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Angle and Circle Characterizations of
Tangential Quadrilaterals

Martin Josefsson

Abstract. We prove five necessary and sufficient conditions for a convex quadri-
lateral to have an incircle that concerns angles or circles.

1. Introduction

A tangential quadrilateralis a convex quadrilateral with an incircle, i.e., a circle
inside the quadrilateral that is tangent to all four sides. In [4] and [5] wereviewed
and proved a total of 20 different necessary and sufficient conditions for a convex
quadrilateral to be tangential. Of these there were 14 dealing with differentdis-
tances (sides, line segments, radii, altitudes), four were about circles (excluding
their radii), and only two were about angles. In this paper we will prove five more
such characterizations concerning angles and circles. First we reviewtwo that can
be found elsewhere.

A characterization involving the four angles and all four sides of a quadrilateral
appeared as part of a proof of an inverse altitude characterization of tangential
quadrilaterals in [6, p.115]. According to it, a convex quadrilateralABCD with
sidesa = AB, b = BC, c = CD andd = DA is tangential if and only if

a sinA sinB + c sinC sinD = b sinB sinC + d sinD sinA.

In the extensive monograph [9, p.133] on quadrilateral geometry, the following
characterization is attributed to Simionescu. A convex quadrilateral is tangential if
and only if its consecutive sidesa, b, c, d and diagonalsp, q satisfies

|ac− bd| = pq cos θ

whereθ is the acute angle between the diagonals. The proof is a simple application
of the quite well known identity2pq cos θ =

∣

∣b2 + d2 − a2 − c2
∣

∣ that holds in all
convex quadrilaterals. Rewriting it as

2pq cos θ =
∣

∣(b+ d)2 − (a+ c)2 + 2(ac− bd)
∣

∣ ,

we see that Simionescu’s theorem is equivalent to Pitot’s theorema + c = b + d

for tangential quadrilaterals. In Theorem 2 we will prove another characterization
for the angle between the diagonals, but it only involves four different distances
instead of six.

Publication Date: January 23, 2014. Communicating Editor: Paul Yiu.
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2. Angle characterizations of tangential quadrilaterals

It is well known that a convex quadrilateral has an incircle if and only if thefour
angle bisectors of the internal vertex angles are concurrent. If this point exist, it is
the incenter. Here we shall prove a necessary and sufficient conditionfor an incircle
regarding the intersection of two opposite angle bisectors which characterize the
incenter in terms of two angles in two different ways. To prove that one of these
equalities holds in a tangential quadrilateral (the direct theorem) was a problem in
[1, p.67].

Theorem 1. A convex quadrilateralABCD is tangential if and only if

∠AIB + ∠CID = π = ∠AID + ∠BIC

whereI is the intersection of the angle bisectors atA andC.

Proof. (⇒) In a tangential quadrilateral the four angle bisectors intersect at the
incenter. Using the sum of angles in a triangle and a quadrilateral, we have

∠AIB + ∠CID = π −
(

A

2
+

B

2

)

+ π −
(

C

2
+

D

2

)

= 2π − 2π

2
= π.

The second equality can be proved in the same way, or we can use that the four
angles in the theorem make one full circle, so∠AID + ∠BIC = 2π − π = π.

b

A

b
C

b
D

b

B

b
I

b

D′

b D′′

Figure 1. Construction of the pointsD′ andD′′

(⇐) In a convex quadrilateral whereI is the intersection of the angle bisectors
atA andC, and the equality

∠AIB + ∠CID = ∠AID + ∠BIC (1)

holds, assume without loss of generality thatAB > AD andBC > CD. 1 Con-
struct pointsD′ andD′′ on AB andBC respectively such thatAD′ = AD and
CD′′ = CD (see Figure 1). Then trianglesAID′ andAID are congruent, and
so are trianglesCID′′ andCID. ThusID′ = ID = ID′′. These two pairs

1If instead there is equality in one of these inequalities, then it’s easy to see thatthe quadrilateral
is a kite. It’s well known that kites have an incircle.
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of congruent triangles and (1) yields that∠BID′ = ∠BID′′, so trianglesBID′

andBID′′ are congruent. ThusBD′ = BD′′. Together withAD′ = AD and
CD′′ = CD, we get

AD′ +D′B + CD = AD +BD′′ +D′′C ⇒ AB + CD = AD +BC.

ThenABCD is a tangential quadrilateral according to Pitot’s theorem. �

The idea for the proof of the converse comes from [8], where Gouthamused this
method to prove the converse of a related characterization of tangential quadrilat-
erals concerning areas. That characterization states that ifI is the intersection of
the angle bisectors atA andC in a convex quadrilateralABCD, then it has an
incircle if and only if

SAIB + SCID = SAID + SBIC ,

whereSXY Z stands for the area of triangleXY Z. According to [9, p.134], this
theorem is due to V. Pop and I. Gavrea. In [6, pp.117–118] a similar characteriza-
tion concerning the same four areas was proved, but it also includes the four sides.
It states thatABCD is a tangential quadrilateral if and only if

c · SAIB + a · SCID = b · SAID + d · SBIC ,

wherea = AB, b = BC, c = CD andd = DA.
The next characterization is about the angle between the diagonals. We will

assume we know the lengths of the four parts that the intersection of the diagonals
divide them into. Then the question is, what size the angle between the diagonals
shall have for the quadrilateral to have an incircle? This means that the sides of the
quadrilateral are not fixed and the lengths of them changes as we vary the angle
between the diagonals. See Figure 2. Ifθ → 0, then clearlya+ c < b+ d; and if
θ → π, thena + c > b + d. Hence for some0 < θ < π we havea + c = b + d,
and the quadrilateral has an incircle.

b b

b

b

b

a

b

c

d

w

x

y

z

θ

Figure 2. The diagonal parts
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Theorem 2. If the diagonals of a convex quadrilateral are divided into partsw, x
andy, z by their point of intersection, then it is a tangential quadrilateral if and
only if the angleθ between the diagonals satisfies

cos θ =
(w − x)(y − z)

(

2(wx+ yz)−
√

(w + x)2(y + z)2 + 4(wx− yz)2
)

(w + x)2(y + z)2 − 16wxyz
.

Proof. A convex quadrilateral is tangential if and only if its consecutive sidesa, b,
c, d satisfies Pitot’s theorem

a+ c = b+ d. (2)

The sides of the quadrilateral can be expressed in terms of the diagonal parts and
the angle between the diagonals using the law of cosines, according to which (see
Figure 2)

a2 = w2 + y2 − 2wy cos θ,

b2 = x2 + y2 + 2xy cos θ,

c2 = x2 + z2 − 2xz cos θ,

d2 = w2 + z2 + 2wz cos θ.

Here we usedcos (π − θ) = − cos θ in the second and fourth equation. Inserting
these into (2) yields

√

w2 + y2 − 2wy cos θ +
√

x2 + z2 − 2xz cos θ

=
√

x2 + y2 + 2xy cos θ +
√

w2 + z2 + 2wz cos θ.

The algebra involved in solving this equation including four square roots is not
simple. For this reason we will use a computer calculation to solve it. Squaring
both sides results in a new equation with only two square roots. Collecting them
alone on one side of the equality sign and squaring again gives another equation,
this time with only one square root. The last step in the elimination of the square
roots is to separate that last one from the other terms, on one side, and squaring
a third time. This results in a polynomial equation incos θ that has 115 terms!
Factoring that with the computer, we obtain

(w + x)2(y + z)2(−1 + T )(1 + T )

· (−w2y2 + 2wy2x− y2x2 + 2w2yz − 4wyxz + 2yx2z − w2z2 + 2wxz2

− x2z2 − 4w2yxT + 4wyx2T − 4wy2zT + 4w2xzT + 4y2xzT − 4wx2zT

+ 4wyz2T − 4yxz2T + w2y2T 2 + 2wy2xT 2 + y2x2T 2 + 2w2yzT 2

− 12wyxzT 2 + 2yx2zT 2 + w2z2T 2 + 2wxz2T 2 + x2z2T 2) = 0

where we putT = cos θ. None of the factors but the last parenthesis gives any valid
solutions. Solving the quadratic equation in the last parenthesis with the computer
yields

T =
4(w − x)(y − z)(wx+ yz)±

√

4(w − x)2(y − z)2P1

2P2

(3)
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where

P1 = w2y2 + 2wy2x+ 4w2x2 + y2x2 + 2w2yz − 4wyxz + 2yx2z

+ w2z2 + 4y2z2 + 2wxz2 + x2z2

and

P2 = w2y2 + 2wy2x+ y2x2 + 2w2yz − 12wyxz + 2yx2z + w2z2 + 2wxz2 + x2z2

= (wy + xz)2 + (wz + yx)2 + 2(wy + xz)(wz + yx)− 4wxyz − 12wxyz

= (wy + xz + wz + yx)2 − 16wxyz = (w + x)2(y + z)2 − 16wxyz.

Thus

P1 = (w + x)2(y + z)2 − 8wxyz + 4w2x2 + 4y2z2

= (w + x)2(y + z)2 + 4(wx− yz)2.

Inserting the simplified expressions forP1 andP2 into the solutions (3) and factor-
ing them, we get2

cos θ =
(w − x)(y − z)

(

2(wx+ yz)±
√

(w + x)2(y + z)2 + 4(wx− yz)2
)

(w + x)2(y + z)2 − 16wxyz
.

To determine the correct sign, we study a special case. In an isosceles tangential
trapezoid wherew = y = 2u andx = z = u (hereu is an arbitrary positive
number), we have

cos θ =
u2

(

8u2 ±
√
9u2 · 9u2 + 0

)

9u2 · 9u2 − 16 · 4u4 =
8± 9

17
.

For the solution with the plus sign, we getcos θ = 1. Thusθ = 0 which is not a
valid solution. Hence the correct solution is the one with the minus sign. �

Corollary 3. A convex quadrilateral where one diagonal bisect the other has an
incircle if and only if it is a kite.

Proof. (⇒) If in a tangential quadrilateralw = x or y = z, then the formula in the
theorem indicates thatcos θ = 0. Thusθ = π

2
, so one diagonal is the perpendicular

bisector of the other. Then the quadrilateral must be a kite, since one diagonal is a
line of symmetry.

(⇐) If the quadrilateral is a kite (they always have the property that one diagonal
bisect the other), then it has an incircle according to Pitot’s theorem. �

3. Circle characterizations of tangential quadrilaterals

To prove the first circle characterization we need the following theorem con-
cerning the extended sides, which we reviewed in [4] and [5]. Since it is quite rare
to find a proof of it in modern literature (particularly the converse), we start by
proving it here. It has been known at least since 1846 according to [10].

2Here we used that
√

(w − x)2(y − z)2 = (w−x)(y−z). We don’t have to put absolute values
since there is± in front of the square root and we don’t yet know which sign is correct.



6 M. Josefsson

Theorem 4. In a convex quadrilateralABCD that is not a trapezoid,3 let the
extensions of opposite sides intersect atE andF . If exactly one of the triangles
AEF and CEF is outside of the quadrilateralABCD, then it is a tangential
quadrilateral if and only if

AE + CF = AF + CE.

bF

b Eb

A

b

B

bC

bD

b

W

b X

b
Y

bZ

Figure 3. Tangential quadrilateral with extended sides

Proof. (⇒) In a tangential quadrilateral, let the incircle be tangent to the sidesAB,
BC,CD,DA atW ,X, Y ,Z respectively. We apply the two tangent theorem (that
two tangents to a circle through an external point are congruent) several times to
get (see Figure 3)

AE +CF = AW +EW +FX −CX = AZ +EY +FZ −CY = AF +CE.

(⇐) We do an indirect proof of the converse. In a convex quadrilateral where
AE + CF = AF + CE, we draw a circle tangent to the sidesAB, BC, CD. If
this circle is not tangent toDA, draw a tangent to the circle parallel toDA. This
tangent intersectAB, CD andBF at A′, D′ andF ′ respectively (see Figure 4).
We assumeDA does not cut the circle; the other case can be proved in the same
way. Also, letG be a point onDA such thatA′G is parallel to (and thus equal to)
F ′F . From the direct part of the theorem we now have

A′F ′ + CE = A′E + CF ′.

Subtracting this fromAE + CF = AF + CE, we get

AG = AA′ +A′G.

This equality is a contradiction since it violates the triangle inequality in triangle
AGA′. Hence the assumption thatDA was not tangent to the circle must be in-
correct. Together with a similar argument in the case whenDA cuts the circle this
completes the proof. �

3And thus not a parallelogram, rhombus, rectangle or a square either.
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b F ′

b
E

b

A′

b

B

b
C

b D′

b

A

b
F

bD

bG

Figure 4. The tangentA′F ′ is parallel toAF

Remark. If both trianglesAEF and CEF are outside of the quadrilateral
ABCD, then the characterization for a tangential quadrilateral isBE + DF =
BF +DE. It is obtained by relabeling the vertices according toA → B → C →
D → A in comparison to Theorem 4.

The direct part of the first circle characterization was a problem proposed and
solved at [7]. We will use Theorem 4 to give a very short proof including the
converse as well.

Theorem 5. In a convex quadrilateralABCD that is not a trapezoid, let the ex-
tensions of opposite sides intersect atE andF . If exactly one of the trianglesAEF

andCEF is outside of the quadrilateralABCD, then it is a tangential quadrilat-
eral if and only if the incircles in trianglesAEF andCEF are tangent toEF at
the same point.

Proof. It is well known that in a triangle, the distance from a vertex to the point
where the incircle is tangent to a side is equal to the semiperimeter of the triangle
subtracted by the side opposite to that vertex [2, p.184]. Now assume the incircles
in trianglesAEF andCEF are tangent toEF atG andH respectively. Then we
have (see Figure 5)

2(FG−FH) = (EF+AF−AE)−(EF+CF−CE) = AF+CE−AE−CF.

Hence

G ≡ H ⇔ FG = FH ⇔ AE + CF = AF + CE

which proves that the two incircles are tangent at the same point onEF if and only
if the quadrilateral is tangential according to Theorem 4. �

Remark.If both trianglesAEF andCEF are outside of the quadrilateralABCD

(this happens ifF is belowAB or E is to the left ofAD in Figure 5), then the
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b

A
b

B

bD

bC

b
F

b
E

b
G

bH

Figure 5. Two tangent points atEF

theorem is not true. In that case the two triangles that shall have tangent incircles
atEF are insteadBEF andDEF .

The next theorem concerns the same two incircles that we just studied.

Theorem 6. In a convex quadrilateralABCD that is not a trapezoid, let the exten-
sions of opposite sidesAB andDC intersect atE, and the extensions of opposite
sidesBC andAD intersect atF . Let the incircle in triangleAEF be tangent to
AE andAF atK andL respectively, and the incircle in triangleCEF be tangent
toBF andDE atM andN respectively. If exactly one of the trianglesAEF and
CEF is outside of the quadrilateralABCD, then it is a tangential quadrilateral
if and only ifKLMN is a cyclic quadrilateral.

b

A
b

B

bD

bC

b
F

b
E

b
G

b

K

bL
b
M

bN

Figure 6. HereABCD is a tangential quadrilateral
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Proof. (⇒) In a tangential quadrilateralABCD, the incircles in trianglesAEF

andCEF are tangent toEF at the same pointG according to Theorem 5. This
together with the two tangent theorem yields thatEK = EG = EN andFL =
FG = FM , so the trianglesEKN andFLM are isosceles (see Figure 6). Thus
∠ENK = A+D

2
and∠FLM = A+B

2
. TrianglesALK andCNM are also

isosceles, so∠ALK = π−A
2

and∠CNM = π−C
2

. Hence for two opposite angles
in quadrilateralKLMN , we get

∠KLM + ∠KNM =

(

π − A+B

2
− π −A

2

)

+

(

π − C

2
+ π − A+D

2

)

= 2π − A+B + C +D

2
= π

where we used the sum of angles in a quadrilateral. This means thatKLMN is a
cyclic quadrilateral according to a well known characterization.

b

A
b

B

bD

bC

b
F

b
E

b
G

bH

b

K

bL

b M

b
N

Figure 7. HereABCD is not a tangential quadrilateral

(⇐) If ABCD is not a tangential quadrilateral, we shall prove thatKLMN is
not a cyclic quadrilateral. WhenABCD is not tangential, the incircles in triangles
AEF andCEF are tangent toEF at different pointsG andH respectively. We
assume without loss of generality thatG is closer toF thanH is.4 ThusEK =
EG > EH = EN andFL = FG < FH = FM (see Figure 7). Applying that
in a triangle, a longer side is opposite a larger angle, we get∠ENK > A+D

2
and

∠FLM > A+B
2

. TrianglesALK andCNM are still isosceles. This yields that

∠KLM < π − A+B

2
− π −A

2
=

π −B

2

4The other case can be dealt with in the same way. What happens is that all inequalities below
will be reversed.
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and∠KND < π − A+D
2

. Hence for two opposite angles inKLMN ,

∠KLM + ∠KNM <
π −B

2
+

(

π − C

2
+ π − A+D

2

)

= π,

again using the sum of angles in a quadrilateral. This proves that ifABCD is not
a tangential quadrilateral, thenKLMN is not a cyclic quadrilateral. �

Corollary 7. The incircle inABCD and the circumcircle toKLMN in Theo-
rem 6 are concentric.

b

A
b

B

bD

bC

bF

b

E

bG

b

K

bL b
M

bN

b

Figure 8. The two concentric circles

Proof. The incircle inABCD is also an incircle in trianglesAED andAFB (see
Figure 8). The perpendicular bisectors of the sidesKN andLM are also angle
bisectors to the anglesAED andAFB, hence they intersect at the incenter of
ABCD. This proves that the two circles are concentric. �

Next we will study a related configuration to the one in Theorem 6, with two
other incircles. In [4, pp.66–67] we proved that in a convex quadrilateral ABCD,
the two incircles in trianglesABD andCBD are tangent toBD at the same point
if and only if ABCD is a tangential quadrilateral. These two incircles are also
tangent to all four sides of the quadrilateral (two tangency point per circle). In [11,
pp.197–198] it was proved that ifABCD is a tangential quadrilateral, then these
four tangency points are the vertices of a cyclic quadrilateral that is concentric with
the incircle inABCD. Another proof of the concyclic property of the four tan-
gency points was given in [9, pp.272–273]. Now we shall prove that theconverse
is true as well and thus get another characterization of tangential quadrilaterals.

Theorem 8. In a convex quadrilateralABCD, let the incircles in trianglesABD

andCBD be tangent to the sides ofABCD at K, L, M , N . ThenABCD is a
tangential quadrilateral if and only ifKLMN is a cyclic quadrilateral.
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b

A
b

B

b
C

bD

b

H

b
G

b

K

bL

bN

bM

Figure 9. HereABCD is not a tangential quadrilateral

Proof. Only the proof of the converse is given, but a proof of the direct theorem
is obtained by simply changing all the inequalities below to equalities. Thus we
prove that ifABCD is not a tangential quadrilateral, thenKLMN is not a cyclic
quadrilateral.

Let the incircles in trianglesABD andCBD be tangent toBD at G andH
respectively, and assume without loss of generality thatG is closer toD thanH
is. If K, L, M , N are the tangency points atAB, AD, CD andCB respectively,
then according to the two tangent theoremBK = BG > BH = BN andDL =
DG < DH = DM (see Figure 9). Since a larger angle in a triangle is opposite
a longer side, we have that∠BKN < π−B

2
. Also,∠AKL = π−A

2
since triangle

AKL is isosceles. Thus

∠LKN > π − π −B

2
+

π −A

2
=

A+B

2
.

In the same way we have∠DML < π−D
2

and∠CMN = π−C
2

, so

∠LMN > π − π −D

2
+

π − C

2
=

C +D

2
.

Hence for two opposite angles inKLMN ,

∠LKN + ∠LMN >
A+B + C +D

2
= π.

This proves that ifABCD is not a tangential quadrilateral, thenKLMN is not a
cyclic quadrilateral. �

4. A related characterization of a bicentric quadrilateral

A bicentric quadrilateralis a convex quadrilateral that is both tangential and
cyclic, i.e., it has both an incircle and a circumcircle. In a tangential quadrilateral
ABCD, let the incircle be tangent to the sidesAB, BC, CD, DA atW , X, Y ,
Z respectively. It is well known that the quadrilateralABCD is also cyclic (and
hence bicentric) if and only if the tangency chordsWY andXZ are perpendicular
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[3, p.124]. Now we will prove a similar characterization concerning the configura-
tion of Theorem 6.

Theorem 9. In a tangential quadrilateralABCD that is not a trapezoid, let the
extensions of opposite sidesAB and DC intersect atE, and the extensions of
opposite sidesBC andAD intersect atF . Let the incircle in triangleAEF be
tangent toAE andAF atK andL respectively, and the incircle in triangleCEF

be tangent toBF andDE at M andN respectively. If exactly one of the trian-
glesAEF andCEF is outside of the quadrilateralABCD, then it is a bicentric
quadrilateral if and only if the extensions ofKN andLM are perpendicular.

b

A
b

B

bD

bC

bF

b

E

bG

b

K

bL b
M

b N

b

v
bJ

Figure 10. Angle between extensions of opposite sides ofKLMN

Proof. Let J be the intersection of the extensions ofKN andLM , andv the angle
between them. Then∠JNC = ∠ENK = A+D

2
and∠JMC = ∠FML = A+B

2

(see Figure 10). Thus, using the sum of angles in quadrilateralCMJN , we have

v = 2π−C−A+B

2
−A+D

2
= 2π−A+B + C +D

2
−A+ C

2
= π−A+ C

2
.

Hence
v =

π

2
⇔ A+ C = π

so the extensions ofKN andLM are perpendicular if and only if the tangential
quadrilateralABCD is also cyclic. �
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The Associated Harmonic Quadrilateral

Paris Pamfilos

Abstract. In this article we study a natural association of a harmonic quadrilat-
eral to every non-parallelogrammic quadrilateral. In addition we investigate the
corresponding association in the case of cyclic quadrilaterals and the reconstruc-
tion of the quadrilateral from its harmonic associated one. Finally, we associate
to a generic quadrilateral a cyclic one.

1. Harmonic quadrilaterals

Harmonic quadrilaterals, introduced by Tucker and studied by Neuberg ([1,
p.206], [6]) can be defined in various equivalent ways. A simple one is to draw
the tangentsFA,FC to a circleκ from a pointF (can be at infinity) and draw also
an additional secantFBD to the circle (see Figure1(I)). Another definition starts

C

B

A

D

F

G

δB

A

C

D

F

Kκκ

(I) (II)

P

Figure 1. Definition and a basic property

with an arbitrary triangleABD and its circumcircleκ and definesC as the inter-
section ofκ with the symmedian fromA. These convex quadrilaterals have several
interesting properties exposed in textbooks and articles ([5, p.100,p.306], [8]). One
of them, used in the sequel, is their characterization as convex cyclic quadrilaterals,
for which the products of opposite side-lengths are equal|AB||CD| = |BC||DA|
or, equivalently, the ratios of adjacent side-lengths are equal|AB|

|AD|
= |CB|

|CD|
. Another

property, also used below, deals with a dissection of the quadrilateral in similar tri-
angles (see Figure1(II)), which I formulate as a lemma without a proof.

Lemma 1. LetABCD be a harmonic quadrilateral andP be the projection of its
circumcenterK onto the diagonalBD. Then trianglesADC,APB andBPC are
similar. Furthermore, the tangents of its circumcircle at pointsA andC intersect

Publication Date: January 27, 2014. Communicating Editor: Paul Yiu.
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at a pointF of the diagonalBD and the circumcircleδ of ACF passing through
K andP .

C

A

D
B

F

κ
ω

C

D

A

F
B

(I) (II)

Figure 2. Determination byω andr = |AB|

|AD|
Kite

Note that, up to similarity, a harmonic quadrilateral is uniquely determined by
its angleω = ∠BCD and the ratior = |AB|

|AD|
= |CB|

|CD|
(see Figure2(I)). In fact,

fixing the circleκ and taking an inscribed angle of measureω, the angle-sides
determine a chordBD of length depending only onκ andω. Then, pointsA,C on
both sides ofBD are determined by intersectingκ with the Apollonius circle ([2,
p.15]), dividingBD in the given ratior.

A special class of harmonic quadrilaterals, comprising the squares, is the one
of kites, which are symmetric with respect to one of their diagonals (see Figure
2(II)). Excluding this special case, for all other harmonic quadrilaterals there is a
kind of symmetry with respect to the two diagonals, having the consequence,that
in all properties, including one of the diagonals, it is irrelevant which one of the
two is actually chosen.

a

c

b

b

A

B

C

D

F
κ

K

Figure 3. Harmonic trapezia

Another class of special harmonic quadrilaterals is the one ofharmonic trapezia,
comprising all equilateral trapezia with side lengths satisfyingac = b2 (see Figure
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3). This, up to similarity, is also a one-parameter family of harmonic quadrilaterals.
Given the circleκ(r), each harmonic trapezium, inscribed inκ, is determined by
the ratiok = a

b
< 1 of the small parallel to the non-parallel side-length. A short

calculation shows that to each such trapezium corresponds a special triangleABD

with data

a = k′r, b =
k′

k
r, cosB =

1− k2

2k
,

wherek′ =
√

4k2−(1−k2)2

2
.

2. The associated harmonic quadrilateral

In the sequel we restrict ourselves to non-parallelogrammic convex quadrilater-
als. For every such quadrilateralp = ABCD there is a harmonic quadrilateralq,
naturally associated top. The next theorem shows how to construct it.

Theorem 2. The two centersZ1, Z2 of the similaritiesf1, f2, mapping respectively
f1(A) = C, f1(B) = D, f2(B) = D, f2(C) = A, of a non-parallelogramic
quadrilateral p = ABCD, together with the midpointsM,N of its diagonals
AC, BD, are the vertices of a harmonic quadrilateralq = NZ1MZ2, whose
circumcircleκ passes through the intersection pointE of the diagonals.

A

B

C D

M

N

Z
2

Z
1

E

κ

Figure 4. The harmonic quadrilateral associated to a quadrilateral

In fact, letκ be the circle passing through the midpointsM,N of the diagonals
and also passing through their intersection pointE. Some special cases in which
pointE is on lineMN are handled below. PointZ1 is the center of similarityf1
([3, p.72], [11, II, p.43]) mapping the triangleABZ1 correspondingly ontoCDZ1

(see Figure4). Analogously, pointZ2 is the center of the similarity mapping the
triangleBCZ2 ontoDAZ2. It follows easily, that the triangles based on the di-
agonals,ACZ1 andBDZ1, are also similar, their similarity ratio being equal to
those of their medians fromZ1, as well as their corresponding bases coinciding
with the diagonalsλ = |Z1N |

|Z1M |
= |AC|

|BD|
. This implies also that the angles formed

by corresponding medians of the two similar triangles are equal, i.e.,ANZ1 and
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EMZ1 are equal angles. This implies thatZ1 is onκ. Analogously is seen thatZ2

is also onκ and that the ratio|Z2N |

|Z2M |
= λ. Thus,

|Z1N |
|Z1M | =

|Z2N |
|Z2M | ,

which means that the cyclic quadrilateralZ1MZ2N is harmonic.

Ν=Ε Μ

Ζ
1

Ζ
2

A

B

C

Dκ

D

M

Z
2

N

A B

Z
1
=E

C

κ

(Ι) (ΙΙ)

Figure 5. PointE coinciding withN PointZ1 coinciding withE

In the case one of the midpoints of the diagonals coincides with their intersection
point (N = E) the circleκ passes through the midpointsM,N of the diagonals
and is tangent to the diagonal (AC), whose midpoint coincides withE (see Figure
5(I)). Another particular class is the one of trapezia, characterized by the fact that
one of the similarity centers (Z1) coincides with the intersectionE of the diagonals
(see Figure5(II)).

3. The inverse construction

Fixing a harmonic quadrilateralq and selecting two opposite verticesZ1, Z2 of
it, we can easily construct all convex quadrilateralsp having the given one as their
associated. This reconstruction is based on the following lemma.

E

M

N
B

A

Z
1

Z
2

D

C

Figure 6. Generating the quadrilateral from its associated harmonic one
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Lemma 3. Let p = ABCD be a convex quadrilateral with associated harmonic
oneq = NZ1MZ2, such thatZ1 is the similarity center of trianglesABZ1, CDZ1.
Then triangleNMZ1 is also similar to the above triangles.

In fact, by the Theorem 2, trianglesACZ1, BDZ1 are also similar, andN , be-
ing the midpoint of sideAC, maps, by the similarity sendingACZ1 to BDZ1, to
the corresponding midpointM of CD (see Figure6). This implies that triangles
Z1AN,Z1BM are also similar, hence|Z1N |

|Z1M |
= |Z1A|

|Z1B|
. Since the rotation angle,

involved in the similarity mappingACZ1 to BDZ1, is the angleAZ1B, this an-
gle will be also equal to angleNZ1M , thereby proving the similarity of triangles
ABZ1 andNMZ1.

Lemma 3 implies that all quadranglesp = ABCD, having the given quad-
rangle q = NZ1MZ2 as their associated harmonic, are parameterized by the
similarities f with center atZ1. For, each such similarity produces a triangle
ABZ1 = f(NMZ1) and defines through it the two verticesA,B. The other
two verticesC,D of the quadrilateralp are found by taking, correspondingly, the
symmetrics ofA,B with respect toN andM . Note, that, by reversing the argu-
ment in Lemma 3, the diagonalsAC,BD of the resulting quadrilateral intersect at
a pointE of the circumcircle of the harmonic quadrilateral. Hence their angle is
the same with angleNZ1M . Also the ratio of the diagonals ofABCD is equal to
the ratio |Z1N |

|Z1M |
, thus it is determined by the harmonic quadrilateralq = NZ1MZ2.

We have proved the following theorem.

Theorem 4. Given a harmonic quadrilateralq = NZ1MZ2, there is a double
infinity of quadrilateralsp = ABCD havingq as their harmonic associate with
similarity centers atZ1 andZ2 and midpoints of diagonals atM andN . All these
quadrilaterals have their diagonals intersecting at the same angleNZ1M , the
same ratio |AC|

|BD|
= |Z2N |

|Z2M |
and their Newton lines coinciding withMN . Each of

these quadrilaterals is characterized by a similarityf with center atZ1, mapping
f(Z1NM) = Z1AB.

E

M

N

Z
1

Z
2 κ

τ

τ'

A

B

C

D

Figure 7. Alternative generation ofABCD from the harmonic quadrilateral
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An alternative way to generate all quadrilaterals with given harmonic associate
q = NZ1MZ2 and similarity centers atZ1, Z2, is to use a pointE on the cir-
cumcircleκ of q, draw linesEM,EN , and consider their intersectionsA,C with
the circles passing throughE andZ1. Equivalently, construct all trianglesZ1AB

similar toZ1NM and having the vertexA on lineEN . Then the other vertexB
moves on lineEN ([11, II, p.68]) andC,D are again, respectively, the symmetrics
of A,B with respect toN andM . A fourth method is described in§7.

4. Two related similar quadrilaterals

In order to prove some additional properties of our configuration, the following
lemma is needed, which, though elementary in character, I could not locate a proof
of it in the literature. For the completeness of the exposition I outline a short proof
of it.

A

B

C

D

E

F

P

K

A'

B'

t
C t

D

ω

c

M

Figure 8. Quadrilateral from angles and angle of diagonals

Lemma 5. Two quadrilaterals having equal corresponding angles and equal an-
gles between diagonals are similar.

In fact, letABCD be a quadrilateral with given angles and the angleω between
its diagonals. The two trianglesECD,FAD, whereE,F are the intersection
points of opposite sides, have known angles and are constructible up to similarity.
Thus, we can fix triangleECD and move a line parallel toAF intersecting the
sidesEC,ED correspondingly atB′, A′. The quadrilateral with the required data
must have the angle formed at the intersection pointP = (A′C,B′D) equal toω.
This positionK for P is found as follows (see Figure8). AsA′B′ moves parallel to
itself it creates a homographic correspondenceB′ 7→ A′ between the points of the
linesEC andED and induces a corresponding homography between the pencils of
lines atC andD. Then, according to the Chasles-Steiner theorem, the intersection
pointP of corresponding raysCA′, DB′ describes a conic ([9, p.109]). It is easily
seen that this conic is a hyperbola passing through the vertices of triangleECD,
whose tangents atC,D are parallel toA′B′ and its center is the midpointM of
CD. The intersection pointK of the conic with a circular arcc of points viewing
CD under the angleω determines the quadrilateral with the required properties
and shows that it is unique, up to similarity.
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Figure 9. Four circles intersecting on the sides

Theorem 6. (1) The circlesα = (Z1NA), β = (Z1MB) pass through the in-
tersection pointA′ of the Newton line with sideAB. Analogously, the circles
γ = (Z1NC), δ = (Z1MD) pass through the intersection pointC ′ of the Newton
line with sideCD.

(2) Circlesβ andγ intersect at a pointB′ of BC. Analogously circlesα andδ
intersect at a pointD′ ofAD.

(3)The centersA′′, B′′, C ′′, D′′ of corresponding circlesα, β, γ, δ build a quadri-
lateralA′′B′′C ′′D′′ similar toABCD, whose diagonals pass throughO.

(4) Analogous to the above properties hold by replacingZ1 withZ2 and defining
A′, B′, C ′, D′ and circlesα, β, γ, δ properly.

In fact, (1) and (2) result by a simple angle chasing argument (see Figure9). (3)
follows from the Lemma 5 and the fact thatA′′B′′C ′′D′′ has the same angles with
ABCD and also the same angle of diagonals, which intersect atO. (4) is proved
by the same arguments.

5. The case of cyclic quadrilaterals

The location of the similarity centersZ1, Z2 in the case of a cyclic quadrilateral
is, in most cases, immediate according to the following.

Theorem 7. In the case of a cyclic quadrilateralp = ABCD, whose opposite
sides intersect at pointsF,G, the similarity centersZ1, Z2 are the intersections of
the circumcircleκ of the associated harmonic quadrilateral with the circleµ on
diameterFG.
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Figure 10. The case of cyclicABCD

In [7] it is proved that a quadrilateralp is cyclic if and only if the circleµ, with
diameterFG, is orthogonal to the corresponding circleκ = (MNE). Thus, in this
case there are indeed two intersection pointsZ1, Z2 onκ (see Figure10). There is
also proved, that in this case lineFG is the polar ofE and coincides with the rad-
ical axis of the pencil of circles generated byκ and the circumcircleλ of ABCD.
Since angleFZ1G is a right one and points(B,C,N, F ) make a harmonic divi-
sion, the two linesZ1G,Z1F are the bisectors of the angleBZ1C as well as of
angleAZ1D. Thus, anglesAZ1B andCZ1D are equal and anglesAZ1C,BZ1D

are also equal. SinceG is on the radical axis ofκ andλ the quadrilateralCDZ1E

is cyclic, hence the anglesECZ1 andEDZ1 are equal. This implies that triangles
AZ1C andBZ1C are similar and from this follows that trianglesAZ1B,CZ1D

are also similar. This identifies pointZ1 with the center of similarity transform-
ing AB to CD. Analogously is proved the corresponding property for the other
intersection pointZ2.

Next theorem explores the possibility to determine a generic cyclic quadrilateral
p = ABCD on the basis of its associated harmonic one.

Theorem 8. A convex cyclic quadrilateralp, whose opposite sides intersect, is
uniquely determined from its associated harmonic quadrilateralq and the location
of the intersectionE of the diagonals ofp on the circumcircleκ of q. Point E
can be taken arbitrarily on the arc defined byZ1Z2, which is less than half the
circumference ofκ. All cyclic quadrilaterals resulting by such a choice ofE have
the angle between their diagonals equal to∠Z1MZ2 or its complementary and the
ratio of diagonal-lengths equal to|Z1M |

|Z1N |
= |Z2M |

|Z2N |
.

The first statement follows easily from two facts. The first is that, according to
Theorem 7, the circleµ on diameterFG, whereF,G are the intersections of oppo-
site sides ofp = ABCD, is orthogonal to the circumcircleκ of q and its center is
at the intersectionP of tangents toκ, respectively atZ1 andZ2 or the pole ofZ1Z2

with respect toκ. Hence this circle is constructible from the data of the harmonic
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Figure 11. Constructing the cyclicABCD from its associated harmonic

quadrilateralq = MZ1NZ2. The second fact, proved in the aforementioned ref-
erence, is that the circumcircleλ of the quadrilateralp is orthogonal toµ and its
center is the diametral pointO of E with respect to circleκ. This implies thatλ
can be constructed as the circle, which is orthogonal toµ and has its center atO.
Having this circle, we obtain the vertices of the quadrilateralp by intersecting it
with linesEM andEN . The other statements follow from fundamental properties
of the harmonic quadrilateral, such as, for example, the fact, thatM,N are sepa-
rated byZ1, Z2 and that generic cyclic convex quadrilaterals have the intersection
pointE always in the arcZ1Z2, which is less than half the circumference ofκ.

A B

CD

Z
1
=Ε

Z
2

NM

Figure 12. Associated harmonic quadrilateral of an isosceles trapezium

Having excluded from the beginning the parallelogrammic quadrilaterals, which
have both pairs of opposite sides intersecting at infinity, the case of cyclic quadri-
laterals, not included in both theorems, is the one of equilateral trapezia, having
one pair of sides intersecting at infinity. In this case the harmonic associatedis
found easily, having the similarity centers coinciding correspondingly with thein-
tersection pointE = Z1 of the diagonals and the circumcenterO = Z2 (see Figure
12). Theorem 8 is not valid in this case, since, then, there are infinite many cyclic
quadrilaterals with the same harmonic associate. In fact, in this case, every circle
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centered atZ2 = O, with radiusr > |Z1Z2| defines, through its intersections
with linesZ1M,Z1N , an equilateral trapezium having the givenq = NZ1MZ2

for harmonic associated. Two other cases, in which the intersection pointE of the
diagonals ofp = ABCD coincides with a particular point, are the quadrilaterals
havingE = N , i.e., coinciding with the midpoint of one diagonal (see Figure13),

Z
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N=E

MZ
2

O

A

B

C
D

λ

κ

μ

Figure 13. The caseE = N

and the quadrilateralsp = ABCD, which are also themselves harmonic. In this
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M

Z
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Z
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E

Hκ

ε

λ

Figure 14. The casep = ABCD is also harmonic

caseE is on the diameter of the circumcircleκ of q, which contains the intersection
pointH of the diagonals ofq. Then the polarε of H with respect toκ coincides
with the radical axis of the circleκ and the circumcircleλ of p (see Figure14).

6. The two lemniscates

Fixing the harmonic quadrilateralq = NZ1MZ2, as seen in the previous sec-
tion, all cyclic quadrilateralsp, havingq as their associated, are parameterized by a
pointE varying on an arcZ1Z2 of the circumcircleκ of q. The following theorem
shows that the vertices of the resulting quadrilateralsp = ABCD vary on two
lemniscates of Bernoulli ([10, p.13], [4, p.110]).
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Theorem 9. The vertices of all convex cyclic quadrilateralsp = ABCD, having
the same harmonic associated quadrilateralq = NZ1MZ2 are on two Bernoulli
lemniscates with nodes, respectively, atM andN . Each pair of opposite vertices
lies on the same lemniscate and is symmetric with respect to the corresponding
node.
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Figure 15. Geometric locus of vertices ofABCD with given harmonic associated

The proof of the theorem follows from a simple calculation, using cartesian
coordinates centered at the vertexM of the given harmonic quadrilateralq =
NZ1MZ2. VertexN is set at(n, 0) and the circumcircleκ of q intersects the
y-axis at(0, t). PointP (p, 0) is the center of the circleµ, which passes through
Z1, Z2 and is orthogonal toκ. The equations can be set in dependence of the pa-
rametersn, p andt by following the recipe of reconstruction ofp from q, described
in Theorem 8. For a variable pointE(u, v) on κ, the intersection points of line
EM and the circleλ, centered at the diametralO of the pointE and orthogonal to
µ, are found by eliminating(u, v) from the three equations representing the circle
λ, the lineME and the circleκ. These are correspondingly:

x2 + y2 − 2x(n− u)− 2y(t− v)− 2pu+ pn = 0,

vx− uy = 0,

u2 + v2 − nu− tv = 0.

Eliminating (u, v) from these equations, leads to an equation of the8-th degree,
which splits into the two quadratics(x − p)2 = 0, (x − n)2 + (y − t)2 − (n2 +
t2) + np = 0 and the equation of the fourth degree

(x2 + y2)2 + np(y2 − x2)− 2ptxy = 0,
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for the coordinates(x, y) of the pointsA andC. The first equation represents the
line x = p not satisfied by the pointsA,C. The second represents the circleλ
obtained whenE = M and satisfied byA,C only whenAC is tangent toκ atM .
Finally the last equation, by inverting on the unit circle, leads to

np(y2 − x2)− 2ptxy + 1 = 0,

representing a rectangular hyperbola centered at the origin. By the wellknown
property of Bernoulli’s lemniscates to be the inverses of such hyperbolas([4, p.110]),
this proves the theorem for the pair of opposite verticesA andC. For the other pair
of opposite vertices,B andD, an analogous calculation, leads to a corresponding
system of three equations

x2 + y2 − 2x(n− u)− 2y(t− v)− 2pu+ pn = 0,

vx+ (n− u)y − nv = 0,

u2 + v2 − nu− tv = 0.

Here again, elimination of(u, v), transfer of the origin atN , and inversion on the
unit circle centered atN , leads, through the factorization of an equation of th8-th
degree, to the equation of the rectangular hyperbola

(n2 − np)(y2 − x2) + 2t(n− p)xy + 1 = 0.

This, using the aforementioned property of Bernoulli’s lemniscate, provesthe the-
orem for the verticesB andD.

Remarks.(1) Using, for convenience, the corresponding equations of the rectangu-
lar hyperbolas, one can easily compute the symmetry axes of the lemniscates and
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Figure 16. The similarities of the two lemniscates

see that they are obtained, respectively, by linesAC,BD, when their intersection
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E is such thatEO is parallel to lineMN (see Figure16). A simple computa-
tion shows also that the two lemniscates are similar with respect to two similar-
ities. The first oneP ′ = f1(P ) has its center atZ1, its oriented rotation-angle
equals∠MZ1N and its ratio isr1 = |Z1M |

|Z1N |
. The second similarityS′ = f2(S)

has its center atZ2, its oriented rotation-angle equals∠NZ2M and its ratio i s
r2 =

|Z2N |

|Z2M |
= r−1

1
.

(2) Fixing a certain lemniscateξ, one can use the above results to give a parametri-
zation of all cyclic quadrilaterals, up to similarity, by three pointsZ1, Z2, P prop-
erly chosen on the lemniscate. In fact, select first two pointsZ1, Z2, each on a dif-
ferent loop and on the same side of the axisAC of ξ (see Figure16). This, together
with the nodeM of ξ creates a triangleZ1MZ2 with the angle atM greater than a
right one. This triangle defines also a unique pointN , such thatq = NZ1MZ2 is
a harmonic quadrilateral. Excepting the squares, all other harmonic quadrilaterals,
up to similarity, are obtained in this way. Havingq, one can define the similarity
f1 of the previous remark. Then, every pointA on the arcη = Z1Z

∗, whereZ∗

the symmetric ofZ2 with respect toM , defines a cyclic quadrilateralp = ABCD.

A

B

C

D

Figure 17. The four lemniscates

PointB = f1(A), pointC is the symmetric ofA with respect toM and pointD is
the symmetric ofB with respect toN .

(3) The symbolq = NZ1MZ2 for the harmonic quadrilateral sets a certain
order on its vertices. In the resulting construction of the cyclic quadrilateral p =
ABCD it is assumed thatZ1, Z2 play the role of the similarity centers andM,N

are the midpoints of the diagonals. Interchanging these roles, changes also the
related cyclic quadrilaterals. Thus, givingq without an ordering for its vertices,
produces two families of cyclic quadrilaterals, depending on how we interpret
its two pairs of opposite vertices. Figure 17 shows the two pairs of lemniscates
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corresponding to the two interpretations of the opposite vertices of the harmonic
quadrilateralq = ABCD. All cyclic quadrilaterals havingq for their associated
harmonic, have their vertices on these lemniscates.

7. The associated cyclic quadrilateral

Starting with an arbitrary convex quadrilateralp = ABCD with intersections of
opposite sidesF andG, we can, through the intermediate construction of its asso-
ciated harmonic, pass to a naturalassociated cyclicquadrilateralp′ = A′B′C ′D′.
In fact, consider the associated harmonicq = Z1NZ2M of p and from this, con-

A

B

C D

Z
1

Z
2

N
M

O

E

Q

μ

λ

κ

B'

C' D'

A'

Figure 18. Quadrilateralp = ABCD and its associated cyclicp′ = A′B′C′D′

struct, following the recipe of Theorem 8, the corresponding cyclicp′ = A′B′C ′D′

(see Figure18). From its definition,p′ has the same harmonic associatedq with
p. Further it is easy to see that|AA′| = |CC ′|, |BB′| = |DD′| and the ratio
|AA′

|

|BB′
|
= |AC|

|BD|
(see Figure18). If one of the intersection pointsF,G of the opposite

sides is at infinity thenp is a trapezium and the corresponding harmonic quadri-
lateral has one of the similarity centers(Z1) coinciding with the intersectionE of
its diagonals. Excluding this case, the procedure described above can be reversed.
Starting from the convex cyclic quadrilateralp′ = A′B′C ′D′ and taking on its
diagonals segments

|AA′| = |CC ′|, |BB′| = |DD′| in ratio
|AA′|
|BB′| =

|A′C ′|
|B′D′| ,

we obtain quadrilateralsp = ABCD with the same associated harmonic quadri-
lateral. This gives an alternative construction of the one exposed in§3. In the
excluded case of trapeziap = ABCD, the result is different and the procedure
must be slightly modified. In fact, in this case there is no proper associated cyclic
quadrilateral, the corresponding construction leading to a degenerate cyclic quadri-
lateral, which coincides with a triangleZ1C

′′D′′ (see Figure19). In this case the
quadrilateralsp′ = A′B′C ′D′, having the same associated harmonic quadrilateral
q = NZ1MZ2 with p are also trapezia and are obtained by taking an arbitrary
point A′ on Z1N , on the other halfline thanN and projecting it parallel toMN
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κ
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Figure 19. For trapezia the associated cyclic degenerates to a triangle

ontoB′ onZ1M . Then taking, respectively, the symmetrics,C ′, D′ with respect
toN andM .
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Dynamics of the Nested Triangles Formed by
the Tops of the Perpendicular Bisectors

Grégoire Nicollier

Abstract. Given a triangle, we construct a new triangle by taking as vertices
the tops of the interior perpendicular bisectors. We describe the dynamicsof
this transformation exhaustively up to similarity. An acute initial triangle gener-
ates a sequence with constant largest angle: except for the equilateralcase, the
transformation is then ergodic and amounts to a surjective tent map of the inter-
val. An obtuse initial triangle either becomes acute or degenerates by reaching a
right-angled state.

1. Introduction

The midpoints of the sides of a triangleABC are the vertices of themedialtrian-
gle, which is obtained fromABC by a homothety of ratio−1/2 about the centroid.
By iterating this transformation, one obtains a sequence of directly similar nested
triangles that converges to the common centroid. The feet of the medians andof
the perpendicular bisectors generate thus a boring sequence! The feet of the angle
bisectors are more interesting: the iterated transformation produces a sequence of
nested triangles that always converges to an equilateral shape, as shown in [8] for
isosceles initial triangles and in [2] for the general case (in 2006). In the1990s,
four papers [3, 4, 9, 1] analyzed thepedalor orthic sequence defined by the feet
of the altitudes: Peter Lax [4] proved the ergodicity of the construction. Wecon-
sidered in [5] reflection triangles and their iterates: the vertices of the new triangle
are obtained by reflecting each vertex ofABC in the opposite side. We were able
to decrypt the complex fractal structure of this mapping completely: the sequences
generated by acute or right-angled triangles behave nicely, as they always converge
to an equilateral shape.

