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Distances Between the Circumcenter of the Extouch
Triangle and the Classical Centersof a Triangle

Marie-Nicole Gras

Abstract. We compute, in a triangle, the distances between the circumcenter
of the extouch triangle and the circumcenter, the incenter, and the orthocenter,
respectively. For this calculation, we use the absolute barycentric coordinates
and obtain relatively simple formulas which seem unknown. To conclude, we
compute the barycentric coordinates of the incenter of the extouch triangle.

1. Introduction

We consider a triangle ABC and we denote by O the circumcenter, I the in-
center, H the orthocenter, GG the centroid, and IV the nine-point center. We denote
the side-lengths by a, b, ¢, the semiperimeter by s, R the circumradius, and r the
inradius. The distances between the classical centers of the triangle ABC are well
known. We recall that

OI* = R* —2Rr,
OH? = R* — 8R? cos A cos B cos C,
HI? = 21 — 4R? cos A cos B cos C.

Figure 1.

It is well known that the circle through the excenters of triangle ABC' has center
I’, the reflection of I in O, and that the radii through the excenters are perpendic-
ular to the corresponding sides of ABC'. It follows that the extouch triangle XY Z
is the pedal triangle of I’, and its circumcircle is the common pedal circle of I’ and

Publication Date: February 24, 2014. Communicating Editor: Paul Yiu.
The author would like to thank Paul Yiu for his help in the preparation of this paper, for his
suggestions and valuable supplements.



52 M.-N. Gras

its isogonal conjugate I'*. The circumcenter  is the midpoint between I’ and I'*.
In this note we compute the distances between 2 and the above classical triangle
centers.

Theorem 1. .
(@) Q0% = R? - W cos Acos B cosC.

(b) QI? = 2R?> — 4Rr — w cos A cos B cos C.
(c) QH? = 2R? — 4Rr — 21 — w cos A cos B cosC.

™

We collect a number of useful formulas for cyclic sums of trigonometrical ex-
pressions involving the angles of a triangle.

Lemma 2.
(@) cos A+ cos B+ cosC = %.

(B) 2 cyaie cos Beos & = (2}22;; )" 1 cos A cos B cosC.
(©) X eyaticSin Acos A = 7.
(d) chchc(cos B+ cosC)sinA = sinA +sin B +sinC = 3.

(e)sin Asin BsinC = ) cos BeosC)sin A = 575.

CyCliC(

2. Homogeneous barycentric coordinates of some centers

In the Encyclopedia of triangles centers[1], henceforth referred to as ETC, Kim-
berling publishes a list of more than 5600 triangle centers with homogeneous tri-
linear and barycentric coordinates. In this paper we consider barycentric coordi-
nates exclusively. An introduction to barycentric coordinates can be found in [3].
Sometimes it is useful to work with absolute barycentric coordinates. For a finite
point, the absolute barycentric coordinates can be found from a set of homogeneous
barycentric coordinates by dividing by its coordinate sum. If the triangle center
X (n) in ETC is a finite point, we denote by («v,, 55, 7») its absolute barycentric
coordinates.

[n [X(n) ] an |
1 T Bsind .
3| O %(RCOS A)
4| H W@R cos B cos C)
8 | N, %(QR(COS A+ cosBceosC) — 2r)
200 L % -2R(cos A — cos BcosC)
40| I %(QRCOSA —r)

The isogonal conjugate of I’ := X (40) is the triangle center X (84).

RsinA  (2Rcos B—r)(2Rcos C—r)
s T .

Proposition 3. ags =
Proof. Since, in homogeneous barycentric coordinates,

X(40) = (sin A(2Rcos A —7) : sin B(2Rcos B —1) : sinC(2RcosC —r)),
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we have

sin A sin B sin C'
X(84) = : : .
(84) (QRCOSA—T 2RcosB —r 2RCOSC—T’>
Therefore,
sin A
2Rcos A—r

g4 = sin A + sin B + sin C'
2R cos A—r 2R cos B—r 2RcosC—r

sin A(2Rcos B — r)(2Rcos C' — r)
> eyclic St A(2Rcos B —1)(2Rcos C — 1)’

Using the formulas in Lemma 2, we have

Z sin A(2Rcos B —r)(2RcosC — r)

cyclic
= 4R? Z sin A cos BcosC — 2Rr Z sin A(cos B + cos C) 4 12 Z sin A
cyclic cyclic cyclic
rs S S
= 4R2-ﬁ—2Rr-§+r2-E
_ r2s
= =
From this the result follows. O

Lemma4. Thelinejoining X (40) and X (84) contains the Nagel point X (8).

