iP is a
parallelogram, there is no point with respect to which the pdifjtare collinear.

Figure 6

Suppose now thd? is a quadrilateral without parallel sides (see Figure 6). Let
As be the common point to the line$; A; and A3 A4, and Ag the common point
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to A, A3 and A1 A4. Consider the four triangled; A Ag, As A3As, A3A4As,
A1 A4 A5, and letCy, Cs, Cs, C4 be their circumcircles, respectively.

If the pedal pointP lies on one of the circle§;, then, by Theorem 1, at least
three of the pointg1; are collinear. It follows that the four poinfg; are collinear
if and only if P lies in everyC;. The four circles are concurrent in the Miquel
point of the quartet of lines containing the sideskb{[3, p.82]). Thus, we have
established the following theorem.

Theorem 4. If P is a quadrilateral, that is not a parallelogram, there exists one
and only one pedal point with respect to which the pofitsare collinear.

We call this point theéSimson poinof the quadrilateraP, and denote it bys.
We call theSimson lineof P the line containing the point&;. Observe that the
points H; determine a quadrilateral if and only# ¢ C; U Co U C3 U Cy.

Theorem 5. If P is a quadrilateral which is not a parallelogram, the reflections of
the Simson point with respect to the lines containing the sid&s arfe collinear
and the linef containing them is parallel to the Simson line.

Figure 7

Proof. The theorem is trivially true iP has one pair of parallel sides. Suppose that
P is without parallel sides (see Figure 7). Ugt, i = 1,2, 3,4, be the reflection

of S with respect to the lined; A;1. The pointsS, H; and K; are collinear and
SH; = H;K;, thenkKj is the image of{; under the homothety(S, 2). Then, since
the pointsH; are collinear (Theorem 4), the poirk§ are also collinear. Moreover,
the line/ containing the pointé(; is parallel to the Simson line @. O
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Conjecture. If P is a cyclic quadrilateral without parallel sides, the lihpasses
through the anticentdl of P, and the Simson line bisects the segmeht.

Figure 8

The conjecture was suggested by using a dynamic geometry softwat€idsee
ure 8). However, we have been unable to prove it.

If P is a cyclic quadrilateral with a pair of parallel sides, tie1is an isosceles
trapezoid. The liné coincides with the Simson lingég., the line joining the mid-
points of the bases @, and passes through the anticentePofIn this case the
Simson line contains the segmentd .

We now find the points” whose pedal quadrilaterals have at least on pair of
parallel sides.

If P is a parallelogram, then the poinis whose pedal quadrilaterals have at
least one pair of parallel sides are all and only the points of the diagohRls o

Suppose now tha is not a parallelogram. We prove that the locusha point
P whose pedal quadrilateral has the sidds H, and H, Hs parallel is the circle
A1 A3S (see Figure 9).

First observe that' is a point with respect to whorf{{ H, and H, H3 are par-
allel because the pointH; are collinear. Set up now an orthogonal coordinate
system such that; = (—1,0) and A3 = (1,0); let As = (a,b), A4 = (¢,d) and
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P = (z,y). If H Hy andH, Hs are parallel, the® lies on the circley of equation:
(hd + kb)z? + (hd + kb)y* — (hk — 4bd)y = hd + kb,

whereh = a? + b> — 1 andk = ¢ 4+ d? — 1.
Note that the pointsl; and A3 are onry, and- is the circleA; A3S.

Figure 9

Analogously we can prove th#ite pointsP whose pedal quadrilateral has the

sidesH, H, and H3H, parallel is the circleA;A4S. Therefore we have estab-
lished the following theorem.

Theorem 6. The pointsP whose pedal quadrilaterals have at least one pair of
parallel sides are precisely those on the circkgAs.S and A> A4S.

Figure 10

In general, the circlesl; A3.S and A3 A4S intersect at two points, the Simson
point S and one other poinP* (see Figure 10). The pedal quadrilateralff is
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a parallelogram. We calP* the parallelogram pointof P. Observe that iP is a
parallelogram the parallelogram point is the intersection of the diagon&ts of

If P is cyclic, the pedal quadrilateral of the circumcertieof P is the Varignon
parallelogram ofP. Therefore, the parallelogram point Bfis O. It follows that
if P is cyclic, the Simson point is the intersection point of the cireled;O and
A9 A40, other thanO.

4. Some properties of the pedal polygon

Let P be a polygon withn sides. Consider the pedal polygdh of a point
P with respect toP. We denote byQ,; the quadrilateralPH; A; 1 H;.1, for
i=1,2,...,n. Since the angles i#/; and in H;; are right,Q; cannot be con-
cave.

Lemma?. If ABCD is a convex or a crossed quadrilateral such taBC and
C DA are right angles, then it is cyclic. Moreover, its circumcenter is the midpoin
of AC' and its anticenter is the midpoint & D.

Figure 11

Proof. Let ABC'D be a convex or a crossed quadrilateral witBC andC DA

right angles (see Figure 11). Then, it is cyclic with the diagoh@l as diameter.
(When it is a crossed quadrilateral it is inscribed in the semicircle with diameter
AC). Then its circumcenteaD is the midpoint ofAC.

Consider the maltitudes with respect to the diagoalsand BD. The malti-
tude througlO is perpendicular to the choid D of the circumcircle, then it passes
through the midpointd of BD. But also the maltitude relative tdC' passes
through H. Then, the anticenter of the quadrilateralHs Note that the malti-
tudes of a crossed quadrilatetdBC D are concurrent because they are also the
maltitudes of the cyclic convex quadrilater&” BD. O
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By Lemma 7, the quadrilateralg, are cyclic. Denote by); and A; the cir-
cumcenter and the anticenter@f respectively. We calD,0- . .. O,, thepolygon
of the circumcentersf P with respect toP and denote it byP.(P). We call
AL AL ... Al thepolygon of the anticentersf P with respect taP and we denote
it with P, (P).

Theorem 8. The polygorP.(P) is the image oP under the homothety (P, 3).

Proof. By Lemma 7, the circumcentér; of Q; is the midpoint of4; P (see Figure

12 for a pentagot?). O
Ay
H
01 H5
A2 02
As
Os
Oy
o
Hy . Ha
Az Hs Ay
Figure 12

Note that by varyingP the polygonsP.(P) are all congruent to each other (by
translation).

Theorem 9. The polygonP,(P) is the medial polygon oH, with vertices the
midpoints of the segments H; . fori =1,2,... n.

Figure 13
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Proof. By Lemma 7, the anticentet] of Q; is the midpoint ofH; H; 3 (see Fig-
ure 13 for a pentagon). O

Corollary 10. (a)If P is a triangle,P,(P) is the medial triangle oH.
(b) If P is a quadrilateral, P, (P) is the Varignon parallelogram dfl.

Theorem 11. If H is cyclic, the Euler lines of the quadrilaterald; are concurrent
at the circumcenter o .

Proof. The Euler line of the quadrilater&); passes through the circumcendr
of Q; and through the anticente¥, of Q; , that is the midpoint off; H;. 5, then it
is the perpendicular bisector of a sidelf(see Figure 14 for a quadrilateral)J

Figure 14

Corollary 12. If P is a triangle, the Euler lines of the quadrilateral®; are con-
current at the circumcenter & (see Figure 15)

Remark.If P is a quadrilateral an#l is not cyclic, the Euler lines of the quadri-
lateralsQ; bound a quadrilateral affine H ([4, p.471]).
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