The tops of the medians, angle bisectors, and altitudes are the vertices of the
original triangle. But what about the tops of the interior perpendicular bisectors of
ABC as new vertices? We found no trace of this problem in the literature. The
solution presented here offers an elementary and concrete approach tochaos and
requires almost no calculations. Note that another kind of triangle and polygon
transformations have a long and rich history, those given by circulant linear com-
binations of the old vertices, like Napoleon’s configuration (see the references in

Publication Date: February 3, 2014. Communicating Editor: Paul Yiu.
The author wishes to thank Christian Savioz for the improved proof of Theorem 1.
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Figure 1. TriangleA1B1C1 of the tops of the interior perpendicular bisectors

[6]): their dynamics can be best described by using convolution products and a
shape function relying on the discrete Fourier transform [6, 7].

2. Triangle of the tops of the perpendicular bisectors

Let ∆ = ABC be a triangle with corresponding anglesα, β, γ and opposite
sidesa, b, c. The interior perpendicular bisectors issued from the side midpoints
Ma, Mb, andMc end atA1, B1, andC1, respectively (Figure 1). The triangle
∆1 = A1B1C1 = T (∆) is thechild of ∆, and∆ a parent of ∆1. We denote
themth iterate of the transformationT by Tm, m ∈ Z. We are interested in the
shapeof the descendants and ancestors of∆, i.e., in their angles. In this paper, we
provide an exhaustive description of the dynamics ofT with respect to shape.

We consider only two types of degenerate triangles, the “isosceles” ones: we as-
sign angles0◦, 0◦, 180◦ to every nontrivial segment with midpoint and angles90◦,
90◦, 0◦ to every nontrivial segment with one double endpoint. A nondegenerate
triangle isproper. We identify the shape of a triangle∆ with the point of the set

S =
{

(α, β) | 0◦ < β ≤ α ≤ 90◦ − β/2
}

∪ {(0◦, 0◦), (90◦, 0◦)}
given by the two smallest angles of∆ (Figure 2). S is the disjoint union of the
subsetsO, R, andA of the obtuse, right-angled, and acute shapes, respectively.
We denote the shape of an isosceles triangle with equal anglesα by Iα, 0◦ ≤
α ≤ 90◦. The shapes of the isosceles triangles form theroof of S, whose top is
the equilateral shapeI60◦ . The transformationT induces a transformationτ of S.
We setτ(I90◦) = I90◦ by definition. The children of right-angled triangles are
degenerate with two vertices at the midpoint of the hypotenuse:τ maps the whole
segmentR to I90◦ . There are no other proper triangles with a degenerate child.
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Figure 2. SetS of the triangle shapes and a curveΓλ with correspondingΓbent
λ
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Figure 3. Isosceles parent triangles with anglesα = β for α > 60◦, 45◦ < α <

60◦, andα < 45◦

The roof is invariant underτ (Figure 3).I0◦ and the points of the right roof side
are fixed points, and

τ(Iα) =











I2α if 0◦ ≤ α ≤ 45◦

I180◦−2α if 45◦ ≤ α ≤ 60◦

Iα if 60◦ ≤ α ≤ 90◦
.
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Whenα grows,τ(Iα) travels on the roof as follows: fromI0◦ to I90◦ for 0◦ ≤
α ≤ 45◦, then back toI60◦ for 45◦ ≤ α ≤ 60◦ before descending the right roof
side for60◦ ≤ α ≤ 90◦. Each shapeIα has thus one, two, or three isosceles
parents according as it lies on the left roof side, atI60◦ or I90◦ , or on the rest of
the right roof side, respectively. For60◦ < α < 90◦, the three isosceles parents
of Iα are itself, the point where the parallel toR throughIα cuts the left roof
side, and the reflection of this parent in the line ofR. An equilateral triangle has
four isosceles parents: itself and three of shapeI30◦ . Iα degenerates eventually to
I90◦ (and this afterm steps) if and only ifα = 90◦/2m for some integerm ≥ 0.
Otherwise,Iα 6= I0◦ reaches its final nondegenerate stateI2nα or I180◦−2nα after
n steps, wheren ≥ 0 is given by30◦/2n−1 ≤ α < 45◦/2n−1 in the first and by
45◦/2n−1 < α < 60◦/2n−1 in the second case.

We consider the tangents of the angles of∆:

u = tanα, v = tanβ, w = tan γ =
u+ v

uv − 1
.

We write tan(α, β) for (tanα, tanβ). In the(u, v)-plane, the transformation in-

duced byτ is essentially the radial stretch(u, v) 7→ |w|
u

(u, v). More precisely, we

have the following result.

Theorem 1. When(α, β) is the shape of the proper obtuse or acute triangle∆, the

anglesα1 andβ1 of T (∆) are acute withα1 ≥ β1 andtan(α1, β1) =
|w|
u

(u, v).

According as the parent is obtuse or acute, its child has a smaller or the same
largest angle.

Proof. We first look at the acute case90◦ > γ ≥ α ≥ β > 0◦ (Figure 1). LetD be
the intersection of sideb with the perpendicular bisector ofc. By Thales’ theorem,
A1McMaC1 andMcB1DMb are convex cyclic quadrilaterals with circumcircles
of diametersA1C1 andB1D, respectively. One has thusα1 = ∠McMaB = γ =
∠McB1D and

tanβ1 =
C1Mc

McB1

=
C1Mc

c/2
· c/2

DMc
· DMc

McB1

=
tanβ

tanα
tan γ.

Sinceα1 = γ, one hasγ1 ≤ ∠A1C1B = α ≤ γ.
In the obtuse caseγ > 90◦ > α ≥ β > 0◦, A1 lies on the right ofMc andB1 on

the left. One considers the quadrilateralsMcA1MaC1 andB1McDMb to getα1 =
∠McMaC1 = 180◦ − γ = ∠McB1D andtanβ1 = tanβ · tan(180◦ − γ)/ tanα.
One hasγ1 = 180◦ − (α1 + β1) = γ − β1 < γ. �

An acute shape and all its descendants lie thus on a parallel to the line of the
right-angled shapes: for everyϕ ∈ (0◦, 15◦], the segment of acute shapesPac

ϕ

parallel toR from I45◦+ϕ to I90◦−2ϕ is invariant underτ (Figure 4).
The shape of an obtuse or right-angled childτ(α, β) is (α1, β1) sinceγ1 > α1

(with equality for(α, β) = I90◦). The shape of an acute child is(α1, β1), (γ1, β1),
or (β1, γ1) sinceα1 ≥ β1. We describe below the conditions of each occurrence.
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Note that(γ1, β1) is the horizontal reflection of(α1, β1) in the line of the right roof
side and that(β1, γ1) is the reflection of(γ1, β1) in the line of the left roof side.

Theorem 2. The acute shape(α, β) and its reflection in the line ofR, the obtuse
shape(90◦ − β, 90◦ − α), share the same child.

Proof. The tangents of the shapes are(u, v) and (u′, v′) = (1/v, 1/u). Since
w′ = −w andv′/u′ = v/u, the children have the same angles. �

As a consequence, the segmentQ of obtuse shapes joiningI30◦ and I90◦ is
reflected inR by τ to the right roof side consisting of fixed points (Figures 2 and
4). (When an isosceles child triangle has a scalene parent, note that a reflection
in the child’s axis gives a second parent triangle.) And forϕ ∈ (0◦, 15◦], the
action of τ on the segmentPobt

ϕ of obtuse shapes parallel toR from I45◦−ϕ to
(90◦ − 4ϕ, 2ϕ) ∈ Q is the reflection toPac

ϕ followed byτ : sincePac
ϕ is invariant

underτ , τ mapsPobt
ϕ toPac

ϕ .

3. Dynamics of the transformation

Consider a slopeλ with 0 < λ ≤ 1. On the segmentv = λu, 0 ≤ u <
√

1/λ ,
|w| is given by(1 + λ)u/(1 − λu2) and is a strictly growing convex function of
u with image[0,+∞). The segmentv = λu, 0 ≤ u <

√

1/λ , is thus stretched
bijectively and continuously to the whole half-linev = λu, u ≥ 0, by the map

(u, v) 7→ |w|
u

(u, v), whose only fixed point is the origin. The strictly growing

curvesΓλ corresponding to these segments are given by

Γλ : β = arctan(λ tanα), 0◦ ≤ α ≤ 90◦, 0 < λ ≤ 1,

which is β = α for λ = 1: they link the originI0◦ and the point(90◦, 90◦),
are symmetric in the line ofR, and provide a simple covering of{(α, β) | 0◦ <

β ≤ α < 90◦} (Figures 2 and 4). The lower partsΓobt
λ of the Γλ’s for 0◦ ≤

α ≤ arctan
√

1/λ cover the set of the obtuse and proper right-angled shapes. The
middle partsΓac

λ for arctan
√

1/λ < α ≤ arctan
√

1 + 2/λ cover the set of the
acute shapes. By Theorem 1, the transformationτ stretches eachΓobt

λ to the doubly
bent curveΓbent

λ linking I0◦ andI90◦ (Figure 2): Γbent
λ is obtained fromΓλ by a

horizontal reflection of its upper part in the line of the right roof side followed by a
partial reflection in the left roof side. By Theorem 2,τ maps each pathΓac

λ (joining
a right-angled shape and an isosceles fixed point ofτ ) to the way back alongΓbent

λ

from I90◦ to the right roof side.
τ provides thus a simple covering ofO ∪ R \ {I90◦} (by obtuse shapes ex-

clusively), a fivefold covering ofA without roof, a triple covering of the section
{Iα | 45◦ < α < 60◦} of the left roof side, a double covering ofI60◦ and a
quadruple covering of the right roof side without endpoints. The covering of A
without roof consists of three layers of obtuse and two layers of acute shapes.
More precisely, each regionOn ⊂ O bordered by the curveτ−n(R) and its parent
curveτ−n−1(R) is mapped byτ bijectively and upwardly (along the curvesΓλ)
to the next less obtuse regionOn−1 for all integersn ≥ 1 (Figure 2). The curve
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Figure 4. The five parents of the acute shape(70◦, 30◦) ∈ L
ac and the parent

curves of the segmentPac
5◦

τ−n(R), n ≥ 0, joins I45◦/2n andI90◦ . Every neighborhood of theα-axis con-
tains all but finitely many ancestor regions ofO0, the region of theslightly obtuse
shapes. O0 \ {I30◦} is the disjoint union of three layers of the fivefold covering
of A without roof and of a double covering of the acute roof section withoutI60◦

andI90◦ . Each of the following three subregions ofO0 is mapped bijectively to
A without roof (along the three smooth sections of the curvesΓbent

λ ) : the lower
subregionOlow

0 , the middle lensOmid
0 , and the upper subregionOup

0
delimited by

the curvesτ−1(R), Q, Lobt, andR. The curveLobt consists of the obtuse parent
shapes mapped to a bend point of some curveΓbent

λ on the left roof side. The re-
flections ofOmid

0 andOup
0

in the line ofR, separated by the curveLac, constitute
the remaining two layers of acute shapes in the covering ofA.

The shape of an acute childτ(α, β) is (α1, β1) if the parent(α, β) lies inOlow
0 ,

(γ1, β1) if the parent is inOmid
0 or Aright, and(β1, γ1) if the parent is located be-

tweenLobt andLac (Figure 2).
The bijective stretch

p−1 : {(u, v) | u ≥ v > 0, uv < 1} → {(u, v) | u ≥ v > 0}, (u, v) 7→ |w|
u

(u, v)
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is the inverse function of

p(u, v) =

√

(u+ v)2 + 4u3v − (u+ v)

2u2v
(u, v).

One parent(α, β) of the proper shape(α1, β1) is thus the obtuse shape given by
tan(α, β) = p(tan(α1, β1)) (Figure 4). When(α1, β1) is an acute shape, the
parent(α, β) lies in Olow

0 and the other parents are the obtuse shapes(α′, β′),
(α′′, β′′) given by tan(α′, β′) = p(tan(γ1, β1)), tan(α′′, β′′) = p(tan(γ1, α1))
and their acute reflections(90◦ − β′, 90◦ − α′) and (90◦ − β′′, 90◦ − α′′) on
Pac
(α1+β1−90◦)/2

. Except(α, β), the parents are the vertices of a rectangle. The
parent(α, β) and(α1, β1) lie on the same curveΓλ (λ = tanβ1/ tanα1), whereas
(α′, β′) and(α′′, β′′) reach their child by traveling on bent curvesΓbent

λ′ andΓbent
λ′′

(λ′ = tanβ1/ tan γ1, λ′′ = tanα1/ tan γ1), after the first bend for(α′, β′) ∈ Omid
0

and the second for(α′′, β′′) ∈ Oup
0

.
Each acute nonequilateral triangle has exactly five differently placed parents:

by axial symmetry, an isosceles child has one or two pairs of inversely congruent
scalene parents according as its equal angles are larger or smaller than60◦. We
already mentioned the four parents of an equilateral triangle: itself and three of
shapeI30◦ . The formula forp(u, v) shows that the parents of a given proper triangle
are all constructible by straightedge and compass.

The parents(α, β) of the proper right-angled shapes(α1, β1) with tan(α1, β1)=
(u1, v1) are the obtuse solutions ofu1v1 = 1 and constitute thus the curve

τ−1(R) \ {I90◦} : tan2(α+ β) = tanα/ tanβ, 0◦ < β ≤ α, α+ β < 90◦

(Figure 2). Sinceu1/v1 = u/v, the proper shapes ofτ−2(R) are the shapes(α, β)
below τ−1(R) with tan2(α1 + β1) = tanα/ tanβ, and so on. For each integer
n ≥ 1, a parametric representation of the curveτ−n(R) without I90◦ is given by
tan(α, β) = pn(û, 1/û) with tanβ = û−2 tanα and(û, 1/û) = tan(α̂, 90◦ − α̂),
45◦ ≤ α̂ < 90◦, wherepn denotes thenth iterate ofp. The maximal elevation of
τ−n(R) seems to be approximately23◦/n.

Because the origin is the unique fixed point of the stretch(u, v) 7→ |w|
u

(u, v)

in the set{(u, v) | u ≥ v > 0, uv < 1}, the only possible fixed point ofτ on
Γλ ∩ S (besides the endpoints) is the double point ofΓbent

λ (Figure 2). But this
acute double point is the unique point ofΓbent

λ on its parallel toR and is forced
to be its own child. The curveC1 of the nonisosceles fixed shapes joinsI60◦ and
I90◦ in A and lies belowLac: the shapes(α, β) ∈ C1 are thus the solutions of the
equation(α, β) = τ(α, β) = (β1, γ1), i.e., u = v1, which can be transformed into
v2 + (u− u3)v + u2 = 0. The solution that corresponds to shapes is

C1 : v =
u

2

(

u2 − 1−
√

(u2 − 1)2 − 4
)

, u = tanα, v = tanβ, u ≥
√
3.

When the shape(α, β) of ∆ lies onC1, T (∆) is directly similar to∆, since∆ =
ABC andA1B1C1 are then equally oriented withγ = α1 ≥ α = β1 ≥ β = γ1.
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In general, one finds the child of the acute shape(α, β) as follows. Draw the
curveΓλ through(α, β) by takingλ = tanβ/ tanα. The child is the point where
the parallel toR through(α, β) cuts one of the two bent sections ofΓbent

λ (Figure 2).
A proper scalene shape(α, β) on the curveLobt, which linksI90◦ andI30◦ , is

the obtuse parent of someIα̂, 45◦ < α̂ ≤ 60◦. Iα̂ = (α̂, α̂) is the bend ofΓbent
λ̂

on
the left roof side. Before bending,Iα̂ was the point(180◦ − 2α̂, α̂) located on the
curveΓ

λ̂
, like its parent(α, β). One has thus

λ̂ = tan α̂/ tan(180◦ − 2α̂) = (tan2 α̂− 1)/2

andtan(α, β) = (u, v) = (u, λ̂u) with w < 0. The conditionτ(α, β) = Iα̂ is
equivalent tow1 = v1, since the twosmallerangles ofT (∆) have to be equal. The
equationw1 = v1 can be transformed into1 + u/v =

√
1 + w2 and further, since

v = λ̂u anduv < 1, into

λ̂ tan α̂ u2 + λ̂(λ̂+ 1)u− tan α̂ = 0.

The positive solutionu gives

Lobt: u = tanα =

√

(tan α̂+ cot α̂)2

16
+

2

tan2 α̂− 1
− tan α̂+ cot α̂

4
,

β = 180◦ − α− 2α̂, 45◦ < α̂ ≤ 60◦.

One obtains the parametric representation ofLac by reflection inR or (since now
uv > 1) from the equation̂λ tan α̂ u2 − λ̂(λ̂+ 1)u− tan α̂ = 0, which leads to

Lac: tanα =

√

(tan α̂+ cot α̂)2

16
+

2

tan2 α̂− 1
+

tan α̂+ cot α̂

4
,

β = 2α̂− α, 45◦ < α̂ ≤ 60◦.

The segmentPac
ϕ parallel toR from I45◦+ϕ to I90◦−2ϕ, 0◦ < ϕ < 15◦, has

five parent curves (Figure 4):Pac
ϕ is doubly covered by itself underτ , once by the

portion between the left roof side andLac, once by the rest.Pac
ϕ is covered twice

byPobt
ϕ through reflection followed byτ . And the curve

Kϕ : tan(α, β) = p(tan(α̃, 90◦ + 2ϕ− α̃)), 45◦ + ϕ ≤ α̃ ≤ 90◦ − 2ϕ,

formed by the parents inOlow
0 of some shape ofPac

ϕ is mapped bijectively ontoPac
ϕ

(along theΓλ’s). Kϕ links I22.5◦+ϕ/2 and the end shape(90◦ − 4ϕ, 2ϕ) of Pobt
ϕ .

The regionO0 \{I30◦} is the disjoint union of the nested pointed archesKϕ∪Pobt
ϕ ,

0◦ < ϕ < 15◦. Such an arch coversPac
ϕ three times underτ : down, and up, and

down again.
When restricted toPac

ϕ , the transformationτ amounts to the surjective tent map
t 7→ 2min(t, 1 − t) of the unit interval and is thus ergodic once the appropriate
measure has been defined (see Section 4).Pac

ϕ is first folded byτ about the point
onLac in such a way that its left endpoint coincides with the fixed right endpoint
(Figure 4). Both halves, being held firmly at their common right end, are then
stretched to the left until each of them covers simplyPac

ϕ . The subregions of acute
shapesAleft,Amid, andAright delimited inA by the curvesR, C1, andLac (Figure 2)
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are thus transformed in the following way along the parallels toR: Aleft is mapped
bijectively toAmid ∪Aright, Amid toAleft, andAright toA, giving two acute parents
to every acute shape not lying on the left roof side. According as the acute shape
is on the right or left ofC1, it is located between its acute parents or on their left,
respectively (Figure 4).

Take a unit circle and draw a horizontal chordAB below the diameter at distance
sin 2ϕ, 0◦ < ϕ < 15◦. The acute shapes(α, β) of the segmentPac

ϕ are then
represented by the inscribed trianglesABC for which C lies between the north
pole and the limit positionClim whereα = γ = 90◦ − 2ϕ. τ movesC on this arc.

The120 integer-angled shapesIn◦ on the roof and(2m◦, (45−m)◦) onQ have
integer-angled children. A systematic search shows that there are only eight further
such cases:τ(36◦, 12◦) = (48◦, 18◦), τ(42◦, 12◦) = (54◦, 18◦), τ(66◦, 18◦) =
τ(72◦, 24◦) = (54◦, 42◦), τ(50◦, 30◦) = τ(60◦, 40◦) = (70◦, 30◦), τ(70◦, 30◦) =
τ(60◦, 20◦) = I50◦ . These cases verify the identity

tan(60◦ − δ) tan(60◦ + δ) tan δ = tan 3δ

for δ = 12◦, 18◦, 6◦, 20◦, and10◦ in order: tan 12◦ tan 48◦/ tan 36◦ = tan 18◦

and so on.

4. The transformation as symbolic dynamics

We use symbolic dynamics to give a short and elementary proof of the ergodicity
of τ on every segmentPac

ϕ . We identifyPac
ϕ , 0◦ < ϕ < 15◦, with the interval[0, 1],

where0 = I90◦−2ϕ and1 = I45◦+ϕ are the isosceles endpoints on theright and
left roof sides, respectively (Figure 4). We represent each shapes ∈ Pac

ϕ by its
infinite binary addressx = x1x2x3 . . . giving the position ofs with respect to
the fractal subdivision ofPac

ϕ induced by the monotonicity intervals ofτ and its
iterates. Thekth digit of the address is0 or 1 according asτk restricted toPac

ϕ is
direction-preserving or reversing in a neighborhood of the shape (and addresses of
turning points end in a constant sequence of0s or1s). If x is eventually periodic,
we overline the period’s digits. We identify the ends01 and10. The childτ(s) is
then given by a left shift whenx1 = 0 and a left shift with permutation0 ↔ 1 in x

whenx1 = 1. Note thatτn(x) = xn+1 . . . or τn(x) = (xn+1 . . . )0↔1 according
asx1 . . . xn contains an even or odd number of1s.

The shape onLac is 1/2 = 01 and the nonisosceles fixed point is2/3 = 10. The
parents ofx are0x and1x0↔1 (these are theacuteparents of the shape). The only
ancestors of0 are the addresses ending in0 or 1, i.e., integer multiples of some
2−n.

We prove that the orbit ofx becomes eventually periodic if and only if the dig-
its of x are eventually periodic. Consider first an eventually periodic sequence
x = x1 . . . xkp1 . . . pn: since{p1 . . . pn, (p1 · · · pn)0↔1} contains bothτk+n(x)
andτk+2n(x), one of them isτk(x), whose orbit is thus periodic. Conversely, if
the orbit ofx = x1x2 . . . is eventually periodic withτk(x) = τk+n(x), τk(x) is a
periodic sequence given byxk+1xk+2 . . . or (xk+1xk+2 . . . )0↔1, i.e., the sequence
x is eventually periodic.
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R

C1

C2 C2

Lac

Figure 5. CurvesC2 of the2-cycles

The only 2-cycle is 2/5 = 0110 ↔ 1100 = 4/5. Figure 5 shows the two
curvesC2 of these2-cycles inA. When the shape(α, β) of ∆ lies onC2, T 2(∆)
is inverselysimilar to∆, since∆ = ABC andA2B2C2 are then equally oriented
with γ = β2 ≥ α = α2 ≥ β = γ2 if (α, β) is on the left ofLac and γ =
γ2 ≥ α = β2 ≥ β = α2 if (α, β) is on the right ofLac. The two3-cycles are
010 = 2/7 7→ 100 = 4/7 7→ 110 = 6/7 7→ 010 and00111000 = 2/9 7→ 4/9 7→
8/9 7→ 2/9. The iterated tent mapτn, n ≥ 1, has2n fixed points inPac

ϕ : since
2n > 2 + 22 + · · · + 2n−1 for n ≥ 2, τ hasn-cycles (offundamentalperiodn)
in Pac

ϕ for all integersn ≥ 1. It is easy to see that the2n fixed points are the
fractions2k/(2n − 1), 2k/(2n + 1) in [0, 1] and that forn ≥ 3 such a fixed point
generates ann-cycle if and only if it cannot be written with a smaller denominator
2m ± 1. One can construct addresses with almost any behavior under iteration of
τ . We design for example an addressxdensewhose forward orbit is dense inPac

ϕ :
concatenate successively all binary words of length1, 2, 3, and so on to an infinite
sequence, and submit if necessary each of them in order to a permutation0 ↔ 1 in
such a way that the original word appears as head of the correspondingdescendant
of xdense.

The measure of an interval ofPac
ϕ of kth generation,i.e., with an address of

lengthk, is 2−k by definition. τ is then measure-preserving onPac
ϕ . By using the

binomial distribution, it is easy to see that almost all shapes ofPac
ϕ have anormal

address [9]. An addressx is normal if, for every fixed integerk ≥ 1, all binary
words ofk digits appear with the same asymptotic frequency2−k as heads of the
successiveτn(x), n ∈ N. The descendants of a normal address visit thus all
intervals ofkth generation with equal asymptotic frequency, and this for everyk:
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the forward orbit of almost every shape ofPac
ϕ “goes everywhere inPac

ϕ equally
often”, τ is an ergodic transformation ofPac

ϕ .
We conclude by formulating a condensed version of our results.

Theorem 3. Consider the map that transforms a triangle into the triangle of the
tops of its interior perpendicular bisectors.
(1) An acute initial triangle generates a sequence with constant largest angle:
except for the equilateral case, the transformation is then ergodic in shapeand
amounts to a surjective tent map of the interval. A proper obtuse initial triangle
either becomes acute or degenerates by reaching a right-angled state.
(2) A proper triangle is the transform of exactly one, four or five triangles accord-
ing as it is nonacute, equilateral, or acute but not equilateral, respectively.
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Kitta’s Double-Locked Problem

J. Marshall Unger

Abstract. I present strongly contrasting solutions of a remarkable sangaku. The
general solution requires Fujita’s celebrated mixtilinear circle theorem. The data-
specific solution shows the premodern Japanese preoccupation with Pythagorean
triples.

1. The Problem

Shinpeki sanpō [2] is a collection of problems that FUJITA Sadasuke ordered
his son Yoshitoki to compile to show off the prowess of his disciples, although
problems of enthusiasts from other schools were also included. The problem in
question ([2, 1.42-3]), which was not discussed in [3], [4] or [5], is reproduced in
Figure 1 followed by my translation.

 
Figure 1.

A circular segment is split by a line such that its resulting parts
contain two congruent circles as shown in the figure. The diameter
of the large circle is 697 inches; the diameters of the congruent
circles are 272 inches each. What is the length of the chord of the
segment?
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The answer is 672 inches.
The method is as follows: Substract twice the small diameter (d)
from the large diameter (D). Call the difference heaven (h). Add
this to d. Call this earth (e). Add 10 times the square root of eh to
4h+ 6e. Call this man (m). Now divide 3(m+D) + e by d, take
the square root, and divide it into m. You get the chord asked for.

By KITTA Yasohachi Motokatsu, a disciple of Fujita Sadasuke of
the Seki School, at Kōjimachi in the Eastern capital, in the 9th year
of Tenmei (1789), first (lunar) month.

As we shall see, one can analyze the figure and verify that the numerical solution
is correct for the given data. Yet the analysis that emerges does not lead to the stated
solution procedure, which may be paraphrased in modern notation as follows:

h = D−2d, e = h+d, m = 10
√
eh+4h+6e, w =

√

3(m+D) + e

d
, x =

m

w
.

2. A data-driven solution

GivenD = 697 and d = 272, we notice that all but the chord length are divisible
by 17 and that (

√
h,

√
d,

√
e) is a Pythagorean triple.

D d h e m x
n 697 272 153 425 5712 672

n/17 41 16 9 25 336 39.52941

Since w = 17

2
whether one uses the first or second row of numbers, Kitta evidently

scaled up the data to ensure that x would be an integer.
Because segment-inscribed circles in many but not all other sangaku problems

touch the segment’s chord at its midpoint, and since that is (approximately) what
one sees in Figure 1, Kitta’s readers were likely to take this for granted even though
it was not included in the statement of the problem. In fact, this is a necessary
condition for Kitta’s solution, but it would have led readers acquainted with other
sangaku results into a less than general line of reasoning such as the following.

Lemma 1 ([3, 2.2.7]). The radius of the mixtilinear incircle touching the legs of a
right triangle with sides a, b, c (hypotenuse) and its circumcircle is ρ = a+ b− c.

Proof. In Figure 2, triangle ABC has a right angle at C , and the circle (J) touches
BC ,AC at Ta, Tb respectively. P is the orthogonal projection of the circumcenter
O on JTA. In triangle POJ , we have

(a

2
− ρ

)2

+

(

ρ− b

2

)2

=
( c

2
− ρ

)2

or
a2

4
+
b2

4
− aρ− bρ+ 2ρ2 =

c2

4
− cρ+ ρ2.

Since a2 + b2 = c2, this quickly reduces to the result. �
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ka

A

C

B
O

J

Tb

Ta

Ma

P

Figure 2.

Corollary 2. ρ = 2r, where r is the inradius of the right triangle ABC .

Corollary 3 ([5, 254, 275-76]). The difference between each leg and the radius of
the mixtilinear circle is twice the sagitta on that leg, i.e.,

2ka = a− ρ and 2kb = b− ρ.

Proof. a− ρ = a− (a+ b− c) = c− b = 2
(

c
2
− b

2

)

= 2(R−OMa) = 2ka. The
proof for b is analogous. �

If 2ρ = ka, then 2(a+ b− c) = 1

2
(c− b), 4a+ 4b− 4c = c− b, 4a+ 5b = 5c.

From this, (4a+5b)2 = (5c)2 = 25(a2+ b2), 16a2+40ab+25b2 = 25a2+25b2,
9a2 = 40ab, and a : b = 40 : 9. It follows that a : b : c : ρ = 40 : 9 : 41 : 8.

A

C

B

J

Tb

O

Tc

F
E

Figure 3.

Assume BC = 40, CA = 9, and AB = 41. Now add E such that BE touches
(OJ) at Tc. We seek the length of BE (see Figure 3). Let F be the intersection
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of CA and BE extended. By equal tangents on (J), let FTb = FTc = x. Since
BTc = BTa = 40− 8 = 32, by the Pythagorean relation for the triangle FBC ,

(8 + x)2 + 402 = (32 + x)2 =⇒ x =
40

3
.

This means that CF = 8 + 40

3
= 64

3
and BF = 32 + 40

3
= 136

3
.

By the intersecting chords theorem, EF ·BF = AF ·CF , andEF = AF ·CF
BF =

37

3
· 64

3
· 3

136
= 296

51
. This gives BE = 136

3
− 296

51
= 672

17
. Scaling up by 17 gives the

answer.
In summary, if one focuses on the data given and applies other well-known

sangaku results, one can verify the value of the given answer. Kitta does not state
that AC touches (J) in Figure 3, although this is true for the given data. But
neither does Kitta state that the circle inscribed in the segment touches BC at its
midpoint, which is in fact a necessary condition, so it would not be unreasonable
for the reader to think that both pieces of information were to be inferred from the
data. Yet a little experimentation shows that Kitta’s method is valid even when AC
does not touch (J).

3. The general case

Let us start afresh with the Figure 4, in which Y J = d
2
. By an elementary

sangaku theorem ([3, 1.1]), EY = 2
√

d
2

(

D
2
− d

)

=
√

d(D − 2d) =
√
dh.

d

O

AC

B

J

Z

Y

I

Y ′

Z′

E

P

K

Figure 4.

By the intersecting chords theorem, EA =
√

d(D − d) =
√
de. Hence b =

2EA = 2
√
de. Let r be the inradius of ABC , p =

√
de +

√
dh = Y A, and

q = Y ′A. Notice that all seven right triangles

IJK, AIY ′, Y IK, AJY, IY Y ′, Y JI, AY I
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are similar. In particular, KJ
IK = Y ′I

Y ′A and IK
KY = IY ′

Y ′A . That is, d
2
− r = r·IK

q

and IK = r2

q . Hence, d
2
− r = r · r2

q2
. But by applying Fujita’s mixtilinear circle

theorem ([3, 2.2.8], also [7, 8] 1) withA on (O), rq = d
2p . Therefore, d

2
−r = r · d2

4p2
.

Solving for r, r = 2dp2

d2+4p2
.

Likewise, since the triangles AEP and BZ′I are similar, b
2d = c−q

r . Using
q
r = 2p

d again, this becomes b
2d = c

r − 2p
d . Solving for c, c = r(b+4p)

2d , or, replacing
r,

c =
2dp2

d2 + 4p2
· b+ 4p

2d
=
p2(b+ 4p)

d2 + 4p2
.

Now, b + 4p = 6
√
de + 4

√
dh, and, because d = (

√
e +

√
h)(

√
e − √

h), we
see that p2 = (

√
e+

√
h)3(

√
e−√

h) and

d2 + 4p2 = (
√
e+

√
h)2(

√
e−

√
h)2 + 4(

√
e+

√
h)(

√
e−

√
h)(

√
e+

√
h)2

= (
√
e+

√
h)2(

√
e−

√
h)[

√
e−

√
h+ 4(

√
e+

√
h)]

= (
√
e+

√
h)2(

√
e−

√
h)(5

√
e+ 3

√
h).

Hence, p2

d2+4p2
=
√
e+
√
h

5
√
e+3
√
h

and

c =
2
√
d(3

√
e+ 2

√
h)(

√
e+

√
h)

5
√
e+ 3

√
h

.

This is Kitta’s formula because m = 10
√
eh+4h+6e = 2(3

√
e+2

√
h)(

√
e+

√
h),

and

3(m+D)+e = 3(m+2e−h)+e = 3m+7e−3h = 25e+30
√
eh+9h = (5

√
e+3

√
h)2.

But we are not quite done since Kitta defined w as
√

(5
√
e+3
√
h)2

d and used m to

define the numerator of c = m
w . Why not set w0 =

5
√
e+3
√
h√

d
and m0 =

dw2

0
−e

3
−D

and have c = m0

w0
? I suspect the reason is that Kitta relied on two other sangaku

results, which took him on a circuitous path to c.
One result was an expression for the diameter of the circumcircle in terms of

two sagittae and the inradius of a circumscribed triangle (see Figure 5), D =
4d�(d+�+r)

4d�−r2 . This follows from the equivalent of Carnot’s Theorem stated in terms
of the sagittae on the sides of a triangle rather than the signed perpendicular dis-
tances from the circumcenter to the sides. This elegant version of the theorem was
cited as if common knowledge, with no mention of Carnot, in a Meiji period paper
by Y. Sawayama ([6, 153]), and we can reasonably conclude that it was known in
premodern Japan.

Proof. If n is the third sagitta in Figure 5, Sawayama’s form of Carnot’s Theorem
states that d + � + n = D − r. Hence 2D − 2n = 2(d + � + r). Since the
right triangles CPQ and AIY are similar, a

2n = q
r ; but by the intersecting chords

1The proof in [7] was flawed and is superseded by [8].
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n

d

O

A

C

B

J
I

Tb

P

Tc

Y
Q

Figure 5.

theorem, n(D − n) =
(

a
2

)2
. Hence D − n = q2

r2
· n, or, n = Dr2

q2+r2
. Now, another

sangaku theorem ([3, 2.2]) states that the square of the distance from the vertex of
a triangle to its incenter is four times the product of the sagittae on the adjacent
sides. In the present case, 4d� = x2, where x2 = q2 + r2. Therefore, 2D − 2n =

2D − D(4d�−r2)
2d� and so 2(d+ �+ r) = D(4d�−r2)

2d� , or D = 4d�(d+�+r)
4d�−r2 . �

Armed with D = 4d�(d+�+r)
4d�−r2 and � = x2

4d , one calculates c by the intersecting
chords theorem without much difficulty because D − � factors nicely into

4d2�+ 4d�2 + 4d�r

4d�− r2
− � =

4d2�+ 4d�r + �r2

4d�− r2
=
�(2d+ r)2

4d�− r2
.

Therefore,
( c

2

)2

= �(D − �) =
�2(2d + r)2

4d�− r2
=

(2d + r)2x4

16d2(x2 − r2)
=

(2d+ r)2(q2 + r2)2

16d2q2

=
(d2 + 4p2)2r2(2d+ r)2

64d4p2
=

(
√
d(5

√
e+ 3

√
h) + p)2(d2 + 4p2)2

4d2(5
√
e+ 3

√
h)4

=
d(d + 4(

√
e+

√
h)2)2(3

√
e+ 2

√
h)2

(5
√
e+ 3

√
h)4

=
(
√
e−√

h)(
√
e+

√
h)3(3

√
e+ 2

√
h)2

(5
√
e+ 3

√
h)2

.

Hence,

c = 2

√

(
√
e−√

h)(
√
e+

√
h)3(3

√
e+ 2

√
h)2

(5
√
e+ 3

√
h)2

= 2
√
d

√

(
√
e+

√
h)2(3

√
e+ 2

√
h)2

(5
√
e+ 3

√
h)2

.

(We get to the same expression if we eliminate D using D = 2e − h, but the
algebra is lengthier.) Thus we obtain a quadratic in c with no linear term and
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therefore with symmetric roots, one negative definite and one positive. From this

perpsective, c =
√

m2

w2 and Kitta’s definitions of m and w make sense.
I have recently discovered that this problem is the first one discussed by AIDA

Yasuaki in a manuscript criticizing various solutions in Shinpeki sanp̄o ([1, 1.5-6]).

Aida’s solution is equivalent to the equation c = 2
√
d(3
√
e+2
√
h)(
√
e+
√
h)

5
√
e+3
√
h

derived

above. In terms of the notation we have been using, Aida sets h0 =
√

d(D − d)

and e0 =
√

h2
0
− d2 + h0 (that is, e0 =

√

d(D − 2d) +
√

d(D − d)), and writes

c =
e2
0

2h0+3e0
+ e0, avoiding Kitta’s m and w placeholders altogether.

4. Discussion

Kitta evidently took pains to write up this problem in such a way that even a
reader who could verify the numerical result might still be baffled by the general
procedure. In this way, it is like a double-locked box. For the sophisticated solver,
the unanswered question is why neat Pythagorean relationships emerge in the data.

A connection between the general and special cases of the problem lies in the
fact that, if d and p are integers, then h, d, and e are perfect squares and (

√
h,

√
d,
√
e)

is a Pythagorean triple. To prove this, recall that dp2 = (
√
e+

√
h)4(

√
e−√

h)2.

Replacing h with e − d and solving for e, e = (d2+p2)2

4dp2
; that is, ed =

(

d2+p2

2dp

)2

.

Thus, provided d and p are integers, e and d are perfect squares, and, since h+d = e
implies h = (p2 − d2)2, h is a perfect square too.
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Appendix (by the editor): Kitta’s configurations with integer diameters

Given a triangle ABC with sidelengths BC = a, CA = b, AB = c, semiperimeter s,
and area Δ, the radius of the mixtilinear incircle in angle A is

ρa =
r

cos2 A
2

=
bc

s(s− a)
· Δ
s

=
bcΔ

s2(s− a)
,

where r = Δ
s is the inradius of the triangle. With reference to Figure 5, d = R(1 −

cosB) = 2R sin2 B
2 . The condition 2ρa = d becomes 2bcΔ

s2(s−a) = 2abc
4Δ · (s−c)(s−a)

ca . Since

Δ2 = s(s− a)(s− b)(s− c), this reduces to 4c(s− b) = s(s− a), and a2 − b2 + 7c2 −
10bc+ 8ca = 0. By completing squares, we rewrite this as (a + 4c)2 = (b + c)(b + 9c).
It follows that

a = −4c+
√

(b+ c)(b+ 9c) = −4c+
√

(b + 5c)2 − (4c)2.

To obtain integer solutions we put b+5c = p2+ q2, 4c = 2pq for relatively prime integers
p and q. This leads to

b = 2p2 + 2q2 − 5pq, c = pq, a = 2(p2 − q2 − 2pq).

These satisfy the triangle inequality if and only if p > 5q
2 . The circumradius of the triangle

is rational if and only if the area is an integer. Since Δ = 2pq(p − 2q)
√

(2p− 5q)q,
we choose p and q such that 2p − 5q : q = u2 : v2 for relatively prime integers u, v.
Equivalently, (p, q) = ( u

2+5v2

g , 2v2

g ) with g = gcd(u2 + 5v2, 2v2). The following table
shows that with small values of u and v, we exhaust all examples in which a, b, c, after
reduction by their gcd, are all integers below 1000.

u v p q a b c D d = 2ρa � ATb

1 1 3 1 4 5 3 5 5
2

1
2

5
2

1 2 21 8 41 85 84 697
8 34 32 68

2 1 9 2 41 40 9 41 17 1
2 8

1 3 23 9 68 185 207 629
3

111
2

243
2

333
2

3 1 7 1 68 65 7 221
3

39
2

1
6

13
2

2 3 49 18 313 520 441 1565
3 240 243

2 360
3 2 29 8 313 325 116 7825

24 150 32
3 100

4 1 21 2 353 340 21 1765
4 80 1

4 20
5 1 15 1 388 377 15 2813

5
145
2

1
10

29
2

Kitta’s example is the one obtained from (u, v) = (1, 2), magnified by a factor 8 to
make the circumradius an integer. Here are the only configurations with integer values of
a, b, c, D, and 2ρa = d, all below 1000:

a b c D d = 2ρa � ATb

8 10 6 10 5 1 5
41 40 9 41 17 1

2 8
328 680 672 697 272 256 544
408 390 42 442 117 1 39

J. Marshall Unger: Department of East Asian Languages & Literatures, The Ohio State Univer-
sity, Columbus, Ohio 43210-1340, USA

E-mail address: unger.26@osu.edu
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Distances Between the Circumcenter of the Extouch
Triangle and the Classical Centers of a Triangle

Marie-Nicole Gras

Abstract. We compute, in a triangle, the distances between the circumcenter
of the extouch triangle and the circumcenter, the incenter, and the orthocenter,
respectively. For this calculation, we use the absolute barycentric coordinates
and obtain relatively simple formulas which seem unknown. To conclude, we
compute the barycentric coordinates of the incenter of the extouch triangle.

1. Introduction

We consider a triangle ABC and we denote by O the circumcenter, I the in-
center, H the orthocenter, G the centroid, and N the nine-point center. We denote
the side-lengths by a, b, c, the semiperimeter by s, R the circumradius, and r the
inradius. The distances between the classical centers of the triangle ABC are well
known. We recall that

OI2 = R2 − 2Rr,

OH2 = R2 − 8R2 cosA cosB cosC,

HI2 = 2r2 − 4R2 cosA cosB cosC.

O

I

H

Ω

A

B CX

Y

Z

Figure 1.

It is well known that the circle through the excenters of triangleABC has center
I ′, the reflection of I in O, and that the radii through the excenters are perpendic-
ular to the corresponding sides of ABC. It follows that the extouch triangle XY Z
is the pedal triangle of I ′, and its circumcircle is the common pedal circle of I ′ and

Publication Date: February 24, 2014. Communicating Editor: Paul Yiu.
The author would like to thank Paul Yiu for his help in the preparation of this paper, for his

suggestions and valuable supplements.
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its isogonal conjugate I
′∗. The circumcenter Ω is the midpoint between I ′ and I

′∗.
In this note we compute the distances between Ω and the above classical triangle
centers.

Theorem 1.
(a) ΩO2 = R2 − 4R3(R−r)

r2
cosA cosB cosC.

(b) ΩI2 = 2R2 − 4Rr − 4R3(R−2r)
r2

cosA cosB cosC.

(c) ΩH2 = 2R2 − 4Rr − 2r2 − 4R2(R−r)(R−3r)
r2

cosA cosB cosC.

We collect a number of useful formulas for cyclic sums of trigonometrical ex-
pressions involving the angles of a triangle.

Lemma 2.
(a) cosA+ cosB + cosC = R+r

R .

(b)
∑

cyclic
cosB cosC = (2R+r)r

2R2 + cosA cosB cosC.
(c)

∑

cyclic
sinA cosA = rs

R2 .
(d)

∑

cyclic
(cosB + cosC) sinA = sinA+ sinB + sinC = s

R .
(e) sinA sinB sinC =

∑

cyclic
(cosB cosC) sinA = rs

2R2 .

2. Homogeneous barycentric coordinates of some centers

In the Encyclopedia of triangles centers [1], henceforth referred to as ETC, Kim-
berling publishes a list of more than 5600 triangle centers with homogeneous tri-
linear and barycentric coordinates. In this paper we consider barycentric coordi-
nates exclusively. An introduction to barycentric coordinates can be found in [3].
Sometimes it is useful to work with absolute barycentric coordinates. For a finite
point, the absolute barycentric coordinates can be found from a set of homogeneous
barycentric coordinates by dividing by its coordinate sum. If the triangle center
X(n) in ETC is a finite point, we denote by (αn, βn, γn) its absolute barycentric
coordinates.

n X(n) αn

1 I R sinA
rs · r

3 O R sinA
rs (R cosA)

4 H R sinA
rs (2R cosB cosC)

8 Na
R sinA

rs (2R(cosA+ cosB cosC)− 2r)

20 L R sinA
rs · 2R(cosA− cosB cosC)

40 I ′ R sinA
rs (2R cosA− r)

The isogonal conjugate of I ′ := X(40) is the triangle center X(84).

Proposition 3. α84 =
R sinA

rs · (2R cosB−r)(2R cosC−r)
r .

Proof. Since, in homogeneous barycentric coordinates,

X(40) = (sinA(2R cosA− r) : sinB(2R cosB − r) : sinC(2R cosC − r)),
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we have

X(84) =

(

sinA

2R cosA− r
:

sinB

2R cosB − r
:

sinC

2R cosC − r

)

.

Therefore,

α84 =
sinA

2R cosA−r
sinA

2R cosA−r +
sinB

2R cosB−r +
sinC

2R cosC−r

=
sinA(2R cosB − r)(2R cosC − r)

∑

cyclic
sinA(2R cosB − r)(2R cosC − r)

.

Using the formulas in Lemma 2, we have
∑

cyclic

sinA(2R cosB − r)(2R cosC − r)

= 4R2
∑

cyclic

sinA cosB cosC − 2Rr
∑

cyclic

sinA(cosB + cosC) + r2
∑

cyclic

sinA

= 4R2 · rs

2R2
− 2Rr · s

R
+ r2 · s

R

=
r2s

R
.

From this the result follows. �

Lemma 4. The line joining X(40) and X(84) contains the Nagel point X(8).

Proof. With t = r
2R , we have

(1− t)α40 + tα84

=
R sinA

rs

(

(

1− r

2R

)

(2R cosA− r) +
r

2R
· (2R cosB − r)(2R cosC − r)

r

)

=
R sinA

rs

(

2R cosA− r cosA− r +
r2

2R
+ 2R cosB cosC − r(cosB + cosC) +

r2

2R

)

=
R sinA

rs

(

2R cosB cosC + 2R cosA− r(cosA+ cosB + cosC)− r +
r2

R

)

=
R sinA

rs

(

2R cosB cosC + 2R cosA− r · R+ r

R
− r +

r2

R

)

=
R sinA

rs
(2R cosB cosC + 2R cosA− 2r)

= α8.

�

Proposition 5. The circumcenter Ω of the extouch triangle lies on the line joining
X(40) and X(8). It has first absolute barycentric coordinate

α =
R sinA

rs

(

2R2

r
cosB cosC + 2R cosA− (R+ r)

)

.
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Proof. Since Ω is the midpoint ofX(40) andX(84), it follows from Lemma 4 that
it lies on the line X(40)X(8). Furthermore,

α =
1

2
(α40 + α84)

=
R sinA

rs

(

2R cosA− r

2
+

(2R cosB − r)(2R cosC − r)

2r

)

=
R sinA

rs
· (2R cosA− r)r + (2R cosB − r)(2R cosC − r)

2r

=
R sinA

rs
· 4R

2 cosB cosC + 4Rr cosA− 2Rr(cosA+ cosB + cosC)

2r

=
R sinA

rs
· 4R

2 cosB cosC + 4Rr cosA− 2(R+ r)r

2r

=
R sinA

rs

(

2R2

r
cosB cosC + 2R cosA− (R+ r)

)

.

�

Remark. In ETC, Ω is the triangle center X(1158).

O

I

H

L

I′

Na

G

Ω

I
′∗

A

B C

Figure 2.

Figure 2 shows Ω on the line joining I ′ to Na. Since the deLongchamps point
L = X(20) is the reflection of H in O, O is the common midpoint of II ′ and HL.
From this, IH is parallel to I ′L. Also, the centroid G divides both segments INa

and HL in the ratio 1 : 2, HI is also parallel to Na. It follows that L lies on the
line I ′Na and I ′ is the midpoint of LNa.

Lemma 6. ΩI ′ = R
r ·HI .
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Proof. By Proposition 5,

α− α40 =
R sinA

rs

(

2R2

r
cosB cosC + 2R cosA− (R+ r)− (2R cosA− r)

)

=
R sinA

rs

(

2R2

r
cosB cosC −R

)

=
R

r
· R sinA

rs
(2R cosB cosC − r)

=
R

r
(α4 − α1).

�

3. Proof of Theorem 1

Lemma 7. (a) 2ΩO2 − ΩI2 = 4Rr − 4R4

r2
cosA cosB cosC.

(b) 2ΩO2 − ΩH2 = 4Rr + 2r2 − 4R2

r2

(

R2 + 2Rr − 3r2
)

cosA cosB cosC.