Proof. With ¢t = -5, we have

ﬁ!
(1 —t)auo + tass
Rsin A r r  (2Rcos B —7r)(2RcosC — )
= 1——) (2 s A — _.
] <( 2R)( Fcos )+ 2R r
Rsin A 2 2
= T:l <2RcosA—rcosA—r+;R+2RcosBcosC’—r(cosB+cosc)+;R)

. A 2
_ [Bsin <2RcosBcosC’+2RcosAr(cosAJrcosBJrcosC’) —7r+ ;)

rs
: 2
= Rsin A 2RcosBcosC’Jr2RcosAf7"~RJrrfrJrL
rSs R R
Rsin A
= s:; (2Rcos BcosC + 2R cos A — 2r)

= asg.

]

Proposition 5. The circumcenter €2 of the extouch triangle lies on the line joining
X (40) and X (8). It hasfirst absolute barycentric coordinate

inA [2R?
a:RS:: (fcosBcosC+2RcosA—(R+r)>_
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Proof.
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Since €2 is the midpoint of X (40) and X (84), it follows from Lemma 4 that

it lies on the line X (40) X (8). Furthermore,

1
— (0 + aga)

2

RsinA (2RcosA—r (2Rcos B —r1)(2RcosC —r)
TS < 2 * 2r )

RsinA (2Rcos A—1)r+ (2Rcos B —r)(2RcosC — r)
rs 2r

Rsin A 4R?cos BcosC + 4Rr cos A — 2Rr(cos A + cos B + cos C)
rs 2r

Rsin A 4R?cos BcosC +4Rrcos A — 2(R+17)r
rs 2r
: 2

RS;?A (2]5 cos BcosC + 2R cos A — (R—i—r)) i

Remark. In ETC, Q is the triangle center X (1158).

Figure 2.

Figure 2 shows €2 on the line joining I’ to N,. Since the deLongchamps point
L = X (20) is the reflection of H in O, O is the common midpoint of 77" and H L.
From this, I H is parallel to I’ L. Also, the centroid G divides both segments I N,
and HL intheratio 1 : 2, HI is also parallel to N,. It follows that L lies on the
line I' N, and I’ is the midpoint of LN,.

Lemma6. QI' = & . HT.
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Proof. By Proposition 5,
Rsin A (2R?
a—ayy = o < cos BecosC +2Rcos A— (R+1r) — (2Rcos A — r)>
rs T
RsinA (2R?
— oo < cos BcosC — R>
rs T
R RsinA
— v o (2Rcos BcosC — )
T TS
R
= ?(a4 —ay).
(]

3. Proof of Theorem 1

Lemma7. (a) 2Q0? — QI? = 4Rr — @ cos A cos B cosC.

(b) 2Q0% — QH? = 4Rr + 2r* —

T

A

Figure 3.

Proof. (a) Applying Apollonius to the median QO of triangle QI1’, we have

From this,
2002 — Q1% =

QI% 4+ QI” = 2(Q0* + OI?).

QI — 2012
2
R—zHIQ — 2007
,
R2

= (2r? — 4R? cos Acos BcosC) — 2R(R — 2r)
4

4
4Rr — i; cos A cos B cos C.
r

(b) Applying Apollonius to the median QO of triangle QH L, we have

QH? + QL? = 2(Q0% + OH?).

4,%2 (R? + 2Rr — 3r?%) cos A cos B cos C.
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From this,

M.-N. Gras

200% — QH? = QL? — 20H?

2
= MHIQ —20H
T
2
= (R;r)(%g — 4R? cos A cos Bcos C)

— 2R?(1 — 8cos A cos B cos C)

4 2
= 4Rr + 2r% — ri; (R2 +2Rr — 37’2) cos A cos B cosC.

([l
Lemma8. Q02 —QI? = —R?2+ 4Rr — 4TR3 cos Acos BeosC.
Proof. We begin with AI? = - ’";A = (Sjl;jé’;ic) = =%bc = bc — %”C =
sin 5
4R?sin Bsin C — 4Rr; similarly for BI? and CI2. Therefore,

aAI? + BAB? + 4C1T?

