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A Purely Synthetic Proof of Dao’s Theorem on Six
Circumcenters Associated with a Cyclic Hexagon

Telv Cohl

Abstract. We present a purely synthetic proof of Dao’s theorem on six circum-
centers associated with a cyclic hexagon.

Nikolaos Dergiades [4] has given an elegant proof using complex numbers of
the following theorem.

Theorem (Dao [2]). Let six points A, B, C, D, E, F lieonacircle, and U =
AFNBC,V=ABNCD,W =BCNDE, X=CDNEF,Y=DENFA,
Z = EF N AB. Denote by O1, Oz, O3, Oy4, Os, Og the circumceneters of the
six triangles ABU, BCV, CDW, DEX , EFY, FAZ. Thethreelines 0,0y,
0205, O304 are concurrent.

Figure 1

In this note we present a purely synthetic proof.

Lemmal. Let A, B, C, A’, B', C’ be six points (in cyclic order) on a circle (O),
and X = ABNA'C, X' = A/B'n AC’. Let O, O} be the circumcenters of
(XBC), (X'B'C") respectively. Thelines 0,0, BB’, CC’ are concurrent (see
Figure 2).
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Figure 2

Proof. Since the triangles X BC and X A’A are inversely similar, the diameter
XY of (O) isandtitude of triangle X A’ A. Similarly, the diameter X'Y” of (O})
is an altitude of triangle X A’A. Hence, XY and X'Y’ are paralel, and X X',
Y'Y’ intersect at a point P that divides these segments in the ratio of the radii of
the circles. Clearly, P aso lies on the segment O, 0. Thelines X B, X’ B’ and
their perpendiculars Y B, Y’ B’ meet at the points Z’, Z respectively. If AAgp isa
diameter of (O), then A’Ay LA’ A. Sincethepoints Z, B, B’, Z' are concyclic, we
have ZZ'|| A’ Ay because they are both antiparallelsto BB’ relativeto AgZ, A’Z’.
Hence XY || X'Y'||ZZ', and are perpendicular to A’A. By Desargues theorem,
the triangles (XY B) and (X'Y’B’) are perspective. Hence, BB’ passes though
P. Similarly we prove that CC’ passes through P. O

We reformulate and prove Dao’s theorem in the following form.

Theorem 2. Divide a circle in six consecutive arcs co, a1, by, c1, a2, by with the
arbitrary points A, B, C, A’, B/, C’. Let the chords of the arcs as, b, co bound
atriangle A, B1Cq, and those of the arcs aq, b1, ¢; bound atriangle A5 B>Cs. |If
01, O}, Og, 0%, O3, O% are the circumcenters of the circles (A4, BC), (A2 B'C’),
(B1C'A), (B2CA"), (C1A'B’), (C2AB) respectively, thenthelines O, 0, 0205,
0304 are concurrent (see Figure 3).

Proof. Let A3 = BB'NCC’', By = CC' N AA, and C3 = AA' N BB'. By
Lemma 1 the points As, Bs, Cs lie on the lines 010}, 0205, O30 respectively.
Denote
/Z01BAs = Ay, /09C'Bs = B, Z03A'Cy = C,,
Z0.CAs3 = A, Z09AB3 = By, Z03B'Cy = Cy.
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Figure 3

We have A, = Z/01BC + Z/CBA3 = 90° — ZCA1B + ZCBB' or

a2+b1+01—a1+52+c1 a1 +by —as — by

A — o — o
b 90 5 5 90 + 5
Similarly,
b —b by —ags —b
B, = 90° — 2 +c1+ap 1+a2+01:900_a1+2 as L

2 2 2
From these, A, + B, = 180°, and sin A, = sin B,. Similarly, sin B, = sin(},
and sin C, = sin A..
Consider 014301, 02 B304, and O3C30% as lines through the vertices of tri-
angle A3 B3Cs5. Let Ry betheradius of the circle (O1). Since

sin Ap sin Ay 0143 sin A, sin A,

sinC3A4307 ~ sin BA3O; Ry sinO1AsC  sin O} A3Bs’

sin C3A30) _ sin A,

. SiIlAngOl2 __ sin B¢ SintCg,Oé _
we have sinO]A3B3 ~ sinAc’ Smllarly’ sinO,B3C3 ~ sinBg' d sinO5C3A3 —
sinCa Therefore,

s Cp

sin C3A30] sin A3B305 sin B3C305  sin A, sinB. sinCy
sin O] A3B3  sin 04B3C3  sin O5C3A3 ~ sinA. sinB, sinCp
By the converse of Ceva's theorem, we conclude that thelines 0,0}, 0205, O304
are concurrent. [l

1.
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