O

I

H

L

I′

Ω

A

B C

Figure 3.

Proof. (a) Applying Apollonius to the median ΩO of triangle ΩII ′, we have

ΩI2 +ΩI ′2 = 2(ΩO2 +OI2).

From this,

2ΩO2 − ΩI2 = ΩI ′2 − 2OI2

=
R2

r2
HI2 − 2OI2

=
R2

r2
(2r2 − 4R2 cosA cosB cosC)− 2R(R− 2r)

= 4Rr − 4R4

r2
cosA cosB cosC.

(b) Applying Apollonius to the median ΩO of triangle ΩHL, we have

ΩH2 +ΩL2 = 2(ΩO2 +OH2).
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From this,

2ΩO2 − ΩH2 = ΩL2 − 2OH2

=
(R+ r)2

r2
HI2 − 2OH2

=
(R+ r)2

r2
(2r2 − 4R2 cosA cosB cosC)

− 2R2(1− 8 cosA cosB cosC)

= 4Rr + 2r2 − 4R2

r2
(

R2 + 2Rr − 3r2
)

cosA cosB cosC.

�

Lemma 8. ΩO2 − ΩI2 = −R2 + 4Rr − 4R3

r cosA cosB cosC.

Proof. We begin with AI2 = r2

sin2
A
2

= r2bc
(s−b)(s−c) = s−a

s bc = bc − abc
s =

4R2 sinB sinC − 4Rr; similarly for BI2 and CI2. Therefore,

αAI2 + βAB2 + γCI2

= 4R2 sinA sinB sinC

(

α

sinA
+

β

sinB
+

γ

sinC

)

− 4Rr(α+ β + γ)

= 2rs

(

α

sinA
+

β

sinB
+

γ

sinC

)

− 4Rr

= 2rs · R
rs

∑

cyclic

(

2R2

r
cosB cosC + 2R cosA− (R+ r)

)

− 4Rr

= 2R
∑

cyclic

(

2R2

r
cosB cosC + 2R cosA− (R+ r)

)

− 4Rr

= 2R

(

2R2

r

(

(2R+ r)r

2R2
+ cosA cosB cosC

)

+ 2R · R+ r

R
− 3(R+ r)

)

− 4Rr

= 2R2 − 4Rr +
4R3

r
cosA cosB cosC.

We make use of a formula of Scheer [2]. For an arbitrary point P ,

ΩP 2 = αAP 2 + βBP 2 + γCP 2 − (βγa2 + γαb2 + αβc2).

Applying this to P = O and P = I respectively, we have

ΩO2 − ΩI2 = (αAO2 + βBO2 + γCO2)− (αAI2 + βBI2 + γCI2)

= R2 − (αAI2 + βBI2 + γCI2)

= R2 − (2R2 − 4Rr +
4R3

r
cosA cosB cosC)

= −R2 + 4Rr − 4R3

r
cosA cosB cosC.

�
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Now we complete the proof of Theorem 1.
(a) For the distance from Ω to the circumcenter:

ΩO2 = (2ΩO2 − ΩI2)− (ΩO2 − ΩI2)

=

(

4Rr − 4R4

r2
cosA cosB cosC

)

−
(

−R2 + 4Rr − 4R3

r
cosA cosB cosC

)

= R2 − 4R3

r2
(R− r) cosA cosB cosC.

(b) For the distance from Ω to the incenter:

ΩI2 = ΩO2 − (ΩO2 − ΩI2)

=

(

R2 − 4R3

r2
(R− r) cosA cosB cosC

)

−
(

−R2 + 4Rr − 4R3

r
cosA cosB cosC

)

= 2R2 − 4Rr − 4R3

r2
(R− 2r) cosA cosB cosC.

(c) For the distance from Ω to the orthocenter:

ΩH2 = 2ΩO2 − (2ΩO2 − ΩH2)

= 2

(

R2 − 4R3

r2
(R− r) cosA cosB cosC

)

−
(

4Rr + 2r2 − 4R2

r2
(

R2 + 2Rr − 3r2
)

cosA cosB cosC

)

= 2R2 − 4Rr − 2r2 − 4R2

r2
(

R2 − 4Rr + 3r2
)

cosA cosB cosC.

The proof of Theorem 1 is now complete.
Since the centroid G and the nine-point center N divide the segment OH in the

ratio OG : ON : OH = 2 : 3 : 6, further applications of the Apollonius theorem
yield the distances from Ω to G and N .

Corollary 9.
(a) ΩG2 = 2

9
(5R2 − 6Rr − 3r2)− 4R2

9r2

(

9R2 − 18Rr + 5r2
)

cosA cosB cosC.

(b) ΩN2 = 5

4
R2 − 2Rr − r2 − 2R2

r2

(

2R2 − 5Rr + 2r2
)

cosA cosB cosC.

Remarks. (1) Since 4R2 cosA cosB cosC = s2 − (r + 2R)2, these distances can
all be expressed in terms of R, r, s.

(2) We also note the two simple relations:
(i) ΩO2 +OI2 = R(R−r)

r2
HI2;

(ii) ΩI = OI×HI
r .
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4. The cyclcocevian conjugate of the Nagel point

Since the circumcircle of the extouch triangle is the pedal circle of I ′ = X(40),
it is also the pedal circle of I

′∗ = X(84). The pedals of X(84) are the vertices of
the cyclocevian conjugate of the Nagel point Na = X(8). It is interesting to note
that this is also a point on the line I ′Na. In ETC, this is X(189) with homogeneous
barycentric coordinates are
(

1

cosB + cosC − cosA− 1
:

1

cosC + cosA− cosB − 1
:

1

cosA+ cosB − cosC − 1

)

.

A

B C
X

X

Z

YΩ

Z′

Na

Y ′

X′

X(189)

I
′∗

I′

Figure 4

Proposition 10. The first absolute barycentric coordinate of the cyclocevian con-
jugate of the Nagel point is

α189 =
R sinA

rs
((2R cosA− r) + k(2R cosB cosC − r)) ,

where

k =
(4R+ r)r + 4R2 cosA cosB cosC

r2 + 4R2 cosA cosB cosC
.

Proof. The point X(189) divides I ′Na in the ratio

NaX(189) : X(189)I ′ = t : 1− t
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for t = −4Rr
r2+4R2 cosA cosB cosC

. From this,

α189 = tα40 + (1− t)α8

=
R sinA

rs
(t(2R cosA− r) + (1− t)(2R cosB cosC + 2R cosA− 2r))

=
R sinA

rs
((2R cosA− r) + (1− t)(2R cosB cosC − r)) .

The coefficient 1− t is k given in the statement of the proposition. �

5. The centroid and orthocenter of the extouch triangle

The centroid of the extouch triangle is very easy to determine: It is the triangle
center

X + Y + Z

3
=

1

3

(

(0, c+ a− b, a+ b− c)

2a
+

(b+ c− a, 0, a+ b− c)

2b

+
(b+ c− a, c+ a− b, 0)

2c

)

=
(a(b+ c)(b+ c− a), b(c+ a)(c+ a− b), c(a+ b)(a+ b− c))

6abc
.

This is the triangle center X(210) in ETC. Clearly,

α210 =
a(b+ c)(b+ c− a)

6abc
.

By expressing this in the form

α210 =
R sinA

rs

(

R

3
· (sinB + sinC)(sinB + sinC − sinA)

)

, (1)

we easy determine also the orthocenter of the extouch triangle:

Proposition 11. The orthocenter of the extouch triangle has first absolute barycen-
tric coordinate

α′ =
R sinA

rs

(

R((sinB + sinC)(sinB + sinC − sinA)− 4 cosA)

− 4R2

r
cosB cosC + 2(R+ r)

)

.

Proof. Since the orthocenter divides the centroid X(210) and the circumcenter
Ω in the ratio 3 : −2, we have the first absolute barycentric coordinate equal to
α′ = 3α210 − 2α. The result follows from Proposition 5 and (1) above. �

Remark. In terms of a, b, c, the orthocenter of the extouch triangle has homoge-
neous barycentric coordinates

(af(a, b, c)g(a, b, c) : bf(b, c, a)g(b, c, a) : cf(c, a, b)g(c, a, b))
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where

f(a, b, c) = a3(b+ c)− a2(b− c)2 − a(b+ c)(b− c)2 + (b2 − c2)2,

g(a, b, c) = a5 − a4(b+ c)− 2a3(b− c)2 + 2a2(b+ c)(b2 + c2)

+ a(b4 − 4b3c− 2b2c2 − 4bc3 + c4)− (b− c)2(b+ c)3.

It is not in the current edition of ETC and has (6−9−13)-search number 52.7618273660 · · · .

6. The incenter of the extouch triangle

Lemma 12. Let a′, b′, c′ be the sidelengths of the extouch triangle XY Z.

a′2 = a2(1−sinB sinC), b′2 = b2(1−sinC sinA), c′2 = c2(1−sinA sinB).

Proof. It is enough to establish the expression for a′2. Since AY = s − c and
AZ = s− b, applying the law of cosines to triangle AY Z, we have

a′2 = (s− b)2 + (s− c)2 − 2(s− b)(s− c) cosA

= (s− b)2 + (s− c)2 − 2(s− b)(s− c)

(

2 cos2
A

2
− 1

)

= (s− b)2 + (s− c)2 + 2(s− b)(s− c)− 4(s− b)(s− c) · s(s− a)

bc

= ((s− b) + (s− c))2 − 4Δ2

bc

= a2 − 4Δ2

bc

= a2(1− sinB sinC)

since Δ = 1

2
ca sinB = 1

2
ab sinC. �

Proposition 13. The incenter of the extouch triangle has homogeneous barycentric
coordinates

(sinB + sinC − sinA)(
√
1− sinC sinA+

√
1− sinA sinB) : · · · : · · · ).

Proof. With reference to triangle XY Z, this incenter has homogeneous barycen-
tric coordinates (a′ : b′ : c′). The absolute barycentric with reference to ABC is
therefore

a′X + b′Y + c′Z
a′ + b′ + c′

.

In homogeneous coordinates, this can be taken as

a′X + b′Y + c′Z

=
a′(0, c+ a− b, a+ b− c)

2a
+
b′(b+ c− a, 0, a+ b− c)

2b
+
c′(b+ c− a, c+ a− b, 0)

2c

=
1

2

(

(b+ c− a)

(

b′

b
+
c′

c

)

, (c+ a− b)

(

c′

c
+
a′

a

)

, (a+ b− c)

(

a′

a
+
b′

b

))

.

The result follows from the law of sines and an application of Lemma 12. �
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We conclude by giving the coordinates of the incenter of the extouch triangle in
terms of a, b, c. Using the Heron formula

Δ2 =
2b2c2 + 2c2a2 + 2a2b2 − a4 − b4 − c4

16
,

we have

a′2 =
4a2bc− 16Δ2

4bc

=
4a2bc− 2b2c2 − 2c2a2 − 2a2b2 + a4 + b4 + c4

4bc

=
a4 − 2a2(b− c)2 + (b2 − c2)2

4bc
.

Therefore,
a′

a
=

√

bc(a4 − 2a2(b− c)2 + (b2 − c2)2)

2abc
;

similarly for b′
b and c′

c . This leads to
(

(b+ c− a)
(

√

ca(b4 − 2b2(c− a)2 + (c2 − a2)2) +
√

ab(c4 − 2c2(a− b)2 + (a2 − b2)2)
)

: · · · : · · · ) .

This is a triangle center not in the current edition of ETC. It has (6 − 9 − 13)-
search number 4.66290502201 · · · .
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The Touchpoints Triangles and the Feuerbach Hyperbolas

Sándor N. Kiss and Paul Yiu

Abstract. In this paper we generalize the famous Kariya theorem on the per-
spectivity of a given triangle with the homothetic images of the intouch triangle
from the incenter to the touchpoints triangles of the excircles, leading to the triad
of ex-Feuerbach hyperbolas. We also study in some details the triangle formed
by the orthocenters of the touchpoints triangles. An elegant construction is given
for the asymptotes of the Feuerbach hyperbolas.

1. Introduction

Consider a triangle ABC with incircle I(r) tangent to the sides BC, CA, AB
at X , Y , Z respectively. These form the intouch triangle Ti of ABC. For a real
number t, let Ti(t) be the image of the Ti under the homothety h

(

I, t
r

)

. Its vertices
are the points X(t), Y (t), Z(t) on the lines IX , IY , IZ respectively, such that

IX(t) = IY (t) = IZ(t) = t.

The famous Kariya’s theorem asserts that the lines AX(t), BY (t), CY (t) are con-
current, i.e., the triangles ABC and Ti(t) are perspective, and that the perspector
is a point Q(t) on the Feuerbach hyperbola F , the rectangular circum-hyperbola
which is the isogonal conjugate of the line OI joining the circumcenter and the in-
center of ABC. This fact was actually known earlier to J. Neuberg and H. Mandart;
see [5] and the interesting note in [2, §1242]. We revisit in §3 this theorem with a
proof leading to simple relations of the perspectors Q(t) and Q(−t) (Proposition
4 below), and their isogonal conjugates on the line OI . In §5 we obtain analo-
gous results by replacing Ti(t) by homothetic images of the touchpoints triangles
of the excircles, leading to the triad of ex-Feuerbach hyperbolas. Some properties
of the triad of ex-Feuerbach hyperbolas are established in §§7–10. Specifically,
we give an elegant construction of the asymptotes of the Feuerbach hyperbolas in
§10. The final section §11 is devoted to further properties of the touchpoints trian-
gles, in particular, the loci of perspectors of the triangle HaHbHc formed by their
orthocenters.
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2. Generalization of Kariya’s theorem

Let a, b, c be the sidelengths of triangle ABC, s = 1

2
(a+b+c) the semiperime-

ter, and Δ the area of the triangle. It is well known that
(i) Δ = rs,
(ii) abc = 4RΔ for the circumradius R, and
(iii) 16Δ2 = a2(b2 + c2 − a2) + b2(c2 + a2 − b2) + c2(a2 + b2 − c2).

We shall work with homogeneous barycentric coordinates with reference to tri-
angle ABC, and refer to [7] for basic results and formulas.

Let T be the pedal triangle of a point P = (u : v : w) in homogeneous barycen-
tric coordinates. The vertices of T are the points

X = (0 : (a2 + b2 − c2)u+ 2a2v : (c2 + a2 − b2)u+ 2a2w),

Y = ((a2 + b2 − c2)v + 2b2u : 0 : (b2 + c2 − a2)v + 2b2w),

Z = ((c2 + a2 − b2)w + 2c2u : (b2 + c2 − a2)w + 2c2v : 0).

For a real number k, let Tk be the image of T under the homothety h(P, k).

Lemma 1. The vertices of Tk are the points

Xk = (2a2(1− k)u : (a2 + b2 − c2)ku+ 2a2v : (c2 + a2 − b2)ku+ 2a2w), (1)

Yk = ((a2 + b2 − c2)kv + 2b2u : 2b2(1− k)v : (b2 + c2 − a2)kv + 2b2w), (2)

Zk = ((c2 + a2 − b2)kw + 2c2u : (b2 + c2 − a2)kw + 2c2v : 2c2(1− k)w). (3)

Proof. The point Xk divides the segment PX in the ratio PXk : XkX = k : 1−k.
In absolute barycentric coordinates,

Xk = (1− k)P + kX

=
(1− k)(u, v, w)

u+ v + w
+

k(0, (a2 + b2 − c2)u+ 2a2v, (c2 + a2 − b2)u+ 2a2w)

2a2(u+ v + w)

=
(2a2(1− k)u, (a2 + b2 − c2)ku+ 2a2v, (c2 + a2 − b2)ku+ 2a2w)

2a2(u+ v + w)
.

Ignoring the denominator, we obtain the homogeneous barycentric coordinates of
Xk given above; similarly for Yk and Zk. �

Proposition 2. The only points that satisfy Kariya’s theorem, as the incenter I
does, are the orthocenter H , the circumcenter O, and the three excenters Ia, Ib, Ic.

Proof. The equations of the lines AXk, BYk, CZk are

((c2 + a2 − b2)ku+ 2a2w)y − ((a2 + b2 − c2)ku+ 2a2v)z = 0,

−((b2 + c2 − a2)kv + 2b2w)x+ ((a2 + b2 − c2)kv + 2b2u)z = 0,

((b2 + c2 − a2)kw + 2c2v)x− ((c2 + a2 − b2)kw + 2c2u)y = 0.

They are concurrent if and only if
∣

∣

∣

∣

∣

∣

0 (c2 + a2 − b2)ku+ 2a2w −((a2 + b2 − c2)ku+ 2a2v)
−(b2 + c2 − a2)kv + 2b2w) 0 (a2 + b2 − c2)kv + 2b2u
(b2 + c2 − a2)kw + 2c2v −((c2 + a2 − b2)kw + 2c2u) 0

∣

∣

∣

∣

∣

∣

= 0.
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Equivalently, 2F1(P ) · k − F2(P ) = 0 for every k, where

F1(P ) =
∑

cyclic

a2(b2 + c2 − a2)u(c2v2 − b2w2),

F2(P ) =
∑

cyclic

(c2 + a2 − b2)(a2 + b2 − c2)u(c2v2 − b2w2).

This means that F1(P ) = F2(P ) = 0. The point P is common to the McCay
cubic pK(X(6), X(3)), and the orthocubics pK(X(6), X(4)). These appear in
[3] as K003 and K006 respectively. It is known that the common points of these
circumcubics are the vertices of ABC and the points H , O, I , Ia, Ib, Ic, as can be
readily verified. �

The case P = H is trivial because the perspector is H for every k.
The case P = O is also trivial because the triangle Tk is homothetic to ABC,

and the perspector is obviously the point Qk on the Euler line dividing OH in the
ratio k : 2. This follows from

OQk : QkH = OX(k) : HA = k : 2.

Xk

A

B CX

YZ
O

H

Qk

Figure 1

In the remainder of this paper, we study the cases when P is the incenter or an
excenter.
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3. Kariya’s theorem and the Feuerbach hyperbola

The pedal triangle of the incenter I = (a : b : c) has vertices

X = (0 : a+ b− c : c+ a− b),

Y = (a+ b− c : 0 : b+ c− a),

Z = (c+ a− b : b+ c− a : 0).

The coordinates of X(t), Y (t), Z(t) can be determined from equations (1), (2), (3)
by putting k = t

r .

Proposition 3. The lines AX(t), BY (t), CZ(t) are concurrent at the point

Q(t) =

(

1

2rbc+ t(b2 + c2 − a2)
:

1

2rca+ t(c2 + a2 − b2)
:

1

2rab+ t(a2 + b2 − c2)

)

,

(4)
which is the isogonal conjugate of the point P (t) dividing OI in the ratio

OP (t) : P (t)I = R : t.

Proof. Writing the homogeneous barycentric coordinates of X(t), Y (t), Z(t) as

X(t) =

(

∗ ∗ ∗ ∗ ∗ :
1

2rca+ t(c2 + a2 − b2)
:

1

2rab+ t(a2 + b2 − c2)

)

,

Y (t) =

(

1

2rbc+ t(b2 + c2 − a2)
: ∗ ∗ ∗ ∗ ∗ :

1

2rab+ t(a2 + b2 − c2)

)

,

Z(t) =

(

1

2rbc+ t(b2 + c2 − a2)
:

1

2rca+ t(c2 + a2 − b2)
: ∗ ∗ ∗ ∗ ∗

)

,

we note that the lines AX(t), BY (t), CZ(t) are concurrent at a point Q(t) with
coordinates given in (4) above. This is clearly the isogonal conjugate of the point

P (t) = (2rabc · a+ ta2(b2 + c2 − a2), 2rabc · b+ tb2(c2 + a2 − b2),

2rabc · c+ tc2(a2 + b2 − c2))

= 2rabc(a, b, c) + t((a2(b2 + c2 − a2), b2(c2 + a2 − b2), c2(a2 + b2 − c2))

= 2r · 4Rrs(a+ b+ c) · I + t · 16Δ2 ·O
= 16r2s2 ·R · I + 16Δ2 · t ·O
= 16r2s2(R · I + t ·O).

In absolute barycentric coordinates, P (t) = R·I+t·O
R+t . This is the point dividing OI

in the ratio OP (t) : P (t)I = R : t. �

It follows that the locus of the point Q(t) is the Feuerbach hyperbola F . The
center is the Feuerbach point Fe, the point of tangency of the incircle and the nine-
point circle (see Figure 2). Note that for each t, the points P (t) and P (−t) divide
OI harmonically.
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A

B

C

IH O

X

Z

Y

X(t)

Y (t)

Z(t)

X(−t)

Y (−t)

Z(−t)

Q(t)

Q(−t)

Hi

P (t)

P (−t)
Fe

Figure 2.

Proposition 4. The line joining Q(t) and Q(−t) contains the triangle center

Hi =

(

a(b+ c)

b+ c− a
:

b(c+ a)

c+ a− b
:

c(a+ b)

a+ b− c

)

. (5)

Proof. The line joining Q(t) to Q(−t) has equation
∑

cyclic

a(b− c)(b+ c− a)(4b2c2r2 − t2(b2 + c2 − a2)2)x = 0.

With (x : y : z) given in (5) we have
∑

cyclic

a2(b2 − c2)(4b2c2r2 − t2(b2 + c2 − a2)2)

= 4a2b2c2r2

⎛

⎝

∑

cyclic

(b2 − c2)

⎞

⎠− t2

⎛

⎝

∑

cyclic

a2(b2 − c2)(b2 + c2 − a2)2

⎞

⎠

= 0.

While the first sum obviously is zero, the second sum vanishes because the Euler
line

∑

cyclic

(b2 − c2)(b2 + c2 − a2)x = 0 (6)

contains the circumcenter. �
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Remark. The triangle center Hi is the orthocenter of the intouch triangle Ti; it
appears as X(65) in [4]. It divides OI in the ratio R + r : −r. Its isogonal
conjugate is the Schiffler point

Sc =

(

a(b+ c− a)

b+ c
:
b(c+ a− b)

c+ a
:
c(a+ b− c)

a+ b

)

, (7)

which is the point of concurrency of the Euler lines of the four triangles ABC,
IBC, ICA, and IAB. Therefore, Hi is a point on the Jerabek hyperbola J :

a2(b2 − c2)(b2 + c2 − a2)

x
+
b2(c2 − a2)(c2 + a2 − b2)

y
+
c2(a2 − b2)(a2 + b2 − c2)

z
= 0,

the isogonal conjugate of the Euler line.

4. The touchpoints triangles

Consider the A-excircle Ia(ra) of triangle ABC, tangent to the sidelines BC at
Xa, CA at Ya, and AB at Za respectively. We call triangle Ta := XaYaZa the
A-touchpoints triangle. Clearly,

IaXa = IaYa = IaZa = ra =
Δ

s− a
.

In homogeneous barycentric coordinates these are the points

Ia = (−a : b : c),

Xa = (0 : c+ a− b : a+ b− c),

Ya = (−(c+ a− b) : 0 : a+ b+ c),

Za = (−(a+ b− c) : a+ b+ c : 0).

Similarly, we also have the B-touchpoints triangle Tb := XbYbZb from the B-
excircle Ib(rb) and the C-touchpoints triangles Tc := XcYcZc from the C-excircle
Ic(rc) (see Figure 3).

Consider the reflection I ′a of Ia in the line YaZa. Since YaZa is perpendicular
to the line AIa, I ′a lies on AIa, and IaI

′
a = 2ra sin

A
2

. On the other hand, IaI ,
being a diameter of the circle through I , B, Ia, C, has length a

sin(B
2
+

C
2
)
= a

cos
A
2

.

It follows that

IaI
′
a : IaI = 2ra sin

A

2
:

a

cos A
2

= ra :
a

sinA
= ra : 2R = IaXa : IaI

′.

Therefore, XaI
′
a and I ′I are parallel. Note that the midpoint of XaI

′
a is the nine-

point center of Ta.
The same conclusions apply to the other two touchpoints triangles Tb := XbYbZb

and Tc := XcYcZc associated with the B- and C-excircles Ib(rb) and Ic(rc).

Corollary 5. (a) The Euler lines of the touchpoints triangles of the excircles are
concurrent at O.
(b) The nine-point centers of the touchpoints triangles form a triangle perspective
with the extouch triangle XaYbZc at the infinite point of the OI line.
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Xa

Ya

Za

I

Xb

Zb

Yb

Xc

Yc

Zc

Ia

Ib

Ic

A

B C

O I′

I′
a

Figure 3.

Let Ha be the orthocenter of Ta. Since the nine-point center Na is also the mid-
point of its circumcenter Ia and Ha, we obtain, from the parallelogram HaXaIaI

′
a,

Ha = Xa + I ′a − Ia

= Xa +
ra
2R

(I − Ia)

= Xa +
2s(s− b)(s− c)

abc
(I − Ia)

=
(s− b)B + (s− c)C

a
+

2s(s− b)(s− c)

abc

(

aA+ bB + cC

2s
− −aA+ bB + cC

2(s− a)

)

=
(b+ c)(s− b)(s− c)

bc(s− a)
A+

s(c− a)(s− b)

ac(s− a)
B − s(a− b)(s− c)

ab(s− a)
C.

Proposition 6. In homogeneous barycentric coordinates, the orthocenters of the
touchpoints triangles are the points

Ha =

(

a(b+ c)

a+ b+ c
:

b(c− a)

a+ b− c
:
−c(a− b)

c+ a− b

)

,

Hb =

(−a(b− c)

a+ b− c
:

b(c+ a)

a+ b+ c
:

c(a− b)

b+ c− a

)

,

Hc =

(

a(b− c)

c+ a− b
:
−b(c− a)

b+ c− a
:

c(a+ b)

a+ b+ c

)

.

Remark. The orthocenter Ha of Ta divides OIa in the ratio R− ra : ra; similarly
for Hb and Hc. These orthocenters lie on the Jerabek hyperbola J (see Figure 4).
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Xa

Ya

Za

Xb

Yb

Zb

Xc

Yc

Zc

Ia

Ib

Ic

A

B C

Ha

Hb

Hc

O

H
Hi

Ha

Hb

Hc

Figure 4.

Proposition 7. The triangle HaHbHc is perspective with the orthic triangle HaHbHc

(of ABC) at Hi.

5. Kariya’s theorem for the A-touchpoints triangle

Consider the image of the A-touchpoints triangle Ta under the homothety h
(

Ia,
t
ra

)

for a real number t. This is the triangle Ta(t) with vertices Xa(t), Ya(t), Za(t) on
the lines IaXa, IaYa, IaZa respectively, such that

IaXa(t) = IaYa(t) = IaZa(t) = t.

These points can be determined from Lemma 1 by putting k = t
ra

. In homoge-
neous barycentric coordinates, they are

Xa(t) = (2(ra − t)a2 : −2raab+ t(a2 + b2 − c2) : −2raca+ t(c2 + a2 − b2)), (8)

Ya(t) = (−2raab+ t(a2 + b2 − c2) : 2(ra − t)b2 : 2rabc+ t(b2 + c2 − a2)), (9)

Za(t) = (−2raca+ t(c2 + a2 − b2) : 2rabc+ t(b2 + c2 − a2) : 2(ra − t)c2). (10)
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Proposition 8. The lines AXa(t), BYa(t), CZa(t) are concurrent at the point

Qa(t) =

(

1

2rabc+ t(b2 + c2 − a2)
:

1

−2raca+ t(c2 + a2 − b2)

:
1

−2raab+ t(a2 + b2 − c2)

)

, (11)

which is the isogonal conjugate of the point Pa(t) dividing OIa in the ratio

OPa(t) : Pa(t)Ia = R : −t.

A

B C
H

Ya

Xa

Za

Xa(t)

Ya(t)

Za(t)

Qa(t)

Fa

Ia

N

Figure 5.

Proof. Rewrite the homogeneous barycentric coordinates of Xa(t), Ya(t), Za(t)
as follows:

Xa(t) =

(

∗ ∗ ∗ ∗ ∗ :
1

−2raca+ t(c2 + a2 − b2)
:

1

−2raab+ t(a2 + b2 − c2)

)

,

Ya(t) =

(

1

2rabc+ t(b2 + c2 − a2)
: ∗ ∗ ∗ ∗ ∗ :

1

−2raab+ t(a2 + b2 − c2)

)

,

Za(t) =

(

1

2rabc+ t(b2 + c2 − a2)
:

1

−2raca+ t(c2 + a2 − b2)
: ∗ ∗ ∗ ∗ ∗

)

.

It follows easily that the lines AXa(t), BYa(t), CZa(t) are concurrent at a point
with coordinates given in (11) above (see Figure 5). This is clearly the isogonal



72 S. N. Kiss and P. Yiu

conjugate of the point

Pa(t) = (a2(2rabc+ t(b2 + c2 − a2)), b2(−2raca+ t(c2 + a2 − b2)),

c2(−2raab+ t(a2 + b2 − c2)))

= −2raabc(−a, b, c) + t((a2(b2 + c2 − a2), b2(c2 + a2 − b2), c2(a2 + b2 − c2))

= −2ra · 4Rrs(b+ c− a) · Ia + t · 16Δ2 ·O
= −16rras(s− a) ·R · Ia + 16Δ2 · t ·O
= −16Δ2(R · Ia − t ·O).

In absolute barycentric coordinates, Pa(t) =
R·Ia−t·O

R−t . This is the point dividing
OIa in the ratio OPa(t) : Pa(t)Ia = R : −t. �

Proposition 9. The locus of the point Qa(t) is the rectangular circum-hyperbola

Fa : a(b− c)(a+ b+ c)yz+ b(c+a)(a+ b− c)zx− c(a+ b)(c+a− b)xy = 0

with center

Fa = (−(b− c)2(a+ b+ c) : (c+ a)2(a+ b− c) : (a+ b)2(c+ a− b)),

the point of tangency of the nine-point circle with the A-excircle.

Proof. By Proposition 8, the locus of Qa(t) is the isogonal conjugate of the line
OIa. It is a rectangular hyperbola since it contains the orthocenter H , the isogonal
conjugate of O. The center of the hyperbola is a point on the nine-point circle. The
equation of the line OIa is

∣

∣

∣

∣

∣

∣

x y z
a2(b2 + c2 − a2) b2(c2 + a2 − b2) c2(a2 + b2 − c2)

−a b c

∣

∣

∣

∣

∣

∣

= 0.

After simplification, this becomes

− bc(b− c)(a+ b+ c)(b+ c− a)x

− ca(c+ a)(a+ b− c)(b+ c− a)y

+ ab(a+ b)(b+ c− a)(c+ a− b)z = 0.

Replacing (x, y, z) by (a2yz, b2zx, c2xy) we obtain the equation of the hyper-
bola Fa given above. Since the center of the circumconic pyz+ qzx+ rxy = 0 is
the point

(p(q + r − p) : q(r + p− q) : r(p+ q − r)) ,

with

p = bc(b−c)(a+b+c), q = ca(c+a)(a+b−c), r = −ab(a+b)(c+a−b),

we obtain the center of the hyperbola as the point

Fa = p(q + r − p) : q(r + p− q) : r(p+ q − r)

= −2abc(b− c)2(a+ b+ c) : 2abc(c+ a)2(a+ b− c) : 2abc(a+ b)2(c+ a− b)

= −(b− c)2(a+ b+ c) : (c+ a)2(a+ b− c) : (a+ b)2(c+ a− b).



The touchpoints triangles and the Feuerbach hyperbolas 73

This is indeed a point on the line joining Ia to the nine-point center

N = (a2(b2+c2)−(b2−c2)2 : b2(c2+a2)−(c2−a2)2 : c2(a2+b2)−(a2−b2)2).
(12)

It is routine to verify that

2abc(−a, b, c)

+ (a2(b2 + c2)− (b2 − c2)2, b2(c2 + a2)− (c2 − a2)2, c2(a2 + b2)− (a2 − b2)2)

= (b+ c− a)(−(b− c)2(a+ b+ c), (c+ a)2(a+ b− c), (a+ b)2(c+ a− b)).

Since the coordinate sum in (12) is

2(2b2c2 + 2c2a2 + 2a2b2 − a4 − b4 − c4)

= 2(a+ b+ c)(b+ c− a)(c+ a− b)(a+ b− c)

= 32Δ2,

this is the point dividing NIa in the ratio

2abc(b+ c− a) : 32Δ2 = 2 · 4RΔ(b+ c− a) : 32Δ2 =
R

2
:

2Δ

b+ c− a
=

R

2
: ra,

i.e., the point of tangency of the nine-point circle and the A-excircle. �

Proposition 10. The line joining Qa(t) and Qa(−t) contains the orthocenter Ha

of the A-touchpoints triangle Ta.

Proof. The equation of the line Qa(t)Qa(−t) is

a(b− c)(a+ b+ c)(−4b2c2r2a + t2(b2 + c2 − a2)2)x

+ b(c+ a)(a+ b− c)(−4c2a2r2a + t2(c2 + a2 − b2)2)y

− c(a+ b)(c+ a− b)(−4a2b2r2a + t2(a2 + b2 − c2)2)z

= 0.

Substituting the coordinates of the point Ha given in Proposition 6, we obtain

− 4a2b2c2r2a
(

(b2 − c2) + (c2 − a2) + (a2 − b2)
)

+ t2
(

a2(b2 − c2)(b2 + c2 − a2)2 + b2(c2 − a2)(c2 + a2 − b2)2

+ c2(a2 − b2)(a2 + b2 − c2)2
)

= 0,

as in the proof of Proposition 4. �

6. The triad of ex-Feuerbach hyperbolas

We call the hyperbola Fa in Proposition 9 the A-ex-Feuerbach hyperbola. We
also consider the triangles Tb(t) := Xb(t)Yb(t)Zb(t) and Tc(t) := Xc(t)Yc(t)Zc(t).
These vertices are the points on the lines IbXb, IbYb, IbZb satisfying

IbXb(t) = IbYb(t) = IbZb(t) = t,
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and Xc(t), Yc(t), Zc(t) on IcXc, IcYc, IcZc satisfying

IcXc(t) = IcYc(t) = IcZc(t) = t.

In homogeneous barycentric coordinates,

Xb(t) = (2(rb − t)a2 : −2rbab+ t(a2 + b2 − c2) : 2rbca+ t(c2 + a2 − b2)),

Yb(t) = (−2rbab+ t(a2 + b2 − c2) : 2(rb − t)b2 : −2rbbc+ t(b2 + c2 − a2)),

Zb(t) = (2rbca+ t(c2 + a2 − b2) : −2rbbc+ t(b2 + c2 − a2) : 2(rb − t)c2);

Xc(t) = (2(rc − t)a2 : 2rcab+ t(a2 + b2 − c2) : −2rcca+ t(c2 + a2 − b2)),

Yc(t) = (2rcab+ t(a2 + b2 − c2) : 2(rc − t)b2 : −2rcbc+ t(b2 + c2 − a2)),

Zc(t) = (−2rcca+ t(c2 + a2 − b2) : −2rcbc+ t(b2 + c2 − a2) : 2(rc − t)c2).

Clearly there are analogous hyperbolas Fb and Fc which are isogonal conju-
gates of the lines OIb and OIc. These hyperbolas have centers

Fb = ((b+ c)2(a+ b− c) : −(c− a)2(a+ b+ c) : (a+ b)2(b+ c− a)),

Fc = ((b+ c)2(c+ a− b) : (c+ a)2(b+ c− a) : −(a− b)2(a+ b+ c)).

Remark. The centers of the triad of ex-Feuerbach hyperbolas, being the points of
tangency of the nine-point circle with the excircles, are perspective with ABC at
the outer Feuerbach point

X(12) =

(

(b+ c)2

b+ c− a
:

(c+ a)2

c+ a− b
:

(a+ b)2

a+ b− c

)

.

A

B C

O

Ic

Zc(t)
Yb(t)

Xa(t)
I

X

Z

Y
P

I′

Figure 6.
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Proposition 11. The triangle Xa(t)Yb(t)Zc(t) is homothetic to the intouch trian-
gle at the point (a(ra − t) : b(rb − t) : c(rc − t), which divides OI in the ratio
2R+ r − t : −2r (see Figure 6).

7. Some special cases

7.1. t = R. By Corollary 5(b), the point Pa(R) is the infinite point on the line
OIa. It follows that Qa(R) is on the circumcircle. It is the (fourth) intersection of
the hyperbola Fa with the circumcircle. These points are the reflections of H in
Fa, Fb, Fc respectively (see Figure 7).

A

B

C

H

Fc

Fa

Fb

I

Ia

Ic

Ib

N

Fe

O

Qa(R)

Qc(R)

Qb(R)

Figure 7.

7.2. t = 2R. It is well known that the circumcenter of the excentral triangle is
the reflection I ′ of I in O, and is the point of concurrency of the perpendiculars
from the excenters to the respective sidelines of triangle ABC (see Figure 6), and
the circumradius is 2R. It follows that the points Xa(2R), Yb(2R), Zc(2R) all
coincide with this circumcenter. It follows that the lines AQa(2R), BQb(2R),
CQc(2R) are concurrent at this point. t = 2R is the only nonzero value of t for
which the triangle Qa(t)Qb(t)Qc(t) is perspective with ABC.

In this case, both Yc(2R) and Zb(2R) are the reflection of I ′ in the line IbIc. We
call this X ′. The line AX ′ is the reflection of AI ′ in IbIc. Since IbIc is the external
bisector of angle A of triangle ABC, AX ′ and AI ′ are isogonal lines with respect
to this angle. Likewise, we have Y ′ = Za(2R) = Xc(2R) with BY ′, BI ′ isogonal
with respect to B, and and Z ′ = Ya(2R) = Xb(2R) with CZ ′, CI ′ isogonal with
respect to C. It follows that AX ′, BY ′, CZ ′ are concurrent at a point P , which
is the isogonal conjugate of I ′, and lies on the Feuerbach hyperbola F (see Figure
8).
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H

Ia

Ib

Ic

I′

O

I

X′

Y ′

Z′
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Figure 8.

8. Second tangents from O to the ex-Feuerbach hyperbolas

The hyperbolas Fa, Fb, Fc also appear in [1], where they are called the ex-
central Feuerbach hyperbolas. Neuberg [5] also mentioned these hyperbolas. The
A-ex-Feuerbach hyperbola Fa, being the isogonal conjugate of the line OIa, is
tangent to the line at Ia (see Figure 9). If the second tangent from O to Fa touches
it at Ta, then the line IaTa is the polar of O with respect to the hyperbola Fa. This
is the line

bc(b− c)(a+ b+ c)(a(b2 + c2 − a2) + (b+ c)(c+ a− b)(a+ b− c))x

+ ca(c+ a)(a+ b− c)(c(a2 + b2 − c2)− (a+ b)(b+ c− a)(c+ a− b))y

− ab(a+ b)(c+ a− b)(b(c2 + a2 − b2)− (c+ a)(a+ b− c)(b+ c− a))z

= 0.

Apart from the excenter Ia, this line intersects the hyperbola Fa again at

Ta =

(

a

a(b2 + c2 − a2) + (b+ c)(c+ a− b)(a+ b− c)

:
b

c(a2 + b2 − c2)− (a+ b)(b+ c− a)(c+ a− b)

:
c

b(c2 + a2 − b2)− (c+ a)(a+ b− c)(b+ c− a)

)

.
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Similarly, the second tangents from O to Fb and Fc (apart from OIb and OIc)
touch these hyperbolas at

Tb =

(

a

c(a2 + b2 − c2)− (a+ b)(b+ c− a)(c+ a− b)

:
b

b(c2 + a2 − b2) + (c+ a)(a+ b− c)(b+ c− a)

:
c

a(b2 + c2 − a2)− (b+ c)(c+ a− b)(a+ b− c)

)

,

and

Tc =

(

a

b(c2 + a2 − b2)− (c+ a)(a+ b− c)(b+ c− a)

:
b

a(b2 + c2 − a2)− (b+ c)(c+ a− b)(a+ b− c)

:
c

c(a2 + b2 − c2) + (a+ b)(b+ c− a)(c+ a− b)

)

,

These three points of tangency form a triangle perspective with ABC at

T = (a(a(b2 + c2 − a2)− (b+ c)(c+ a− b)(a+ b− c))

: b(b(c2 + a2 − b2)− (c+ a)(a+ b− c)(b+ c− a))

: c(c(a2 + b2 − c2)− (a+ b)(b+ c− a)(c+ a− b))).

A

B
C

O

H

I
T

Ia

Ha

Ta

Fa

Figure 9.
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This is the triangle center X(46) in [4]. It has a number of interesting properties.
It divides OI externally in the ratio R + r : −2r, and can be constructed as the
cevian quotient H/I . In other words, it is the perspector of the orthic triangle and
the excentral triangle. Therefore, the point Ta, and similarly Tb and Tc, can be
easily constructed as follows.
(1) Join Ia and Ha to intersect the line OI at T .
(2) Join A and T to intersect the hypebola Fa at Ta (see Figure 9).

9. A correspondence between the Euler line and the Feuerbach hyperbola

Let P = (u : v : w) be an aribitrary point. The lines PIa, PIb, PIc intersect
the respective ex-Feuerbach hyperbolas at

Wa =

(

(b− c)(a+ b+ c)

cv − bw
:
c+ a)(a+ b− c)

aw + cu
:
(a+ b)(c+ a− b)

bu+ av

)

,

Wb =

(

(b+ c)(a+ b− c)

cv + bw
:
c− a)(a+ b+ c)

aw − cu
:
(a+ b)(b+ c− a)

bu+ av

)

,

Wc =

(

(b+ c)(c+ a− b)

cv + bw
:
c+ a)(b+ c− a)

aw + cu
:
(a− b)(a+ b− c)

bu− av

)

.

A

B

C

H

Fc

Fa

Fb

I

Ia

Ic

Ib

N

Fe

O

P
W

Wb

Wc

Wa

Figure 10.
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These form a triangle perspective with ABC. The perspector is the point

W =

(

b+ c

(b+ c− a)(cv + bw)
:

c+ a

(c+ a− b)(aw + cu)
:

a+ b

(a+ b− c)(bu+ av)

)

.

Proposition 12. The perspector W is on the Feuerbach hyperbola if and only if P
lies on the Euler line.

Proof. The perspector W is on the Feuerbach hyperbola if and only if its isogonal
conjugate

W ∗ =

(

a2(b+ c− a)(cv + bw)

b+ c
:
b2(c+ a− b)(aw + cu)

c+ a
:
c2(a+ b− c)(bu+ av)

a+ b

)

lies on the line OI with equation
∑

cyclic

bc(b− c)(b+ c− a)x = 0.

By substitution, we have

0 =
∑

cyclic

bc(b− c)(b+ c− a) · a
2(b+ c− a)(cv + bw)

b+ c

= abc
∑

cyclic

a(b− c)(b+ c− a)2(cv + bw)

b+ c

=
abc

(b+ c)(c+ a)(a+ b)

∑

cyclic

a(b− c)(c+ a)(a+ b)(b+ c− a)2(cv + bw).

Ignoring the nonzero factor, we have

0 =
∑

cyclic

a(b− c)(c+ a)(a+ b)(b+ c− a)2(cv + bw)

=
∑

cyclic

(b(c− a)(a+ b)(b+ c)(c+ a− b)2 · cu

+ c(a− b)(b+ c)(c+ a)(a+ b− c)2 · bu)
=
∑

cyclic

bc(b+ c)((c− a)(a+ b)(c+ a− b)2 + (a− b)(c+ a)(a+ b− c)2)u

=
∑

cyclic

bc(b+ c) · (−2a(b− c)(b2 + c2 − a2))u

= −2abc
∑

cyclic

(b+ c)(b− c)(b2 + c2 − a2)u.

This means that P = (u : v : w) lies on the Euler line (with equation given in
(6)). �

If P divides OH in the ratio OP : PH = t : 1− t, then the isogonal conjugate
of W is the point dividing OI in the ratio OW ∗ : W ∗I = R

2
(1− t) : rt. A simple
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application of Menelaus’ theorem yields the following construction of W ∗. Let P ′
be the inferior of P . Then the line FeP

′ intersects OI at W ∗ (see Figure 11).

A

B
C

H
GN

O

I

Fe

P

W∗

P ′

Figure 11.

If we put W = (x : y : z), then P is the point with coordinates

(u : v : w) =

(

a

(

− a(b+ c)

(b+ c− a)x
+

b(c+ a)

(c+ a− b)y
+

c(a+ b)

(a+ b− c)z

)

: b

(

a(b+ c)

(b+ c− a)x
− b(c+ a)

(c+ a− b)y
+

c(a+ b)

(a+ b− c)z

)

: c

(

a(b+ c)

(b+ c− a)x
+

b(c+ a)

(c+ a− b)y
− c(a+ b)

(a+ b− c)z

))

.

10. The asymptotes of the Feuerbach hyperbolas

As is well known, the asymptotes of a rectangular circum-hyperbola which is the
isogonal conjugate of a line through O are the Simson lines of the intersections of
the line with the circumcircle. For the Feuerbach hyperbola and the ex-Feuerbach
hyperbolas, we give an easier construction based on the fact that the lines joining
the circumcenter to the incenter and the excenters are tangent to the respective
Feuerbach hyperbolas.

Lemma 13. Let P be a point on a rectangular hyperbola with center O. The
tangent to the hyperbola at P intersects the asymptotes at two points on the circle
with center P , passing through O.

Proof. Set up a Cartesian coordinate system with the asymptotes as axes. The
equation of the rectangular hyperbola is xy = c2 for some c. If P

(

ct, ct
)

is a point
on the hyperbola, the tangent at P is the line 1

2

(

c
tx+ cty

)

= c2, or x
t + yt =

2c. It intersects the asymptotes (axes) at X(2ct, 0) and Y
(

0, 2ct
)

. Since P is the
midpoint of XY , PO = PX = PY . �



The touchpoints triangles and the Feuerbach hyperbolas 81

Proposition 14. (a) The lines joining the Feuerbach point Fe to the intersections
of the incircle with the line OI are the asymptotes of the Feuerbach hyperbola F .

(b) The lines joining the point Fa to the intersections of the A-excircle with the
line OIa are the asymptotes of the A-ex-Feuerbach hyperbola Fa; similarly for
the hyperbolas Fb and Fc (see Figure 12).

A

B C

H

O

Ia

I

X
Y

X′

Y ′

Fe

Fa

Figure 12.

11. More on the touchpoints triangles

11.1. The symmedian points of the touchpoints triangles. Since the A-excircle is
the circumcircle of the touchpoints triangle Ta, and the lines BC, CA, AB are the
tangents at its vertices, the symmedian point of Ta is the point of concurrency of
BYa, CZa, and AXa, i.e.,

Ka = (−(c+ a− b)(a+ b− c) : (a+ b+ c)(c+ a− b) : (a+ b+ c)(a+ b− c)).

Note that Ka is a point on the A-ex-Feuerbach hyperbola Fa.
The line joining Ka to Ia is the Brocard axis of Ta. It has equation

(b− c)(a+ b+ c)2x+ (c+ a)(a+ b− c)2y − (a+ b)(c+ a− b)2z = 0.
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Proposition 15. (a) The Brocard axes of the touchpoints triangles and the intouch
triangle are concurrent at the deLongchamps point L, which is the point on the
Euler line of triangle ABC dividing OH in the ratio −1 : 2.

(b) The van Aubel lines (joining the orthocenter and the symmedian point) of the
touchpoints triangles and the intouch triangle are concurrent at H•, the isotomic
conjugate of the orthocenter of ABC (see Figure 13).

A

B C

H

O

L

Ia

Ic

Ib

I

Xa

Ya

Za

Ka

Kb

Kc

Ge

Ha

H•

Hb

Hc

Ho

Figure 13.

Remark. The intersection of the Euler line with the line IGe at the deLongchamps
point L is a well known fact. See [6].

Proposition 16. The triangle HaHbHc is perspective with the cevian triangle of
Q if and only if Q lies on the line

L :
(b+ c)(b2 + c2 − a2)

b+ c− a
x+

(c+ a)(c2 + a2 − b2)

c+ a− b
y +

(a+ b)(a2 + b2 − c2)

a+ b− c
z = 0

or the Feuerbach hyperbola F .
(a) If Q traverses L , the perspector traverses the line x

a + y
b +

z
c = 1.

(b) If Q is on the Feuerbach hyperbola, the perspector P lies on the Jerabek
hyperbola J . The line joining QP passes through the orthocenter H (see Figure
14).
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Figure 14.