= 4R?sin Asin BsinC (

p L0
sinA  sinB sinC

>4Rr(0z+ﬁ+7)

AR >—4Rr

+ sinB  sinC

R 2R?
= 2rs- — E ——cos BcosC +2RcosA— (R+r) ) —4Rr
rs r

cyclic

2R?
= 2R Z (rcosBcosC+2RcosA— (R+r)> —4Rr

cyclic

2R +r)r R+

2R2
= 2R( <
r

SR +COSACOSBCOSC>+2R- —3(R+T))—4Rr

3

R

4R
= 2R%? — 4Rr + — cos Acos BcosC.
r

We make use of a formula of Scheer [2]. For an arbitrary point P,

QP? = aAP? + BBP% + yCP? — (Bya® + yab® + afc?).

Applying thisto P = O and P = I respectively, we have

QO0? — QI? = (AO? + BBO? + vCO?) — (aAI* 4+ BBI? +~CI?)

= R?— (aAI” + BBI? + 4CI?)

2 2 4R?
= R°— (2R* —4Rr + —— cos Acos Bcos C)
r

3

4R
= —R?>+ 4Rr — —— cos Acos B cosC.
r



Distances between circumcenter of extouch triangle and classical centers 57

Now we complete the proof of Theorem 1.
(a) For the distance from €2 to the circumcenter:

Q02 = (200° — QI?) — (0% — QI?)

4
<4Rr — % cos A cos B cos C)
r

3
— <R2 +4Rr — ﬁ cos A cos B cos C’>
T

B AR3

= R? ——(R—r)cos Acos BcosC.
r

(b) For the distance from €2 to the incenter:
Qr? = Q0? — (Q0? — QI?)

- (R2 ———(R—7) cosAcosBcosC)

3

— <R2 + 4Rr — ﬂ cos A cos B cos C)

r
4R3

2R?* — 4Rr — —— (R —2r)cos Acos B cos C.
r

(c) For the distance from §2 to the orthocenter:

QH? = 2007 — (2002 — QH?)

3
=2 (R2 - %(Rfr) cosAcosBcosC’>
r

2
— <4R7’ + 212 — % (R2 + 2Rr — 3r2) cos A cos B cos C’)

4R?
’I“2

= 2R? —4Rr — 2r% — (R2 —4Rr + 37’2) cos Acos BceosC.

The proof of Theorem 1 is now complete.

Since the centroid G and the nine-point center N divide the segment OH in the
ratio OG : ON : OH = 2 : 3 : 6, further applications of the Apollonius theorem
yield the distances from €2 to G and N.

Corallary 9.
(a) QG* = 2(5R? — 6Rr — 3r%) — % (9R? — 18Rr + 5r?) cos A cos B cos C.
(b) QN2 = %RQ —2Rr —r? — 27%2 (2R2 —5Rr + 2r2) cos Acos BcosC.

Remarks. (1) Since 4R? cos A cos B cos C = s% — (r + 2R)?, these distances can
all be expressed in terms of R, r, s.
(2) We also note the two simple relations:
(i) Q0 + o2 = BB g2,
T _ OIxHI
(if) QI = =25,
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4. The cyclcocevian conjugate of the Nagel point

Since the circumcircle of the extouch triangle is the pedal circle of I’ = X (40),
it is also the pedal circle of I'* = X (84). The pedals of X (84) are the vertices of
the cyclocevian conjugate of the Nagel point N, = X (8). It is interesting to note
that this is also a point on the line I’ N,,. In ETC, this is X (189) with homogeneous
barycentric coordinates are

1 1 1
(cosB+cosC—cosA—l "cosC +cosA—cosB—1" cosA—|—cosB—cosC—1>'

Figure 4

Proposition 10. The first absolute barycentric coordinate of the cyclocevian con-
jugate of the Nagel point is

Rsin A

g9 = ((2Rcos A — 1) + k(2R cos BecosC — 1)),

where
(4R + r)r + 4R? cos A cos B cos C
r2+4R%2cos Acos BcosC

Proof. The point X (189) divides I’ N, in the ratio

N, X(189) : X(18NI' =t :1—t
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_ —4Rr H
fort = r2+4+4R? cos Acos BcosC'” From this,

a1gg = tago + (1 —t)ag

in A
— Rsin (t(2Rcos A—71)+ (1 —t)(2Rcos BcosC + 2R cos A — 2r))

rs
in A
_ fsin (2RcosA—r)+ (1 —t)(2RcosBcosC —1)).
rs
The coefficient 1 — ¢ is k given in the statement of the proposition. O

