Forum Geometricorum

Volume 14 (2014) 127–128.

FORUM GEOM

ISSN 1534-1178

A Note on the Fermat-Torricelli Point of

a Class of Polygons

Cristinel Mortici

Abstract. The aim of this note is to prove a result related to the Fermat-Torricelli point for a class of polygons.

The French mathematician Pierre Fermat (1601-1665) proposed at the end of his book Treatise on Minima and Maxima the search for a point T in the plane of a triangle ΔABC for which the sum T A + T B + T C of the distances from T to the vertices is minimum. As the problem was first proved by the Italian scientist Evangelista Torricelli (1608-1647), the point T is sometimes called the Fermat- Torricelli point. The geometric construction of the Fermat-Torricelli point can be found in many textbooks, the most well known being that which uses the equilateral triangles constructed on the sides of the given triangle. If all angles of the given triangles are smaller than or equal to 2π/3, then

∠AT B = ∠BT C = ∠CT A = 2π 3 . The problem has been studied by Fejes Tóth [2], Kazarinoff [3], and other specialists in geometric inequalities.

A history of Fermat’s problem can be find in Boltyanski et al. [1]. We propose here the following new result that can be considered as an extention of Fermat’s problem for a particular class of polygons. Remarks on this form can be found in [4]. Moreover, the proof provided is quite elementary.

Let there be given in plane n + 1 points T , A_1, A_2, . . . , A_n. We say that the figure consisting of the union of the segments T A_1, T A_2, . . . , T A_n is a star if A_1A_2...A_n is a n-sided polygon and

∠A_1T A_2 = ∠A_2T A_3 = · · · = ∠A_nT A_1 = 2π n . Let us denote such a star by [T ; A_1, A_2, . . . , A_n]. Now we are in the position to give our result.

Publication Date: March 26, 2014. Communicating Editor: Paul Yiu.

This work was supported by a grant of the Romanian National Authority for Scientific Research, CNCS-UEFISCDI project number PN-II-ID-PCE-2011-3-0087.

128 C. Mortici

Theorem 1. Let [T ; A_1, A_2, . . . , A_n] be a star. Then for every point M, we have T A_1 + T A_2 + · · · + T A_n ≤ MA_1 + MA_2 + · · · + MA_n.

Proof. Let us consider the complex plane with the origin T and the positive real axis T A_1. Let r_k = T A_k, and assume that r_kω^{k−1} is the complex number associated with the point A_k, for every 1 ≤ k ≤ n, where

ω = cos 2π n + i sin 2π n . For any point M associated with a complex number z, we have MA_1 + MA_2 + · · · + MA_n = |z − r_1| + |z − r_2ω| + · · · + | z − r_nω^{n−1} | = |z − r_1| + | | z ω − r_2 | | + · · · + | | z ω^{n−1}

− r_n | | ≥ | |(z − r1) + ( z ω − r_2 ) + · · · + ( z ω^{n−1}

− r_n )| | = | | |z ( 1 + 1 ω + · · · + 1 ω^{n−1} ) − (r_1 + r_2 + · · · + r_n) | | | = |− (r_1 + r_2 + · · · + r_n)| = r_1 + r_2 + · · · + r_n = T A_1 + T A_2 + · · · + T A_n, and we are done. □

References

[1] V. Boltyanski, H. Martini, and V. Soltan, Geometric Methods and Optimization Problems, Kluwer Academic Publishers, Dordrecht, The Netherlands, 1999.

[2] L. Fejes Tóth, Lagerungen in der Ebene, auf der Kugel und im Raum, Berlin, 1953. [3] N. D. Kazarinoff, Geometric Inequalities, Random House, New York, 1961. [4] C. Mortici, 600 Problems (600 de probleme), Gil Publishing House, Zalău, 2000 (in Romanian).

Cristinel Mortici: Valahia University of Târgovişte, Department of Mathematics, Bd. Unirii 18, 130082 Târgovişte, Romania

E-mail address: cmortici@valahia.ro