Proof. Let Q = (u : v : w) with cevian triangle QaQbQc where Qa = (0 : v : w),
Qb = (u : 0 : w), Qc = (u : v : 0). The equations of the lines HaQa, HbQb,
HcQc are

(a+ b+ c)(c(a− b)(a+ b− c)v + b(c− a)(c+ a− b)w)x

−a(c+ a− b)(a+ b− c)(b+ c)(wy − vz) = 0, (13)

(a+ b+ c)(a(b− c)(b+ c− a)w + c(a− b)(a+ b− c)u)y

−b(a+ b− c)(b+ c− a)(c+ a)(uz − wx) = 0, (14)

(a+ b+ c)(b(c− a)(c+ a− b)u+ a(b− c)(b+ c− a)v)z

−c(b+ c− a)(c+ a− b)(a+ b)(vx− uy) = 0. (15)

Eliminating x, y, z from equations (13), (14), (15), we have

2abc(a+ b+ c)

⎛

⎝

∑

cyclic

(b+ c)(c+ a− b)(a+ b− c)(b2 + c2 − a2)u

⎞

⎠

⎛

⎝

∑

cyclic

a(b− c)(b+ c− a)vw

⎞

⎠ = 0.

Therefore the lines HaQa, HbQb, HcQc are concurrent if and only if Q = (u : v :
w) lies on the line L or the Feuerbach hyperbola F .
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Eliminating u, v, w from equations (13), (14), (15), we have

32Δ2(bcx+ cay + abz)

⎛

⎝

∑

cyclic

a2(b2 − c2)(b2 + c2 − a2)yz

⎞

⎠ = 0.

Therefore the locus of the point of concurrency is the union of the line L (I) :
bcx+ cay+ abz = 0 (the trilinear polar of the incenter) and the Jerabek hyperbola
J .

Now the line L contains the point

Q0 =

(

a(b− c)(b+ c− a)2

b+ c
:
b(c− a)(c+ a− b)2

c+ a
:
c(a− b)(a+ b− c)2

a+ b

)

as is easily verified. Choosing Q = (u : v : w) to be this point, and solving
equations (13), (14), (15), we have the perspector

P0 = (a(b2 − c2) : b(c2 − a2) : c(a2 − b2))

on the line L (I). Therefore, by continuity, when Q traverses the line L , P tra-
verses L (I).

On the other hand, if Q lies on the Feuerbach hyperbola, then P lies on the
Jerabek hyperbola. If we take Q to be the point

(

1

bc+ t(b2 + c2 − a2)
:

1

ca+ t(c2 + a2 − b2)
:

1

ab+ t(a2 + b2 − c2)

)

on the Feuerbach hyperbola, then P is the point
(

a(b+ c)(b+ c− a)

(b2 + c2 − a2)(2rbc+ t(b2 + c2 − a2))
: · · · : · · ·

)

on the Jerabek hyperbola. The line joining Q and P contains the orthocenter H .
�

Remarks. (1) The triangle center Q0 appears in [4] as X(1021).
(2) The triangle center P0 is the intersection of the lines bcx + cay + abz = 0

and ax+ by + cz = 0. It appears in [4] as X(661).
(3) The line L can be constructed as the line containing the harmonic conjugates

of IaH ∩ BC in BC, IbH ∩ CA in CA, and IcH ∩ AB in AB. It is the trilinear
polar of the triangle center X(29).

Proposition 17. The triangle HaHbHc is perspective with the anticevian triangle
of Q if and only if Q lies on the orthic axis

L (H) : (b2 + c2 − a2)x+ (c2 + a2 − b2)y + (a2 + b2 − c2)z = 0

or the circumconic

C : a(b2 − c2)yz + b(c2 − a2)zx+ c(a2 − b2)xy = 0

passing through I and its isotomic conjugate I• = (bc : ca : ab).
(a) If Q traverses the orthic axis, the perspector traverses the line x

a +
y
b +

z
c = 1

(again).
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(b) If Q is on the circumconic C , the perspector P lies on the Jerabek hyperbola

(again) . The line QP passes through Hi =
(

a(b+c)
b+c−a : · · · : · · ·

)

, the common point

of the two conics (see Figure 15).

A

B
C

H

O

Ia

Ib

Ic

I
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P
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Qb

Qc

Figure 15.

Proof. Let Q = (u : v : w) with anticevian triangle QaQbQc where Qa = (−u :
v : w), Qb = (u : −v : w), Qc = (u : v : −w). The equations of the lines HaQa,
HbQb, HcQc are

(a+ b+ c)(c(a− b)(a+ b− c)v + b(c− a)(c+ a− b)w)x

+(a+ b− c)(−a(b+ c)(c+ a− b)w + c(a− b)(a+ b+ c)u)y

+(c+ a− b)(b(c− a)(a+ b+ c)u+ a(b+ c)(a+ b− c)v)z = 0, (16)

(a+ b− c)(c(a− b)(a+ b+ c)v + b(c+ a)(b+ c− a)w)x

+(a+ b+ c)(a(b− c)(b+ c− a)w + c(a− b)(a+ b− c)u)y

+(b+ c− a)(−b(c+ a)(a+ b− c)u+ a(b− c)(a+ b+ c)v)z = 0, (17)

(c+ a− b)(−c(a+ b)(b+ c− a)v + b(c− a)(a+ b+ c)w)x

+(b+ c− a)(a(b− c)(a+ b+ c)w + c(a+ b)(c+ a− b)u)y

+(a+ b+ c)(b(c− a)(c+ a− b)u+ a(b− c)(b+ c− a)v)z = 0. (18)
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Eliminating x, y, z, we have

64abcΔ2

⎛

⎝

∑

cyclic

(b2 + c2 − a2)u

⎞

⎠

⎛

⎝

∑

cyclic

a(b2 − c2)vw

⎞

⎠ = 0.

Therefore the lines HaQa, HbQb, HcQc are concurrent if and only if Q = (u : v :
w) lies on the orthic axis L (H) or the circumconic C .

Eliminating u, v, w from equations (16), (17), (18), we have

64Δ2(bcx+ cay + abz)

⎛

⎝

∑

cyclic

a2(b2 − c2)(b2 + c2 − a2)yz

⎞

⎠ = 0.

Therefore the locus of the point of concurrency is again the union of the line L (I) :
bcx+ cay+ abz = 0 (the trilinear polar of the incenter) and the Jerabek hyperbola
J .

Now the circumconic C is the circum-hyperbola which is the isotomic conjugate
of the line joining the incenter I to its isotomic conjugate. Its center is the point

(a(b− c)2 : b(c− a)2 : c(a− b)2).

If we choose Q to be the point
(

1

at+bc : 1

bt+ca : 1

ct+ab

)

, then the perspector is the

point
(

a(b2 + c2 − a2)

at+ bc
:
b(c2 + a2 − b2)

bt+ ca
:
c(a2 + b2 − c2)

ct+ ab

)

on the Jerabek hyperbola. In fact, C intersects J at Hi =
(

a(b+c)
b+c−a : · · · : · · ·

)

,

and the line joining Q and P passes through Hi.
�
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Semi-Similar Complete Quadrangles

Benedetto Scimemi

Abstract. Let A = A1A2A3A4 and B =B1B2B3B4 be complete quadrangles
and assume that each side AiAj is parallel to BhBk (i, j, h, k is a permutation
of 1, 2, 3, 4 ). Then A and B, in general, are not homothetic; they are linked
by another strong geometric relation, which we study in this paper. Our main
result states that, modulo similarities, the mapping Ai → Bi is induced by an
involutory affinity (an oblique reflection). A and B may have quite different
aspects, but they share a great number of geometric features and turn out to be
similar when A belongs to the most popular families of quadrangles: cyclic and
trapezoids.

1. Introduction

Two triangles whose sides are parallel in pairs are homothetic. A similar state-
ment, trivially, does not apply to quadrilaterals. How about two complete quadran-
gles with six pairs of parallel sides? An answer cannot be given unless the question
is better posed: let A = A1A2A3A4, B =B1B2B3B4 be complete quadrangles and
assume that each side AiAj is parallel to BiBj ; then A and B are indeed ho-
mothetic. In fact, the two triangle homotheties, say A1A2A3 → B1B2B3, and
A4A2A3 → B4B2B3, must be the same mappings, as they have the same effect on
two points. 1 There is, however, another interesting way to relate the six directions.
Assume AiAj is parallel to BhBk (i, j, h, k will always denote a permutation of
1, 2, 3, 4). Then A and B in general are not homothetic. Given any A, here is an
elementary construction (Figure 1) producing such a B. Let B1B2 be any segment
parallel toA3A4. LetB3 be the intersection of the line throughB1 parallel toA2A4

with the line through B2 parallel to A1A4; likewise, let B4 be the intersection of
the line throughB1 parallel toA2A3 with the line throughB2 parallel toA1A3. We
claim that the sixth side B3B4 is also parallel to A1A2. Consider, in fact, the inter-
sections R of A1A3 with A2A4, and S of B1B3 with B2B4. The following pairs
of triangles have parallel sides: A1RA4 and B2SB3, A4RA3 and B1SB2, A3RA2

and B4SB1. Hence, they are homothetic in pairs. Since a translation R → S does
not affect our statement, we can assume, for simplicity, R = S. Now two pairs
of sides are on the the same lines: A1A3, B2B4 and A2A4, B1B3. Consider the
action of the three homotheties: λ: A1 → B2, A4 → B3, μ: A3 → B2, A4 → B1,

Publication Date: March 14, 2014. Communicating Editor: Paul Yiu.
1In fact, five pairs of parallel sides AiAj , BiBj suffice to make the sixth pair parallel.
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ν: A2 → B1, A3 → B4. Here νμ−1λ: A1 → B4 and λμ−1ν: A2 → B3. But
these products are the same mapping, as all factors have the same fixed point R.
Thus the triangles A1RA2 , B4RB3 are homothetic and B3B4, A1A2 are parallel,
as we wanted.

��A1
�� A2

�� A3

��A4

��
B1

��
B2

��
B3 ��

B4

��
R

��
S

��
B1

��

B2

��B3 �� B4

Figure 1. Five pairs of parallel sides imply sixth pair parallel

The purpose of this paper is to examine some geometric relations and invari-
ances connecting A and B; in particular, A and B will have the same pair of asymp-
totic directions, a sort of central points at infinity. Some statements, as the some-
how unexpected Theorem 1, will be proved by synthetic arguments only; other
statements, which involve circumscribed conics, will be proved analytically. Our
main result (Theorem 6) states that, modulo similarities, such a mapping Ai → Bi
is induced by an oblique reflection. This involutory affinity depends on A and can
be constructed from A by ruler and compass. We shall also see that, when A be-
longs to the most popular families of quadrangles, namely cyclic quadrangles and
trapezoids (including parallelograms), this mapping leaves the shape of the quad-
rangle unchanged. This may be a reason why this subject, to our knowledge, has
not raised previous attention.

2. Notation and terminology

If A,B are points, AB will denote, according to different contexts, the segment
or the line through A,B. |AB| is a length. AB = C means that a half-turn about
B maps A onto C; equivalently, we write B = 1

2
(A+ C).

If r, s are lines, ∠r, s denotes the directed angle from r to s, to be measured mod
π. ∠ABC means ∠AB,BC. We shall use the basic properties of directed angles,
as described in [3, pp.11–15], for example, ∠ABC = 0 is equivalent to A, B, C
being collinear, ∠ABC = ∠ADC to A, B, C, D being on a circle. A − B is a
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vector; (A−B)·(C−D) is a scalar product; (A−B)∧(C−D) is a vector product.

If two vectors are parallel, we write
A−B

C −D
= r to mean A−B = r(C −D).

In a complete quadrangle A = A1A2A3A4 the order of the vertices is irrelevant.
We shall always assume that three of them are not collinear, so that all the angles
∠AiAjAh are defined and do not vanish. AiAj and AhAk are a pair of opposite
sides of A; they meet at the diagonal point Aij,hk. The diagonal points are vertices
of the diagonal triangle of A. A quadrangle is a trapezoid if there is a pair of
parallel opposite sides; then a diagonal point is at infinity. Parallelograms have
two diagonal points at infinity. Aij = 1

2
(Ai+Aj) is the midpoint of the sideAiAj .

A bimedian of A is the line AijAhk (or the segment) through the midpoints of
a pair of opposite sides. A complementary triangle AjAhAk is obtained from A
by ignoring the vertex Ai. A complementary quadrilateral is obtained from A by
ignoring a pair of opposite sides. An area is not defined for a complete quadrangle,
but its complementary triangles and quadrilaterals do have oriented areas, which
are mutually related (see §4).

3. Semi-similar and semi-homothetic complete quadrangles

Definition. Two complete quadrangles A = A1A2A3A4 and B = B1B2B3B4

will be called directly (inversely) semi-similar if there is a mapping Ai → Bi such
that ∠AiAjAh = ∠BhBkBi (∠AiAjAh = ∠BiBkBh, respectively).

In particular, A and B will be called semi-homothetic if each side AiAj is par-
allel to BhBk.

The property of being semi-similar is obviously symmetric but not reflexive
(only special classes of quadrangles will be self-semi-similar). Let A and B be
semi-similar. If B is similar to C, then A is semi-similar to C. On the other hand,
if B is semi-similar to D, then A and D are similar. This explains the word semi
(or half ). Direct and inverse also follow the usual product rules. Although the
relation of semi-similarity is not explicitly defined in the literature, semi-similar
quadrangles do appear in classical textbooks; for example, some statements in [3,
§399] regard the following case. Given a complete quadrangle A =A1A2A3A4, let
Oi denote the circum-center of the complementary triangle AjAhAk. Then OiOj
is orthogonal to AhAk, and this clearly implies that A is directly semi-similar to
the quadrangle o(A) = O1O2O3O4. 2 It can also be proved that A is inversely
semi-similar to n(A) = N1N2N3N4, where Ni denotes the nine-point center of
the triangle AjAhAk.

Semi-homotheties are direct semi-similarities. The construction we gave in §1
confirms that, modulo homotheties, there is a unique B which is semi-homothetic
to a given quadrangle A.

A cyclic quadrangle is semi-similar to itself. More precisely, the mapping Ai →
Ai defines an inversely semi-similar quadrangle if and only if all the angle equali-
ties ∠AiAjAh= ∠AiAkAh hold, and this is equivalent for the four points Ai to lie
on a circle (see §9). We shall see, however, that, if different mappings Ai → Aj

2We shall reconsider the mapping Ai → Oi in the footnote at the end of §10.
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are considered, there exist other families of quadrangles for which semi-similarity
implies similarity (see §§10 and 12).

Theorem 1. If A and B are semi-homothetic quadrangles, then the bimedians of
A are parallel to the sides of the diagonal triangle of B.

��

A1

�� A2

��
A3

��
A4

��
A13,24

��
A14,23

��
A12,34 ��

A12

��

A34

��
N12,34

�� C

��

B1

��
B2

��
B3 ��

B4

��B13,24

��
B12,34

��
B14,23

Figure 2. Semi-homothetic quadrangles: the bimedians of A are parallel to the
sides of the diagonal triangle of B

Proof. It is well-known ([3, §91] that a bimedian of A, say A12A34, meets a side
of the diagonal triangle in its midpoint N12,34 =

1

2
(A13,24+A14,23). Let C denote

the intersection of the line through A1 parallel to A2A4 with the line through A2

parallel to A1A3. Then A12 = 1

2
(C + A13,24), hence CA14,23 and A12N12,34 are

parallel. Now let B = B1B2B3B4 be semi-homothetic to A so that each AiAj is
parallel to BhBk. Then in the quadrangles A1CA2A14,23 and B3B13,24B4B14,23

(see the striped areas in Figure 2), five pairs of sides are parallel, either by as-
sumption or by construction. Hence the same holds for the sixth pair A14,23C,
B14,23B13,24. But A14,23C is trivially parallel to A34A12. Therefore, the side
B14,23B13,24 of the diagonal triangle of B is parallel to the bimedian A12A34 of A,
as we wanted. �

Notice that, by symmetry, the sides of the diagonal triangle of A are parallel to
the bimedians of B.
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4. Semi-isometric quadrangles

We shall now introduce a relationship between semi-similar quadrangles which
replaces isometry. This notion is based on the following

Theorem 2. Let A = A1A2A3A4 and B = B1B2B3B4 be semi-homothetic quad-

rangles. Then the product μ =
Bi −Bj
Ah −Ak

· Bh −Bk
Ai −Aj

is invariant under all permu-

tations of indices.

Proof. Notice that the factors in the definition of μ are ratios of parallel vectors,
hence scalars with their own sign. Now consider, for example, the following
triangles: A1A4A12,34 , A2A3A12,34 , A1A3A12,34 , A2A4A12,34 which are ho-
mothetic, respectively, to the triangles B3B2B12,34 , B4B1B12,34 , B4B2B12,34 ,
B3B1B12,34. Each of these homotheties implies an equal ratio of parallel vectors:

B3 −B2

A1 −A4

=
B2 −B12,34

A4 −A12,34
,

B4 −B1

A2 −A3

=
B1 −B12,34

A3 −A12,34
,

B4 −B2

A1 −A3

=
B2 −B12,34

A3 −A12,34
,

B3 −B1

A2 −A4

=
B1 −B12,34

A4 −A12,34
.

By multiplication one finds

μ =
B3 −B2

A1 −A4

· B4 −B1

A2 −A3

=
B2 −B12,34

A4 −A12,34
· B1 −B12,34

A3 −A12,34

=
B1 −B12,34

A4 −A12,34
· B2 −B12,34

A3 −A12,34

=
B3 −B1

A2 −A4

· B4 −B2

A1 −A3

.

Likewise, μ =
B3 −B4

A1 −A2

· B1 −B2

A3 −A4

, as we wanted. �

Thus a pair A, B of semi-similar quadrangles defines a scale factor

|μ| = |B1B2||B3B4|
|A1A2||A3A4| =

|B1B3||B2B4|
|A1A3||A2A4| =

|B1B4||B2B3|
|A1A4||A2A3| .

A geometric meaning for the sign of μ will be seen later (§7).
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Corollary 3. Let A = A1A2A3A4 and B = B1B2B3B4 be semi-similar quad-
rangles. Then the products of the lengths of the pairs of opposite sides are propor-
tional:3

|A1A2||A3A4| : |A1A3||A2A4| : |A1A4||A2A3|
= |B1B2||B3B4| : |B1B3||B2B4| : |B1B4||B2B3|.

A sort of isometry takes place when |μ|=1:

Definition. Two quadrangles A and B will be called semi-isometric if the they are
semi-similar and the lengths of two corresponding opposite sides have the same
product: |AiAj ||AhAk| = |BiBj ||BhBk|.

We have just seen that if this equality holds for a pair of opposite sides of semi-
similar quadrangles, then |μ| = 1 and therefore the same happens to the other two
pairs.

We shall now derive a number of further relations between semi-isometric quad-
rangles which are almost immediate consequences of the definition. Some of them
are better described if referred to the three complementary quadrilaterals. The
oriented areas of these quadrilaterals are given by one half of the cross products
(A1 −A2)∧ (A3 −A4), (A1 −A4)∧ (A2 −A3), (A1 −A3)∧ (A2 −A4). There-
fore the defining equalities |AiAj ||AhAk| = |BiBj ||BhBk|, if combined with the
angle equalities ∠AiAj , AhAk = −∠BiBj , BhBk, imply that the three areas only
change sign when passing from A to B . On the other hand, it is well-known
that the three cross products above, if added or subtracted in the four essentially
different ways, produce 4 times the oriented area of the complementary triangles
AjAhAk . For example, by applying standard properties of vector calculus, one
finds

(A1 −A2) ∧ (A3 −A4) + (A1 −A4) ∧ (A2 −A3) + (A1 −A3) ∧ (A2 −A4)

= 2(A1 −A4) ∧ (A1 −A2),

(A1 −A2) ∧ (A3 −A4) + (A1 −A4) ∧ (A2 −A3)− (A1 −A3) ∧ (A2 −A4)

= 2(A3 −A4) ∧ (A2 −A3),

etc. Therefore we have

Theorem 4. If A and B are semi-isometric quadrangles, the four pairs of corre-
sponding complementary trianglesAiAjAh andBiBjBh have the same (absolute)
areas.

This insures, incidentally, that, when semi-similarity implies similarity, then
semi-isometry implies isometry.

Other invariants can be written in terms of perimeters: if one first adds, then
subtracts the lengths of the four contiguous sides in a complementary quadrilateral,

3The following example shows that the inverse statement does not hold: let A1A2 be the diameter
of a circle; then, for any choice of a chord A3A4 orthogonal to A1A2, the three products above are
proportional to 2 : 1 : 1.



Semi-similar complete quadrangles 93

then the product is invariant; for example, the product

(|A1A2|+ |A2A3|+ |A3A4|+ |A4A1|)(|A1A2| − |A2A3|+ |A3A4| − |A4A1|)
is the same if all Ai are changed into Bi. In particular,

|A1A2| − |A2A3|+ |A3A4| − |A4A1| = 0

if and only if

|B1B2| − |B2B3|+ |B3B4| − |B4B1| = 0.

Since these equalities are well-known to be equivalent to the fact that two pairs
of opposite sides are tangent to a same circle, we conclude that semi-similarity of
complete quadrangles preserves inscribability for a complementary quadrilateral.
Another invariance takes place if we subtract the squares of the lengths of two
bimedians; for example,

|A12A34|2 − |A14A23|2 = |B12B34|2 − |B14B23|2.
These and other similar equalities can be derived by applying the classical formulas
for tha area of a quadrilateral (Bretschneider’s formula etc., see [5]).

Something more intriguing happens if one considers the circumcircles of the
complementary triangles.

Theorem 5. If two quadrangles are semi-similar, the circumradii of corresponding
complementary triangles are inversely proportional .

Proof. Let Ri and Si be, respectively, the circumradii of AjAhAk and BjBhBk.
We claim that R1, R2, R3, R4 are inversely proportional to S1, S2, S3, S4. In fact,
by the law of sines, we can write, for example, the product |A3A4||B3B4| in two
ways:

(2R1 sinA3A2A4)(2S1 sinB3B2B4) = (2R2 sinA4A1A3)(2S2 sinB4B1B3).

Since ∠A3A2A4 = ∠B4B1B3 and ∠A4A1A3 = ∠B3B2B4, all the sines can be
canceled to conclude R1S1 = R2S2. Thus the product RiSi is the same for all
indices i. �

5. The principal reference of a quadrangle

The invariants we met in the last section suggest the possible presence of an
affinity. In fact, our main result (Theorem 6) will state that for each quadran-
gle A there exists an involutory affinity (depending on A) that maps A into a
semi-homothetic, semi-isometric quadrangle B. It will then appear that any semi-
similarity of quadrangles A → C is a product of an oblique reflection A → B by a
similarity B → C. Since an oblique reflection is determined, modulo translations,
by a pair of directions, in order to identify which reflection properly works for A,
we shall describe in the next section how to associate to a quadrangle A a pair of
characteristic directions, that we shall call the asymptotic directions of A. As we
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shall see, these directions also play a basic role in connection with some conics
that are canonically defined by four points.4

It is well-known that a quadrangle A = A1A2A3A4 has a unique circumscribed
rectangular hyperbola Ψ = ΨA

5. The center of Ψ is a central (synonym: notable)
point of A that we denote by H = HA. Several properties and various geometric
constructions of H from the points Ai are described in [4] (but this point is defined
also in [3, §396-8], and [2, Problem 46]). For example, H is the intersection of the
nine-point circles of the four complementary triangles AjAhAk. The directions
of the asymptotes of Ψ = ΨA will be called the principal directions of A. The
hyperbola Ψ essentially defines what we call the principal reference of A, namely
an orthogonal Cartesian xy-frame such that the equation for Ψ is xy = 1, the
ambiguity between x and y not creating substantial difficulties (Figures 3 and 4).
Our next proofs will be based on this reference (an approach which was first used
by Wood in [6]). The principal reference is not defined when two opposite sides of
A are perpendicular. This class of quadrangles (orthogonal quadrangles) requires
a different analytic treatment and will be discussed separately in §11.

asymptotic directions through ellipse vertices

x

��A4

��A1

�� A2[a2, 1/a2]

��A3

��H = [0,0]

�� G

��J

��

��

��

Γ

ϕ: xy = 1

y

��

��

��

��
��

��

��

��

��

Figure 3. A concave quadrangle and its principal reference. Asymptotic direc-
tions derived from the medial ellipse Γ

Within the principal reference of A, the origin is the central point HA = [0, 0]
and the vertices will be denoted by Ai = [ai,

1

ai
], i = 1, 2, 3, 4. In view of the next

4These directions may be thought of as a pair of central points of A at infinity. In this respect,
the present paper may be considered a complement of [4]. Our treatment, however, will be self-
contained, not requiring the knowledge of [4].

5The only exceptions will be considered in §12.
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calculations, it is convenient to introduce the elementary symmetric polynomials:

s1 = a1 + a2 + a3 + a4,

s2 = a1a2 + a1a3 + a1a4 + a2a3 + a2a4 + a3a4,

s3 = a1a2a3 + a1a2a4 + a1a3a4 + a2a3a4,

s4 = a1a2a3a4.

Notice that the restriction for A not to be orthogonal not only implies s4 �= 0
but also excludes s4 = −1 , as the scalar product of two opposite sides turns out to
be

AiAj ·AhAk = (ai − aj)(ah − ak)

(

1 +
1

s4

)

.

The sign of s4 = a1a2a3a4 has the following relevant geometric meaning: s4 is
positive if and only if the number of verticesAi which lie on a branch of Ψ is even:
4, 2 or 0. By applying standard arguments to the real convex function f(x) = 1

x ,
this condition is found to be equivalent to A being convex. On the other hand, if
the branches of Ψ contain 1 and 3 vertices, then s4 < 0 and A is concave, namely,
there is a vertex Ai which lies inside the complementary triangle AjAhAk .

ΨA = ΨB

��
A1

�� A2 = [a2, 1/a2]

��
A3

��A4 ��

HA = HB = [0, 0]

��
B3 �� B4

��
B1

�� B2 = [b2, 1/b2]

xy

Figure 4. Semi-homothetic semi-isometric quadrangles with the same principal
reference

6. Central conics and asymptotic directions

It is well-known that, within the family of the conic sections circumscribed to a
given quadrangle A, the locus of the centers is itself a conic Γ = ΓA. We call it the
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medial or the nine-points conic of A, as Γ contains the six midpoints Aij and the
three diagonal points Aij,hk ([1, §16.7.5]). The equation for Γ is calculated to be

x2 − s4y
2 − 1

2
s1x+

1

2
s3y = 0,

or

(x− xG)
2 − s4(y − yG)

2 =
1

16s4
(s4s

2
1 − s23),

which confirms that H = [0, 0], the center of Ψ, lies on Γ. On the other hand, the
center of Γ is

G = GA =
1

4
[s1,

s3
s4

] =
1

4
(A1 +A2 +A3 +A4).

This is clearly the centroid or center of gravity, another central point of A. Two
cases must be now distinguished:.

(i) A is convex: s4 > 0 and Γ is a hyperbola. By definition, the points at infinity
of Γ will be called the asymptotic directions of A; it appears from the equation that

the slopes of the asymptotes are ± 1√
s4

(Figure 5). This proves that the principal

directions bisect the asymptotic directions. In particular, when s4 = 1, Γ is a
rectangular hyperbola; as we shall soon see, this happens if and only if A is cyclic.

��A1

�� A2

��
A3

��
A4

��

GA = GB

��HA

1

��
B3 ��

B4

�� B2

��
B1

��

��

��

��

��

��

��

��

ΓA

��

ΓB

x

y

Figure 5. Semi-homothetic semi-isometric convex quadrangles with conjugate
medial hyperbolas ΓA, ΓB . Asymptotic directions from Γ asymptotes

(ii) A is concave: s4 < 0 and Γ is an ellipse. The asymptotic directions of A
will be defined by connecting contiguous vertices of the ellipse Γ. Equivalently, we
can inscribe Γ in a minimal rectangle and consider the directions of its diagonals. 6

6They can also be defined as the directions of the only pair of conjugate diameters of the
ellipse ΓA which have equal lengths; see [2, Problem 54].
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Their slopes turn out to be ± 1√−s4 (Figure 3) . Again, the principal directions

bisect the asymptotic directions. Notice that Γ cannot be a parabola, as s4 �= 0. We
have also seen in §5 that s4 �= −1, so that Γ cannot even be a circle. 7

Next we want to introduce a new central point J = JA, defined as the reflection

of H in G: J = HG = 1

2

[

s1,
s3
s4

]

. Since G is the center of Γ and H lies on Γ, the

point J also lies on Γ. Therefore, there exists a conic Θ = ΘA circumscribed to A
and centered at J . The equation for Θ is found to be

x2 + s4y
2 − s1x− s3y + s2 = 0

or

(x− xJ)
2 + s4(y − yJ)

2 =
1

4s4
(s4s

2
1 + s23)− s2.

Looking at the roles of s4 and −s4 in the equations for Γ and Θ, it appears that
Γ is an ellipse when Θ is a hyperbola and conversely. 8

Moreover, the hyperbola asymptotes are parallel to the ellipse diagonals. We
have thus produced two alternative ways for defining the asymptotic directions of
any quadrangle A:
if A is concave, by the asymptotes of Θ or by the vertices of Γ (Figure 3);
if A is convex, by the asymptotes of Γ or by the vertices of Θ (Figure 5).

A third equivalent definition only applies to the latter case: it is well-known (see,
for example, [2, Problem 45]) that a convex quadrangle has two circumscribed
parabolas, say Π+ and Π−. Their equations are 9

Π+ : (x+
√
s4y)

2 − s1x− s3y + s2 − 2
√
s4 = 0,

Π− : (x−√
s4y)

2 − s1x− s3y + s2 + 2
√
s4 = 0.

Therefore the asymptotic directions of a convex quadrangle may be also defined
by the axes of symmetry of the two circumscribed parabolas.

If s4 = 1 then Θ is a circle and A is cyclic. In this case the diagonals of Θ are
not defined; but Γ, Π+ , Π− define the asymptotic directions, which are just the
bisectors y = ±x of the principal directions. 10

7See §10 for exceptions.
8When A is convex, ΘA turns out to be the ellipse that deviates least from a circle among all the

ellipses circumscribed to A, this meaning that the ratio between the major and the minor axis attains
its minimum value. This problem was studied by J. Steiner. One can also prove that each ellipse
circumscribed to A has a pair of conjugate diameters that have the asymptotic directions of A; see
[2, Problem 45].

9These equations are easily derived from the equation of the generic circumscribed conic, which
can be written as λΨ+ μΘ = 0.

10For a different definition, not involving conics, see §9.
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Notice that, whatever choice one makes among the definitions above, there ex-
ist classical methods which produce by straight-edge and compass the asymptotic
directions of a quadrangle, starting from its vertices11.

7. Oblique reflections

We are now ready to introduce oblique reflections. We recall this notion by
introducing the following

Definition. Given an ordered pair (r, s) of non parallel lines, an (r, s)-reflection
is the plane transformation φ : P → P ′, such that P − P ′ is parallel to r and the
midpoint 1

2
(P + P ′) lies on s.

An (r, s)-reflection is an involutory affine transformation. Among the well-
known properties of affinities, we shall use the fact that they map lines into lines,
midpoints into midpoints, conics into conics. Like in a standard reflection (a partic-
ular case, when r, s are orthogonal) the line s is the locus of fixed points, the other
fixed lines being parallel to r. Replacing r with a parallel line r′ does not affect φ ;
replacing s with a parallel line s′ only affects P ′ by the translation s → s′ parallel
to r. Interchanging r with s amounts to letting P ′ undergo a half turn around the
intersection of r and s. An rs-reflection φ preserves many features of quadrangles;
for example, if φ(Ai) = Bi, then the diagonal triangle of B = B1B2B3B4 is the φ-
image of the diagonal triangle of A = A1A2A3A4. Other corresponding elements
are the bi-median lines, the centroid, the medial conic, the circumscribed parabo-
las. As for analytic representations, if, for example, r : y = rx+p, s : y = sx+q,
then φ is the bilinear mapping

[x, y] → 1

(r − s)
[(r + s)x− 2y, 2rsx− (r + s)y] + [x0, y0]

where [x0, y0] is the image of [0, 0]. The transformation matrix of φ has determi-
nant

1

(r − s)2
(−(r + s)2 + 4rs) = −1.

Therefore all oriented areas undergo a change of sign.

Theorem 6. Let A be a complete quadrangle. Let φ be an (r, s)-reflection, where
r, s are parallel to the asymptotic directions of A. Let χ be an (orthogonal) re-
flection in a line p parallel to a principal direction of A. Define a mapping ψ as
follows:

ψ =

{

φ, if A is convex,

φχ, if A is concave.

Then A and B = ψ(A) are semi-homothetic, semi-isometric quadrangles.

11For example, a celebrated page of Newton describes how to construct the axes of a parabola if
four of its points are given.
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Proof. Notice that B is uniquely defined by A, modulo translations and midturns:
in fact, a translation parallel to r takes place when s is translated; a midturn takes
place if the principal directions or the lines r and s are interchanged.

Along the proof we can assume, without loss of generality, that both s and p
pass through HA = [0, 0], so that ψ(HA) = HA .

First case: A is convex (s4 > 0). Then the lines r, s have equations, say r :

y =
−x√
s4

and s : y =
x√
s4

. The rs-reflection maps the point P [x, y] into φ(P ) =

[y
√
s
4
, x√

s4
] , so that the vertex Ai = [ai,

1

ai
] is mapped into Bi = φ(Ai) =

[
√
s
4

ai
, ai√

s
4

]. Substituting in xy = 1 proves that Bi lies on ΨA. Since a quadrangle

has a unique circumscribed rectangular hyperbola 12, we have ΨB= Ψφ(A) = ΨA.
In particular, A and B have the same principal directions and HB = φ(HA) =

Hφ(A) = HA. Now consider the sides Bi − Bj = [
√
s
4
( 1

ai
− 1

aj
),
ai−aj√
s
4

] and

Ah − Ak = [ah − ak,
1

ah
− 1

ak
]. If we take into account that

√
s
4

aiaj
= ahak√

s
4

we find

that these vectors are parallel, their ratio being
Bi −Bj
Ah −Ak

= −
√
s
4
(ai − aj)

(ah − ak)aiaj
=

Ai −Aj
Bh −Bk

. This proves that A and B are semi-homothetic (Figure 6). Moreover,

the following scalar products turn out to be the same (Ai − Aj).(Ah − Ak) =
(ai− aj)(ah− ak)(1+ 1

s4
) = (Bi−Bj).(Bh−Bk). Thus A and B are also semi-

isometric : |AiAj ||AhAk| = |BiBj ||BhBk|, as we wanted. Since the matrix for
φ = ψ has determinant −1, the oriented areas of the corresponding complementary
triangles and quadrilaterals, as expected, undergo a sign change.

Second case: A is concave (s4 < 0). The argument is similar: let r : y =
−x√−s4

and s : y =
x√−s4 . Then the reflection χ, for example in the x-axes, takes

[x, y] into [x,−y] and ψ : [x, y] → [y
√−s4, x√−s4 ]. Thus Bi = ψ(Ai) =

[−
√−s4
ai

, ai√−s4 ]. If we take into account that
√−s4
aiaj

= −ahak√−s4 , we find that the vec-

torsBi−Bj , Ah−Ak are parallel. For their ratio we find the equality
Bi −Bj
Ah −Ak

=
√−s4(ai − aj)

(ah − ak)aiaj
= − Ai −Aj

Bh −Bk
. The matrix for ψ has now determinant 1 so that

the oriented areas are conserved. �

Incidentally, the foregoing argument also shows that in the semi-homothety of

Theorem 2 in §5 the sign of the scalar μ =
Bi −Bj
Ah −Ak

.
Bh −Bk
Ai −Aj

is respectively 1 or

-1 for convex and concave quadrangles. This proves that semisimilarities preserve
convexity.

Since the mapping of Theorem 6 is involutory and the principal references for
A and B have been shown to be the same, we have substantially proved that

12The only exceptions will be considered in §12
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�� JB

��
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��

��
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Figure 6. An oblique reflection producing semi-homothetic semi-isometric
quadrangles. Pairs of corresponding sides, central lines, central conics etc meet
on line s

Theorem 7. Two semi-homothetic quadrangles have the same asymptotic direc-
tions.

This statement will be confirmed in the next section.

8. Behaviour of central conics

We want now to examine how the central conics Ψ,Γ,Θ (see §4) of two semi-
similar quadrangles are related to each other. We claim that, modulo similarities,
these conics are either identical ellipses or conjugate hyperbolas.13

The problem can obviously be reduced to a pair of semi-homothetic, semi-
isometric quadrangles.

Theorem 8. Let A and B be semi-homothetic, semi-isometric quadrangles.
(1) Assume ΨA and ΨB have the same center: HA = HB . Then either ΨA = ΨB

(A convex) or ΨA and ΨB are conjugate (A concave).
(2) Assume ΓA and ΓB have the same center: GA = GB . Then either ΓA=ΓB (A
concave) or ΓA and ΓB are conjugate (A convex). In the latter case, the two cir-
cumscribed parabolas Π±Aand Π±B are either equal or symmetric with respect
to G.

13Two hyperbolas are said to be conjugate if their equations, in a convenient orthogonal frame,

can be written as
x2

a2
− y2

b2
= ±1. Conjugate hyperbolas have the same asymptotes and their foci

form a square.
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(3) Assume ΘA and ΘB have the same center: JA = JB . Then either ΘA=ΘB (A
convex) or ΘA and ΘB are conjugate (A concave).

Proof. Without loss of generality, we can assume that A and B are linked by a
mapping ψ as in Theorem 6. According to the various statements (1), (2), (3), it
will be convenient to choose ψ in such a way that a specific point F is fixed. We
shall denote by ψF this particular mapping: ψF (F ) =F . For example, in the proof
of Theorem 6 we had ψ = ψH . To obtain ψF from ψH one may just apply an
additional translation H → F .

(1) First assume that A is convex: s4 > 0. While proving Theorem 6 we have
already noticed that the point Bi = ψH(Ai) = ψH([ai,

1

ai
]) = [

√
s4
ai
, ai√

s4
] lies on

xy = 1, hence HA = HB,ΨA = ΨB . Now assume A concave: s4 < 0. A
principal reflection, say in the x-axes, takes [ai,

1

ai
] into [ai,− 1

ai
] . Then Bi =

ψH(Ai) = ψH([ai,− 1

ai
]) = [−

√−s4
ai

, ai√−s4 ], clearly a point of the hyperbola xy =

−1, the conjugate of ΨA, as we wanted.
(2) Since affinities preserve midpoints and conics, for any choice of ψ we have

ΓB = ψ(ΓA), and GB = ψ(GA) . The assumption GB = GA suggests the choice
ψ = ψG in Theorem 6. Assume A is convex: s4 > 0. Then Bi = ψG(Ai) is
obtained by applying the translation ψH(GA) → GA to the point ψH([ai, 1

ai
]) =

[
√
s4
ai
, ai√

s4
]. Here GA = 1

4
[s1,

s3
s4
], ψH(GA) = 1

4
√
s4
[s3, s1]. Therefore

Bi = [

√
s4
ai

+
s1
4

− s3
4
√
s4
,
ai√
s4

+
s3
4s4

− s1
4
√
s4

].

Straightforward calculations prove that the midpoints 1

2
(Bi + Bj) satisfy the

equation

(x− xG)
2 − s4(y − yG)

2 = − 1

16s4
(s23 + s4s

2
1),

which is the conjugate hyperbola of ΓA, as we wanted.
As for the circumscribed parabolas, we already know, again by the general prop-

erties of affinities, that ψ(Π+A) and ψ(Π−A) will be parabolas circumscribed to B.
More precisely, one can verify that the above pointsBi = ψH(Ai)+GA−ψH(GA)
satisfy the equation for

Π+A : (x− y
√
s4)

2 − s1x− s3y + s2 + 2
√
s4 = 0.

A midturn around GA maps Bi into 2GA − Bi. The new points are −ψH(Ai) +
GA + ψH(GA) and they are checked to satisfy the equation

(x+ y
√
s4)

2 − s1x− s3y + s2 − 2
√
s4 = 0.

Therefore Π−B = Π−A,Π+B = (Π+A)
G.

Now assume A concave: s4 < 0. As before, ψH(Ai) = [−
√−s4
ai

, ai√−s4 ]. The

mapping ψG is again obtained by applying the translation ψH(GA) → GA, but
here ψH(GA) = 1

4
√−s4 [s3, s1]. Therefore,

Bi = ψG(Ai) = [−
√−s4
ai

+
s1
4

− s3
4
√−s4 ,

ai√−s4 +
s3
4s4

− s1
4
√−s4 ].



102 B. Scimemi

By direct calculation, one checks that the midpoints 1

2
(Bi +Bj) lie on

ΓA : (x− xG)
2 − s4(y − yG)

2 =
1

16
(s4s

2
1 − s23).

Thus the medial ellipses are the same: ΓB = ψG(ΓA) = ΓA, as we wanted.
(3) The proof is as above, except that we want ψ = ψJ and the translation is

ψH(JA) → JA. When A is convex, one finds that the points

Bi = [

√
s4
ai

+
s1
2

− s3
2
√
s4
,
ai√
s4

+
s3
2s4

− s1
2
√
s4

]

lie on

ΘA : (x− xJ)
2 + s4(y − yJ)

2 =
1

4s4
(s23 + s4s

2
1)− s2.

Hence ΘB = ψJ(ΘA) = ΘA.
When A is concave, similar arguments lead to the points

Bi = ψG(Ai) = [−
√−s4
ai

+
s1
2

− s3
2
√−s4 ,

ai√−s4 +
s3
2s4

− s1
2
√−s4 ]

which satisfy the equation

(x− xJ)
2 + s4(y − yJ)

2 = − 1

4s4
(s23 + s4s

2
1) + s2,

the conjugate hyperbola of ΘA. This completes the proof. �

Proof of Theorem 7. By applying proper homotheties, we can reduce the proof
to the case that A and B are semi-isometric; by further translations, we can even
assume that ψ : A → B as in Theorem 6 and the conics centers are the same.
Then, according to Theorem 8, the circumscribed conics Γ and Θ are either equal
or conjugate. In any case A and B have the same asymptotic directions.

9. A special case: cyclic quadrangles

A cyclic (or circumscriptible) quadrangle A is convex and corresponds to s4 =
1. In this case ΘA is the circumcircle of equation x2+y2−s1x−s3y+s2 = 0. The
center of ΘA is J = JA and its radius is ρ = 1

2

√

s2
1
+ s2

3
− 4s2. Incidentally, since

ρ2 = |JH|2 − s2, we have discovered for s2 a geometric interpretation, namely
the power of H with respect to the circumcircle Θ. The medial conic Γ is the
rectangular hyperbola:

x2 − y2 − 1

2
s1x+

1

2
s3y = 0

and the circumscribed parabolas are

(x± y)2 − s1x− s3y + s2 = ±2.

Therefore the lines r and s defining ψ (= φ) in Theorem 6 are perpendicular with
slope ±1 and ψ is just the orthogonal reflection in the line s . For the asymptotic
directions of cyclic quadrangles we have a simple geometric interpretation at finite,
not involving conics: they merely bisect the angle formed by any pair of opposite
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sides of A . In fact, the reflection ψ maps the line AiAj into the line BiBj , which
is parallel to AhAk, because of the semi-homothety. We may also think of the
asymptotic directions as the mean values of the directions of the radii JAi, because
ψJ maps the perpendicular bisectors of AiAj into the perpendicular bisector of
AhAk, namely a bisector of ∠AiJAj into a bisector of ∠AhJAk.

For cyclic quadrangles, Theorem 1 states that the oriented angles formed by the
sides of the diagonal triangle of A are just the opposite (as a result of the reflection
ψ ) of those formed by the bimedians. Using the symbols of Theorem 1 this can be
written as ∠N14,23GN12,34 = ∠N14,23G,GN12,34 = −∠A12,34A13,24, A13,24A14,23.
Since a triangle and its medial are obviously homothetic, we have ∠N14,23GN12,34 =
∠N14,23N13,24N12,34. Hence the four pointsNij,hk andG lie on a circle. This sug-
gests the following statement, that we have been unable to find in the literature:

Corollary 9. A quadrangle is cyclic if and only if its centroid lies on the nine-point
circle of its diagonal triangle.

�� J

�� ��

�� A3

��A4

��
A14,23

��
A13,24

��

��

N13,24

��
N12,34

��
��

A14

�� A23

��
G

��

��
A34

�� H

Figure 7. The centroid of a cyclic quadrangle lies on the ninepoint circle of its
diagonal triangle

Proof. (Figure 7) It is well-known (see [2, Problem 46], or [1, §17.5.4]) that a
conic circumscribed to a triangle D is a rectangular hyperbola if and only if its
center lies on the ninepoint circle of D. Let A be a quadrangle whose centroid
G lies on the nine-point circle of its diagonal triangle D. Since the medial conic
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ΓA is circumscribed to D and its center is the centroid GA, we know that ΓA is a
rectangular hyperbola. Then, by previous theorems, we have s4 = 1, ΘA is a circle
and A is cyclic. The converse argument is similar. �

10. Another special case: trapezoids

Trapezoids form another popular family of convex quadrangles, corresponding

to the case s4 =
s23
s2
1

. In fact, two opposite sides, sayA1A2, A3A4 are parallel if and

only if
a1 − a2
1

a1
− 1

a2

=
a3 − a4
1

a3
− 1

a4

, hence a1a2 = a3a4; and a straightforward calculation

gives (a1a2 − a3a4)(a1a3 − a2a4)(a1a4 − a2a3) = s4s
2
1 − s23.

For trapezoids the medial conic Γ degenerates into two lines: (s1x + s3y −
1

2
s21)(s1x − s3y) = 0 which are bimedians for A; their slopes are simply ±s1

s3
:

the asymptotic direction −s1
s3

is shared by the parallel sides of A ; the other is

the direction of the line s1x − s3y = 0, on which one finds H,G, J , plus the
two diagonal points at finite Aih,jk, Aik,jh. Π+ also degenerates into the pair of
parallel opposite sides. If two of the differences aiaj − ahak vanish, then A is a
parallelogram, H = J is its center and the asymptotic directions are parallel to the
sides. For a cyclic trapezoid we have the additional condition s21 = s23 and HG
is a symmetry line for A . As for the oblique reflection ψ of Theorem 6, if, for
example, the parallel sides are A1A2 and A3A4 , then the lines r and s are the
bimedians A12A34 , A14A23 and the oblique reflection interchanges two pairs of
vertices: ψ : A1 → A2, A2 → A1, A3 → A4, A4 → A3. Thus A and B = ψ(A )
are the same quadrangle, but ψ is not the identity!

The fact that for both cyclic quadrangles and trapezoids semi-similarities leave
the quadrangle shape invariant may perhaps explain why the relation of semi-
similarity, to our knowledge, has not been studied. 14

11. Orthogonal quadrangles

We still have to consider the family of quadrangles which have a pair of orthog-
onal opposite sides, because in this case the foregoing analytical geometry does not
work. We call these quadrangles orthogonal. We shall first assume that the other
pairs of sides are not perpendicular, leaving still out the subfamily of the so-called
orthocentric quadrangles, which will be considered as very last. For orthogonal
(non orthocentric) quadrangles, the statements of the Theorems of §§3 to 10 remain
exactly the same, but a principal reference cannot be defined as before and differ-
ent analytic proofs must be provided. First notice that for this family the hyperbola

14Going back to the semi-similar quadrangles A and o(A) = O1O2O3O4 which we mentioned
in the introduction and appear in Johnson′s textbook [3], it follows from our previous arguments that
Ai → Oi is induced by an affine transformation which can be thought of as the product of four
factors: a rotation of a straight angle, an oblique reflection, a homothety (the three of them fixing H)
and a final translation H → J . It can be proved that Ai → Oi is also induced, modulo an isometry,
by a circle inversion centered at the so-called isoptic point of A, see [6, 4].
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Ψ degenerates into a pair of orthogonal lines. We can represent these lines by the
equation xy = 0 (replacing xy = 1 ) and use them as xy-axes of a new principal
reference (the unit length is arbitrary). Within this frame we can assume without
loss of generality A1 = [x1, 0], A2 = [0, y2], A3 = [x3, 0], A4 = [0, y4]. Notice
that the product x1y2x3y4 cannot vanish, as we have excluded quadrangles with
three collinear vertices. The role of the elementary symmetric polynomials can be
played here by other polynomials, as sx = x1+x3, sy = y2+y4, px = x1x3, py =
y2y4. We have H = [0, 0], G = 1

4
[sx, sy], J = 1

2
[sx, sy]. One of the diagonal

points is H; the remaining two are
1

x1y4 − x3y2
[x1x3(y2 − y4), y2y4(x1 − x3)]

and
1

x1y2 − x3y4
[−x1x3(y2 − y4), y2y4(x1 − x3)]. This shows that the xy-axes

bisect an angle of the diagonal triangle. The fraction
px
py

(or the product pxpy)

plays the role of s4 . More precisely: convexity and concavity are represented by
pxpy > 0 or pxpy < 0 respectively ( pxpy = 0 has been already excluded); A
is cyclic if and only if px = py ; A is a non-cyclic trapezoid when pxs2y = pys

2
x.

