Forum Geometricorum

Volume 14 (2014) 247–248.

FORUM GEOM

ISSN 1534-1178

Two Tangent Circles from Jigsawing Quadrangle

Tran Quang Hung

Abstract. We establish the tangency of two circles associated with the jigsawing quadrangle of Floor van Lamoen.

Floor van Lamoen [1] has given a construction, for an acute angled triangle ABC, a pair of isotomic points QP , Q on BC such that when perpendiculars at P , Q to BC are constructed to intersect AB and AC at P^′ and Q^′ respectively, the quadrangle P P^′Q^′Q satisfies P^′Q^′ = P P^′ + QQ^′ (see Figure 1). If the triangles BP P^′ and CQQ^′ are rotated about P^′ and Q^′ respectively, so that the images of P and Q coincide at a point on P^′Q^′, then the images of B and C coincide at a point A^′ such that the quadrangle AP^′A^′Q^′ is cyclic. van Lamoen also showed that AA^′ passes through the circumcenter O of triangle ABC. Denote by S the center of the circle through the four points. We show that this circle is tangent at A^′ to another circle naturally associated with the triangle. Let the tangents at B and C to the circumcircle of ABC intersect at T .

Theorem. The circles through A, P^′, A^′, Q^′ is tangent at A^′ to the circle, center T , passing through B and C.

Proof. (1) We first show that A^′ also lies on the circle, center T , passing through B and C. Note that triangles P^′BA^′ and Q^′CA^′ are isosceles (see Figure 1). Therefore,

∠BA^′C = 360^∘ − ∠BA^′P^′ − ∠P^′A^′Q^′ − ∠Q^′A^′C

= 360^∘ −

180^∘ − ∠BP^′A^′ 2 − (180^∘ − ∠BAC) −

180^∘ − ∠CQ^′A^′ 2 = ∠BP^′A^′ + ∠CQ^′A^′ 2 + ∠BAC = ∠AQ^′A^′ + ∠CQ^′A^′ 2 + ∠BAC = 90^∘ + ∠BAC

= 180^∘ − 1 2 ∠BT C.

Publication Date: September 16, 2014. Communicating Editor: Paul Yiu.

248 Q. H. Tran

This shows that A^′ lies on the circle, center T , passing through B and C.

PP^′Q^′QOA^′ABCTS

Figure 1.

(2) We show that the points S, A^′, and T^′ are collinear. ∠SA^′Q^′ + ∠Q^′A^′C + ∠CA^′T = (90^∘ − ∠A^′P^′Q^′) + ∠Q^′CA^′ + (90^∘ − ∠A^′BC) = 180^∘ − ∠BP^′P + ∠ACB − (180^∘ − ∠BA^′C) = 180^∘ − (90^∘ − ∠ABC) + ∠ACB − (90^∘ − ∠BAC) = ∠ABC + ∠ACB + ∠BAC = 180^∘.

Therefore, A^′ lies on the segment ST .

It follows that the two circles are tangent externally at A^′. □ Reference [1] F. M. van Lamoen, Jigsawing a quadrangle from a triangle, Forum Geom., 13 (2013) 149–152.

Tran Quang Hung: High school for Gifted students, Hanoi University of Science, Vietnam National University, Hanoi, Vietnam

E-mail address: analgeomatica@gmail.com