5. The centroid and orthocenter of the extouch triangle

The centroid of the extouch triangle is very easy to determine: It is the triangle
center

X+Y+7Z 1<(0,c—|—a—b,a+b—c) N (b+c—a,0,a+b—c)

3 3 2a 2b
(b+c—a,c+a—>,0)
* 2c )
_ (a(b+c)(b+c—a),blc+a)(c+a—Db),cla+b)(a+b—rc))
6abc ’

This is the triangle center X (210) in ETC. Clearly,

alb+c)(b+c—a)
6abe '

@210 =

By expressing this in the form

in A
g = 150 (]; - (sin B + sin C)(sin B + sin C' — sin A)) . Q@
s

we easy determine also the orthocenter of the extouch triangle:

Proposition 11. The orthocenter of the extouch triangle hasfirst absol ute barycen-
tric coordinate

o = Rsin A (R((sinB +sinC)(sin B+sinC —sin A) — 4cos A)

s
4 2

- RcosBcosC’+2(R+r)>.
r

Proof. Since the orthocenter divides the centroid X (210) and the circumcenter
Q in the ratio 3 : —2, we have the first absolute barycentric coordinate equal to
o/ = 3a1p — 2a. The result follows from Proposition 5 and (1) above. O

Remark. In terms of a, b, ¢, the orthocenter of the extouch triangle has homoge-
neous barycentric coordinates

(af(a,b,c)g(a,b,c) :bf(b,c,a)g(b,c,a): cf(c,a,b)g(c,a,b))
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where
fla,b,¢) = a*(b+c¢) —a’(b—c)* —ab+c)(b—c)* + (b* — 2)?,
gla,b,c) = a® —a*(b+c) —2a3 (b — )2 + 2a*(b+ ¢)(b? + )
+ a(b — 4bPc — 26%% — 4b® + ) — (b — )2 (b + ¢)>.

Itis not in the current edition of ETC and has (6—9—13)-search number 52.7618273660 - - -

6. Theincenter of the extouch triangle
Lemmal2. Letd/, V', ¢’ bethe sidelengths of the extouch triangle XY Z.
a? = a*(1-sin BsinC), V2 =0b*(1-sinCsinA), > = c*(1—sin Asin B).

Proof. It is enough to establish the expression for a’2. Since AY = s — c and
AZ = s — b, applying the law of cosines to triangle AY Z, we have

a?= (s—b)?+(s—c)* —2(s—b)(s—c)cos A

= (s=b)2 4+ (s—c)* —2(s—Db)(s—c) (20052;1—1)

- (s—b)2+(s—c)2+2(s—b)(s—c)—4(5—b)(s—c)~S(Sb; @)
2
= (-D)+(-aP -
_ oo
N be
= a*(1 —sin Bsin Q)
since A = %casinB = %absin C. O

Proposition 13. Theincenter of the extouch triangle has homogeneous barycentric
coordinates

(sin B+sinC —sin A)(v1 —sinCsin A ++v1 —sin AsinB) : -1 --).

Proof. With reference to triangle XY Z, this incenter has homogeneous barycen-
tric coordinates (a’ : o' : ¢/). The absolute barycentric with reference to ABC'is
therefore

dX+bVY +cJZ

a +b +c
In homogeneous coordinates, this can be taken as
dX+VY +7
a(0,c+a—ba+b—c) V(b+c—a,0,a+b—c) db+c—a,c+a—>0)
+ +
2a 2b 2¢c

_ ;((b—kc—a) (Z*i)’“”‘b) (i#;’),(wb—c) (+Z))

The result follows from the law of sines and an application of Lemma 12. O
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We conclude by giving the coordinates of the incenter of the extouch triangle in
terms of a, b, c. Using the Heron formula

202¢2 + 2¢2a% + 2a2b% — ot — bt — 4

A? =
16 ’
we have
o 4a’bc — 16A2
@ = 4bc
B 4a’be — 2b%c? — 2¢%a® — 2a%b? + at + bt + ¢
B 4bc
_at—2a%(b—¢)? + (b* — ?)?
N 4be '
Therefore,
a  /be(at —2a2(b— )2 + (b2 — 2)?)
a 2abc ’
similarly for & and <. This leads to

(bJrcfa (\/ca 4 2b2(c — a)? + (2 — a2)2) + ab(c* — 2¢2(a — b)2 (27b2)2)>

This is a triangle center not in the current edition of ETC. It has (6 — 9 — 13)-
search number 4.66290502201 - - -
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