Similar conditions can be established for sx, sy, px, py to characterize the various
families of quadrangles (skites, diamonds, squares). The equations for the cen-
tral conics are

Γ : pyx
2 − pxy

2 − 1

2
pysxx+

1

2
pxsyy = 0,

and

Θ : pyx
2 + pxy

2 − pysxx− pxsyy + pxpy = 0.

The asymptotic directions have slope ±
√

py
px

and ±
√

−py
px

for the convex or

concave case, respectively; the corresponding affinity of Theorem 6 is [x, y] →
[y
√

px
py
, x

√

py
px
] for convex A etc. Not surprisingly, all statements and proofs of

the foregoing theorems remain substantially the same and do not deserve special
attention.

12. An extreme case: orthocentric quadrangles

If two pairs of opposite sides of A are orthogonal, then the same holds for the
third pair. Such a concave quadrangle is called orthocentric, as each vertex Ai is
the orthocenter of the complementary triangle AjAhAk. For these quadrangles all
the circumscribed conics are rectangular hyperbolas, so that Ψ, H, J,Θ are not de-
fined. On the other hand, the medial conic Γ is defined, being merely the common
nine-point circle for all the complementary triangles AjAhAk . The asymptotic di-
rections of A cannot be defined, but any pair of orthogonal directions can be used
for defining the affinity of §5, and semi-similar orthocentric quadrangles turn out
to be just directly similar. As an example, the elementary construction we gave in
the introduction, when applied to an orthocentric quadrangle A, modulo homoth-
eties, just rotates A by a straight angle. We may also notice that some statements
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regarding orthocentric quadrangles can be obtained from the general case, as limits
for s4 tending to the value −1.
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Inversions in an Ellipse

José L. Ramı́rez

Abstract. In this paper we study the inversion in an ellipse which generalizes
the classical inversion with respect to a circle and some properties. We also study
the inversive images of lines, ellipses and other curves. Finally, we generalize
the Pappus chain theorem to ellipses.

1. Introduction

In this paper we study inversions in an ellipse, which was introduced in [2],
and some related properties to the distance of inverse points, cross ratio, harmonic
conjugates and the images of various curves. This notion generalizes the classical
inversion, which has a lot of properties and applications, see [1, 3, 4].

Definition. Let E be an ellipse centered at a pointO with foci F1 and F2 in R
2, the

inversion in E is the mapping ψ : R2 \ {O} → R
2 \ {O} defined by ψ(P ) = P ′,

where P ′ lies on the ray
−−→
OP and OP ·OP ′ = OQ2, where Q is the intersection of

the ray OP with the ellipse.

P

Q

O

P ′

Figure 1

The point P ′ is said to be the inverse of P in the ellipse E . We call E the ellipse
of inversion, O the center of inversion, and the number w := OQ the radius of
inversion (see Figure 1). Unlike the classical case, the radius of inversion is not
constant. Clearly, ψ is an involution, i.e., ψ(ψ(P )) = P for every P �= O. The
fixed points are the points on the ellipse E . Indeed, P is in the exterior of E if
and only if P ′ is in the interior of E . By introducing a point at infinity O∞ as the
inversive image of O, we regard ψ as an involution on the extended inversive plane
R
2∞.
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2. Basic properties

Proposition 1. The inverse of P in an ellipse E is the intersection of the line OP
and the polar of P with respect to E . More precisely, if E is the ellipse x2

a2
+ y2

b2
= 1,

then the inverse of the point (u, v) in the ellipse is the point
(

a2b2u

b2u2 + a2v2
,

a2b2v

b2u2 + a2v2

)

.

P

Q

O

P ′

Figure 2

Proof. If P = (u, v), the ray
−−→
OP intersects E at Q = (tu, tv) for t > 0 satisfying

t2
(

u2

a2
+ v2

b2

)

= 1. Now, the polar of P is the line ux
a2

+ vy
b2

= 1. This intersects

the line OP (with equation vx − uy = 0) at the point (u′, v′) = (ku, kv) for

k satisfying k
(

u2

a2
+ v2

b2

)

= 1. Comparison gives k = t2. Hence OP · OP ′ =
OQ2, and (u′, v′) is the inverse of P in E . Explicitly, u′ = a2b2u

b2u2+a2v2
and v′ =

a2b2v
b2u2+a2v2

. �

Theorem 2. Let P and T be distinct points with inversion radii w and u with re-
spect to E . If P ′ and T ′ are the inverses of P and T in E ,

P ′T ′ =

⎧

⎪

⎨

⎪

⎩

w2·TP
OP ·OT , if O, P , T are collinear,

√
(w2−u2)(w2·OT 2−u2·OP 2)+w2u2·PT 2

OP ·OT , otherwise.

Proof. If O, P , T are collinear, the line containing them also contains Q, P ′ and
T ′. Clearly,

P ′T ′ = OT ′ −OP ′ =
OQ2

OT
− OQ2

OP
=
w2(OP −OT )

OP ·OT =
w2 · TP
OP ·OT .

Now suppose O, P , T are not collinear. Then neither are O, P ′, T ′ (see Figure
3). Let α be the measure of angle P ′OT ′. By the law of cosines, we have, in
triangle POT ,

cosα =
OP 2 +OT 2 − PT 2

2 ·OP ·OT .
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P ′

Q

O

P

T ′

T

Figure 3.

Also, in triangle P ′OT ′,

P ′T ′2 = OP ′2 +OT ′2 − 2 ·OP ′ ·OT ′ · cosα

=

(

w2

OP

)2

+

(

u2

OT

)2

− 2 · w
2

OP
· u

2

OT
· OP

2 +OT 2 − PT 2

2 ·OP ·OT
=

w4 ·OT 2 + u4 ·OP 2 − w2u2(OP 2 +OT 2 − PT 2)

OP 2 ·OT 2

=
(w2 − u2)(w2 ·OT 2 − u2 ·OP 2) + w2u2 · PT 2

OP 2 ·OT 2
.

From this the result follows. �

3. Cross ratios and harmonic conjugates

Let A, B, C and D be four distinct points on a line �. We define the cross ratio

(AB,CD) :=
AC ·BD
AD ·BC ,

where AB denotes the signed distance from A to B. We say that C, D divide A,
B harmonically if the cross ratio (AB,CD) = −1. In this case we say that C and
D are harmonic conjugates with respect to A and B. The cross ratio is an invariant
under inversion in a circle whose center is not any of the four points A, B, C, D
(see [1]). However, the inversion in an ellipse does not preserve the cross ratio.
Nevertheless, in the case of harmonic conjugates, we have the following theorem.

Theorem 3. Let E be an ellipse with center O, and Q1Q2 a diameter of E . Two
points on the lineQ1Q2 are harmonic conjugates with respect toQ1 andQ2 if and
only if they are inverse to each other with respect to E .

Proof. Let P and P ′ be two points on a diameter Q1Q2. Since

Q1P ·Q2P
′ = (Q1O +OP ) · (Q2O +OP ′)

= (w +OP )(−w +OP ′)

= −w2 − w(OP −OP ′) +OP ·OP ′,
Q1P

′ ·Q2P = −w2 + w(OP −OP ′) +OP ·OP ′,
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the points P and P ′ are harmonic conjugates with respect toQ1 andQ2 if and only
if OP ·OP ′ = w2, i.e., P and P ′ are inverse with respect to E . �

4. Images of curves under an inversion in an ellipse

Theorem 4. Consider the inversion ψ in an ellipse E with center O.
(a) Every line containing O is invariant under the inversion.
(b) The image of a line not containing O is an ellipse containing O and homo-

thetic to E .

O

Figure 4

Proof. (a) This is clear from definition.
(b) Consider a line � not containing O, with equation px + qy + r = 0 with

r �= 0. (x, y) is the inversive image of a point on �, then the image of (x, y) lies on
�. In other words,

p · a2b2x

b2x2 + a2y2
+ q · a2b2y

b2x2 + a2y2
+ r = 0.

a2b2(px+ qy) + r(b2x2 + a2y2) = 0. (1)

This is clearly an ellipse containing O(0, 0). Indeed, by rearranging its equation
as

(

x+ a2p
2r

)2

a2
+

(

y + b2q
2r

)2

b2
=
a2p2 + b2q2

4r2
,

we note that this is the ellipse with center
(

−a2p
2r , − b2q

2r

)

, and homothetic to E
with ratio 2r√

a2p2+b2q2
. �

Corollary 5. Let �1 and �2 be perpendicular lines intersecting at a point P .
(a) If P = O, then ψ(�1) and ψ(�2) are perpendicular lines.
(b) If �1 does not contain O but �2 does, then ψ(�1) is an ellipse through O

orthogonal to ψ(�2) = �2 at O.
(c) If none of the lines contains O, then ψ(�1) and ψ(�2) are ellipses containing

P ′ and O, and are orthogonal at O.
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O

P

P ′

Figure 5

Proof. (a) The lines �1 and �2 are invariant.
(b) Let �1 be the line px+ qy+ r = 0 (with r �= 0). Its image in E is the ellipse

given by (1). The tangent atO is the line whose equation is obtained by suppressing
the x2 and y2 terms, and replacing x and y by 1

2
x and 1

2
y. This results in the line

1

2
a2b2(px+ qy) = 0, or simply px+ qy = 0, parallel to �1 and orthogonal to �2 at
O.

(c) Let �1 and �2 be the orthogonal lines p(x − h) + q(y − k) = 0 and q(x −
h)− p(y − k) = 0 intersecting at P = (h, k) �= O. Their inverse images in E are
ellipses intersecting atO and P ′. By (b) above, the tangents atO are the orthogonal
lines px+ qy = 0 and qx− py = 0. �

Remark. In (c), the images are not necessarily orthogonal at P ′.

O

H′

H

Figure 6.
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Corollary 6. (a) If P �= O, the inverse images of the pencil of lines through P are
coaxial ellipses through O and P ′ (see Figure 6).

(b) The inverse images of a system of straight lines parallel to �0 through O are
ellipses homothetic to E tangent to �0 at O (see Figure 7).

O

Figure 7.

Theorem 7. Let E be the ellipse of inversion with center O, and E ′ an ellipse
homothetic to E . The image of E ′ is
(a) an ellipse homothetic to E if E ′ does not pass through O,
(b) a line if E ′ passes through O.

O

Figure 8

O

Figure 9

Proof. An ellipse E ′ homothetic to E has equation

x2

a2
+
y2

b2
+ px+ qy + r = 0.

The ellipse E ′ passes through O if and only if r = 0.
(a) If E does not pass through O, then r �= 0. The inversive image consists of

points P (x, y) for which P ′ lies on the ellipse, i.e.,
(

a2b2x
b2x2+a2y2

)2

a2
+

(

a2b2y
b2x2+a2y2

)2

b2
+p

(

a2b2x

b2x2 + a2y2

)

+q

(

a2b2y

b2x2 + a2y2

)

+r = 0.

(2)
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Simplifying, we obtain

(b2x2 + a2y2)

(

x2

a2
+
y2

b2
+
p

r
· x+

q

r
· y + 1

r

)

= 0.

Since b2x2 + a2y2 �= 0, we must have

x2

a2
+
y2

b2
+
p

r
· x+

q

r
· y + 1

r
= 0.

This is an ellipse homothetic to E (see Figure 8).
(b) If E ′ passes through O, then r = 0. Equation (2) reduces to px+ qy+1 = 0

(see Figure 9). �

Corollary 8. Let E ′ be an ellipse with center O′ homothetic to E with center O. If
E ′ is invariant under inversion in E , and P is a common point of the ellipses, then
O′P and OP are tangent to E and E ′ respectively.

P ′

P

O

O′

Figure 10

Proof. Comparing the equations of E ′ and its image under inversion in E in the
proof of Theorem 7 above, we conclude that the ellipse E ′ is invariant if and only
if its equation is of the form

(E ′) : x2

a2
+
y2

b2
+ px+ qy + 1 = 0.

Note that the center O′ of E ′ has coordinates
(

−pa2

2
, − qb2

2

)

.

Let P = (x0, y0) be a common point of the two ellipses. Clearly,

x20
a2

+
y20
b2

= 1, (3)

px0 + qy0 + 2 = 0. (4)

The tangents to E and E ′ at (x0, y0) are the lines

(t) :
x0x

a2
+
y0y

b2
− 1 = 0,
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and

(t′) :
x0x

a2
+
y0y

b2
+

1

2
p(x+ x0) +

1

2
q(y + y0) + 1 = 0.

Substitution of (x, y) by the coordinates O′ into (t) and (0, 0) into (t′) lead to
∓ (px0

2
+ qy0

2
+ 1
)

respectively. By (4), this is zero in both cases. This shows that
O′P is tangent to E and OP is tangent to E ′. �

Theorem 9. Given an ellipse E with center O, the image of a conic C not homo-
thetic to E is
(i) a cubic curve if C passes through O,
(ii) a quartic curve if C does not pass through O.

In Figures 11, 12, 13 below, we show the inversive images of a circle, a parabola,
and a hyperbola in an ellipse.

O

Figure 11

O

Figure 12

O

Figure 13

Note that the inversion in an ellipse is not conformal.
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5. Pappus chain of ellipses

The classical inversion has a lot of applications, such as the Pappus chain the-
orem, Feuerbach’s Theorem, Steiner Porism, the problem of Apollonius, among
others [1, 3, 4]. We conclude this note with a generalization of the Pappus chain
theorem to ellipses.

Theorem 10. Let E be a semiellipse with principal diameter AB, and E ′, E0
semiellipses on the same side of AB with principal diameters AC and CB re-
spectively, both homothetic to E (see Figure 14). Let E1, E2, . . . , be a sequence
of ellipses tangent to E and E ′, such that En is tangent to En−1 and En+1 for all
n ≥ 1. If rn is the semi-minor axis of En and hn the distance of the center of En
from AB, then hn = 2nrn.

E0

E′

E1

E2

A B

Figure 14.

Proof. Let ψi be the inversion in the ellipse Ei. (In Figure 14 we select i = 2).
By Theorem 7, ψi(E) and ψi(E0) are lines perpendicular to AB and tangent to

the ellipse Ei. Hence, the ellipses ψi(E1), ψi(E2), . . . will be inverted to tangent
ellipses to parallel lines to ψi(E) and ψi(E0). Hence, hi = 2iri. �
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On a Geometric Locus in Taxicab Geometry

Bryan Brzycki

Abstract. In axiomatic geometry, the taxicab model of geometry is important
as an example of a geometry where the SAS Postulate does not hold. Some
properties that hold true in Euclidean geometry are not true in taxicab geometry.
For this reason, it is important to understand what happens with various classes of
geometric loci in taxicab geometry. In the present study, we focus on a geometric
locus question inspired by a problem originally posed by Ţiţeica in the Euclidean
context; our study presents the solution to this question in the taxicab plane.

1. Introduction

The taxicab geometry is particularly important in foundations of geometry be-
cause it provides an example of geometry where the Side Angle Side Postulate does
not hold (see e.g. [8]). In the recent decades, several investigations have focused
on various properties of taxicab geometry, some of them inspired from questions
studied in advanced Euclidean geometry (see e.g. [2, 4, 6]). An introduction in the
fundamental properties of taxicab geometry is [3].

A well-known reference in advanced Euclidean geometry is Ţiţeica’s problem
book [7]. For the historical context in which the problem book [7] was written
and on Ţiţeica’s research, including his doctoral dissertation written under Gaston
Darboux’s direction, see [1]. The problem book [7] is cited by many authors and
motivated many contemporary problems. In the present work, we will focus on
one particular question, namely, Problem 143. We will ask the question not in the
Euclidean context, but in the context of taxicab geometry.

The taxicab distance between two points (x1, y1) and (x2, y2) in the Cartesian
plane is defined (see e.g. [8], p. 39) by

ρ((x1, y1), (x2, y2)) = |x2 − x1|+ |y2 − y1|.
A direct verification shows that ρ is a metric. The Cartesian plane endowed with
the metric induced by the distance ρ yields the taxicab geometry.
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2. Right triangle leg ratio

Many relationships in Euclidean geometry do not hold in taxicab geometry. A
well-known example is that SAS congruence fails in the taxicab plane; another is
that the area of a triangle cannot simply be expressed in the classic 1

2
bh (see [2]).

Nonetheless, a handful of relationships do remain valid in the taxicab plane. For
example, we present the following proposition.

Proposition 1. The ratio between the two legs of a right triangle in the taxicab
plane is equal to the ratio between the same two legs in the Euclidean plane.

Proof. Let a and b denote the legs of the right triangle. We denote the taxicab
lengths of a and b by aT and bT , and we denote the Euclidean lengths of a and b
by aE and bE . If a and b are parallel to the coordinate axes, then aT = aE and
bT = bE , so clearly aT

bT
= aE

bE
. Otherwise, let a have nonzero slope m; this means

that b has slope − 1

m . We have the relations

aT =
1 + |m|√
1 +m2

· aE ,

bT =
1 + | − 1

m |
√

1 + (− 1

m)2
· bE =

1 + |m|√
1 +m2

· bE

(see [2]). Dividing these two expressions yields aT
bT

= aE
bE

. �

3. A novel locus

The problem book [7] is cited by many authors and has motivated many con-
temporary problems. For example, V. Pambuccian’s work [5] incorporates the ax-
iomatic analysis of a problem found originally in Ţiţeica’s problem book. Pursuing
a similar idea, we now examine what happens to Problem 143, which was origi-
nally stated in [7] in the Euclidean context, if we study it in taxicab geometry.
Thus, we ask the following:

Question. Consider a circle with centerO and radius r in the taxicab plane. Point
A is located within the circle. Find the locus of midpoints of all chords of the circle
that pass through A.

In Euclidean geometry, the locus is well-known. It is simply a circle with di-
ameter OA. On the other hand, when we consider this same locus problem in the
context of taxicab geometry, we quickly see that the locus is not so simple. Figure
1 shows an example of such a locus:

Theorem 2. In general, the locus of midpoints of chords that pass through a point
A consists of two straight line segments and two hyperbolic sections, at least one
of which contains A.
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W

X

Y

Z

A

W ′

X′

Y ′

Z′

O

Figure 1

3.1. Set-Up for proof. Without loss of generality, we place O at the origin, and let
A = (xA, yA) such that xA ≥ 0 and yA ≤ −xA. We can make that last assumption
due to the symmetry of the taxicab plane; reflecting the circle across the axes and
the lines y = ±x essentially preserves the shape of the locus. In other words,
given any point A within the circle, we can reflect that point and the specified
locus about the axes and the lines y = ±x until the image of A satisfies xA ≥ 0
and yA ≤ −xA.

With the notations specified above, let the vertices of the circle be labeled X ,
Y , Z, and W , where X lies on the x-axis and the vertices are labeled counter-
clockwise. Particularly, X = (r, 0), Y = (0, r), Z = (−r, 0), and W = (0,−r).
Furthermore, let XA, Y A, ZA, and WA intersect the circle again at X ′, Y ′, Z ′,
and W ′, respectively. Then we claim that the locus consists of four parts:

(1) The locus of midpoints of the chords between XX ′ and W ′W is a straight
line from the midpoint of XX ′ to the midpoint of W ′W along the line y = −x.

(2) The locus of midpoints of the chords between Y Y ′ and ZZ ′ is a straight line
from the midpoint of Y Y ′ to the midpoint of ZZ ′ along the line y = x.

(3) The locus of midpoints of the chords betweenW ′W and Y Y ′ is a hyperbolic
section from the midpoint of W ′W to the midpoint of Y Y ′ that is centered at
(xA+r

2
, yA

2
).

(4) The locus of midpoints of the chords between ZZ ′ and X ′X is a hyper-
bolic section from the midpoint of ZZ ′ to the midpoint of X ′X that is centered at
(xA

2
, yA−r

2
). Point A lies on this hyperbolic section.
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3.2. Proof of Theorem 2.
(1) and (2): Consider any chord passing through A between XX ′ and W ′W .

Since the endpoints of this chord lie on parallel lines, the midpoint of the chord
must be halfway between these lines, also forming a parallel line with the two
original ones. Particularly, the line that the midpoints fall on is y = −x, from the
midpoint of XX ′ to the midpoint of W ′W . By the same reasoning, the locus of
midpoints of any chord passing through A between Y Y ′ and Z ′Z is on y = x,
from the midpoint of Y Y ′ to the midpoint of Z ′Z.

(3) and (4): We prove (4); then (3) follows by a similar argument.
The equations of linesZW andWX are y = −x−r and y = x−r, respectively.

Consider the endpoint C on ZW of a chord passing through A with coordinates
(xC ,−xC − r). The point D at which CA intersects WX is uniquely determined,
so we can calculate D using the slope of CA and hence the equations of lines CA
and WX:

D =

(

xAxC + rxC + yAxC
yA − xA + 2xC + r

,
xAxC + yAxC − ryA + rxA − rxC − r2

yA − xA + 2xC + r

)

.

The midpoint M of chord CD is simply the average of the points C and D:

M =

(

xC +
xC(xA − xC)

yA − xA + 2xC + r
,

xC(xA − xC)

yA − xA + 2xC + r
− r

)

.

To find the locus of midpoints with the above expression, we wish to relate the
x and y coordinates. We set

x = xC +
xC(xA − xC)

yA − xA + 2xC + r
=

xCyA + x2C + rxC
yA − xA + 2xC + r

,

y =
xC(xA − xC)

yA − xA + 2xC + r
− r =

xCxA − x2C − 2rxC − ryA + rxA − r2

yA − xA + 2xC + r
.

These equations yield

x+ y =
xCyA + xCxA − rxC − ryA + rxA − r2

yA − xA + 2xC + r
,

x− y = xC + r.

Multiplying through by the denominator and substituting xC = x− y− r yields

(x+ y)(yA − xA + 2(x− y − r) + r)

= (x− y − r)yA + (x− y − r)xA − r(x− y − r)− ryA + rxA − r2

=⇒ x2 − y2 − xxA + yyA − yr + yAr = 0

=⇒
(

x− xA
2

)2 −
(

y − yA − r

2

)2

=
x2A
4

− (yA + r)2

4
.

This is precisely the form of a hyperbola, with center (xA
2
, yA−r

2
), as desired.

Clearly, the point A = (xA, yA) lies on this hyperbolic section since
(

xA − xA
2

)2 −
(

yA − yA − r

2

)2

=
x2A
4

− (yA + r)2

4
.
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A similar argument proves (3) as well. This completes the proof of Theorem 2.

Remarks. (1) In some cases, such as when A lies on the axes or y = ±x lines,
some of these segments or sections may be degenerate. For example, if A lies on
either of the coordinate axes, the locus consists of two straight line segments and
one hyperbolic section. If A lies on y = x or y = −x, the locus consists of one
straight line segment and two hyperbolic sections. Clearly, if A is at the origin, the
locus is simply a point.

(2) In advanced Euclidean geometry, we work within the axiomatic context
given by the postulates of Euclidean geometry, which itself can be viewed in many
axiomatic contexts (see [8]). Our present study points out how much a geometric
locus can change in an axiomatic framework where the SAS Postulate does not
hold any longer.
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A Simple Proof of Gibert’s Generalization of
the Lester Circle Theorem

Dao Thanh Oai

Abstract. We give a simple proof of Gibert’s generalization of the Lester circle
theorem.

The famous Lester circle theorem states that for a triangle, the two Fermat
points, the nine point center and the circumcenter lie on a circle, the Lester circle
of the triangle. Here is Gibert’s generalization of the Lester circle theorem, given
in [2] and [4, Theorem 6]: Every circle whose diameter is a chord of the Kiepert
hyperbola perpendicular to the Euler line passes through the Fermat points. In this
note we show that this follows from a property of rectangular hyperbolas.

Lemma 1. Let F+ and F− be two antipodal points on a rectangular hyperbola.
For every point H on the hyperbola, the tangent to the circle (F+F−H) at H is
parallel to the tangents of the hyperbola at F+ and F−.

O

F+

F−

H

Figure 1

Proof. In a Cartesian coordinate system, let the rectangular hyperbola be repre-

sented by xy = a, and F+

(

x0,
a
x0

)

and F−
(

−x0,
−a
x0

)

two antipodal points. The

slope of the tangents at F± is − a
x2

0

. Let H
(

xH , a
xH

)

be a point on the hyperbola.

Consider the circle through F± and H . Writing its equation in the form

x2 + y2 +Ax+By + C = 0,

Publication Date: March 24, 2014. Communicating Editor: Paul Yiu.
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and substituting the coordinates of F± and H above, we obtain

x20 + y20 +Ax0 +By0 + C = 0,

x20 + y20 −Ax0 −By0 + C = 0,

x2H + y2H +AxH +ByH + C = 0.

Solving these equations we have

A = −xH + yH · a

x2
0

, B = −Ax20
a

, C = −(x20 + y20).

The tangent of the circle at H is the line

2xHx+ 2yHy +A(x+ xH) +B(y + yH) + 2C = 0.

It has slope

−2xH +A

2yH +B
= −

xH + yH · a
x2

0

yH + xH · x2

0

a

= −
xH + a

xH
· a
x2

0

a
xH

+ xH · x2

0

a

= −
x2H + a2

x2

0

a+ x2H · x2

0

a

= − a

x2
0

.

This tangent is parallel to the tangents of the hyperbola at F±. �

O

F+

F−G

H

E

K+

K−

D

G−

G+

M

Figure 2

Theorem 2 ([1]). Let H and G lie on one branch of a rectangular hyperbola, and
(i) F+ and F− antipodal points on the hyperbola the tangents at which are parallel
to the line HG,
(ii) K+ and K− two points on the hyperbola the tangents at which intersect at a
point E on the line HG.
If the line K+K− intersects HG at D, and the perpendicular bisector of DE
intersects the hyperbola at G+ and G−, then the six points F+, F−, D, E, G+,
G− lie on a circle.
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Proof. By Lemma 1, the circle (F+F−H) is tangent to HG at H . Similarly, the
circle (F+F−G) is tangent to the same line HG at G.

Let M be the intersection of F+F− and HG. It lies on the radical axis of the
circles (F+F−H) and (F+F−G), and satisfies MG2 = MF+ · MF− = MH2.
Therefore, M is the midpoint of HG.

Since the tangents of the hyperbola at K+ and K− intersect at E, the line K+K−
is the polar of E. If it intersects the line HG at D, then (G,D;H,E) is a harmonic
range. Since M is the midpoint of HG, by a famous property of harmonic range,
we have MG2 = MD ·ME. Therefore, MF+ ·MF− = MD ·ME, and the four
points F+, F−, D, E lie on a circle.

Now let the circle (F+F−DE) intersect the rectangular hyperbola at two points
G+ and G−. By Lemma 1, the tangents of the circle at G+, G− are parallel to
those of the hyperbola at F+ and F−, and therefore also to HG. It follows that
G+G− is a diameter of the circle perpendicular to HG, and G+, G− lie on the
perpendicular bisector of the chord DE of the circle. The proof of the theorem is
complete. �
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A Note on the Fermat-Torricelli Point of
a Class of Polygons

Cristinel Mortici

Abstract. The aim of this note is to prove a result related to the Fermat-Torricelli
point for a class of polygons.

The French mathematician Pierre Fermat (1601-1665) proposed at the end of
his book Treatise on Minima and Maxima the search for a point T in the plane of
a triangle ΔABC for which the sum TA + TB + TC of the distances from T to
the vertices is minimum. As the problem was first proved by the Italian scientist
Evangelista Torricelli (1608-1647), the point T is sometimes called the Fermat-
Torricelli point. The geometric construction of the Fermat-Torricelli point can be
found in many textbooks, the most well known being that which uses the equilateral
triangles constructed on the sides of the given triangle. If all angles of the given
triangles are smaller than or equal to 2π/3, then

∠ATB = ∠BTC = ∠CTA =
2π

3
.

The problem has been studied by Fejes Tóth [2], Kazarinoff [3], and other special-
ists in geometric inequalities.

A history of Fermat’s problem can be find in Boltyanski et al. [1].
We propose here the following new result that can be considered as an extention

of Fermat’s problem for a particular class of polygons. Remarks on this form can
be found in [4]. Moreover, the proof provided is quite elementary.

Let there be given in plane n + 1 points T , A1, A2, . . . , An. We say that the
figure consisting of the union of the segments TA1, TA2, . . . , TAn is a star if
A1A2...An is a n-sided polygon and

∠A1TA2 = ∠A2TA3 = · · · = ∠AnTA1 =
2π

n
.

Let us denote such a star by [T ;A1, A2, . . . , An]. Now we are in the position to
give our result.
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Theorem 1. Let [T ;A1, A2, . . . , An] be a star. Then for every point M , we have

TA1 + TA2 + · · ·+ TAn ≤MA1 +MA2 + · · ·+MAn.

Proof. Let us consider the complex plane with the origin T and the positive real
axis TA1. Let rk = TAk, and assume that rkωk−1 is the complex number associ-
ated with the point Ak, for every 1 ≤ k ≤ n, where

ω = cos
2π

n
+ i sin

2π

n
.

For any point M associated with a complex number z, we have

MA1 +MA2 + · · ·+MAn

= |z − r1|+ |z − r2ω|+ · · ·+ ∣

∣z − rnω
n−1

∣

∣

= |z − r1|+
∣

∣

∣

z

ω
− r2

∣

∣

∣
+ · · ·+

∣

∣

∣

z

ωn−1
− rn

∣

∣

∣

≥
∣

∣

∣
(z − r1) +

( z

ω
− r2

)

+ · · ·+
( z

ωn−1
− rn

)∣

∣

∣

=

∣

∣

∣

∣

z

(

1 +
1

ω
+ · · ·+ 1

ωn−1

)

− (r1 + r2 + · · ·+ rn)

∣

∣

∣

∣

= |− (r1 + r2 + · · ·+ rn)|
= r1 + r2 + · · ·+ rn

= TA1 + TA2 + · · ·+ TAn,

and we are done. �
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Properties of Equidiagonal Quadrilaterals

Martin Josefsson

Abstract. We prove eight necessary and sufficient conditions for a convex quadri-
lateral to have congruent diagonals, and one dual connection between equidiag-
onal and orthodiagonal quadrilaterals. Quadrilaterals with both congruent and
perpendicular diagonals are also discussed, including a proposal for what they
may be called and how to calculate their area in several ways. Finally we derive
a cubic equation for calculating the lengths of the congruent diagonals.

1. Introduction

One class of quadrilaterals that have received little interest in the geometrical
literature are the equidiagonal quadrilaterals. They are defined to be quadrilat-
erals with congruent diagonals. Three well known special cases of them are the
isosceles trapezoid, the rectangle and the square, but there are other as well. Fur-
thermore, there exists many equidiagonal quadrilaterals that besides congruent di-
agonals have no special properties. Take any convex quadrilateral ABCD and
move the vertex D along the line BD into a position D′ such that AC = BD′.
Then ABCD′ is an equidiagonal quadrilateral (see Figure 1).

�

A
�

B

�
C

�
D

�D′

Figure 1. An equidiagonal quadrilateral ABCD′

Before we begin to study equidiagonal quadrilaterals, let us define our notations.
In a convex quadrilateralABCD, the sides are labeled a = AB, b = BC, c = CD
and d = DA, and the diagonals are p = AC and q = BD. We use θ for the angle
between the diagonals. The line segments connecting the midpoints of opposite
sides of a quadrilateral are called the bimedians and are denoted m and n, where
m connects the midpoints of the sides a and c.
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2. Characterizations of equidiagonal quadrilaterals

Of the seven characterizations for equidiagonal quadrilaterals that we will prove
in this section, three have already appeared in our previous papers [11] and [12].
We include them here anyway for the sake of completeness. One of them is proved
in a new way.

It is well known that the midpoints of the sides in any quadrilateral are the
vertices of a parallelogram, called Varignon’s parallelogram. The diagonals in this
parallelogram are the bimedians of the original quadrilateral and the sides in the
Varignon parallelogram are half as long as the diagonal in the original quadrilateral
that they are parallel to. When studying equidiagonal quadrilaterals, properties of
the Varignon parallelogram proves to be useful.

�

A
�

B

�
C

�D

a

b

c

d
p

q

�

�

�

�

m

n

Figure 2. The Varignon parallelogram

Using the parallelogram law in the Varignon parallelogram yields (see Figure 2)

m2 + n2 = 2

(

(p

2

)2

+
(q

2

)2
)

which is equivalent to
p2 + q2 = 2(m2 + n2). (1)

This equality is valid in all convex quadrilaterals.
For the product of the diagonals we have a necessary and sufficient condition of

equidiagonal quadrilaterals in terms of the bimedians.

Proposition 1. The product of the diagonals p and q in a convex quadrilateral with
bimedians m and n satisfies

pq ≤ m2 + n2

where equality holds if and only if it is an equidiagonal quadrilateral.

Proof. By adding and subtracting 2pq to the left hand side of (1), we get

2pq ≤ (p− q)2 + 2pq = 2(m2 + n2).

The inequality follows, with equality if and only if p = q. �

The first part in the following theorem was proved by us as Theorem 7 (ii) in
[11], but we repeat the short argument here.
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Theorem 2. A convex quadrilateral is equidiagonal if and only if
(i) the bimedians are perpendicular, or
(ii) the midpoints of its sides are the vertices of a rhombus.

Proof. (i) It is well known that a quadrilateral has perpendicular diagonals if and
only if the sum of the squares of two opposite sides is equal to the sum of the
squares of the other two sides (see Theorem 1 in [11]). Hence we get

p = q ⇔
(p

2

)2

+
(p

2

)2

=
(q

2

)2

+
(q

2

)2 ⇔ m⊥n

since opposite sides in a parallelogram are congruent.
(ii) A parallelogram is a rhombus if and only if its diagonals are perpendicular.

Since the diagonals in the Varignon parallelogram are the bimedians of the original
quadrilateral (see Figure 2), (ii) is equivalent to (i). �

The next characterization is about the area of the quadrilateral. To prove it in
a new way compared to what we did in [12, p.19], we need the following area
formula for convex quadrilaterals. We cannot find a reference for this formula, but
it is similar to one we derived in [10].

Theorem 3. A convex quadrilateral with diagonals p, q and bimedians m, n has
the area

K =

√

m2n2 −
(

p2 − q2

4

)2

.

Proof. Rewriting (1), we have in all convex quadrilaterals

(m2 − n2)2 + 4m2n2 =

(

p2 + q2

2

)2

. (2)

Theorem 7 in [10] states that a convex quadrilateral has the area

K = 1

2

√

p2q2 − (m2 − n2)2.

Inserting (2) yields for the area

4K2 =
4p2q2

4
+ 4m2n2 −

(

p2 + q2

2

)2

= 4m2n2 −
(

p2 − q2

2

)2

and the formula follows. �

Corollary 4. The area of a convex quadrilateral is equal to the product of the
bimedians if and only if it is an equidiagonal quadrilateral.

Proof. In Theorem 3, we have that p = q if and only if K = mn. �

A direct consequence is another area formula, that also appeared in [12, p.19].

Corollary 5. A convex quadrilateral with consecutive sides a, b, c, d is equidiag-
onal if and only if it has the area

K = 1

4

√

(2(a2 + c2)− 4v2)(2(b2 + d2)− 4v2)

where v is the distance between the midpoints of the diagonals.
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Proof. The length of the bimedians in a convex quadrilateral are

m = 1

2

√

2(b2 + d2)− 4v2 and n = 1

2

√

2(a2 + c2)− 4v2 (3)

according to [10, p.162]. Using these expressions in Corollary 4 directly yields this
formula. �

The next characterization is perhaps not so elegant in itself, but it will be used
to derive a more symmetric one later on.

Proposition 6. A convex quadrilateral ABCD with consecutive sides a, b, c, d is
equidiagonal if and only if

ab cosB + cd cosD = ad cosA+ bc cosC.

Proof. The quadrilateral is equidiagonal if and only if 2p2 = 2q2, which, according
to the law of cosines, is equivalent to (see Figure 2)

a2+b2−2ab cosB+c2+d2−2cd cosD = a2+d2−2ad cosA+b2+c2−2bc cosC.

Eliminating common terms and factors on both sides, this is equivalent to the equa-
tion in the proposition. �

This lemma, which can be thought of as a law of sines for quadrilaterals and is
very similar to the previous proposition, will be used in the next proof.

Lemma 7. In a convex quadrilateral ABCD with consecutive sides a, b, c, d,

ab sinB + cd sinD = ad sinA+ bc sinC.

Proof. By dividing the quadrilateral into two triangles using a diagonal, which can
be done in two different ways, we have for its area that (see Figure 2)

K = 1

2
ab sinB + 1

2
cd sinD = 1

2
ad sinA+ 1

2
bc sinC.

The equation in the lemma follows at once by doubling both sides of the second
equality. �

Now we come to our main characterization of equidiagonal quadrilaterals.

Theorem 8. A convex quadrilateral ABCD with consecutive sides a, b, c, d is
equidiagonal if and only if

(a2 − c2)(b2 − d2) = 2abcd
(

cos (A− C)− cos (B −D)
)

.

Proof. Squaring both sides of the equation in Lemma 7 yields

a2b2 sin2B + c2d2 sin2D + 2abcd sinB sinD

= a2d2 sin2A+ b2c2 sin2C + 2abcd sinA sinC (4)

which is true in all convex quadrilaterals. Squaring the equation in Proposition 6,
we have that a convex quadrilateral is equidiagonal if and only if

a2b2 cos2B + c2d2 cos2D + 2abcd cosB cosD

= a2d2 cos2A+ b2c2 cos2C + 2abcd cosA cosC. (5)
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By adding equations (4) and (5) and applying the identity sin2 φ+cos2 φ = 1 four
times, we get the following equality that is equivalent to the one in Proposition 6
(due to the property that x = y if and only if x+ z = y + z for any z)

a2b2 + c2d2 + 2abcd(sinB sinD + cosB cosD)

= a2d2 + b2c2 + 2abcd(sinA sinC + cosA cosC).

Using the subtraction formula for cosine, this is equivalent to

a2b2 − a2d2 − b2c2 + c2d2 = 2abcd cos (A− C)− 2abcd cos (B −D)

which is factored into the equation in the theorem. �

Corollary 9. Two opposite sides of an equidiagonal quadrilateral are congruent
if and only if it is an isosceles trapezoid.

Proof. Applying the trigonometric formula cosφ − cosψ = −2 sin φ+ψ
2

sin φ−ψ
2

and the sum of angles in a quadrilateral, we have that the equation in Theorem 8 is
equivalent to

(a+ c)(a− c)(b+ d)(b− d) = −4abcd sin (A+B) sin (A+D).

Hence a = c or b = d is equivalent to A+ B = π or A+D = π, which are well
known characterizations of a trapezoid (see [13, p.24]). �

3. A new duality regarding congruent and perpendicular diagonals

Theorem 7 in [11] can be reformulated to say that a convex quadrilateral is
equidiagonal if and only if its Varignon parallelogram is orthodiagonal, and the
quadrilateral is orthodiagonal if and only if its Varignon parallelogram is equidi-
agonal. Thus it gives a sort of dual connection between a quadrilateral and its
Varignon parallelogram. Here we shall prove another duality between a quadrilat-
eral and one quadrilateral associated with it. First let us remind the reader that if
squares are erected outwards on the sides of a quadrilateral, then their centers are
the vertices of a quadrilateral that is both equidiagonal and orthodiagonal.1 This
result is called van Aubel’s theorem. It can be proved using elementary triangle
geometry (see the animated proof at [7]) or basic properties of complex numbers
as in [2, pp.62–64].

What happens if we exchange the squares for equilateral triangles? Problem
5 on the shortlist for the International Mathematical Olympiad in 1992 asked for
a proof that the two line segments connecting opposite centroids of those trian-
gles are perpendicular if the quadrilateral has congruent diagonals [6, p.269]. That
problem covered only a quarter of the following theorem, since the converse state-
ment as well as a dual one and its converse are also true. Essentially the same proof
of part (i) was given at [15]. We have found no reference to neither the proof nor
the statement of part (ii).

1An orthodiagonal quadrilateral is a quadrilateral with perpendicular diagonals.
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Theorem 10. Suppose equilateral triangles are erected outwards on the sides of a
convex quadrilateral ABCD. Then the following characterizations hold:
(i) ABCD is an equidiagonal quadrilateral if and only if the triangle centroids
are the vertices of an orthodiagonal quadrilateral.
(ii) ABCD is an orthodiagonal quadrilateral if and only if the triangle centroids
are the vertices of an equidiagonal quadrilateral.

Proof. (i) Let the triangle centroids be G1, G2, G3 and G4. In an equilateral trian-
gle with side x, the distance from the centroid to a vertex (equal to the circumradius
R) isR = x√

3
. Applying the law of cosines in triangleG1AG4 yields (see Figure 3)

(G1G4)
2 =

(

a√
3

)2

+

(

d√
3

)2

− a√
3
· d√

3
cos

(

A+
π

3

)

=
a2

3
+
d2

3
− ad

3

(

1

2
cosA−

√
3

2
sinA

)

.

In the same way we have

(G2G3)
2 =

b2

3
+
c2

3
− bc

3

(

1

2
cosC −

√
3

2
sinC

)

,

(G1G2)
2 =

a2

3
+
b2

3
− ab

3

(

1

2
cosB −

√
3

2
sinB

)

,

(G3G4)
2 =

c2

3
+
d2

3
− cd

3

(

1

2
cosD −

√
3

2
sinD

)

.

Thus, simplifying and collecting similar terms yields that

(G1G2)
2 + (G3G4)

2 − (G2G3)
2 − (G1G4)

2

= 1

6
(ad cosA+ bc cosC − ab cosB − cd cosD)

+
√
3

6
(ab sinB + cd sinD − ad sinA− bc sinC).

The last parenthesis is equal to zero in all convex quadrilaterals (Lemma 7). Hence
we have

(G1G2)
2 + (G3G4)

2 = (G2G3)
2 + (G1G4)

2

⇔ ab cosB + cd cosD = ad cosA+ bc cosC,

where the first equality is a well known characterization for G1G3⊥G2G4 (see
Theorem 1 in [11]) and the second equality is true if and only if ABCD is equidi-
agonal according to Proposition 6.

(ii) This statement is trickier to prove with trigonometry, so instead we will
use complex numbers. Let the vertices A, B, C and D of a convex quadrilateral
be represented by the complex numbers z1, z2, z3 and z4 respectively. Also, let
the centroids G1, G2, G3 and G4 of the equilateral triangles be represented by the
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�

A

�

B

� C

�
D

a

b

c

d

�

�

�

�

�

G1

�G2

�G3

�
G4

Figure 3. Four equilateral triangles and their centroids

complex numbers g1, g2, g3 and g4 respectively. The latter are related to the former
according to

g1 =
z1 − z2√

3
ei

π
6 , g2 =

z2 − z3√
3

ei
π
6 , g3 =

z3 − z4√
3

ei
π
6 , g4 =

z4 − z1√
3

ei
π
6 .

The proof will be in two parts.
(⇒) If ABCD is orthodiagonal, then z3 − z1 = iR(z4 − z2) for some real

number R �= 0. Using the expressions for the centroids, we get
∣

∣

∣

∣

g3 − g1
g4 − g2

∣

∣

∣

∣

=

∣

∣

∣

∣

z3 − z4 − (z1 − z2)

z4 − z1 − (z2 − z3)

∣

∣

∣

∣

=

∣

∣

∣

∣

(z3 − z1)− (z4 − z2)

(z3 − z1) + (z4 − z2)

∣

∣

∣

∣

=

∣

∣

∣

∣

iR(z4 − z2)− (z4 − z2)

iR(z4 − z2) + (z4 − z2)

∣

∣

∣

∣

=

∣

∣

∣

∣

iR − 1

iR + 1

∣

∣

∣

∣

=

√
1 + R2

√
1 + R2

= 1

where the exponential functions and the
√
3 were canceled out in the first equality.

This proves that the line segments connecting opposite centroids are congruent, so
G1G2G3G4 is an equidiagonal quadrilateral.

(⇐) IfG1G2G3G4 is equidiagonal, then according to the rewrite in the first part,

|(z3 − z1)− (z4 − z2)| = |(z3 − z1) + (z4 − z2)|.
We shall prove that this implies that z3 − z1 and z4 − z2 are perpendicular. Let us
define the two new complex numbers w1 and w2 according to w1 = z3 − z1 and
w2 = z4− z2. Thus we are to prove that if |w1−w2| = |w1+w2|, then w1 and w2
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are perpendicular. This is quite obvious from a geometrical perspective considering
the vector nature of complex numbers, but we give an algebraic proof anyway. To
this end we use the polar form. Thus we have w1 = r1(cosϕ1 + i sinϕ1) and
w2 = r2(cosϕ2 + i sinϕ2). We square the two equal absolute values and rewrite
|w1 − w2|2 = |w1 + w2|2 to get

(r1 cosϕ1 − r2 cosϕ2)
2 + (r1 sinϕ1 − r2 sinϕ2)

2

= (r1 cosϕ1 + r2 cosϕ2)
2 + (r1 sinϕ1 + r2 sinϕ2)

2.

Expanding these expressions and canceling equal terms, this is equivalent to

4r1r2(cosϕ1 cosϕ2 + sinϕ1 sinϕ2) = 0 ⇔ cos (ϕ1 − ϕ2) = 0.

The last equation has the valid solutions ϕ1 − ϕ2 = ±π
2

, which proves that the
angle between w1 and w2 is a right angle. Hence ABCD is orthodiagonal. �

Other generalizations of van Aubel’s theorem concerning rectangles, rhombi
and parallelograms can be found in [5] and [17].

4. Quadrilaterals that are both equidiagonal and orthodiagonal

Consider Table 1, where three well known properties of the diagonals in seven of
the most basic quadrilaterals are shown. The answer “no” refers to the general case
for each quadrilateral. One thing is obvious, there is something missing here. No
quadrilateral with just the two properties of perpendicular and congruent diagonals
is included. This is because no name seems to have been given to this class of
quadrilaterals.2

Quadrilateral Bisecting
diagonals

Perpendicular
diagonals

Congruent
diagonals

Trapezoid No No No
Isosceles trapezoid No No Yes
Kite No Yes No
Parallelogram Yes No No
Rhombus Yes Yes No
Rectangle Yes No Yes
Square Yes Yes Yes

Table 1. Diagonal properties in basic quadrilaterals

Before we proceed, we quote in Table 2 in a somewhat expanded form a the-
orem we proved in [11, p.19]. The four properties on each line in this table are
equivalent. The Varignon parallelogram properties follows directly from the fact

2In [14, p.50] Gerry Leversha claims that such a quadrilateral is sometimes called a pseudo-
square. We can however not find any other reference for that use of the name (neither on the web nor
in any geometry books or papers we know of). Instead a Google search indicates that a pseudo-square
is a squares with four cut off vertices.
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that a parallelogram is a rhombus if and only if its diagonals are perpendicular, and
it is a rectangle if and only if its diagonals are congruent [4, p.53].

Original
quadrilateral

Diagonal
property

Bimedian
property

Varignon
parallelogram

Equidiagonal p = q m⊥n Rhombus
Orthodiagonal p⊥ q m = n Rectangle

Table 2. Special cases of the Varignon parallelogram

The bimedians of a convex quadrilateral are the diagonals of its Varignon paral-
lelogram, so the original quadrilateral has congruent and perpendicular diagonals if
and only if the Varignon parallelogram has perpendicular and congruent diagonals
(see Table 2). For such quadrilaterals, the Varignon parallelogram is a square, and
this is a characterization of those quadrilaterals with congruent and perpendicular
diagonals since a parallelogram is a square if and only if it is both a rhombus and a
rectangle. Thus we have the following two necessary and sufficient conditions.

Theorem 11. A convex quadrilateral has congruent and perpendicular diagonals
if and only if
(i) the bimedians are perpendicular and congruent, or
(ii) the midpoints of its sides are the vertices of a square.

So what shall we call these quadrilaterals? They are both equidiagonal and
orthodiagonal, but trying to combine the two words yields no good name. The in-
dividual words describe the defining properties of these quadrilaterals. With that
and Theorem 11 in mind, we propose that a quadrilateral with congruent and per-
pendicular diagonals is called a midsquare quadrilateral (see Figure 4).

� �

�

�

a

b

c

d

�

�

�

�

Figure 4. A midsquare quadrilateral and its Varignon square

Three special cases of midsquare quadrilaterals are orthodiagonal isosceles trape-
zoids, equidiagonal kites and squares.
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Proposition 12. A midsquare quadrilateral is a square if and only if its diagonals
bisect each other.

Proof. If the diagonals of a midsquare quadrilateral bisect each other, it is obvious
that it is a square since the diagonals divide it into four congruent right triangles
with equal legs.

Conversely it is a well known property that in a square, the diagonals bisect each
other. �

After having given a name for this neglected type of quadrilateral, we now con-
sider its area. The first formula in the following proposition has been known at
least since 1962 according to [3, p.132].

Proposition 13. A convex quadrilateral with diagonals p, q and bimedians m, n
is a midsquare quadrilateral if and only if its area is given by

K = 1

4
(p2 + q2) or K = 1

2
(m2 + n2).

Proof. Using the identity (p−q)2 = p2+q2−2pq, the area of a convex quadrilateral
satisfies (see [8])

K = 1

2
pq sin θ = 1

4

(

p2 + q2 − (p− q)2
)

sin θ ≤ 1

4
(p2 + q2)

where equality holds if and only if p = q and p⊥ q.
The second formula follows at once from the first by using equality (1). �

Since the two diagonals and the two bimedians are individually congruent in a
midsquare quadrilateral, its area can be calculated with the four simple formulas

K = 1

2
p2 = 1

2
q2 = m2 = n2. (6)

The next proposition gives more area formulas for midsquare quadrilaterals.

Proposition 14. A convex quadrilateral with consecutive sides a, b, c, d is a mid-
square quadrilateral if and only if its area is given by

K = 1

4

(

2(a2 + c2)− 4v2
)

= 1

4

(

2(b2 + d2)− 4v2
)

where v is the distance between the midpoints of the diagonals.

Proof. A convex quadrilateral has congruent diagonals if and only if its area is
the product of the bimedians according to Corollary 4. Since the diagonals are
perpendicular if and only if the bimedians are congruent (Table 2), the two area
formulas follows at once using (3). �

Corollary 15. A convex quadrilateral with consecutive sides a, b, c, d is a square
if and only if its area is

K = 1

2
(a2 + c2) = 1

2
(b2 + d2).

Proof. These formulas are a direct consequence of the last proposition since a con-
vex quadrilateral is a square if and only if it is a midsquare quadrilateral with
bisecting diagonals (v = 0) according to Proposition 12. �



Properties of equidiagonal quadrilaterals 139

Now we come to an interesting question. Can we calculate the area of a mid-
square quadrilateral knowing only its four sides? The answer is yes. The origin for
the next theorem is a solved problem we found in the pleasant book [9, pp.179–
180]. There Heilbron states that this area is given by

K =
1

4

(

a2 + c2 +
√

2(a2c2 + b2d2)
)

.

He starts his derivation thoroughly, but at the end, when he obtains a quadratic
equation, he merely claims that solving it will provide the formula he was supposed
to derive. When we started to analyze the solutions to this equation in more detail,
we began to smell a rat, and eventually realized that Heilbrons formula is in fact
incorrect. We will motivate this after our proof of the correct formula.

Theorem 16. A midsquare quadrilateral with consecutive sides a, b, c, d has the
area

K =
1

4

(

a2 + c2 +
√

4(a2c2 + b2d2)− (a2 + c2)2
)

.

�
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Figure 5. The diagonal parts in a midsquare quadrilateral

Proof. We use notations on the sides and the diagonal parts as in Figure 5, where
w + x = y + z = p since the diagonals are congruent. The area is given by
K = 1

2
p2, so we need to express a diagonal p in terms of the sides. Using the

Pythagorean theorem, we get

a2 − b2 = w2 − x2 = (w + x)(w − x) = p(2w − p)

and similar b2 − c2 = p(2y − p). Thus we have

a2 − b2 + p2 = 2pw and b2 − c2 + p2 = 2py.

Squaring and adding these yields

(a2 − b2 + p2)2 + (b2 − c2 + p2)2 = 4p2(w2 + y2) = 4p2a2

where we used the Pythagorean theorem again in the last equality. Expanding and
simplifying results in a quadratic equation in p2:

2p4 − 2(a2 + c2)p2 + (a2 − b2)2 + (b2 − c2)2 = 0.
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This has the solutions

p2 =
a2 + c2 ±√−a4 − c4 + 2a2c2 − 4b4 + 4a2b2 + 4b2c2

2
.

The radicand can be simplified to

−a4 − c4 + 2a2c2 + 4b2d2 = 4(a2c2 + b2d2)− (a2 + c2)2

where we used a2 − b2 + c2 = d2 (see Theorem 1 in [11]). Thus

p2 =
1

2

(

a2 + c2 ±
√

4(a2c2 + b2d2)− (a2 + c2)2
)

. (7)

To decide the correct sign we study the special case when the quadrilateral is a
square. Using a = b = c = d in (7) yields

p2 = 1

2
(2a2 ± 2a2)

where we see that the solution with the negative sign is obviously false. The area
formula now follows when inserting (7) into K = 1

2
p2. �

Note that it is easy to get formulas for the lengths of the diagonals and the
bimedians in a midsquare quadrilateral in terms of the sides. We simply have to
combine (6) and Theorem 16.

Remark. Let us comment on the formula suggested by Heilbron. It gives the correct
area for a square, so we need to do a more thorough investigation. If his formula
were correct, it would mean that 2(a2c2 + b2d2) = (a2 + c2)2. But then his
formula could be simplified to K = 1

2
(a2 + c2). According to Corollary 15,

this is a characterization for a square. Hence his formula must be incorrect, since
the quadrilateral has perpendicular and congruent diagonals, but need not to be
a square. Another way to dispute it is by considering a right kite with a = d
and c = b. It has the area K = ac, but Heilbrons formula gives K = 1

4
(a + c)2.

Equating these expressions yields (a−c)2 = 0 which again imply the quadrilateral
must be a square, which it is not.

5. When are certain quadrilaterals equidiagonal?

So far we have several ways of determining when a convex quadrilateral is
equidiagonal. An isosceles trapezoid, a rectangle and a square are always equidi-
agonal, but how can we know when the diagonals are congruent in other basic
quadrilaterals, such as a parallelogram or a cyclic quadrilateral?

Theorem 17. The following characterizations hold:
(i) A parallelogram is equidiagonal if and only if it is a rectangle.
(ii) A rhombus is equidiagonal if and only if it is a square.
(iii) A trapezoid is equidiagonal if and only if it is an isosceles trapezoid.
(iv) A cyclic quadrilateral is equidiagonal if and only if it is an isosceles trapezoid.

Proof. (i) In a parallelogram ABCD with the two different side lengths a and b,
the law of cosines yields that

p2 = q2 ⇔ a2 + b2 − 2ab cosB = a2 + b2 − 2ab cosA ⇔ A = B.
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Two adjacent angles in a parallelogram are equal if and only if it is a rectangle.
(ii) The first part of the proof is the same as in (i) except that a = b, which does

not effect the outcome. Two adjacent angles in a rhombus are equal if and only if
it is a square.

(iii) The lengths of the diagonals in a trapezoid with consecutive sides a, b, c, d
are given by (see [13, p.31])

p =

√

ac(a− c) + ad2 − cb2

a− c
and q =

√

ac(a− c) + ab2 − cd2

a− c

where a ‖ c and a �= c. Thus we get

p2 = q2 ⇔ ad2 − cb2 = ab2 − cd2 ⇔ (a− c)(d2 − b2) = 0.

Since a �= c, the only valid solution is b = d, so we have an isosceles trapezoid.
(iv) In a cyclic quadrilateral we can apply Ptolemy’s second theorem, according

to which (see [1, p.65])
p

q
=
ad+ bc

ab+ cd
.

Hence

p = q ⇔ ab+ cd = ad+ bc ⇔ (a− c)(b− d) = 0

where the last equality has the two possible solutions a = c and b = d. Any cyclic
quadrilateral with a pair of opposite congruent sides is an isosceles trapezoid. One
way of realizing this is by connecting the vertices to the circumcenter and thus
conclude that this cyclic quadrilateral has a line of symmetry (see Figure 6).

Conversely it is well known that an isosceles trapezoid has congruent diagonals.
�

�D �C

�

B
�

A

�

Figure 6. This is an isosceles trapezoid

In the previous section we concluded that an orthodiagonal quadrilateral is also
equidiagonal if and only if the midpoints of the sides are the vertices of a square.
There don’t seem to be any similar easy ways of determining when a kite or a
tangential quadrilateral are equidiagonal.
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6. The diagonal length in equidiagonal quadrilaterals

We conclude this paper by discussing how the equal length of the diagonals in a
general equidiagonal quadrilateral can be calculated given only the four sides, and
also how this is related to finding the area of the quadrilateral. Thus this will lead
up to a generalization of Theorem 16.

There is a formula relating the four sides and the two diagonals of a convex
quadrilateral, sometimes known as Euler’s four point relation. It is quite rare to
find this relation in geometry books and even rarer to find a proof of it that does
not involve determinants, so we start by deriving it here. For this purpose we need
the following trigonometric formula.

Lemma 18. For any two angles α and β we have the identity

cos2 α+ cos2 β + cos2 (α+ β)− 2 cosα cosβ cos (α+ β) = 1.

Proof. The addition formula for cosines can be rewritten in the form

cosα cosβ − cos (α+ β) = sinα sinβ.

Squaring both sides, we have

(cosα cosβ − cos (α+ β))2 = (1− cos2 α)(1− cos2 β).

Now the identity follows after expansion and simplification. �

The following relation has been derived independently by several mathemati-
cians. It cannot be factored, but there are several ways to collect the terms. The
version we present with only four terms is definitely one of the most compact, and
except for some basic algebra we only use the law of cosines in the short proof.

Theorem 19 (Euler’s four point relation). In all convex quadrilaterals with con-
secutive sides a, b, c, d and diagonals p, q, it holds that

p2q2(a2 + b2 + c2 + d2 − p2 − q2)− (a2 − b2 + c2 − d2)(a2c2 − b2d2)

− p2(a2 − d2)(b2 − c2) + q2(a2 − b2)(c2 − d2) = 0.

Proof. Let α = ∠BAC and β = ∠DAC in quadrilateral ABCD. The law of
cosines applied in triangles BAC, DAC and ABD yields respectively (see Fig-
ure 7)

cosα =
a2 + p2 − b2

2ap
, cosβ =

d2 + p2 − c2

2dp
, cos (α+ β) =

a2 + d2 − q2

2ad
.

Inserting these into the identity in Lemma 18 and multiplying both sides of the
equation by the least common multiple 4a2d2p2, we get after simplification

d2(a2 + p2 − b2)2 + a2(d2 + p2 − c2)2 + p2(a2 + d2 − q2)2

− (a2 + p2 − b2)(d2 + p2 − c2)(a2 + d2 − q2) = 4a2d2p2.

Now expanding these expressions and collecting similar terms results in Euler’s
four point relation.3 �

3The history of this six variable polynomial dates back to the 15th century, and it is closely
related to the volume of a tetrahedron. The Italian painter Piero della Francesca was also interested in
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Figure 7. Using the law of cosines in three subtriangles

Returning to the initial goal of calculating the length of the equal diagonals, we
set p = q in Theorem 19. This results in the following cubic equation in p2:

2p6 − (a2 + b2 + c2 + d2)p4 + ((a2 + c2)(b2 + d2)− 2(a2c2 + b2d2))p2

+ (a2 − b2 + c2 − d2)(a2c2 − b2d2) = 0.

Cubic equations have been solved for five centuries and there are several different
solution methods known. However they all have one thing in common as anyone
who has used one of them has noticed: the expressions for the roots they produce
are very complicated and in most of the times completely useless. In fact, solving a
cubic equation with coefficients like the one above with a computer algebra system
can produce several pages of output formulas. Should it be necessary in a practi-
cal situation, a numerical solution (on a calculator or computer) is almost always
preferable.

After having solved the cubic equation numerically, the area of the equidiagonal
quadrilateral (with p = q) is given by the formula of Staudt (see [16, p.35])

K = 1

4

√

4p4 − (a2 − b2 + c2 − d2)2.

So it may come as a little disappointment that we did not get a nice formula for
the diagonals and the area like in the case when the diagonals are also perpendicu-
lar. There are however lots of cubic equations arising when solving problems in the
geometry of triangles and quadrilaterals, so this is quite a common occurrence. On

geometry and derived a formula for the volume V of a tetrahedron expressed in terms of its six edges.
The formula states that the left hand side of the equation in Theorem 19 is equal to 144V 2. The
formula was rediscovered in the 16th century by the Italian mathematician Niccolò Fontana Tartaglia,
who was also involved in the first solution of the cubic equation. In the 18th century the famous Swiss
mathematician Leonhard Euler solved the same problem. The invention of determinants made it
possible for the 19th century British mathematician Arthur Cayley to express the tetrahedron volume
in a very compact form using the so called Cayley-Menger determinant. We do not know which one
of these gentlemen was the first to conclude that setting the tetrahedron volume equal to zero would
result in an interesting identity for quadrilaterals. A trigonometric derivation that did not involve the
tetrahedron has surely been known at least since the 19th century when several mathematicians made
thorough trigonometric studies of the geometry of quadrilaterals.
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the other hand, we can now get a second derivation of Theorem 16. If the diago-
nals are both congruent and perpendicular, the constant term of the cubic equation
vanishes (since a2 + c2 = b2 + d2), so after simplifying the equation and dividing
it by the positive number p2 we get

2p4 − 2(a2 + c2)p2 + (a2 + c2)2 − 2(a2c2 + b2d2) = 0.

This directly yields the solution

p2 =
1

2

(

a2 + c2 +
√

4(a2c2 + b2d2)− (a2 + c2)2
)

which we recognize from (7).
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Martin Josefsson: Västergatan 25d, 285 37 Markaryd, Sweden
E-mail address: martin.markaryd@hotmail.com



Forum Geometricorum
Volume 14 (2014) 145–153. � �

�

�

FORUM GEOM

ISSN 1534-1178

The Miquel Points, Pseudocircumcenter, and
Euler-Poncelet Point of a Complete Quadrilateral

Michal Rolı́nek and Le Anh Dung

Abstract. We prove over 40 similarities in the configuration of a complete quadri-
lateral and the Miquel points. Then we introduce a generalized circumcenter and
prove a theorem on the Euler-Poncelet point.

1. Introduction

In this paper we will study, using purely synthetical methods, the configuration
concerning complete quadrilateral ABCD denoting P = AC ∩ BD, Q = AB ∩
CD, and R = AD ∩ BC. We begin with revealing a large number of similarities
within the configuration concerning the associated Miquel points. Then we proceed
to introduce a quadrilateral center which generalizes the circumcenter of a cyclic
quadrilateral, and finally we will prove a result regarding the Euler-Poncelet Point.

The Euler-Poncelet point X is the common point of the nine-point circles of
triangles ABC, BCD, CDA, DAB. Also, it is known to lie on the pedal circles
of A with respect to triangle BCD, and the cyclic variants. More on the Euler-
Poncelet point can be found in [5].

Our main result is the following:

Theorem 1. The Euler-Poncelet point X lies on the circumcircle of the triangle
PQR.

It is of particular interest that our result is a strong generalization of the cele-
brated result by Emelyanov and Emelyanova (see [2]).

Theorem 2 (Emelyanov, Emelyanova). Let ABC be a triangle with incenter I .
Let AI ∩ BC = P , BI ∩ CA = Q, CI ∩ AB = R, then the Feuerbach point Fe

lies on the circumcircle of triangle PQR.

Proof. If we take the complete quadrilateral to be ABCI , then the Euler-Poncelet
point lies on both the incircle (pedal of I with respect to triangle ABC) and the
nine-point circle of ABC, thus it coincides with their point of contact, i.e., the
Feuerbach point. Theorem 1 now implies the result. �

Publication Date: August 20, 2014. Communicating Editor: Paul Yiu.
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2. Similarities on the Miquel points

In this section we define Miquel points (which were previously studied in [3])
as spiral similarity centers and uncover a surprising amount of similarities within
the configuration.

The following two results on spiral similarities are well-known. Their proofs
can be found for example in [4].

Proposition 3. Let A, B, A′, B′ be points in plane such that no three of them are
collinear. Assume that the lines AB and A′B′ intersect at P . Then there exists a
unique spiral similarity that sends A to A′ and B to B′. The center of this spiral
similarity is the second intersection of the circles (AA′P ) and (BB′P ).

A

B

A′ B′
A

B

A′

B′

P

P
S

S

Figure 1.

Proposition 4. Let S(S, k, ϕ) be the spiral similarity that maps A to A′ and B to
B′.
(a) �SAB ∼ �SA′B′.
(b) �SAA′ ∼ �SBB′.
(c) There is a spiral similarity S ′(S, k′, ϕ′) that maps A to B and A′ to B′ for
suitable choice of k′ and ϕ′.

S SA

A′

B

B′

A

A′

B

B′

ϕ
ϕ

Figure 2.

From these propositions we immediately deduce that there is a unique point
which is the center of two spiral similarities.

With this notion we can define three different Miquel points associated to a
complete quadrilateral.
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Definition. We define the Miquel points Mp, Mq, and Mr as the following spiral
similarity centers (segments are considered directed):

Point Center taking and (at the same time)
Mp AB �→ DC AD �→ BC
Mq AC �→ DB AD �→ CB
Mr AC �→ BD AB �→ CD

As expected, Proposition 3 gives us many circles passing through the Miquel
points. Also let us use the notation MXY for the midpoint of the segment XY .

Proposition 5. The following sets of points are concyclic:
(a) (MpRAB), (MpRDC), (MpQAD), (MpQBC),
(b) (MqRAC), (MqRDB), (MqPAD), (MqPCB),
(c) (MrQAC), (MrQBD), (MrPAB), (MrPCD),
(d) (MpMqRMADMBC), (MqMrPMACMDB), (MrMpQMABMCD).

Proof. Parts (a), (b), and (c) follow from the definition of the Miquel points and
Proposition 3 as each of them is a center of two different spiral similarities.

For part (d) observe that from �MpAD ∼ �MpBC it follows that

�MpMADA ∼ �MpMBCB

(directly) and hence Mp is the spiral similarity center which takes MAD to A
and MBC to B. Proposition 3 now implies that Mp lies on the circumcircle of
�RMADMBC . Point Mq lies on the same circle for analogous reasons. The other
circles are established in the same way. �

Proposition 6. The following sets of triangles are directly similar:
(a) �MpAB ∼ �MpDC ∼ �MBAMBDMAC ∼ �MCDMACMDB,

�MpAD ∼ �MpBC ∼ �MDAMDBMAC ∼ �MCBMACMBD;
(b) �MqAD ∼ �MqCB ∼ �MDAMDCMAB ∼ �MBCMABMCD,

�MqAC ∼ �MqDB ∼ �MCAMCDMAB ∼ �MBDMABMDC;
(c) �MrAB ∼ �MrCD ∼ �MBAMBCMAD ∼ �MDCMADMCB,

�MrAC ∼ �MrBD ∼ �MCAMCBMAD ∼ �MDBMADMBC .

A B

C

D

PMr

MAB

MAD

MBC

Figure 3.
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Proof. Again, from symmetry of the complete quadrilateral it suffices to prove
only one part and this time we choose (thinking of a nice diagram) to prove part
(c). In the first chain of similarities the first and the third one are immediate from
the definition of the Miquel point and the fact that the points MBA, MAD, MDC ,
MCB form a Varignon parallelogram, respectively.

Note that the lines MABMBC and MABMAD are midlines in triangles ABC
and ABD, respectively. Angle-chasing (with the use of Proposition 5(c)) now
gives

∠(MBCMAB,MADMAB) = ∠(AC,BD) = ∠(CP,PD) = ∠(CMr,MrD)

and after the ratio calculation (using �MrAC ∼ �MrBD)

MBCMAB

MADMAB
=
AC

BD
=
CMr

DMr
,

we have the desired similarity by SAS. The second part is proved likewise. �

Lemma 7. If A′B′C ′D′ is the image of ABCD in the inversion with respect
to Mp (Mq, Mr, respectively), then quadrilateral ABCD is indirectly similar to
C ′D′A′B′ (B′A′D′C ′, D′C ′B′A′, respectively).

A
B

C

D

Q

R

P

C ′
D′

A′

B′

Q′

R′

Mp Mp

Figure 4.

Proof. From the definition of the Miquel point and inversion, respectively, we have
�MpBC ∼ �MpAD ∼ �MpD

′A′, where the first similarity is direct and the
second one indirect. Similarly, we get �MpDC ∼ �MpAB ∼ �MpB

′A′ (again
first directly and then indirectly). But this implies indirect similarity of the quadri-
laterals MpDCB and MpB

′A′D′, from which we obtain indirect similarity of
�DCB and �B′A′D′. In the same vein, we find that �ABD ∼ �C ′D′B′
(indirectly) and the desired similarity of quadrilaterals now follows. The proof for
Mq and Mr goes along the same lines. �
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Proposition 8.
(a) Mp is the center of spiral similarity which sends MrR to QMq.
(b) Mq is the center of spiral similarity which sends MpP to RMr.
(c) Mr is the center of spiral similarity which sends MqQ to PMp.

A
B

C

D

Q

R

P

C ′
D′

A′

B′

Q′

R′

Mp Mp

Mr

M ′
q

Mq

Figure 5.

Proof. From symmetry it is enough to prove part (a). Consider inversion with
respect to point Mp and use standard notation for images.

Further, according to Lemma 7 ABCD is indirectly similar to C ′D′A′B′. In
this similarity Q (intersection of AB and CD) corresponds to R′ (intersection of
C ′D′ andA′B′). AnalogouslyR corresponds toQ′. Also,Mr (second intersection
of (QBD) and (QAC)) corresponds to M ′q (second intersection of (R′D′B′) and
(R′C ′A′)) and Mp (second intersection of (RAB) and (RCD)) corresponds to
Mp (second intersection of (Q′C ′D′) and (Q′A′B′)).

From these observations we can deduce that �MpMrR ∼ �MpM
′
qQ
′ (indi-

rectly). From inversion we also have �MpM
′
qQ
′ ∼ �MpMqQ (indirectly). Alto-

gether we have the direct similarity of �MpMrR and �MpMqQ, which implies
the result. �

3. The pseudocircumcenter

It is well-known (see e.g. [6]) that in the case of a cyclic quadrilateral ABCD
inscribed in a circle centered at O the triangle PQR has Mp, Mq, and Mr as its
feet of altitudes and point O as its orthocenter. Also, the Euler-Poncelet point X is
symmetric to O with respect to the centroid G of ABCD.

We introduce a point O associated to a (not necessarily cyclic) complete quadri-
lateral which inherits most of these properties.

Theorem 9. The circles (PMqMr), (QMrMp), and (RMpMq) meet in one point.



150 M. Rolı́nek and A. D. Le
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Figure 6.

Proof. Define O as the second intersection of (QMrMp) and (RMpMq). Then

∠(MqO,OMr) = ∠(MqO,OMp) + ∠(MpO,OMr)

= ∠(MqR,RMp) + ∠(MpQ,QMr).

Now using the circles from Proposition 5 we obtain

∠(MqR,RMp) = ∠(MqR,RA)+∠(AR,RMp) = ∠(MqC,CA)+∠(AB,BMp)

and likewise

∠(MpQ,QMr) = ∠(MpQ,QC) + ∠(CQ,QMr) = ∠(MpB,BC) + ∠(CA,AMr),

∠(MrP, PMq) = ∠(MrP, PB) + ∠(BP,PMq) = ∠(MrA,AB) + ∠(BC,CMq)

After careful inspection, the three right-hand sides add up to 0, hence

∠(MqO,OMr)− ∠(MqP, PMr) = 0

and the conclusion follows. �

We call this point O the pseudocircumcenter of ABCD.

Theorem 10. The lines PMp, RMr, QMq meet in O.

Proof. It suffices to prove O, R, and Mr are collinear. With the use of Proposition
8, Mq is the center of spiral similarity which takesMr toR and P toMp, therefore
�MqMrP ∼ �MqRMp (directly) and so ∠(MrP, PMq) = ∠(RMp,MpMq).
We can now conclude after using the circles (MqMrPO) and (MpMqRO) as fol-
lows:

∠(MrO,OMq) = ∠(MrP, PMq) = ∠(RMp,MpMq) = ∠(RO,OMq)

which immediately implies collinearity of O, R, Mr. �



The Miquel points, pseudocircumcenter, and Euler-Poncelet point of a complete quadrilateral 151

Theorem 11.
(a) The circles (MABMACMAD), (MBAMBCMBD), (MCAMCBMCD), and
(MDAMDBMDC) all pass through O.
(b) O and X are symmetric with respect to G.

A B

C

D

P

Q

R

Mp

Mr

Mq
O

MAB

MAD

MAC

Figure 7.

Proof. From symmetry, it suffices to prove part (a) for one of the mentioned circles,
for example (MABMACMAD). Using midlines in triangles ACD and ABC, we
obtain

∠(MADMAC ,MACMAB) = ∠(CD,CB).

Further, point O lies on (RMpMAD) and (QMpMAB) (consult Proposition 5(d)
and Theorem 9), hence (using also the basic circles from Proposition 5(c))

∠(MADO,OMAB) = ∠(MADO,OMp) + ∠(MpO,OMAB)

= ∠(DR,RMp) + ∠(MpQ,QB)

= ∠(DC,CMp) + ∠(MpC,CB) = ∠(DC,CB).

Hence O indeed lies on (MABMACMAD).
For part (b) apply the symmetry with respect to G. It is well-known that MAB ,

MAC , MAD, MBC , MBD, MCD are sent to MCD, MBD, MBC , MAD, MAC ,
MAB , respectively. Therefore the circles (MABMACMAD), (MBAMBCMBD),
(MCAMCBMCD), (MDAMDBMDC) are sent to the nine-point circles of the tri-
angles BCD, ACD, ABD, ABC, respectively and these circles have X as their
common point. Hence X is the image of O. �
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4. Proof of Theorem 1

Lemma 12. Reflect a triangle ABC about a point P in its plane to triangle
A′B′C ′. Then the circles (AB′C ′), (BC ′A′), (CA′B′) are concurrent on (ABC).

A

B C

A′

B′C ′

P

Figure 8.

Proof. Intersect (ABC) and (AB′C ′) at X . Then angle-chase using the circles
and parallel lines

∠(BX,XC ′) = ∠(BX,XA) + ∠(AX,XC ′)

= ∠(BC,CA) + ∠(AB′, B′C ′)

= ∠(BC,A′C ′) + ∠(A′B,BC)

= ∠(BA′, A′C ′),

which proves that X lies on (BC ′A′). Analogously, we prove it lies on (CA′B′).
�

Theorem 1. Point X lies on (PQR).

Proof. Let us denote by P ′, Q′, R′ the reflections of P , Q, R, respectively, about
the centroid G. From Theorem 11, it suffices to prove that O lies on the circle
(P ′Q′R′). We will prove that O lies on the circles (P ′QR), (Q′RP ), (R′PQ) and
then the result will follow from Lemma 12 applied on triangle P ′Q′R′. In fact, we
only need (by symmetry) to prove the circle (P ′QRO).

The line MABMCD is the Newton-Gauss line of ABCD so it passes through
the midpoint of PR. As it also passes through G, it is the midline in �RPP ′.
Similarly, we prove that MADMBC is the midline in �QPP ′. It follows that

∠(RP ′, P ′Q) = ∠(MABMCD,MADMBC).

At the same time using Theorems 9 and 10 we obtain

∠(RO,OQ) = ∠(MrO,OQ) = ∠(MrMCD,MCDQ) = ∠(MrMCD, CD).
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A
B

C

D

P

Q

R

Mr

O

MAB

MAD

MCD

MBC

G
P ′

Figure 9.

But in Proposition 6 we proved the direct similarity

�MrCD ∼ �MBAMBCMAD.

As the angles ∠(MrMCD, CD) and ∠(MABMCD,MADMBC) correspond in this
similarity (angles by medians), they are equal. It follows that

∠(RP ′, P ′Q) = ∠(RO,OQ),

which concludes the entire proof.
�
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A Note on Reflections

Emmanuel Antonio José Garcı́a

Abstract. We prove some simple results associated with the triangle formed by
the reflections of a point in the midpoints of the sides of a given triangle.

Let ABC be a given triangle with midpoints Ma, Mb, Mc of the sides BC, CA,
AB respectively. Consider a point P and its reflections X , Y , Z in Ma, Mb, Mc

respectively.

Proposition 1. Triangle XY Z is oppositely congruent to ABC at the complement
(inferior) of P .

A

B C

G

Mc

Mb

Ma

P

YZ

X

Q

Figure 1

Proof. Let G be the centroid of triangle ABC. Consider triangle APX . It has the
segment AMa as a median, and so has centroid G. If Q is the midpoint of AX ,
then PQ is another median of triangle APX . Therefore, G divides PQ in the ratio
PG : GQ = 2 : 1, and Q is the complement of P .

Similarly, the same point Q is the midpoint of BY and CZ. It follows that
XY Z is oppositely congruent to ABC at Q. �

Publication Date: August 26, 2014. Communicating Editor: Paul Yiu.
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Let X∗, Y ∗, Z∗ be the reflections of X , Y , Z in the sidelines BC, CA, AB
respectively.

Proposition 2. The circle through X∗, Y ∗, Z∗ has center O and contains the P
and its reflection in O.

A

B C

Mc Mb

Ma

P

Y
Z

X

X∗

Y ∗

Z∗

O

Figure 2

Proof. X∗, Y ∗, Z∗ are the reflections of P in the perpendicular bisectors of BC,
CA, AB respectively. Each of these points is equidistant with P from the circum-
center O of triangle ABC. Therefore the circle through P , center O, also contains
the reflection of P in O. �

Theorem 3. If the Euler lines of PBC, PCA, PAB are concurrent at S, then
the Euler lines of AZY , BXZ, CY X are concurrent at the superior (anticomple-
ment) of S.

Proof. Triangle AZY is a translation of triangle PBC.

Y − C = (C +A− P )− C = A− P = (A+B − P )−B = Z −B.

Clearly the two Euler lines of the two triangles are parallel. Since the centroid
of AZY is the superior of the centroid of PBC, every point on the Euler line of
AY Z is the superior of a point on the Euler line of PBC.

The same is true for the pairs BXZ, PCA and CY X , PAB. It follows that
if the Euler lines of PBC, PCA, PAB are concurrent at S, then those of AZY ,
BXZ, CY X are concurrent at the superior (anticomplement) of S. �

Remark. It is well known that for P = I , the incenter, the Euler lines of IBC,
ICA, IAB are concurrent at the Schiffler point X(21) on the Euler line of ABC
(see [4]). It follows that the Euler lines of AY Z, BZX , CXY are concurrent at
the superior (anticomplement) of X(21) (see Figure 3). This is the triangle center
X(2475) of [5], also on the Euler line of ABC.
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A

B
C

I

X

Z

Y

GS

S′ O

Figure 3

On the other hand, Yiu [8] has noted that, for P = I , the Euler lines of XBC,
Y CA, ZAB are concurrent at the cevian quotient Q/I , where Q is the Spieker
center, the inferior (complement) of I .

Lemma 4. For P = I , the incenter, the line AX intersects the Euler line of trian-
gle XBC on the side BC.

A

B C

I

Tc

Ta

Tb

Ia

T ′
aMa

Ga

G′
a

X

K

Figure 4

Proof. Let Ia be the center of the excircle tangent to BC at T ′a. Denote by r and
ra the inradius and radius of the A-excircle. We shall make use of the formulas
r = Δ

s and ra = Δ

s−a , where Δ and s are the area and semiperimeter of triangle
ABC.

Since IX and BC have a common midpoint Ma, IBXC is a parallelogram.
Therefore, BX and CX are perpendicular to CIa and BIa respectively. From
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this we note that X is the orthocenter of triangle IaBC. Consequently, Ia is the
orthocenter of triangle XBC.

Let Ga be the point dividing XMa in the ratio XGa : GaMa = 2 : 1. This is
the centroid of triangle XBC, and IaGa is the Euler line.

Extend IaGa to intersect AT ′a at G′a. Since the line AT ′a contains the antipode of
Ta on the incircle, it is parallel to IX . Therefore, AG′a : G′aT ′a = TGa : GaX =
2 : 1.

Let AIa intersect BC at K. Consider triangle AT ′aIa with X on T ′aIa, K on
IaA, and G′a on AT ′a. We have

AG′a
G′aT ′a

· T
′
aX

XIa
· IaK
KA

=
2

1
· r

ra − r
· ra
2Δ

a

=
arra

(ra − r)Δ
=

a · 1

s · 1

s−a
1

s−a − 1

s

= 1.

By Ceva’s theorem, AX , IaG′a and T ′aK are concurrent. This means that AX and
the Euler line IaGa of triangle XBC intersect on BC. �

Theorem 5. For P = I , the incenter, the Euler lines of triangles XBC, Y CA,
ZAB are concurrent at the cevian quotient Q/I , where Q is the Spieker center.

A

B C

Ia

Ib

Ic

X

Z
Y

Q

Z′
Y ′

X′

Figure 5
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Proof. The line AX contains the Spieker center Q as its midpoint. Denote by
X ′Y ′Z ′ the cevian triangle of Q. By Lemma 4 above, the Euler line of triangle
XBC is IaX ′. Similarly, the Euler lines of Y CA and ZAB are the lines IbY ′ and
IcZ

′. Now, IaIbIc is the anticevian triangle of I , and XY Z is the cevian triangle
of S. These lines are concurrent at the cevian quotient Q/I (see [7, §8.3]). �

Remark. For Q = the Spieker center, the cevian quotient Q/I is the triangle center
X(191) of [5]. It is the reflection of I in the Schiffler point X(21) (see Remark
after Theorem 3 above).

Theorem 6 (Collings). The circles (AY Z), (BZX), (CXY ) are concurrent at
a point on the circumcircle of ABC, which is the superior of the center of the
rectangular hyperbola through A, B, C, and P .

A

B
C

P

YZ

X

C′ B′

A′

P ′

H′

M ′

H

M

G

Figure 6

Proof. Collings [1] actually shows that if A′B′C ′ is the superior (anticomple-
mentary) triangle of ABC, and P ′ is the superior of P , then the circles (AY Z),
(BZX), CXY ) and (ABC) intersect at the center M ′ of the rectangular hyper-
bola through A′, B′, C ′, P ′ (see Figure 3). Since A′, B′, C ′, P ′ are the superiors
of A, B, C, P respectively, M ′ is the superior of the center M of the rectangular
hyperbola through A, B, C, P . This is a point on the nine-point circle of ABC. It
follows that M ′ is a point on the circumcircle. �
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For example, if P = I , the incenter, the rectangular hyperbola through A, B,
C, I (and H) has center the Feuerbach point F . The common point of the circles
(AZY ), (BXZ), (CY X) is the inferior of F . This is the point X(100).

Peter Moses has informed us [2], among other things, that triangle XY Z is
perspective to the mid-arc triangle at X(100) (see Figure 7). The vertices of the
mid-arc triangle are the intersections of the angle bisectors with the circumcircle.
Since the inferiors (complements) of X , Y , Z are the midpoints X ′′, Y ′′, Z ′′ of
IA, IB, IC respectively, it is enough to prove that X ′′Y ′′Z ′′ is perspective with
the mid-arc triangle of the medial triangle MaMbMc.

A

B C

I

Z′

Y ′

X′

Mc

Mb

Ma

N

F

X

Z Y

X(100)

G

Figure 7

Proposition 7. Let X ′′, Y ′′, Z ′′ be the midpoints of IA, IB, IC respectively, and
M ′a, M ′b, M

′
c the midpoints of the the arcs MbMc, McMa, MaMb of the nine-point

circle of triangle ABC not containing Ma, Mb, Mc. The triangles X ′′Y ′′Z ′′ and
M ′aM ′bM

′
c are perspective at the Feuerbach point of triangle ABC.

Proof. The nine-point circle of triangle ABC is tangent to the incircle at the Feuer-
bach point F . Let M ′a be the midpoint of the arc MbMc of the nine-point circle
(not containing Ma).

∠M ′aFMc =
1

2
∠MbFMc =

1

2
∠MbMaMc =

1

2
∠BAC. (1)

On the other hand, if X ′′ is the midpoint of IA, then the circle through X ′′, Mc

and Tc is the nine-point circle of triangle IAB, and it passes through the Feuerbach
point F as well (see Remark below), and

∠X ′′FMb = ∠X ′′TbA = ∠X ′′ATb =
1

2
∠BAC. (2)
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A

B
C

Mc
Mb

Ma

I

Tc

Ta

Tb

X′′

N

F

M ′
a

Figure 8

It follows from (1) and (2) that M ′a, X ′′ and F are collinear.
The same reasoning shows that M ′b, Y

′′, and F are collinear, so are M ′c, Z ′′
and F . Therefore, the triangles X ′′Y ′′Z ′′ and M ′aM ′bM

′
c are perspective at the

Feuerbach point. �

Remark. The nine-point circles of IBC, ICA, IAB, and ABC are concurrent at
the center of the rectangular hyperbola through A, B, C, I . This is the Feuerbach
point F . See Theorem 6 above. A synthetic proof of this fact can be found in [6].
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Antirhombi

Nikolaos Dergiades

Abstract. First we give the definition and some properties of the non-rhombus
quadrilateral that we call antirhombus [1], that is circumscribed around a circle
with center the centroid of the quadrilateral. Then we try to cut a triangle ABC
with a line to form an antirhombus, we prove that there are three such lines
forming with the sides of ABC an hexagon circumscribed around the incircle of
ABC and then investigate their interesting configuration.

1. Circumscribed quadrilaterals with the same incenter and centroid

Let ABCD be a quadrilateral circumscribed around a circle with center O and
radius r, and x, y, z, w be the distances of the vertices A, B, C, D from the points
of tangency Ta, Tb, Tc, Td (Figure 1).

x

y

z

w

r

A

B

C D

Ta

Tb

Tc

Td

O

Figure 1

We have

x = r cot
A

2
, z = r cot

C

2
, OA =

r

sin A
2

, OC =
r

sin C
2

.

Hence,

x+ z = r

(

cot
A

2
+ cot

C

2

)

= r · sin A+C
2

sin A
2
sin C

2

,

or
OA ·OC

x+ z
=

r

sin A+C
2

.

Publication Date: August 26, 2014. Communicating Editor: Paul Yiu.



164 N. Dergiades

Similarly, we have
OB ·OD

y + w
=

r

sin B+D
2

.

Since sin A+C
2

= sin B+D
2

, we have

OA ·OC

x+ z
=

OB ·OD

y + w
. (1)

It is obvious that every rhombus is a circumscribed parallelogram and its center
is both the incenter and centroid. If the centroid of a circumscribed parallelogram
is also its incenter, then this parallelogram is a rhombus. We will investigate this
double property for other quadrilaterals.

(1) It is easy to see that if the incenter of a circumscribed trapezium (Figure 2)
is also the centroid, i.e., the midpoint of its median , then from the right angled
triangles OAB and ODC we get AB = 2MO = 2ON = CD. Hence the
trapezium is isosceles with AB = CD = MN .

A D

B C

M N
O

Figure 2

(2) If in a circumscribed trapezium ABCD (with bases BC and AD) we have
OA ·OC = OB ·OD, then

r

sin A
2

· r

sin C
2

=
r

sin B
2

· r

sin D
2

=⇒ sin
A

2
cos

D

2
= cos

A

2
sin

D

2

=⇒ tan
A

2
= tan

D

2
=⇒ A = D.

Hence the trapezium is isosceles and the incenter O is also its centroid.
We will generalize this property by adopting the following definition formulated

by George Baloglou [1].

Definition. An antirhombus is a circumscribed quadrilateral ABCD with incenter
O that satisfies the condition

OA ·OC = OB ·OD.
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Theorem 1. A circumscribed quadrilateral ABCD with incenter O is an antirhom-
bus if and only if x+ z = y + w.

Proof. It is obvious from equality (1). �

Theorem 2 ([2, Theorem 13]). A circumscribed quadrilateral with no parallel
sides has the same incenter and centroid if and only if it is an antirhombus.

x

y

y

z

z w

w

x

A

B

C D

Ta

Tb

Tc

Td

O

Ma

Mb

Mc

Md

E

F

Figure 3

Proof. (1) Let ABCD be a circumscribed quadrilateral with centroid and incenter
the point O, and E, F be the intersection points of the opposite sides AB, CD and
BC, AD (Figure 3). This point O must be the midpoint of the bimedians MaMc,
MbMd. Let Ta, Tb, Tc, Td be the tangency points with the incircle. The triangle
EMaMc is isosceles because EO is a bisector and a median. The triangle ETaTc is
also isosceles. Therefore, MaMc and TaTc are parallel, and are both perpendicular
to EO. If x > y, then w > z, and we have x−y

2
= TaMa = TcMc = w−z

2
. It

follows that x+ z = y +w, and ABCD is an antirhombus. Similarly, MbMd and
TbTd are parallel, and are both perpendicular to FO.

(2) If ABCD is an antirhombus with incenter O, then we have x+z = y+w. If
x > y, then w > z and TaMa = x−y

2
= w−z

2
= TcMc. The right angled triangles

OTaMa and OTcMc are congruent. Hence, OMa = OMc. This means that the
incenter O lies on the perpendicular bisector L1 of the bimedian MaMc. Similarly
O also lies on the perpendicular bisector L2 of the bimedian MbMd. But the only
common point of L1 and L2 is the centroid of ABCD, the common midpoint of
the bimedians. Hence the antirhomus has the same incenter and centroid. Again we
have MaMc‖TaTc, MaMc ⊥ EO and the same for the other bimedian MbMd. �

Corollary 3. A circumscribed quadrilateral is an antirhombus if and only if a
bimedian connecting two opposite sides is perpendicular to the bisector of the
angle of these sides and hence parallel to the chord of the corresponding contact
points.
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2. Antirhombi from a triangle

Let ABC be a triangle with intouch triangle A1B1C1. We begin with the con-
struction of the unique line La which cuts the sidelines of ABC at the points Aa,
Ab, Ac and tangent to the incircle of ABC at a point A2 such that the quadrilateral
BCAbAc is an antirhombus.

Construction 4. Let the perpendicular to AI at I intersect AB at J and AC at K.
For the quadrilateral BCAbAc to be an antirhombus it is sufficient from Theorem
3 that the line JK (Figure 4) be a bimedian of the antirhombus. Hence the points
Ac and Ab are the symmetrics of B, C in J , K respectively. The line AbAc is the
line La.

A

B C

I

C1

A1

B1

J

K

G

P

Ca

Ab

Ba

CbBc

Ac

Aa

A2

B2

C2

A′

Figure 4

Similarly, we construct the lines Lb and Lc intersecting the sidelines at Ba, Bb,
Bc, and Ca, Cb, Cc respectively such that CABcBa and ABCaCb are antirhomobi.

The following property gives easily the barycentric coordinates of the above
points.

Proposition 5. The lines BcCb, CaAc, AbBa are parallel to the sides of ABC and
are concurrent at the image of the centroid G under the homothety h(I,−3).

Proof. The parallel from Ab to AC meets the parallel from Ac to AB at a point P .
Let A′ be the midpoint of AbAc (Figure 4). G is the centroid of ABC so we have

−→
GA+

−−→
GB +

−−→
GC =

−→
0 .

Since I is the centroid of the quadrilateral BCAbAc,
−−→
IAb +

−−→
IAc +

−→
IB +

−→
IC =

−→
0 ,

2
−→
IA′ +

−→
IB +

−→
IC =

−→
0 ,

−→
IP +

−→
IA+

−→
IB +

−→
IC =

−→
0 ,

−→
IP + (

−→
IG+

−→
GA) + (

−→
IG+

−−→
GB) + (

−→
IG+

−−→
GC) =

−→
0 .
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Hence
−→
IP = −3

−→
IG, which means that P is the image of G under the homothety

h(I,−3). From P = 4I − 3G, we obtain

P = (3a− b− c : 3b− c− a : 3c− a− b) (2)

in homogeneous barycentric coordinates. Similarly, the lines BcCb, CaAc, and
AbBa are parallel to the sides of ABC and concurrent at P . �

So we have an interesting special case mentioned in [5, §12.1.2] and hence in
homogeneous barycentric coordinates we have

Cb = (u : 0 : v + w), Bc = (u : v + w : 0);
Ac = (w + u : v : 0), Ca = (0 : v : w + u);
Ba = (0 : u+ v : w), Ab = (u+ v : 0 : w).

The equations of the lines are

La := AbAc : − x +
w + u

v
y+

u+ v

w
z= 0,

Lb := BcBa :
v + w

u
x − y +

u+ v

w
z= 0,

Lc := CaCb :
v + w

u
x+

w + u

v
y − z = 0,

Since the lines BcCb, CaAc, AbBa are concurrent at P , from the converse
of Brianchon’s theorem we conclude that there is a conic C1 inscribed in the
hexagon AbAcBcBaCaCb. It is known [5] that the coordinates of the lines BC,
CA, AB, La, Lb, Lc correspond to points on the dual conic. Since these points
are the vertices of ABC and the points

(−1 : w+u
v : u+v

w

)

,
(

v+w
u : −1 : u+v

w

)

,
(

v+w
u : w+u

v : −1
)

, that all lie on the circumconic

v + w

x
+

w + u

y
+

u+ v

z
= 0

the dual conic, which is tangent to the 6 lines is the conic with equation
∑

cyclic

(v + w)2x2 − 2(w + u)(u+ v)yz = 0.

This conic has center

O1 = (2u+ v + w : u+ 2v + w : u+ v + 2w).

In our case with P = X145 given in (2) above, we have
∑

cyclic

(s− a)2x2 − 2(s− b)(s− c)yz = 0,

which is clearly the incircle with center I . Hence, the incenter I of ABC is also
the incenter of the quadrilaterals CABcBa and ABCaCb.

These quadrilaterals are convex if and only if for the sides a ≤ b ≤ c of triangle
ABC, we have 3a− b− c > 0.
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Proposition 6. The tangency points A2, B2, C2 of the lines La, Lb, Lc are the
vertices of a triangle perspective with ABC.

Proof. The point A2 is the pole of La with respect to C1:

A2 =
(−vw w(w + u) v(u+ v)

)

⎛

⎝

0 u+ v w + u
u+ v 0 v + w
w + u v + w 0

⎞

⎠

=
(

(v + w)(w + u)(u+ v) v2(u+ v) w2(w + u)
)

,

or

A2 =

(

v + w :
v2

w + u
:

w2

u+ v

)

.

Similarly, from the coordinates of the points B2, C2 we conclude the triangle
A2B2C2 is perspective with ABC at the point

(

u2

v + w
:

v2

w + u
:

w2

u+ v

)

.

�

In our case with P = X145, the perspector is

Q =

(

(3a− b− c)2

b+ c− a
:
(3b− c− a)2

c+ a− b
:
(3c− a− b)2

a+ b− c

)

.

This point is not in the current edition of the ENCYCLOPEDIA OF TRIANGLE CEN-
TERS [4]. It has (6-9-13)-search number 0.0267031360104 · · · . This divides the
line IGe in the ratio

IQ : QGe = 4R+ r : −8r.

The point of tangency with BC is

A1 =
(

1 0 0
)

⎛

⎝

0 u+ v w + u
u+ v 0 v + w
w + u v + w 0

⎞

⎠ =
(

0 u+ v w + u
)

.

Proposition 7. The hexagon AbAcBcBaCaCb is inscribed in a conic.

Proof. Since

BBa

BaC
· BCa

CaC
· CCb

CbA
· CAb

AbA
· AAc

AcB
· ABc

BcB

=
w

u+ v
· w + u

v
· u

v + w
· u+ v

w
· v

w + u
· v + w

u
= 1,

from Carnot’s theorem we conclude that the hexagon AbAcBcBaCaCb is inscribed
in a conic C2 that has [5, p.141] equation

∑

cyclic

vw(v + w)x2 − u(vw + (w + u)(u+ v))yz = 0.
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The center of this conic is the point

O2 = (u(2vw+u(v+w−u)) : v(2wu+v(w+u−v)) : w(2uv+w(u+v−w))),

which is the midpoint of P and G/P . �

Proposition 8. The points Aa, Bb, Cc lie on the trilinear polar of X5435.

Proof. The lines La, Lb, Lc meet the sides BC, CA, AB at the points Aa, Bb, Cc

respectively. These are collinear on the Pascal line of the hexagon AbAcBcBaCaCb.

The line La meets BC at the point Aa =
(

0 : − v
w+u : w

u+v

)

, which is the inter-

section of BC with the trillinear polar of the point Q =
(

u
v+w : v

w+u : w
u+v

)

. For

P = X145, this is the point

X5435 =

(

3a− b− c

b+ c− a
:
3b− c− a

c+ a− b
:
3c− a− b

a+ b− c

)

;

see [3]. The same holds for Bb and Cc. �

Proposition 9. The Brianchon points of the quadrilaterals AbAcBC, BcBaCA,
CaCbAB are the vertices of a triangle P1P2P3 which is perspective with ABC at
X5435.

A

B
C

I

C1

A1

B1

P

Ca

Ab

Ba

Cb
Bc

Ac

A2

B2

C2

P1

P3

P2

Q

Figure 5

Proof. The Brianchon point P1 of the circumscribed quadrilateral AbAcBC is the
common point of the diagonals BAb, CAc and the contact chords A1A2, B1C1

(Figure 5). Hence

P1 = ((w + u)(u+ v) : v(u+ v) : w(w + u))

and the line AP1 passes through X5435. Similarly, the lines BP2 and CP3 also
pass through the same point. �
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Proposition 10. The triangle P1P2P3 is perspective with the contacts triangle
A1B1C1 at P .

Proof. The points P , A1, A2 are collinear because
∣

∣

∣

∣

∣

∣

u v w
0 u+ v w + u

v + w v2

w+u
w2

u+v

∣

∣

∣

∣

∣

∣

= u(w2 − v2) + (v + w)(v(w + u)− w(u+ v)) = 0.

Hence the line A1P1 passes through P , and the same holds for the lines B1P2 and
C1P3.

Since the line A1A2 is the polar of the point Aa and passes through P , we
conclude that the line L of the points Aa, Bb, Cc (which is the tripolar of X5435)
is the polar of P relative to the incircle of ABC. �

Proposition 11. The lines La, Lb, Lc bound a triangle perspective with ABC at
P .

Proof. It is easy to see that the lines Lb and Lc meet at (Figure 6) the point A3 =
(

− u2

v+w : v : w
)

. Similarly Lc and La meet at B3 =
(

u : − v2

w+u : w
)

, and La

and Lb meet at C3 =
(

u : v : − w2

u+v

)

. From these coordinates it is clear that

A3B3C3 and ABC are perspective at P = (u : v : w). �

Proposition 12. The points A, B, C, A3, B3, C3 lie on a conic C3, and the centers
of the conics C1, C2, C3 are collinear.

A

B
C

O1

C1

A1

B1

P

Ca

Ab

Ba

CbBc

Ac

A2

B2

C2

C3

B3

A3

O3

O2

Figure 6
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Proof. It is easy to see that the conic C3 in question is

u2

x
+

v2

y
+

w2

z
= 0

with center

O3 = (u2(v2 + w2 − u2) : v2(w2 + u2 − v2) : w2(u2 + v2 − w2)).

The centers O1, O2, O3 are all on the line
∑

cyclic

(v − w)(u(v + w)− (v2 + vw + w2))x = 0.

�
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Asymptotic Directions of Pivotal Isocubics

Bernard Gibert

Abstract. Given the pivotal isocubic K = pK(Ω, P ), we seek all the other
isocubics K1 = pK(Ω1, P1) with pole Ω1 and pivot P1 which have the same
points at infinity, i.e., the same asymptotic directions. We also examine the con-
nection with the Simson lines concurring at a certain given point.

1. Generalities

Recall that the pivotal isocubic K = pK(Ω, P ) is the locus of point M such that
P , M and the Ω−isoconjugate M∗ of M are collinear. With a pole Ω(p : q : r)
and a pivot P (u : v : w), its barycentric equation is

∑

cyclic

ux(ry2 − qz2) = 0 ⇐⇒
∑

cyclic

p yz(wy − vz) = 0 (1)

We denote by FK the family of all pivotal isocubics having the same points at
infinity as K.

Theorem 1 (Pole theorem). Given K = pK(Ω, P ), a pivotal isocubic K1 =
pK(Ω1, P1) has the same points at infinity as K if its pole Ω1 lies on the cubic
KΩ with equation

∑

cyclic

ux(y + z − x)(ry − qz) = 0 (2)

⇐⇒
∑

cyclic

pyz(v(x− y + z)− w(x+ y − z)) = 0. (3)

Theorem 2 (Pivot theorem). Given K = pK(Ω, P ), a pivotal isocubic K1 =
pK(Ω1, P1) has the same points at infinity as K if its pivot P1 lies on the cubic
KP with equation

∑

cyclic

u (y + z)(ry(x+ z)− qz(x+ y)) = 0 (4)

⇐⇒
∑

cyclic

p (x+ y)(x+ z)(wy − vz) = 0. (5)

Publication Date: August 28, 2014. Communicating Editor: Paul Yiu.
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1.1. Properties of KΩ. KΩ is the pseudo-isocubic psK(Ω × cP,G,Ω) where cP
is the complement of P and XΩ = Ω× cP is the barycentric product of Ω and cP .
See [3].

KΩ is a circum-cubic passing through Ω and the midpoints Ma, Mb, Mc of BC,
CA, AB.

The tangents at A, B, C concur at XΩ. This point lies on KΩ when G,Ω, P are
collinear in which case KΩ is a pK (see §2).

The equation (2) shows that, for a given Ω, all KΩ form a net of circum-cubics
which is generated by three decomposed cubics, one of them being the union of
the line BC, the line through the midpoints of AB and AC, the line AΩ, the other
two similarly. Generally, this net contains only one circular cubic and only one
equilateral cubic.

1.2. Properties of KP . KP is the anticomplement of the pseudo-isocubic K′P =
psK(Ω× cP,G, cP ). See [3].

KP is a circum-cubic passing through P and the vertices Ga, Gb, Gc of the
antimedial triangle. Moreover, it has the same points at infinity as K hence, KP is
a circular cubic (an equilateral cubic) if and only if K is itself a circular cubic (an
equilateral cubic).

The tangents at Ga, Gb, Gc concur at a point which is the anticomplement of
XΩ. This point lies on KP when G,Ω, P are collinear in which case KΩ is also a
pK (see §2).

KP is itself a pseudo-isocubic if and only if its tangents atA,B, C concur which
is realized whenG,Ω, P are collinear as above but also when P lies on the circum-
conic with center Ω or equivalently when Ω lies on the bicevian conic C(G,P ) with
center ccP , the complement of cP . In this latter case, the pseudo-pivot of KP lies
on the Steiner ellipse and the pseudo-pole lies on psK(taΩ, t(G/Ω), G).

The equation (5) shows that, for a given P , all KP form another net of circum-
cubics which is generated by three decomposed cubics, one of them being the union
of the parallels at C, B to AB, AC respectively and the line AP , the other two
similarly.

1.3. A special case. With Ω = P 2 (barycentric square), KΩ (resp. KP ) is the locus
of poles (resp. pivots) of all pK having asymptotes parallel to the cevian lines of
P .

1.4. Examples. We show several examples with known cubics for which G, Ω, P
are not collinear.

1.4.1. K is the McCay cubic. With Ω = K and P = O, K is the McCay cubic
K003. We know that it has three real asymptotes perpendicular to the sidelines of
the Morley triangle.

KΩ is K307 = psK(X51, X2, X6) with equation :

∑

cyclic

a2SA x(y + z − x)(c2y − b2z) = 0 (6)
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It passes through K, X53, X216, X1249. The tangents at A, B, C concur at X51,
centroid of the orthic triangle. See Figure 1.

A

B
C

K
X53

Mc

X216

X1249

X51

Ma

Mb

Figure 1. KΩ with Ω = K and P = O

Each point on the curve is the pole of a pK having asymptotes parallel to those of
the McCay cubic. pK(X53, X4) = K049 is the McCay cubic of the orthic triangle,
pK(X216, X20) = K096 contains X3, X5, X20 and the tangential E367 of H in the
Darboux cubic.

KP is denoted by K++

O = K080 : it is a central cubic with center O, having
three real asymptotes perpendicular to the sidelines of the Morley triangle and
concurring at O. Each point on the curve is the pivot of a pK having asymptotes
parallel to those of the McCay cubic.

Its equation is :
∑

cyclic

a2 (x+ y)(x+ z)(c2SC y − b2SB z) = 0 (7)

K++

O is a circum-cubic passing through :
– O, H , L, X1670, X1671,
– the vertices Ga, Gb, Gc of the antimedial triangle,
– the reflections HA, HB , HC of H in A, B, C,
– the reflections AO, BO, CO of A, B, C in O,
– the points Ua, Ub, Uc which also lie on the Neuberg cubic and on the circle

with center L and radius 2R. These points are the images under h(H, 2) of the
points Va, Vb, Vc, intersections of the Napoleon cubic with the circumcircle. See
Figure 2.

1.4.2. K is the orthocubic. With Ω = K and P = H , K is the orthocubic K006.
KΩ is K260, a nodal cubic with node K and passes through X69, X206, X219,
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A

B
C

H

O

Ua

Ga

L

Ub

GbUc

Gc

   Neuberg
 cubic

AO

BO
CO

HA

HC

HB

X74

Va

VbVc

E

C(L,2R)

Figure 2. K++

O and the Neuberg cubic

X478, X577, X1249, X2165. The tangents at A, B, C concur at X184. Its equation
is :

∑

cyclic

a4SA(y − z)yz − (b2 − c2)(c2 − a2)(a2 − b2)xyz = 0 (8)

A

B C

K

Ma

H
O

Mc
Mb

Orthocubic

inscribed
  parabola

X112

directrix

Figure 3. KΩ with Ω = K and P = H

An easy construction of KΩ is the following : the trilinear polar q of any pointQ
on the Euler line meets the lines KMa, KMb, KMc at Qa, Qb, Qc. The triangles
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ABC and QaQbQc are perspective at M and the locus of M is KΩ. Furthermore,
q envelopes the inscribed parabola with focus X112 and directrix the line HK. See
Figure 3.

KP is K617, the anticomplement of K009. It is also a nodal cubic with node H
and it passes through X20, X68, X254, X315, X2996. The construction seen above
for KΩ is easily adapted for KP : it is enough to replace the Euler line by the line
X2X216 and K by H . Similarly we obtain another inscribed parabola with focus
X107 and directrix the line X4X51. See Figure 4. The equation of KP is :

∑

cyclic

a2 (x+ y)(x+ z)(y/SC − z/SB) = 0 (9)

A

B C

HO

X107

Orthocubic

inscribed
  parabola

directrix

Figure 4. KP with Ω = K and P = H

In the two cubics, the tangents at the nodes are parallel to the asymptotes of the
Jerabek hyperbola.

From all this, we see that each point Q on the Euler line gives a pole ω on KΩ

and a corresponding pivot π on KP such that the cubic pK(ω, π) has its asymptotes
parallel to those of the orthocubic. For example, with Q = G, Q = O and Q = H ,
we find pK(X69, X315), pK(X577, X20) and pK(X2165, X68) respectively.

1.4.3. A selection of cubics KΩ, KP and K′P . Table 1 below shows a small se-
lection of these cubics, specially those connected with the usual and well known
cubics K in triangle geometry. When a cubic is not listed in [2], a list of centers is
provided.

Some of these examples are detailed below.
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Table 1. K and the related cubics KΩ, KP , K′
P

K KΩ KP K′P
K001 X6, X1249, X1989, X1990, X3163 K449 K446
K002 K002 K007 K002
K003 K307 K080 K026
K004 X6, X393, X1249 X4, X20 K376
K005 X6, X233, X1249, X2963 X4, X5, X20, X2888 K569
K006 K260 K617 K009
K034 K345 K034 K345

2. Pivotal KΩ and KP

2.1. Theorem and corollaries.

Theorem 3. KΩ and KP are pivotal isocubics if and only if

(q − r)u+ (r − p)v + (p− q)w = 0

i.e. if and only if G,Ω, P are collinear.

Corollary 4. KΩ has pivot G and pole ω, the barycentric product of Ω and the
complement of P . This point is the common tangential of A, B, C.

This pole lies on the line through Ω, the barycentric square of Ω, the complement
of the isotomic conjugate of Ω.

KΩ contains the following points :

• A, B, C, G
• Ma, Mb, Mc

• Ω, ω, cP (complement of P ), P ∗ (Ω−isoconjugate of P )
• the isotomic conjugate of the anticomplement of ω and its complement

Corollary 5. KP is an isotomic pivotal isocubic with pivot the anticomplement of
ω. This point is the common tangential of Ga, Gb, Gc.

This pivot lies on the line through the anticomplement of Ω, the isotomic conju-
gate of Ω, the anticomplement of the barycentric square of Ω.

KP contains the following points :

• A, B, C, G
• Ga, Gb, Gc
• P , the anticomplements of Ω, ω, P ∗
• the isotomic conjugate of the anticomplement of ω

Corollary 6. KΩ is the complement of KP . The two cubics are tangent at G to the
line Gω.

Corollary 7. KΩ, KP have the same points at infinity which are those of K.

From all this, we notice that KΩ and KP have nine common points : A, B,
C, G (double), the three points at infinity of K, the isotomic conjugate of the
anticomplement of ω.
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When we choose Ω or P at G, we obtain :

Corollary 8. (1) Any isotomic pK is the locus of pivots of all pK having the same
asymptotic directions as itself.

(2) Any pK with pivot G is the locus of poles of all pK having the same asymp-
totic directions as itself.

See the three examples below.
A line �G throughGmeets KΩ at two points Ω1 and Ω2 which are ω−isoconjugate

and collinear with G.
Denote by P1, P2 the anticomplements of Ω2, Ω1 respectively (reverse order).

These points lie on KP .

Theorem 9. The two pivotal isocubics K1 = pK(Ω1, P1) and K2 = pK(Ω2, P2)
have the same points at infinity as K = pK(Ω, P )

Construction : given Ω and P collinear with G, let Γ� be the inscribed conic in
ABC which is tangent at G to �G. The trilinear pole Q� of �G lies on the Steiner
circum-ellipse, and the trilinear pole of the tangent at Q� to the Steiner circum-
ellipse is the perspector of Γ�.

Now draw the two (not necessarily real) tangents to Γ� passing through ω. These
tangents meet �G at Ω2, Ω1. The construction of P1, P2 follows easily.

Beware P1, P2 are two points on KP but are not isotomic conjugates on this
cubic.

2.2. Examples.

2.2.1. K is the Thomson cubic. When K is the Thomson cubic K002 with Ω =
K (Lemoine point) and P = G (centroid), KΩ is the Thomson cubic again and
KP is the Lucas cubic K007. In other words, all the corresponding cubics K1 =
pK(Ω1, P1) and K2 = pK(Ω2, P2) have the same points at infinity which are those
of the Thomson and Lucas cubics.

The following table shows several examples of corresponding points Ω1, P1 and
Ω2, P2.

Ω1 P1 cubic or Xi for i = Ω2 P2 cubic or Xi for i =

X1 X8 K308 X1 X8 K308
X2 X69 K007 X6 X2 K002
X3 X20 2,3,20,1032,1073,1498 X4 X4 K181
X9 X329 2,9,188,282,329,1034,1490 X57 X7 1,2,7,57,145,174,1488,2089
X223 E623 X282 X189 2,8,9,84,189,282
X1073 X253 2,3,64,69,253,1073,3146 X1249 E624

E630 ? E668 X1034

E382 E625 E553 X1032

Remark. E623 is the anticomplement of X282, E624 is the anticomplement of
X1073, E382 is the complement of X1032, E630 is the complement of X1034.
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2.2.2. K is the Grebe cubic. When K is the Grebe cubic K102 with Ω = P = K,
we obtain KΩ = pK(X39, X2) and KP = pK(X2, X76) = K141. We find six
cubics with the same points at infinity :

Ω1 P1 cubic or Xi for i = Ω2 P2 cubic or Xi for i =

X3 X22 2,3,22,159 X427 X4 2,4,76,141,193,427,1843
X6 X6 K102 X141 X69 2,20,69,141,427
X39 X2 2,3,6,39,141,427 X2 X76 K141

2.2.3. K is an isogonal circular cubic. The points at infinity of K need not be real.
For example, with Ω = K and P = X524 (infinite point of the line GK), K is now
a circular cubic passing through G, K, X111 (Parry point), with singular focus
X1296 (antipode of the Parry point on the circumcircle). The real asymptote is the
parallel to GK at X111.

In this case, KΩ = pK(X187, X2) = K043 (Droussent medial cubic) and KP =
pK(X2, X316) = K008 (Droussent cubic). All the cubics defined in the following
table are circular with a real infinite point X524.

Ω1 P1 cubic or Xi for i = Ω2 P2 cubic or Xi for i =

X3 X858 2,3,66,524,858,895 X468 X4 K209
X6 X524 1,2,6,111,524,2930 X524 X69 2,20,69,468,524,2373
X67 X67 K103 E406 E618

X111 X671 K273 X2482 E620

X187 X2 K043 X2 X316 K008

Remark. E618 is the anticomplement of X67, E620 is the anticomplement of X111,
E406 is the midpoint of X6, X110.

3. Isogonal and isotomic cubics of the pencil FK
We suppose now that K = pK(Ω, P ) is neither an isogonal nor an isotomic

isocubic, i.e., that Ω is distinct of K = X6 and G = X2.

3.1. Theorem and consequences.

Theorem 10. (1) FK contains one isogonal isocubic if and only if the pivot P of
K lies on the line Lg passing through H and the Ω−isoconjugate of O.

(2) FK contains one isotomic isocubic if and only if the pivot P of K lies on the
line Lt passing through G and Ω.

Remark. These two lines are always perfectly defined since Ω is neither K nor
G. They coincide if and only if Ω = O : for any pK(O,P ) with P on the Euler
line, there is one isogonal isocubic and one isotomic isocubic having asymptotes
parallel to those of pK(O,P ).

Corollary 11. FK contains one isogonal isocubic and one isotomic isocubic if and
only if the pivot P of K is the intersection Q of Lg and Lt.
Remark. Lg and Lt are parallel if and only if Ω lies on the rectangular hyperbola
H passing through G, O, K, X110 (focus of the Kiepert parabola) and also X154,



Asymptotic directions of pivotal isocubics 181

X354, X392, X1201, X2574, X2575. Its asymptotes are parallel to those of the Jer-
abek hyperbola.

The intersections (other than X110) with the circumcircle are three points on the
Thomson cubic which are the vertices of the Thomson triangle. The center of H is
the midpoint of GX110. See Figure 5. The equation of this hyperbola is :

∑

cyclic

(b2 − c2)(b2c2x2 + a2SA yz) = 0

A

B
C

G

K

X110

HO

 Thomson
cubic

Figure 5. The rectangular hyperbola H

3.2. Examples.

• With Ω = I (incenter), we findQ = X8 (Nagel point). Hence, pK(X1, X8)
= K308 generates a family FK of isocubics containing one isogonal isocu-
bic (the Thomson cubic K002) and one isotomic isocubic (the Lucas cubic
K007).

• With Ω = O and P = G, K = K168. The isogonal cubic is pK(K,X193)
and the isotomic cubic is pK(G,H) = K170. See Figure 6.

4. Circular KΩ cubics

We have seen that KP is circular if and only if K is itself circular. We have the
following theorems for KΩ.

Theorem 12. (1) For any pole Ω distinct of O, there is one and only one circular
KΩ which passes through O and Ω.

(2) When Ω = O, there are infinitely many circular KΩ forming a pencil of
cubics passing through O. In this case, P must lie on the de Longchamps axis.
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A

B C

G

H

O

pK(O,G) pK(K,X193)

pK(G,H)

K

X193

Figure 6. pK(O,G), pK(K,X193) and pK(G,H)

For example, with P = X858, KΩ is the Droussent medial cubic K043.

Theorem 13. (1) For any pivot P distinct ofX69, there is one and only one circular
KΩ.

(2) When P = X69, there are infinitely many circular KΩ forming a pencil of
cubics passing throughO and Ω which must lie on the line at infinity. The isogonal
conjugate of Ω lies on the cubic (and on the circumcircle).

The table gives a selection of such cubics.

Ω centers on the cubic cubic
X30 X3, X4, X30, X74, X133, X1511 K446
X519 X1, X3, X106, X214, X519, X1319

X524 X2, X3, X6, X67, X111, X187, X468, X524, X1560, X2482 K043
X527 X3, X9, X57, X527, X1155, X2291

X532 X3, X13, X16, X532, X618, X2380

X533 X3, X14, X15, X533, X619, X2381

X758 X3, X10, X36, X65, X758, X759

X2393 X3, X25, X206, X858, X2373, X2393

5. pK with three real asymptotes

Let K = pK(Ω, P ) be the pivotal isocubic with pole Ω(p : q : r) and pivot
P (u : v : w). Let CΩ be the circum-conic with perspector Ω and center OΩ =
p(q + r − p) : q(r + p − q) : r(p + q − r), the G−Ceva conjugate of Ω i.e. the
perspector of the medial triangle and the anticevian triangle of Ω. Let ΓΩ be the
homothetic of CΩ under h(OΩ, 3).
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Theorem 14. pK has three real asymptotes if and only if P lies inside 1 a tricusp-
idal quartic QΩ tritangent to CΩ and having its cusps on ΓΩ.

Remark. QΩ is bitangent to the line at infinity at the two points where CΩ meets
the line at infinity.

Corollary 15 (isogonal pK). From this remark, it is clear that QΩ is bicircular
if and only if Ω = K. In this case, OΩ = O, CΩ is the circumcircle and QΩ

is a deltoid, the envelope of axes of inscribed parabolas. This result is already
mentioned in [1].

Corollary 16 (isotomic pK). QΩ contains A, B, C if and only if Ω = G. In this
case, OΩ = G, CΩ is the Steiner ellipse.

QG has three cusps lying on the medians of ABC and on ΓΩ, the homothetic
of the Steiner ellipse under h(G, 3). It is tangent at A, B, C to the Steiner ellipse.
See Figure 7.

A

B C

G

Steiner
  ellipse

ΓΩ

Figure 7. The tricuspidal quartic QG

The equation of QG is :

32
∑

cyclic

x (y3 + z3) + 61
∑

cyclic

y2z2 + 118
∑

cyclic

x2yz = 0 (10)

Remark. When Ω lies on the inscribed Steiner ellipse, QΩ decomposes into the
line at infinity counted twice and a parabola. In this case, one of the fixed points of
the isoconjugation lies at infinity.

1P is said to be inside the quartic when it lies in the same region of the plane as OΩ.
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6. Asymptotes and Simson lines

Let K = pK(Ω, P ) be the pivotal isocubic with pole Ω(p : q : r) and pivot
P (u : v : w) and let M be a point. It is known that there are three (real or not,
distinct or not) Simson lines that pass through M since the envelope of all Simson
lines is the well known Steiner deltoid H3, a tricuspidal bicircular quartic of class
3.

6.1. Construction of the Simson lines passing through M . Jean-Pierre Ehrmann
has found a simple conic construction of these lines which is as follows. Draw the
rectangular circum-hyperbola HM passing throughM and its image H′M under the
translation that maps H onto M . H′M meets the circumcircle of ABC at four (real
or not) points. One of them (always real) is the reflection of H about the center of
HM and this point also lies on HM . The three other points (one is always real) are
those whose Simson lines pass through M .

Recall that these three points are all real when M lies inside the Steiner deltoid
H3.

6.2. Concurrent Simson lines and cevian lines. Three Simson lines concurring at
Q are parallel to the cevian lines of a certain point M if and only if M lies on
the McCay cubic K003. If M = (α : β : γ), this point Q is given by Q =
(b2c2α2(β + γ) ::). Hence it is the barycentric product tgM × ctM . The mapping
M �→ Q has numerous properties we shall not consider in this paper. See [5].

For example, if we take M = X3 = O, we obtain a point Q which is X5562 in
ETC. Its first barycentric coordinate is : a2S2

A

[

a2(b2 + c2)− (b2 − c2)2
]

and its
SEARCH number is 1.84961021841713 · · · . This point is the intersection of many
lines such as X2X389, X3X49, X4X69, X5X51, etc.

Figure 8 shows these Simson lines and the corresponding hyperbolas HO (here
the Jerabek hyperbola), H′O meeting the circumcircle at X74 and three points Q1,
Q2, Q3 whose Simson lines concur at Q = X5562.

6.3. Theorems. In this section, we characterize the cubics K for which the asymp-
totes are parallel to three Simson lines concurring at a certain point M(α : β : γ).
The equation of these three Simson lines is given by
∑

cyclic

a2
(

α(y − z)− x(β − γ)
︸ ︷︷ ︸

A1

)(

β(x+ z)− y(α+ γ)
︸ ︷︷ ︸

A2

)(

γ(x+ y)− z(α+ β)
︸ ︷︷ ︸

A3

)

= 0,

which is then more simply rewritten under the form :
∑

cyclic

a2A1A2A3 = 0.

In this case, the equation of the parallels at M to the asymptotes of K is :

∑

cyclic

p (wA2 − v A3)A2A3 = 0.

When we express that these two equations have the same solutions when (x :
y : z) is a point at infinity, we obtain three conditions which are linear with respect
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Figure 8. Concurrent Simson lines and cevian lines

to all the variables namely (p : q : r), (u : v : w) and (α : β : γ). In other words,
if two of the three points Ω, P , M are chosen, the coordinates of the third point
are given by a system of three linear equations with a corresponding 3 × 3 matrix
generally of rank 3.

Since the system has always the trivial and improper solution (0 : 0 : 0), we
will find at least one proper solution if and only if the determinant of each of the
three matrices above is zero. This gives three conditions involving two of the three
points Ω, P , M . These conditions are

(ΩP ) :
∑

cyclic

u a2SA(c
2q−b2r) = 0 ⇐⇒

∑

cyclic

p b2c2(SB v−SC w) = 0, (11)

(ΩM) :
∑

cyclic

α qr

(

(b2 − c2)p− a2(q − r)

)

= 0

⇐⇒
∑

cyclic

a2qr

(

α (q − r) + p (β − γ)

)

= 0,

(12)

(PM) :
∑

cyclic

α(u+ v)(u+ w)(SB v − SC w) = 0

⇐⇒
∑

cyclic

a2(u+ v)(u+ w)

(

(α+ β − γ) v − (α− β + γ)w

)

= 0,
(13)

Remarks. (1) (ΩP ) is linear in Ω and P , (ΩM) and (PM) are linear in M .
(2) (ΩP ) identically vanishes when Ω = X6 or P = X4.
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(3) (ΩM) identically vanishes when Ω = X6 (or when Ω is a midpoint of ABC
not giving a proper cubic).

(4) (PM) identically vanishes when P = X4 (or when P is a vertex of the
antimedial triangle not giving a proper cubic).

(5) When P = X69, the conditions (ΩP ) and (PM) show that the points Ω and
M must lie on the line GK = X2X6.

Each time a condition identically vanishes, the system above has one and only
one solution since the rank of at least one of the matrices above is 2. This is
examined in the next section.

6.4. Special cases.

6.4.1. Ω = X6. When Ω = X6, the cubic K is a pivotal isogonal cubic and its
asymptotes are parallel to the Simson lines that pass through M = cP , the com-
plement of the pivot.

For example, with P = X3 we have M = cP = X5 : the asymptotes of the
McCay cubic K003 are the parallels at G to the Simson lines passing through X5

which are in fact the axes of the Steiner deltoid.

6.4.2. P = X4. When P = X4, the cubic K is a pivotal isogonal cubic with
respect to the orthic triangle. Its asymptotes are parallel to the Simson lines that
pass through M = Ω ×X69 (barycentric product). Conversely, if M is given, the
pole Ω is that of the isoconjugation that swaps the orthocenter H = X4 and M .

For example, with M = X5 we have Ω = X4 ×X5 = X53 : the corresponding
cubic is the McCay orthic cubic K049 whose asymptotes are the parallels at X51

to the Simson lines passing through X5 as above.

6.4.3. Ω = X6 and P = X4. This gives the orthocubic K006 whose asymptotes
are parallel to the Simson lines passing through O = X3. In this case, these
asymptotes are not concurrent.

6.5. Interpretation of the three conditions in the general case.

6.5.1. The linear conditions. The conditions (11), (11), (13) above represent ac-
tually six equations and four of them are linear with respect to the coordinates of
at least one of the three points Ω, P , M . These four equations give the following
propositions.

Proposition 17. For a given pole Ω �= X6, the asymptotes of K are parallel to the
Simson lines of a certain point M if and only if its pivot P lies on the line L(Ω, P )
with equation

∑

cyclic

a2SA(c
2q − b2r)x = 0.

In this case, this point M must lie on the line L(Ω,M) with equation
∑

cyclic

qr
(

(b2 − c2)p− a2(q − r)
)

x = 0.
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L(Ω, P ) is the Steiner line of the isogonal conjugate of the infinite point of the
trilinear polar of the isogonal conjugate of Ω and therefore passes through X4.

If ΓΩ is the circum-conic with perspector Ω, the line L(Ω,M) is the conjugated
diameter with respect to ΓΩ of the trilinear polar of the isotomic conjugate of the
isogonal conjugate of Ω. Obviously, this line contains the center of ΓΩ.

Proposition 18. For a given pivot P �= X4, the asymptotes of K are parallel to the
Simson lines of a certain point M if and only if its pole Ω lies on the line L(P,Ω)
with equation

∑

cyclic

b2c2(SB v − SC w)x = 0.

In this case, this point M must lie on the line L(P,M) with equation
∑

cyclic

(u+ v)(u+ w)(SB v − SC w)x = 0.

L(P,Ω) is the trilinear polar of the isogonal conjugate of the infinite point of the
trilinear polar of the barycentric quotientX4÷P or equivalently theX4−isoconjugate
of P .

L(P,M) contains cP . It is the trilinear polar of the isoconjugate of the infinite
point of the trilinear polar of the barycentric quotient X4 ÷ P under the isoconju-
gation with pole cP .

For example,

• L(Ω = X2, P ) is the line through X4, X69, X76, etc, and L(Ω, P = X2)
is the Brocard axis,

• L(Ω = X2,M) and L(P = X2,M) coincide into the line X2, X6, X69,
etc.

6.5.2. The other conditions. The remaining two equations are of degree 3 and lead
to two cubic curves. They correspond to the choice of a given pointM whose isog-
onal conjugate of isotomic conjugate is denoted gtM , also the barycentric product
M ×X6.

Property 1. For a given pointM , there is a cubic K whose asymptotes are parallel
to the Simson lines passing through M if and only if its pole Ω lies on the cubic
K(M,Ω) which is psK(gtM,X2, X6) = psK(M ×X6, X2, X6) with equation

∑

cyclic

a2
[

α (y − z) + x (β − γ)

]

yz = 0.

Property 2. For a given point M , there is a cubic K whose asymptotes are par-
allel to the Simson lines passing through M if and only if its pivot P lies on the
cubic K(M,P ) which is the anticomplement of psK(gtM,X2, X4) = psK(M ×
X6, X2, X4). The equation of K(M,P ) is

∑

cyclic

a2
[

(α+ β − γ) y − (α− β + γ) z

]

(x+ y)(x+ z) = 0
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and that of its complement is very similar to the equation above namely
∑

cyclic

a2
[

α (y − z)− x (β − γ)

]

yz = 0.

Example 1 : When we consider the cubics having their asymptotes parallel to the
Simson lines passing through the circumcenter O = X3, we find

• K(M = X3,Ω) = K260 = psK(X184, X2, X6) passing through X6, X69,
X206, X219, X478, X577, X1249, X2165.

• K(M = X3, P ) passing through X4, X20, X68, X254, X315, X2996. It is
the anticomplement of psK(X184, X2, X4) which contains X3, X4, X32,
X56, X1147.

Among them, we have the Orthocubic K006 as already said and also
pK(X69, X315), pK(X219, X3436), pK(X577, X20), pK(X2165, X68), pK(X32×

X2996, X2996).
All these cubics have three asymptotes parallel to the Simson lines passing

through X3 and also to the asymptotes of the Orthocubic K006.
The most interesting is probably K690 = pK(X2165, X68) since it contains X4,

X68, X485, X486, X637, X638. See Figure 9.
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Figure 9. K690 = pK(X2165, X68)

Example 2 : When we consider the cubics having their asymptotes parallel to the
Simson lines passing through the incenter I = X1, we find

• K(M = X1,Ω) = psK(X31, X2, X6) passing throughX6, X9, X19, X478.
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• K(M = X1, P ) passing through X4, X8. It is the anticomplement of
psK(X31, X2, X1) which contains X1, X3, X56.

There are two interesting related cubics namely K691 = pK(X19, X4) and K692
= pK(X6, X8) generating a pencil which contains the decomposed cubic which is
the union of the line X4, X9 and the circum-conic passing through X1 and X4.

Example 3 : The Simson lines passing through the nine point center X5 form
a (decomposed) stelloid and the cubics having their asymptotes parallel to these
Simson lines are equilateral cubics.

• K(M = X5,Ω) = K307 = psK(X51, X2, X6) passes through X6, X53,
X216, X1249.

• K(M = X5, P ) passes through X3, X4, X20, X1670, X1671. It is the
anticomplement of K026 = psK(X51, X2, X3) which contains X3, X4,
X5.

The most remarkable corresponding cubics are the McCay cubic K003 = pK(X6, X3),
the McCay orthic cubic K049 = pK(X53, X4) and K096 = pK(X216, X20).
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The Cevian Simson Transformation

Bernard Gibert

Abstract. We study a transformation whose origin lies in the relation between
concurrent Simson lines parallel to cevian lines as seen in [4].

1. Introduction

Let M = (u : v : w) be a point. In [4] we raised the following question: to
find a point P such that the three Simson lines passing through P are parallel to
the three cevian lines of M .

The answer to this question is that M must lie on the McCay cubic K003 and,
in this case, the corresponding point P is given by

P =

(

u2(v + w)

a2
:
v2(w + u)

b2
:
w2(u+ v)

c2

)

,

In this case one can find an isogonal pivotal cubic whose asymptotes are also par-
allel to the cevian lines of M .

We note the strong connection with the cubic K024 whose equation is

∑

cyclic

x2(y + z)

a2
= 0.

When M lies on K024, P lies on the line at infinity.
If we denote by gM , tM , cM , aM the isogonal conjugate, the isotomic conju-

gate, the complement, the anticomplement ofM respectively thenP = tgM×ctM
where × is the barycentric product. L(M) will denote the trilinear polar of M .

In this paper, we extend to the whole plane the mapping CST that sends M onto
P which we call the Cevian Simson Transformation.

2. Properties of CST

2.1. Singular points and consequences.

Proposition 1. CST has six singular points which areA,B, C each counted twice.
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This is obvious from the coordinates of P . It follows that CST transforms any
curve C of degree n into a curve C′ of degree 3n which must be reduced according
to the number and the nature of the singular points on the original curve.

More precisely, let GaGbGc be the antimedial triangle.

(1) If C contains only A and is not tangent to GbGc, the degree of C′ is 3n− 1,
(2) If C contains A, B, C and is not tangent at these points to a sideline of

GaGbGc, the degree of C′ is 3n− 3.
(3) If C contains A, B, C and has a double contact at these points to a sideline

of GaGbGc, the degree of C′ is 3n− 6.
In particular,

(4) The transform of a line is generally a cubic which must be tangent to the
sidelines of ABC. See §3 below.

(5) The transform of a circum-conic is generally a circum-cubic. See §4 below.
(6) The transform of a circum-cubic tangent at A, B, C to the sidelines of

GaGbGc is generally a circum-cubic.

A very special case: the Steiner ellipse is tangent A, B, C to the sidelines of
GaGbGc hence its transform is a “curve” of degree 0, namely a point. This point
is actually X76, the isotomic conjugate of the Lemoine point K = X6. Note that
X76 is also CST(X2).

Consequently, the curve C′ above will have a singular point at X76 whose multi-
plicity is 2n lowered according to the singular points on C as above. The nature of
this singular point, i.e., the reality of the nodal tangents, will depend of the nature
of the intersections of C and the Steiner ellipse. If C contains X2, the multiplicity
must be increased.

This will be developed in the following sections.

2.2. Fixed points.

Proposition 2. CST has one and only one fixed point which is the orthocenter
H = X4 of ABC.

Indeed,M is a fixed point of CST if and only if P =M ⇐⇒ ctM = X6 ⇐⇒
M = X4. It follows that the transform C′ of any curve C passing through H also
passes through H .

2.3. Some special CST images.
Ga, Gb, Gc are transformed into A, B, C.
The infinite points of the sidelines of ABC are transformed into the traces of

the de Longchamps axis L(X76) on these same sidelines.
The infinite points of K003 are transformed into the cusps of the Steiner deltoid

H3.
The infinite points of an equilateral cubic whose asymptotes are not parallel to

those of K024 are transformed into the cusps of a deltoid inscribed in ABC.
If these asymptotes are parallel to those of K024, their infinite points are trans-

formed into the infinite points of the sidelines of ABC.
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2.4. Pre-images of a point. We already know that X76 has infinitely many pre-
images which are G = X2 and the points on the Steiner ellipse and also H = X4,
being a fixed point, has already at least one pre-image namely itself.

We consider a point P different of X76 and not lying on a sideline of ABC or
GaGbGc. We wish to characterize all the points M such that CST(M) is P .

When expressing that CST(M) = P we obtain three equations representing
three nodal circum-cubic curves with nodes at A, B, C. Their isogonal transforms
are three conics each passing through one vertex of ABC. These conics have
generally three common points hence P has three pre-images M1, M2, M3.

The nature of these points (real or not, distinct or not) depends of the position
of P with respect to the sidelines of ABC, the cevian lines of X76 and mainly
the Ehrmann-MacBeath cubic K244 which is the locus of the cusps of all the del-
toids inscribed in ABC and also the CST image of the line at infinity. For more
informations about K244, see [1].

More precisely, see Figure 1,
(i) when P lies inside the yellow region (excluding its “edges” mentioned above)

there are three real distinct points M1, M2, M3;
(ii) when M lies outside, there is only one real point;
(iii) when P lies on K244 (but not on the other lines above), there is only one

point (counted twice) and this point lies on the line at infinity. For example, when
P = X764 we obtain X513. This will be detailed in section 3.

The net generated by the three conics above contains the circum-conic which
is the isogonal transform of the line passing through X2 and gtP always defined
since gtP �= X2. This line must contain the points M1, M2, M3.

On the other hand, each cubic which is the union of one conic and the opposite
sideline of ABC must contain the isogonal conjugates of the points M1, M2, M3.
Hence the three isogonal transforms of these three cubics contain M1, M2, M3.
These three latter cubics generate a pencil which contains several simple cubics
and, in particular, the nK0(Ω,Ω) where Ω is the isogonal conjugate of the infinite
point of the trilinear polar of tP , a point clearly on the circumcircle of ABC.

This cubic is a member of the class CL026 and has always three concurring
asymptotes and is tritangent at A, B, C to the Steiner ellipse unless it decomposes.
See Example 3 below.

The equation of nK0(Ω,Ω)

∑

cyclic

(v − w)
x2(y + z)

a2
= 0

clearly shows that its CST image is the line X2, P . See §5 for more details.
Furthermore, if the coordinates of X2 + λ gtP are inserted into the equation of

nK0(Ω,Ω) then the 3rd degree polynomial in λ has no term in λ2. Hence the sum
of the three values corresponding to the points M1, M2, M3 is zero. It follows that
the isobarycenter of M1, M2, M3 is X2.

In conclusion and generally speaking, we have
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Figure 1. Regions delimited by the cubic K244

Proposition 3. (a) The pre-images M1, M2, M3 of a point P �= X76 are the
intersections of the line joining X2 and gtP with the cubic nK0(Ω,Ω).
(b) The CST image of this line is the line X2, P .
(c) The centroid G of ABC is the isobarycenter of M1, M2, M3.

Example 1. With P = X4, we find the Euler line and nK0(X112, X112). Hence
the pre-images of X4 are X4, X1113, X1114.

Example 2. With P = X3, we find the line through X2, X98, X110, etc, and
nK0(X112, X112) again. One of the pre-images is X110 and the other are real
when ABC is acute angled.

Example 3. The cubic nK0(Ω,Ω) contains X2 if and only if P lies on the line
X2X76. In this case, it splits into the Steiner ellipse and the line X2X6.

2.5. CST images of cevian triangles. Let PaPbPc be the cevian triangle of P =
(p : q : r) and let QaQbQc be its anticomplement.

We have Pa = (0 : q : r), Qa = (q + r : −q + r : q − r). It is easy to
see that CST(Pa) = CST(Qa) = (0 : c2q : b2r) = Ra. The points Rb, Rc are
defined likewise and these three points are the vertices of the cevian triangle of
tgP . Hence,

Proposition 4. CST maps the vertices of the cevian triangle of P and the vertices
of its anticomplement to the vertices of the same cevian triangle, that of tgP .
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2.6. CST images of some common triangle centers. Table 1 gives a selection of
some CST images. A (6-9-13)-search number is given for each unlisted point in
ETC.

Table 1. CST images of some common triangle centers

M CST(M) M CST(M) M CST(M)
X1 X10 X2 X76 X3 X5562

X4 X4 X5 4.342332195522807 X6 X39

X7 X85 X8 X341 X9 5.493555510910763
X10 5.329221045166122 X11 4.196262646186253 X12 2.698123376290196
X13 0.1427165061182335 X14 5.228738830014126 X15 4.707520749612165
X16 -15.70210201702076 X17 2.708683938139388 X18 12.30617330317703

Peter Moses has kindly provided all the pairs {M ,CST(M)} = {Xi, Xj} in the
ETC (up to X5573) for these {i , j}. Apart from those listed in Table 1 above and
excluding X2 and all the points on the Steiner ellipse for which CST(M) is X76,
he has found

i 66 69 100 101 110 513 651 879 925
j 2353 3926 8 3730 3 764 348 5489 847
i 1113 1114 1379 1380 1576 3952
j 4 4 3557 3558 3202 1089

3. CST images of lines

Let L be the line with equation px + qy + rz = 0 and trilinear pole Q = (qr :
rp : pq).

3.1. The general case. In general, the CST image of L is a nodal cubic with node
X76 which is tangent to the sidelines of ABC at the traces A2, B2, C2 of L(tgQ)
and meeting these lines again at the traces A1, B1, C1 of L(tgtatQ).

Indeed, if L meets BC at U = (0 : r : −q) and GbGc at U ′ = (q − r : −p : p)
then CST(U) = A2 = (0 : c2r : −b2q) and CST(U ′) = A1 = (0 : c2(p+ q− r) :
−b2(p− q + r)).

Note that the CST image of the infinite point of L is the point
(

(q − r)3

a2
:
(r − p)3

b2
:
(p− q)3

c2

)

on the cubic. It is also on K244 as seen below.
The most remarkable example is obtained when Q = X2. Since L is the line at

infinity and since the two trilinear polars coincide into the de Longchamps axis (the
isotomic transform of the circumcircle of ABC), we find the cubic K244 meeting
the sidelines of ABC at three inflexion points on the curve (see Figure 2).
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A 

B C A’ 

B’ 

de Longchamps axis

C’ 

Steiner 
deltoid

X76 

Figure 2. The cubic K244

3.2. Special cases.
(1) If L contains X2 and another point M , the cubic is the line L′ passing

through X76 and CST(M) counted three times.
More precisely, if L meets the Kiepert hyperbola again at E then L′ is the line

X76E.
(2) If L is tangent to the Steiner ellipse, the cubic is cuspidal (with cusp X76)

and the lines L(tgQ), L(tgtatQ) envelope the circum-conic and the in-conic with
same perspector X76 respectively.

4. CST images of circum-conics

Let C(Q) be the circum-conic with perspector Q = (p : q : r) �= X2 (to
eliminate the Steiner ellipse case) and equation pyz + qzx+ rxy = 0.

4.1. The general case. In general, the CST image of C(Q) is a nodal circum-cubic
with node NQ passing through X76 which turns out to be a psK as in [2]. This
cubic has the following properties.

(1) Its pseudo-pivot PQ =

(

1

a2(−p+ q + r)
: · · · : · · ·

)

is tgtaQ.

(2) Its pseudo-isopivot P ∗Q =

(

p2

a2
: · · · : · · ·

)

is tgQ2.
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(3) Its node NQ =

(

p

a2(−p+ q + r)
: · · · : · · ·

)

is PQ ×Q.

(4) Its pseudo-pole ΩQ =

(

p2

a4(−p+ q + r)
: · · · : · · ·

)

is PQ×P ∗Q orNQ×
tgQ, This node is obtained when the intersections of C(Q) with the line
through its center and X2 are transformed under CST.

(5) The isoconjugateX∗76 ofX76 isQ×NQ =

(

p2

a2(−p+ q + r)
: · · · : · · ·

)

,

obviously on the cubic.

The most remarkable example is obtained when Q = X6 since C(Q) is the
circumcircle (O) of ABC. In this case we find the (third) Musselman cubic K028,
a stelloid which is psK(X4, X264, X3). See details in [1] and Figure 3.

A 

B 
C 

O 

H 

X76 
X8 

 

X381 

K006

Figure 3. The cubic K028

4.2. Special cases. The CST image of C(Q) is a cuspidal circum-cubic if and only
if Q lies on two cubics which are the complement of K196 (the isotomic transform
of K024 with no remarkable center on it) and K219 (the complement of K015)
containing X2, X1645, X1646, X1647, X1648, X1649, X1650. In this latter case, the
cusp lies on K244.
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Figure 4 shows the cubic which is the CST image of C(X1646), a circum-cubic
passing through X513, X668, X891, X1015. The cusp is X764 = CST(X513). Since
X891 is a point at infinity, its image also lies on K244.

A

B C

K244

X1086

CST(X891)

C(X1646)

X76

X764

CST(X1015)

Figure 4. A cuspidal cubic, CST image of C(X1646)

4.3. CST images of some usual circum-conics. Any C(Q) which is a rectangular
hyperbola must have its perspector Q on the orthic axis, the trilinear polar of X4.
Its CST image K(Q) is a nodal cubic passing throughX76 andX4. Furthermore, its
node lies on K028, its pseudo-pivot lies on the Steiner ellipse, its pseudo-isopivot
lies on the inscribed conic with perspector X2052. The pseudo-pole lies on a com-
plicated quartic.

Table 2 gives a selection of such hyperbolas.

Table 2. CST images of some usual rectangular hyperbolas

Q C(Q) K(Q) NQ other centers on K(Q)
X523 Kiepert psK(X850 ×X76, X670, X76) X76

X647 Jerabek psK(X520, X99, X3) X3 X39, X2353

X650 Feuerbach psK(X4397, X668, X4) X8 X10, X85, X341

Remark. When M lies on the Jerabek hyperbola, the points X3, M and CST(M)
are collinear. This is also true when M lies on the circumcircle.
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More generally, for any point NQ on K028, the points M , CST(M), NQ are
collinear if and only if M lies on two circum-conics γ1, γ2.
γ1 is the isogonal conjugate of the parallel δ1 at X3 to the line X4NQ. γ1 is

obviously a rectangular hyperbola.
γ2 is the isogonal conjugate of the perpendicular δ2 at X3 to the line X4NQ.

The perspector of γ2 lies on the circum-conic passing through X2, X6.
Note that δ2 envelopes the Kiepert parabola and that δ1, δ2 meet on the Stammler

strophoid K038.
The CST images of γ1, γ2 are two nodal cubics psK with nodes N1 = NQ, N2

on the Kiepert hyperbola respectively.

5. CST images of some circum-cubics

5.1. CST images of the cubics nK0(P, P ). If P = (p : q : r), the cubic nK0(P, P )
has an equation of the form

∑

cyclic

x2(y + z)

p
= 0 ⇐⇒

∑

cyclic

a2

p
× x2(y + z)

p
= 0,

which shows that its CST image is the line L(tgP ).
Recall that nK0(P, P ) is a member of the class CL026. It is a cubic having

three asymptotes concurring at X2.
With P = X2, X6, X1989 we find the cubics K016, K024, K064 whose CST

images are the de Longchamps axis, the line at infinity, the perpendicular bisector
of OH respectively.

The cubics nK0(X112, X112), nK0(X1576, X1576), nK0(X32, X32) give the Eu-
ler line, the Brocard axis, the Lemoine axis.

With P = gtX107 we have the cubic whose CST image is the line HK. See
Figure 5.

5.2. CST images of the cubics cK(#P, P 2) = nK(P 2, P 2, P ). If P = (p : q : r),
the cubic cK(#P, P 2) has an equation of the form

∑

cyclic

p2 x (ry − qz)2 = 0.

It is a nodal cubic with node P . Since it is tangent at A, B, C to the sidelines of
the antimedial triangle, its CST image must be a cubic curve with node CST(P ).
This cubic is tangent to the sidelines of ABC at their intersections with L(tgP 2)
and meets these sidelines again on L(tgctP ).

The most remarkable example is obtained when P = X2 since the CST image
of the nodal Tucker cubic K015 = cK(#X2, X2) is the cubic K244. In this case,
the two trilinear polars coincide as already point out above.

We conclude with a summary of interesting CST images.
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A

B
C

G

K

X1113

H
X248

X112

Steiner ellipse

X1114

Figure 5. The cubic nK0(P, P ) with P = gtX107

C CST(C)
Lines line at infinity K244

Euler line line X4, X69, X76, etc

Conics Steiner ellipse X76

Circumcircle K028
Kiepert hyperbola psK(X850 ×X76, X670, X76)
Jerabek hyperbola psK(X520, X99, X3)

Feuerbach hyperbola psK(X4397, X668, X4)

Cubics K024 line at infinity
K015 K244
K242 psK(X850 ×X76, X670, X76)

Others Q066 Kiepert hyperbola
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Two Pairs of Archimedean Circles in the Arbelos

Dao Thanh Oai

Abstract. We construct four circles congruent to the Archimedean twin circles
in the arbelos.

Consider an arbelos formed by semicircles (O1), (O2), and (O) of radii a, b,
and a + b. The famous Archimedean twin circles associated in the arbelos have
equal radii ab

a+b (see [2, 3]).
Let CD be the dividing line of the smaller semicircles, and extend their common

tangent PQ to intersect (O) at Ta and Tb.

Theorem 1. Let A′ and B′ be the orthogonal projections of D on the tangents
to (O) at Ta and Tb respectively. The circles with diameters DA′ and DB′ are
congruent to the Archimedean twin circles.

A BCO1 O2

P

Q

Ta

Tb

O

D

A′

B′

T

M

Figure 1

Proof. Let the tangents at Ta and Tb intersect at T . Since OT is the perpendicular
bisector of TaTb, it intersects the semicircle (O) at the midpoint D of the arc TaTb

(see [3, §5.2.1]). Since O1P , OM and O2Q are parallel, and O1P = OO2 = a,
O2Q = O1O = b,

OM =
a

a+ b
·O1P+

b

a+ b
·O2Q =

a2 + b2

a+ b
=⇒ DM = OD−OM =

2ab

a+ b
.

Publication Date: September 2, 2014. Communicating Editor: Floor van Lamoen.
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Now, ∠DTaT = ∠DTbTa = ∠DTaTb. Therefore, TaD bisects angle TTaTb.
Similarly, TbD bisects angle TTbTa, and D is the incenter of triangle TTaTb. It
follows that DA′ = DB′ = DM , and the circles with DA′ and DB′ are congruent
to the Archimedean twin circles. �

Remark. The circle with DM as diameter is the Archimedean circle (A3) in [2]
(or (W4) in [1]).

Theorem 2. Let A1A2 and B1B2 be tangents to the smaller semicircles with A1,
B1 on the line AB and A1A2 = a, B1B2 = b. If H and K are the midpoints
of the semicircles (O1) and (O2) respectively, and A′′ = CH ∩ A1B2, B′′ =
CK ∩B1A2, then the circles through C with centers A′′ and B′′ are congruent to
the Archimedean twin circles.

A BCO1 O2

H

K

O

A2

B2

A1 B1

A′′ B′′

Figure 2

Proof. Clearly, ∠A′′CA1 = ∠HCO1 = 45◦. Since B1B2 = O2B2 = b,
∠B2B1O2 = 45◦, the lines CA′′ and B1B2 are parallel. Also, B1O2 =

√
2b.

Similarly, A1O1 =
√
2a, and A1B1 = (

√
2 + 1)(a+ b). Therefore,

CA′′ = B1B2 · A1C

A1B1

= b · (
√
2 + 1)a

(
√
2 + 1)(a+ b)

=
ab

a+ b
.

Similarly, CB′′ = ab
a+b . Therefore, the circles through C with centers A′′ and B′′

are congruent to the Archimedean twin circles. �
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On Some Triads of Homothetic Triangles

Gotthard Weise

Abstract. To a given reference triangle Δ and three directions α, β, γ we con-
struct four triads of homothetic triangles and investigate relations between their
homothetic centers, centroids, midway triangles, medial triangles and areas.

1. Two triads of homothetic triangles

Given an arbitrary triangle Δ = ABC with sidelines a, b, c and an ordered set
{α, β, γ} of three directions in the plane of Δ. Let

p1 = αβγ, p2 = γαβ, p3 = βγα, and
p1 = γβα, p2 = βαγ, p3 = αγβ

be the even and odd permutations of these directions. Each such permutation p =
π1π2π3 defines three lines with directions π1 at A, π2 at B and π3 at C, which are
the sidelines of two triads TΔ and TΔ of homothetic triangles Δi = UiViWi and
Δi = U iV iW i (i = 1, 2, 3) with angles U, V,W . The assignment of the indexed
symbols U, V,W to the vertices of these triangles is chosen so that homologous
vertices have the same symbol (see Figure 1).

Figure 1

We shall consider some properties of these triads and relationships with other triads
of triangles.

Publication Date: September 2, 2014. Communicating Editor: Paul Yiu.
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2. Coordinate representations of geometric objects

Geometric objects are described in this paper by homogeneous barycentric co-
ordinates with reference to the triangle Δ. P = (u : v : w) is a point, l = [p : q : r]
a line. For a triangle given by its vertices we use the matrix representation (round
brackets) with vertice coordinates in the rows. The same triangle can be repre-
sented in another matrix form (square brackets), where the rows mean the coordi-
nates of the lines.

We shall regard each direction as a point on the line at infinity with the same
name. Then the ordered direction triple (α, β, γ) has the matrix form

D =

⎛

⎝

α
β
γ

⎞

⎠ =

⎛

⎝

α1 α2 α3

β1 β2 β3
γ1 γ2 γ3

⎞

⎠

with vanishing row sums. By suitable factors in each row it is possible, that not
only the row sums of D vanish, but also the column sums, and that all cofactors
are equal of unity. In order to verificate analytically the propositions in the sections
below, we shall use some other properties of such matrices (see [2]):

β1 − γ2 = γ3 − α1 = α2 − β3 = α1β3γ2 − α2β1γ3 =: λ1, (1)

γ2 − α3 = α1 − β2 = β3 − γ1 = α3β2γ1 − α1β3γ2 =: λ2, (2)

α3 − β1 = β2 − γ3 = γ1 − α2 = α2β1γ3 − α3β2γ1 =: λ3; (3)

β3 − γ2 = γ1 − α3 = α2 − β1 = α2β3γ1 − α3β1γ2 =: μ1, (4)

γ2 − α1 = α3 − β2 = β1 − γ3 = α3β1γ2 − α1β2γ3 =: μ2, (5)

α1 − β3 = β2 − γ1 = γ3 − α2 = α1β2γ3 − α2β3γ1 =: μ3 (6)

with
3
∑

i=1

λi =
3
∑

i=1

μi = 0 and
3
∑

k=1

μ2i = 6 +
3
∑

k=1

λ2i ; (7)

α2α3 − β3γ2 = β2β3 − γ3α2 = γ2γ3 − α3β2 =: ξ1, (8)

α3α1 − β1γ3 = β3β1 − γ1α3 = γ3γ1 − α1β3 =: ξ2, (9)

α1α2 − β2γ1 = β1β2 − γ2α1 = γ1γ2 − α2β1 =: ξ3; (10)

α2α3 − β2γ3 = β2β3 − γ2α3 = γ2γ3 − α2β3 =: η1, (11)

α3α1 − β3γ1 = β3β1 − γ3α1 = γ3γ1 − α3β1 =: η2, (12)

α1α2 − β1γ2 = β1β2 − γ1α2 = γ1γ2 − α1β2 =: η3. (13)

Furthermore, for each row i of D,

3
∑

k=1

⎛

⎝

∏

j �=i

djk
∏

j �=k

dij

⎞

⎠ = 1, (14)
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and for each column k,

3
∑

i=1

⎛

⎝

∏

j �=i

djk
∏

j �=k

dij

⎞

⎠ = 1. (15)

Here is an example:

D =

⎛

⎝

1 2 −3
1 3 −4
−2 −5 7

⎞

⎠ .

The 9 lines at the points A, B, C with the directions α, β, γ have following
coordinate representations:

A B C
α αA = [0 : −α3 : α2] αB = [α3 : 0 : −α1] αC = [−α2 : α1 : 0]
β βA = [0 : −β3 : β2] βB = [β3 : 0 : −β1] βC = [−β2 : β1 : 0]
γ γA = [0 : −γ3 : γ2] γB = [γ3 : 0 : −γ1] γC = [−γ2 : γ1 : 0]

From this it is easy to determine the matrix forms of the triangles Δi and Δi in
normalized barycentric coordinates (row sums are equal of unity):

Δ1 =

⎡

⎣

αA

βB
γC

⎤

⎦
∼=
⎛

⎝

βB ∩ γC
γC ∩ αA

αA ∩ βB

⎞

⎠ =

⎛

⎝

U1

V1
W1

⎞

⎠ =

⎛

⎝

β1γ1 β1γ2 β3γ1
γ1α2 γ2α2 γ2α3

α3β1 α2β3 α3β3

⎞

⎠ ,

Δ2 =

⎡

⎣

γA
αB

βC

⎤

⎦
∼=
⎛

⎝

βC ∩ γA
γA ∩ αB

αB ∩ βC

⎞

⎠ =

⎛

⎝

U2

V2
W2

⎞

⎠ =

⎛

⎝

β1γ2 β2γ2 β2γ3
γ3α1 γ2α3 γ3α3

α1β1 α1β2 α3β1

⎞

⎠ ,

Δ3 =

⎡

⎣

βA
γB
αC

⎤

⎦
∼=
⎛

⎝

βA ∩ γB
γB ∩ αC

αC ∩ βA

⎞

⎠ =

⎛

⎝

U3

V3
W3

⎞

⎠ =

⎛

⎝

β3γ1 β2γ3 β3γ3
γ1α1 γ1α2 γ3α1

α1β2 α2β2 α2β3

⎞

⎠ ;

Δ1 =

⎡

⎣

γA
βB
αC

⎤

⎦
∼=
⎛

⎝

βB ∩ γA
γA ∩ αC

αC ∩ βB

⎞

⎠ =

⎛

⎝

U1

V 1

W 1

⎞

⎠ = −
⎛

⎝

β1γ3 β3γ2 β3γ3
γ2α1 γ2α2 γ3α2

α1β1 α2β1 α1β3

⎞

⎠ ,

Δ2 =

⎡

⎣

βA
αB

γC

⎤

⎦
∼=
⎛

⎝

βA ∩ γC
γC ∩ αB

αB ∩ βA

⎞

⎠ =

⎛

⎝

U2

V 2

W 2

⎞

⎠ = −
⎛

⎝

β2γ1 β2γ2 β3γ2
γ1α1 γ2α1 γ1α3

α1β3 α3β2 α3β3

⎞

⎠ ,

Δ3 =

⎡

⎣

αA

γB
βC

⎤

⎦
∼=
⎛

⎝

βC ∩ γB
γB ∩ αA

αA ∩ βC

⎞

⎠ =

⎛

⎝

U3

V 3

W 3

⎞

⎠ = −
⎛

⎝

β1γ1 β2γ1 β1γ3
γ1α3 γ3α2 γ3α3

α2β1 α2β2 α3β2

⎞

⎠ .

In §5 we shall use the concept of the medial map m of a point P = (u : v : w),
defined by mP = (v + w : w + u : u + v). The medial image mP lies on
the line PG. The centroid G of Δ divides the segment between P and mP in
the ratio 2 : 1. We call a triangle PQR the medial image of a triangle UVW , if
P = mU, Q = mV and R = mW .
The isotomic conjugate P • of a point P has the coordinates (1/u : 1/v : 1/w).
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3. Centroids and homothetic centers of the triangles Δi and Δi

The centroid of Δ is G = (1 : 1 : 1), Gi are the centroids of the triangles
Δi. Their j-th coordinates are the sums of the j-th column of the matrix Δi. The
triangle ΔG = (Gij) is formed by the centroids Gi. Similarly define Gi and
ΔG = (Gij).

Proposition 1. The triangles ΔG and ΔG have the same centroid G as Δ.

Proof. The sums of the i-th column sums of Δ1, Δ2 and Δ3 resp. Δ1, Δ2 and Δ3

have the same value 3. �

The centers of homothety Pij of the triangle pairs (Δi, Δj) are in detail

P12 = (β1(γ1α2 − γ3α3) : γ2(α3β1 − α2β2) : α3(β2γ3 − β1γ1)),

P23 = (α1(β3γ1 − β2γ2) : β2(γ2α3 − γ1α1) : γ3(α1β2 − α3β3)),

P31 = (γ1(α2β3 − α1β1) : α2(β1γ2 − β3γ3) : β3(γ3α1 − γ2α2)).

These three points are collinear because each triad of homothetic triangles has
collinear homothetic centers. The line g containing them can be written as

g = [δ2 − δ3 : δ3 − δ1 : δ1 − δ2], (16)

with abbreviations δi := αiβiγi. Similarly, the homothetic centers P ij of the pairs
(Δi, Δj) lie on the same line g. �

Proposition 2. The line g contains the centroid G of Δ.

Figure 2

Proof. In accordance with (16) g has a vanishing sum of coordinates. �
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Proposition 3. The homothetic center Pij of the pair (Δi, Δj) lies on the side
GiGj of ΔG and the homothetic center P ij on the side GiGj of ΔG.

Proof. Verification. �

4. Areas

Let |UVW | be the area of a triangle UVW and σ the area of the reference
triangle Δ. If the vertices of the triangles are given by their normalized barycen-
tric coordinates, then UVW has the area σ · | det(U, V,W )|. We shall see below
that there is a simple connection between the areas of Δ, Δi, Δi, ΔG and ΔG,
independent of α, β and γ.

Making use of (1) to (6) we find

det(Δi) = μ2i , det(Δi) = λ2i .

Let dij and dij be the column sums of the matrices Δi and Δi, respectively, then
we have the (normalized) matrices (Gij) = 1

3
(dij) and (Gij) = 1

3
(dij), and it is

valid

det(ΔG) =
1

27
det(dij) =

1

27

∣

∣

∣

∣

∣

∣

d11 d12 3
d21 d22 3
d31 d32 3

∣

∣

∣

∣

∣

∣

=
1

27

∣

∣

∣

∣

∣

∣

d11 d12 3
d21 d22 3
3 3 9

∣

∣

∣

∣

∣

∣

=
1

3

∣

∣

∣

∣

d11 − 1 d12 − 1
d21 − 1 d22 − 1

∣

∣

∣

∣

.

In accordance with

d11 − 1 = γ1λ1 − β1λ2 d12 − 1 = α2λ2 − γ2λ3
d21 − 1 = β1λ2 − α1λ3 d22 − 1 = γ2λ3 − β2λ1

it follows that

det(ΔG) =
1

3
(λ21 + λ22 + λ1λ2) =

1

6
(λ21 + λ22 + λ23).

Similarly,

det(ΔG) =
1

3
(μ21 + μ22 + μ1μ2) =

1

6
(μ21 + μ22 + μ23).

From this we obtain

Proposition 4.
∑

|Δi| = 6 · |ΔG| = 6 ·(|ΔG|+ |Δ|),
∑

|Δi| = 6 · |ΔG| = 6 ·(|ΔG|−|Δ|),

|ΔG| − |ΔG| = |Δ|,
∑

|Δi| −
∑

|Δi| = 6 · |Δ|.

5. The triads TΔ, TΔ and their midway triangles

Given two labeled triangles T1 = X1Y1Z1 and T2 = X2Y2Z2. Let X12 be the
midpoint of the line segment X1X2, Y12 and Z12 the midpoints of the segments
Y1Y2 and Z1Z2, respectively. Then the triangle T12 = X12Y12Z12 is called the
midway triangle of the pair (T1, T2).
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The midway triangles of the pairs (Δi, Δj) have obvious the normalized represen-
tations:

Δ12 =

⎛

⎝

U12

V12
W12

⎞

⎠ =
1

2

⎛

⎝

−β1γ3 −β3γ2 β3γ1 + β2γ3
γ1α2 + γ3α1 −γ2α1 −γ1α3

−α2β1 α2β3 + α1β2 −α3β2

⎞

⎠ ,

Δ23 =

⎛

⎝

U23

V23
W23

⎞

⎠ =
1

2

⎛

⎝

β1γ2 + β3γ1 −β2γ1 −β1γ3
−γ2α1 γ2α3 + γ1α2 −γ3α2

−α1β3 −α3β2 α3β1 + α2β3

⎞

⎠ ,

Δ31 =

⎛

⎝

U31

V31
W31

⎞

⎠ =
1

2

⎛

⎝

−β2γ1 β2γ3 + β1γ2 −β3γ2
−γ1α3 −γ3α2 γ3α1 + γ2α3

α1β2 + α3β1 −α2β1 −α1β3

⎞

⎠ ,

and we find by calculation

| det(Δ12)| = 1

4
μ23, | det(Δ23)| = 1

4
μ21, | det(Δ31)| = 1

4
μ22.

Proposition 5. For i �= j, k �= i, j,
(a) the midway triangle Δij is the medial image of Δk and from this congruent
with the medial triangle of Δk,
(b) G is the homothetic center of the pair (Δk, Δij).

Figure 3

Proof. Verification. �

For the triangles of the triad TΔ the above proposition is true by analogy.
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6. Two triads of homothetic inscribed triangles

The above described construction of two triads of homothetic in Δ circum-
scribed triangles Δi and Δi raises the question whether or not exist triads of ho-
mothetic in Δ inscribed triangles whose sides have the given directions α, β, γ.
For this purpose we form groups of vertices of Δi and Δi to new triangles Φi and
Φi, respectively:

Φ1 =

⎛

⎝

U3

V 1

W 2

⎞

⎠ , Φ2 =

⎛

⎝

U2

V 3

W 1

⎞

⎠ , Φ3 =

⎛

⎝

U1

V 2

W 3

⎞

⎠ ;

Φ1 =

⎛

⎝

U3

V1
W2

⎞

⎠ , Φ2 =

⎛

⎝

U2

V3
W1

⎞

⎠ , Φ3 =

⎛

⎝

U1

V2
W3

⎞

⎠.

Then we intersect the sidelines of these triangles with certain sidelines of the ref-
erence triangle (see Figure 4). The points of intersection Ai, Bi, Ci and Ai, Bi, Ci

form triangles Ωi and Ωi, respectively, with following normalized barycentric co-
ordinates:

Ω1 =

⎛

⎝

A1

B1

C1

⎞

⎠ :=

⎛

⎝

V 1W 2 ∩ a
W 2U3 ∩ b
U3V 1 ∩ c

⎞

⎠ = − 1

μ1

⎛

⎝

0 γ2 −β3
−γ1 0 α3

β1 −α2 0

⎞

⎠ ,

Ω2 =

⎛

⎝

A2

B2

C2

⎞

⎠ :=

⎛

⎝

U2V 3 ∩ a
V 3W 1 ∩ b
W 1U2 ∩ c

⎞

⎠ = − 1

μ2

⎛

⎝

0 β2 −α3

−β1 0 γ3
α1 −γ2 0

⎞

⎠ ,

Ω3 =

⎛

⎝

A3

B3

C3

⎞

⎠ :=

⎛

⎝

W 3U1 ∩ a
U1V 2 ∩ b
V 2W 3 ∩ c

⎞

⎠ = − 1

μ3

⎛

⎝

0 α2 −γ3
−α1 0 β3
γ1 −β2 0

⎞

⎠ ;

Ω1 =

⎛

⎝

A1

B1

C1

⎞

⎠ :=

⎛

⎝

V1U3 ∩ a
U3W2 ∩ b
W2V1 ∩ c

⎞

⎠ =
1

λ1

⎛

⎝

0 α2 −β3
−α1 0 γ3
β1 −γ2 0

⎞

⎠ ,

Ω2 =

⎛

⎝

A2

B2

C2

⎞

⎠ :=

⎛

⎝

U2W1 ∩ a
W1V3 ∩ b
V3U2 ∩ c

⎞

⎠ =
1

λ2

⎛

⎝

0 γ2 −α3

−γ1 0 β3
α1 −β2 0

⎞

⎠ ,

Ω3 =

⎛

⎝

A3

B3

C3

⎞

⎠ :=

⎛

⎝

W3V2 ∩ a
V2U1 ∩ b
U1W3 ∩ c

⎞

⎠ =
1

λ3

⎛

⎝

0 β2 −γ3
−β1 0 α3

γ1 −α2 0

⎞

⎠ .

Then we have (see Figure 5)

Proposition 6. (a) The sidelines of the inscribed triangles Ωi and Ωi have the di-
rections α, β and γ.
(b) The sides of Δi are parallels of the sides ai, bi, ci of Ωi at A, B, C (in this
order). An analogous statement is true for Δi.
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Figure 4

(c) The points in each of the triples {A1, B3, C2}, {A2, B1, C3}, {A3, B2, C1},
{A1, B2, C3}, {A2, B3, C1} and {A3, B1, C2} are collinear.
(d) The product of the areas of Δi and Ωi and of Δi and Ωi is independent of
α, β, γ:

|Δi| · |Ωi| = |Δi| · |Ωi| = |Δ|2.

Proof. Verification.
(a) For instance the line A1B1 intersects the infinite line in accordance with (4) at
−μ1(γ1 : γ2 : γ3), therefor it has the direction γ.

(b) For instance the translation of the line A1B1 at C yields the line [−γ2 : γ1 :
0] = γC .

(c) For instance det(A1, B3, C2) =

∣

∣

∣

∣

∣

∣

0 γ2 −β3
−α1 0 β3
α1 −γ2 0

∣

∣

∣

∣

∣

∣

= 0.

(d) For instance according to (4)
det(Ω1) · det(Δ1) = − 1

µ3

1

(α3β1γ2 − α2β3γ1) · μ21 = 1. �

For the comparison of homothetic triangles it is useful to give homologous ver-
tices the same position:

Ω1 = A1B1C1, Ω2 = B2C2A2, Ω3 = C3A3B3;

Ω1 = C1B1A1, Ω2 = B2A2C2, Ω3 = A3C3B3.
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Figure 5

Then for instance the homothetic center Q12 of the pair (Ω1,Ω2) is the common
point of intersection of the lines A1B2, B1C2 and C1A2. By a simple calculation
it follows for the homothetic centers Ωij and Ωij

Q12 = (β1 : γ2 : α3), Q23 = (α1 : β2 : γ3), Q31 = (γ1 : α2 : β3),
Q12 = (α1 : γ2 : β3), Q23 = (γ1 : β2 : α3), Q31 = (β1 : α2 : γ3).

It is clear, that the homothetic centers Q12, Q23, Q31 and Q12, Q23, Q31 are
collinear on lines g

Ω
and gΩ, respectively, and these lines have according to (8)-

(13) the simple representations

g
Ω
= [ξ1 : ξ2 : ξ3], gΩ = [η1 : η2 : η3].

The centroids Si of Ωi and Si of Ωi, respectively, are

S1 = (β1 − γ1 : γ2 − α2 : α3 − β3), S1 = (β1 − α1 : α2 − γ2 : γ3 − β3),
S2 = (α1 − β1 : β2 − γ2 : γ3 − α3), S2 = (α1 − γ1 : γ2 − β2 : β3 − α3),
S3 = (γ1 − α1 : α2 − β2 : β3 − γ3), S3 = (γ1 − β1 : β2 − α2 : α3 − γ3).

A simple computation proves the following proposition:

Proposition 7. The three centroids of the Ωi and the three homothetic centers Qij

lie on the line g
Ω

, the three centroids of the Ωi and the three homothetic centers
Qij on the line gΩ (see Figure 6).

Marginal node: The triangles Φi and Φi have else some peculiarities:
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Figure 6

Proposition 8. (a) The triangles Φi and Φi have the same area as the reference
triangle (see Figure 7).

(b) The vertices of Φi and Φi lie on a circumconic Ci and Ci of Δ, respectively.
The Ci are concurrent at η•, the Ci at ξ• (see Figure 8).

Figure 7

Proof. (a) By use of normalized barycentric coordinates of the vertices of Φi and
Φi it is easy to show, that | det(Φi)| = | det(Φi)| = 1.

(b) It is simple to verify, that the isotomic conjugates of the vertices of each
triangle Φi and Φi are collinear and that the concerned lines are concurrent at η
and ξ, respectively. From this follows the assertion directly. �
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Figure 8

7. A special direction triple (α, β, γ)

In the end we consider an interesting special case. Given a direction α = (α1 :
α2 : α3). We choose β and γ as iterate Brocardians: β = α←← = (α3 : α1 : α2)
and γ = α→→ = (α2 : α3 : α1) [1]. The isotomic conjugates α•, β•, γ• are points
on the Steiner ellipse, they form a Brocardian triple, that is the line at two of these
points is the dual of the third point.

Let A′, B′, C ′ be the reflections of A, B, C in G and

CA : x2 − yz = 0, CB : y2 − zx = 0, CC : z2 − xy = 0

three ellipses created by translation of the Steiner ellipse with centers A′, B′, C ′
and passing through the common point G.

In the following we mention without proofs some properties of points and trian-
gles defined above.

(1) The line triples (γA, βB, αC), (βA, αB, γC) and (αA, γB, βC) are con-
current at the points

P1 = (α3α1 : α2α3 : α1α2), P2 = (α1α2 : α3α1 : α2α3), P3 = (α2α3 :
α1α2 : α3α1),

respectively, that is each of the triangles Δi degenerates into a point on the
Steiner ellipse.

(2) The triangles Δi have the same centroid G, it is at the same time the homo-
thetic center of each pair (Δi, Δj).

(3) The points of each triple {U1, U2, U3}, {V1, V2, V3}, {W1,W2,W3} are collinear.
The three lines concurrent in G are the duals of α, β, γ.
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Figure 9

(4) For the vertices of the triangles Δi is valid:

U1, V3,W2 ∈ CA, U2, V1,W3 ∈ CB, U3, V2,W1 ∈ CC .
These triangles are homothetic, congruent and equal in area with Δ.

Figure 10

(5) The triangles Φk are homothetic and congruent with Δ. The homothetic cen-
ters of the pairs (Δ, Φk) are the medial imagesmPk of Pk. They are the midpoints
of the segments PiPj , lie on the Steiner inellipse, have the representations

mP1 = (α2
2 : α

2
1 : α

2
3), mP2 = (α2

3 : α
2
2 : α

2
1), mP3 = (α2

1 : α
2
3 : α

2
2)

and form a Brocardian Triple (see Figure 11).
(6) The sum of the areas of Δi is sixfold the area of Δ:

∑

|Δi| = 6 · |Δ|.
(7) The midway triangle of the pair (Δi, Δj) coincides with the medial triangle

of Δk.
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Figure 11

(8) The triangles Ωi have the representations

Ω1 =

⎛

⎝

0 α3 −α2

−α2 0 α3

α3 −α2 0

⎞

⎠ , Ω2 =

⎛

⎝

0 α1 −α3

−α3 0 α1

α1 −α3 0

⎞

⎠ , Ω3 =

⎛

⎝

0 α2 −α1

−α1 0 α2

α2 −α1 0

⎞

⎠

and the centroidG. The homothetic centers of the pairs (Ωi, Ωj) coincide withG.
(9) The triangles Ωi degenerate, their vertices lie on the infinite line.
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Symbolic Substitution Has a Geometric Meaning

Manfred Evers

Abstract. By comparing two different metrics in the affine plane, it is shown
that symbolic substitution, introduced by Clark Kimberling, has a clear geomet-
ric meaning.

1. Introduction

Consider in the real plane R
2 a triangle ABC with vertices

A =

(

a2 − b2 + c2

2a
,

√
σ

2a

)

, B = (0, 0), C = (a, 0),

where a, b and c are positive real numbers with

σ := σ(a, b, c) = (a+ b+ c)(−a+ b+ c)(a− b+ c)(a+ b− c) > 0.

If in R
2 the Euclidean distance d of two points U = (X,Y ) and U ′ = (X ′, Y ′) is

defined by

d(U,U ′) =
√

(X −X ′)2 + (Y − Y ′)2,
then the reference triangle ABC has side lengths a, b, c. In the following we use
Conway’s triangle notation:

S =
1

2

√
σ, SA =

1

2
(b2 + c2 − a2), etc.

Thus, we can write A =
(

SB
a ,

S
a

)

.

Besides Cartesian coordinates we also use barycentric coordinates with respect
to the reference triangle. The notationU = (u, v, w)ABC is used if (u, v, w) are the
absolute coordinates of U with respect to ABC. If (u : v : w) are homogeneous
coordinates of U , then we write U = (u : v : w)ABC . The conversion from
Cartesian coordinates (X,Y ) of a point U to its barycentric coordinates (u, v, w)
can be achieved by taking

u =
aY

S
, v =

−((X − a)S + Y SC)

aS
, w =

XS − Y SB
aS

(∗)
Given two points U and V with absolute barycentric coordinates (u, v, w) and
(u′, v′, w′), the square of the distance between these two points can be calculated

Publication Date: September 4, 2014. Communicating Editor: Paul Yiu.
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by the formula

d2(U,U ′) = SA(u− u′)2 + SB(v − v′)2 + SC(w − w′)2.

In addition to the canonical Euclidean metric, we introduce a second metric dg,
which we call generalized metric or g-metric, for short. This second metric is
obtained by giving new lengths to the sides of the reference triangle:

dg(A,B) = cg, dg(B,C) = ag, dg(C,A) = bg.

We still demand that these lengths ag, bg, cg are positive real numbers 1 but do not
claim that

σg := (ag + bg + cg)(−ag + bg + cg)(ag − bg + cg)(ag + bg − cg)

is a positive real number.
For different signs of σg we get different geometries: σg > 0 delivers an affine

version of the Euclidean metric, for σg = 0 the metric is Galilean, and for σg < 0
the metric is a Lorentz-Minkowski metric. With respect to this generalized metric,
the square of the distance between two points U and U ′ with absolute barycentric
coordinates (u, v, w) and (u′, v′, w′) is given by

d2g(U,U
′) = SA,g(u− u′)2 + SB,g(v − v′)2 + SC,g(w − w′)2 (∗∗)

with SA,g =
−a2g+b2g+c2g

2
etc. The point with coordinates (ag : bg : cg) will become

the generalized incenter Ig. The new circumcenter Og has coordinates (a2g(−a2g +
b2g+ c

2
g) : · · · : · · · ). More generally, if x(a, b, c) is a barycentric center function of

a triangle center X , then Xg = (x(ag, bg, cg) : · · · : · · · )ABC is the corresponding
g-center. The point Gg still agrees with G = (1 : 1 : 1)ABC . The square of the
new triangle area is 1

16
σg.

Figure 1. An equilateral triangle is given new side lengths (ag : bg : cg) = (3 :
4 : 5). The picture shows the circumcircle (blue), the incircle (green) and the
nine-point circle (red).

Figures 1 and 2 show the situation for an equilateral triangle (a = b = c)
on which was imposed a new metric (ag, bg, cg) = (3, 4, 5) and (ag, bg, cg) =

1Later on, we dismiss this condition, see 2.4 .
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Figure 2. An equilateral triangle is given new side lengths (ag : bg : cg) =
(6 : 9 : 13). Besides the circumcircle, the incircle and the nine-point circle, the
picture shows the excircles (green) and the polarcircle (brown).

(6, 9, 13), respectively. Considering these two new metrics, the first triangle is
right angled, the second obtuse.

A generalization of the incenter, the circumcenter and the orthocenter of a trian-
gle is given by I. Minevich and P. Morton [12, Section 4]. They introduce the name
generalized triangle centers. We adopt this terminology.

1.1. Embedding the affine in a projective plane. The affine plane can be embedded
in a projective plane P by adding the line at infinity L∞. This line consists of all
points (u, v, w)ABC with u + v + w = 0. Points on L∞ are called infinite or
improper while those in the affine plane are called finite or proper. A line is called
proper if it differs from L∞.

1.2. g-orthogonality of lines. If two proper lines are g-orthogonal, we shall say
that their infinite points form a pair of g-orthopoints. Two infinite points U =
(u : v : w)ABC and U ′ = (u′ : v′ : w′)ABC are g-orthopoints if and only if
SA,guu

′ + SB,gvv
′ + SC,gww

′ = 0. See [15, p. 55] or [2] for the Euclidean case.
The following version of Thales’ theorem is valid in all metric affine geometries:
Given two lines L and L′ which meet in a finite point P , these lines are orthogonal
precisely when there exist two (not necessarily finite) pointsQ andR, one on L and
the other on L′ and both different from P , so that the center of the (generalized)
circle PQR is a point on the line QR.

In the following, we analyze the three cases σg > 0, σg = 0 and σg < 0.

2. The affine Euclidean case

If σg > 0, then the g-incenter Ig lies inside the medial triangle and the g-
symmedian Kg lies inside the Steiner inellipse. The metric given by formula (∗∗)
is affine Euclidean. Proof: By an affine transformation τ with fixed point Ig, the in-
conic with center Ig can be mapped onto a circle. LetA′,B′,C ′ be the image points
of A, B, C under τ . This transformation maps a point U = (u : v : w)ABC to the
point U ′ = (u : v : w)A′B′C′ . Ig is the incenter of A′B′C ′; therefore the ratio of
the sidelengths of this triangle is ag : bg : cg. If x is a barycentric center function,
then τ maps the g-center Xg = (x(ag, bg, cg) : x(bg, cg, ag) : x(cg, ag, bg))ABC of
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ABC to the triangle centerX = (x(ag, bg, cg) : x(bg, cg, ag) : x(cg, ag, bg))A′B′C′

of A′B′C ′. �

2.1. Description of the generalized circumcircle. In case of σg > 0, the gener-
alized circles are ellipses. We assume that Ig and I are different points, so that
these generalized circles are ellipses with two foci. The focal axes of these ellipses
have all the same infinite point. We will determine this point. Furthermore, for the
g-circumcircle we calculate the lengths of the two principal axes and the distance
between the two foci.

The equation of a g-circle with center M = (ma,mb,mc)ABC and radius ρ is
∑

cyclic

SA,g((mb +mc)x−ma(y + z))2 = ρ2(ma +mb +mc)
2(x+ y + z)2.

We concentrate on the g-circumcircle, which is given by the equation

a2gyz + b2gzx+ c2gxy = 0.

Using (∗), we can derive an equation in Cartesian coordinates,

α(X −X0)
2 + 2β(X −X0) + γ(Y − Y0)

2 =

(

αagbgcgS

Sg

)2

,

with α = (2agS)
2, β = 2S(a2g(b

2 − c2)− a2(b2g − c2g)),
γ = a2g(b

2 − c2)2 − 2a2(b2 − c2)(b2g − c2g)− a4(a2g − 2b2g − 2c2g), and
(X0, Y0) the Cartesian coordinates of the g-circumcenter

Og = (a2g(−a2g + b2g + c2g) : · · · : · · · )ABC .
The direction vectors of the two principal axes of the circumellipse are the eigen-

vectors of the matrix M =

(

α β
β γ

)

. The two eigenvalues are

λ± =
1

2

(

α+ γ ±
√

(α− γ)2 + 4β2
)

= 2a2(θ ± φ2)

with

θ =
α+ γ

4a2
= a2SA,g + b2SB,g + c2SC,g = a2gSA + b2gSB + c2gSC ,

φ = 4

√

(θ + 2SSg)(θ − 2SSg) and Sg =
1

2

√
σg.

In the affine Euclidean case we have λ+ > λ− > 0. A calculation shows that the
lengths of the major and minor half axes are

rmax =
aagbgcgS

Sg
√

λ−
and rmin =

aagbgcgS

Sg
√

λ+
.

The distance f of the foci from the center Og is therefore

f =
√

r2max − r2min =
agbgcgφ

σg
.
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The eigenspaces of λ+ and λ− are R(λ±−γ, β), so that the focal line is (X0, Y0)+
R(λ− − γ, β). The infinite point on this line is

(a2β : −S(λ− − γ)− SCβ : S(λ− − γ)− SBβ)ABC .

The Cartesian coordinates of the two foci F± are (X0 ± fv1, Y0 ± fv2), (v1, v2)
being a unit eigenvector of λ−. Subsequently, the barycentric coordinates of the
two foci can be calculated:

F± = (p± p′, q ± q′, r ± r′)ABC ,

where (p, q, r) are the absolute barycentric coordinates of Og and

p′ =
afv2
S

, q′ =
f(−v1S − v2SC

aS
, r′ =

f(v1S − v2SB)

aS
.

The foci of a circumconic and an inconic can be obtained by a compass-ruler-
construction, see Gibert [8]. Dergiades [3] calculated the lengths of the axes of an
inellipse with given center and also described a compass-ruler-construction of the
foci.

2.2. Criterion for the g-orthogonality of lines / Theorem of Brianchon and Pon-
celet. Let two different lines meet the line at infinity in the points U , V . These
lines are g-orthogonal if and only if there exists a hyperbola through the points A,

B, C, U , V and the g-orthocenter Hg =
(

1

−a2g+b2g+c2g : · · · : · · ·
)

.

2.3. The g-angle between two lines. We want to determine the g-measure φg ∈
[

0, π
2

]

of the angle ∠(L,L′) between the proper lines L : lx +my + nz = 0 and
L′ : l′x +m′y + n′z = 0. This measure is fixed as soon as we know the value of
sinφg or cosφg. To get these two values, let

k := l(m′ − n′) +m(n′ − l′) + n(l′ −m′),

and calculate the g-area |PQR|g of a triangle PQR, where

P =

(

mn′ −m′n
k

,
l′n− ln′

k
,
lm′ − l′m

k

)

ABC

is the intersection of L and L′,

Q =

(

mn′ −m′n
k

+m− n, · · · , · · ·
)

ABC

is a second point on L, and

R =

(

mn′ −m′n
k

+m′ − n′, · · · , · · ·
)

ABC

is a second point on L′. For this,

|PQR|g = |k| · |ABC|g = 1

4
|k|√σg = 1

2
|k|Sg.
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Thus, we get

sinφg =

∣

∣

∣

∣

2k · |ABC|g
dg(P,Q)dg(P,R)

∣

∣

∣

∣

,

cosφg =

∣

∣

∣

∣

SA,g(m− n)(m′ − n′) + SB,g(n− l)(n′ − l′) + SC,g(l −m)(l′ −m′)
dg(P,Q)dg(P,R)

∣

∣

∣

∣

,

d2g(P,Q) = SA,g(m− n)2 + SB,g(n− l)2 + SB,g(l −m)2,

d2g(P,R) = SA,g(m
′ − n′)2 + SB,g(n

′ − l′)2 + SB,g(l
′ −m′)2.

We interpret �l =

⎛

⎝

m− n
n− l
l −m

⎞

⎠ and �l′ =

⎛

⎝

m′ − n′
n′ − l′
l′ −m′

⎞

⎠ as direction vectors of L and

L′ respectively, and the expression

SA,g(m− n)(m′ − n′) + SB,g(n− l)(n′ − l′) + SC,g(l −m)(l′ −m′)

as a dot product �l ·�l′ =< �l|�l′ >g of these two vectors, so that we can write

cos(φg) =
|�l ·�l′|

√

�l ·�l
√

�l′ ·�l′
.

2.4. Negative sidelengths ag, bg, cg. There is no reason to forbid negative values
for ag, bg, cg. For example, if we choose ag = −a, bg = b and cg = c or ag = a,
bg = −b and cg = −c, we just swap the incenter I with the excenter Ia and the
excenter Ib with the excenter Ic. If a weak center, consisting of the main point and
its three mates, is not considered as a quadruple but as a set of four points, changing
signs leaves this weak center invariant. Strong centers keep their positions, anyway.
This situation does not change if we dismiss the condition σg > 0.

3. The Galilean case

If σg = 0, the point Hg is an infinite point and agrees with Og and Ng. Hg is
the absolute pole of the Galilean plane: two finite points lying on the same line
through Hg have Galilean distance 0. A line through the absolute pole is therefore
called a null line. In particular, the three generalized triangle altitudes, considered
as lines, are null lines. This is in accordance with the area of the triangle:

√
σg
4

= 0.
The g-symmedian pointKg is a point on the Steiner inellipse. The incenter and the
excenters are the barycentric square roots of Kg. One of these roots agrees with
Hg, so it is an infinite point. The other three roots lie on the sidelines of the medial
triangle of ABC.

3.1. g-circles in Galilean geometry. Generalized circles in the Galilean plane are
parabolas. Some of them may degenerate. For example, the g-incircle and the g-
excircles are double lines (lines with multiplicity 2), and if the incenter is a vertex
of the medial triangle, then the g-circumcircle and the g-nine-point circle each con-
sist of two parallel lines. It should be noted that a degenerate g-circle in Galilean
geometry has more than one center. All these centers lie on a “centerline” of this g-
circle. Michel Bataille [2] calculated the barycentric coordinates of the focus F of
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Figure 3. An equilateral triangle is given new side lengths (ag : bg : cg) = (2 :
3 : 5). The picture shows the g-circumcircle (blue) with focus F , the g-nine-
point circle (red) and the g-polar circle (brown). The g-polar circle runs through
the g-incenter and the g-excenters. The green lines are the g-altitudes. As double
lines they are the g-incircle and two g-excircles.

a circumparabola C of the triangle ABC: if the infinite point of C has barycentric
coordinates (u : v : w), then the focus is

F =

(

u2

vw
+

a2vw

a2vw + b2wu+ c2uv
: · · · : · · ·

)

ABC

.

Figure 3 gives an illustration of a triangle in the Galilean plane.

3.2. g-Orthogonality of lines in a Galilean plane. Two lines which meet in a finite
point are orthogonal if and only if one of these is a null line.

3.3. The g-angle between two lines. It makes sense to define the g-measure of the
angle between two non-null-lines L and L′ to be the g-distance of the poles of
these lines with respect to the g-circumcircle of the triangle ABC. Proof : We may
assume that the finite part of the g-circumcircle of the triangle ABC in R

2 is given
by the equation y = kx2, k �= 0, and that y = mx + n and y = m′x + n′ are
the equations of the lines L and L′. The poles of these two lines with respect to
the g-circumcircle are P = (m

2k , −n) resp. P ′ = (m
′

2k , −n′). There exists a real
number k′ �= 0 so that the Galilean distance between any two points (x, y) and
(x′, y′) is k′|x − x′|. Therefore, the distance between P and P ′ is k′

2|k| |m −m′|.
This is consistent with the usual definition of the measure of the angle between the
two lines L and L′ in Galilean geometry, see for example [7, Chap 4] or [13, Chap
23].�

Remarks. (1) Using barycentric coordinates, the pole of the line L : lx+my+nz =
0 with respect to the circumcircle C : a2gyz + b2gzx+ c2gxy = 0 is

P =
(

a2g(−a2gl + b2gm+ c2gn) : · · · : · · ·
)

ABC
.

(2) For the reference triangle ABC, the ratio of the measure of an angle and the
length of its opposite side is 1

2
. (The measure α of the angle between AB and AC

is 1

2
a etc).
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(3) For the medial triangle of ABC, the measure of an angle equals the measure
of its opposite side.

4. The Lorentz-Minkowski case

If σg < 0 then the metric dg is a Lorentz-Minkowski metric or an LM metric,
for short. In this case, generalized circles are hyperbolas which might eventually
degenerate. Given a g-metric, all the g-circles run through the same two points
on the line at infinity L∞. These two points P1 and P2 are the absolute poles of
the LM plane. The distance between two different finite points U and V is 0 if
and only if (either) P1 or P2 is a point on the line UV ; in this case UV is called
a null line. In LM geometry, not only the distance between two points can be
negative but also the square of the distance. Following A. Einstein [6], we will
define: Two points U and V are in a spacelike position if d2g(U, V ) > 0, and they
are in a timelike position if d2g(U, V ) < 0. If two points U , V are in a spacelike
(respectively timelike) position, then all finite points P , Q on the line UV with
P �= Q, are in a spacelike (respectively timelike) position. Therefore, we can call
the lineUV spacelike (respectively timelike). Obviously, in LM geometry triangles
can have real as well as imaginary sidelengths. Triangles having both, a real and
an imaginary sidelength �= 0, do not have weak triangle centers. All strong centers
still exist.

4.1. Description of the generalized circles. Generalized circles in the LM plane
are hyperbolas. The focal axes of two g-circles do not have to be parallel but may
be orthogonal, as can be seen in Figure 7. The principal axes and the foci can be
calculated the same way as in §2.1 for the Euclidean case, except for the distance
between the foci and the center Og. This is now

f =
√

r2max + r2min = −agbgcg
√|θ|

σg
.

The two absolute poles are

P1 = (−a2(ω + β) : (a2 + SB)(ω + β) + Sγ : −SB(ω + β)− Sγ)ABC ,

P2 = (−a2(ω − β) : (a2 − SB)(ω − β) + Sγ : SB(ω − β)− Sγ)ABC .

Here we use the notations of §2.1 and ω :=
√

β2 − αγ = a2
√−σσg.

4.2. g-Orthogonality of lines. A pair (U, V ) of points on the line at infinity is a
pair of g-orthopoints if and only if the quadruple (U, V, P1, P2) is harmonic. It
can be easily checked that if a line is spacelike then all its g-orthogonal lines are
timelike. Particularly, if a sideline of a triangle is spacelike then the corresponding
altitude, considered as a line, is timelike and vice versa. Figure 5 shows a trian-
gle with dg(B,C) = 0, and Figure 6 illustrates the situation for a triangle with
dg(A,B) = dg(A,C) = 0. In both cases, the generalized circumcircle as well as
the generalized nine point circle degenerate to a pair of lines. In Figure 7 the gen-
eralized symmedian Kg is outside the triangle, therefore weak generalized centers
do not exist in the real plane.
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Figure 4. An equilateral triangle is given new side lengths (ag : bg : cg) = (3 :
5 : 11). The picture shows the g-circumcircle (blue), the g-incircle (green), the
g-nine-point circle (red) and the g-polar circle (brown). All g-circles go through
the same infinite points.

Figure 5. An equilateral triangle is given new side lengths (ag : bg : cg) = (0 :
1 : 2). The picture shows the following generalized circles: the circumcircle (it
consists of two blue lines intersecting in Og), the incircle (green), the nine-point
circle (it consists of two red lines intersecting in Ng) and the polarcircle (brown).
Ig, Og and Kg are points on the sideline BC, Ng is a point on the g-incircle.

4.3. The g-angle between two lines. We want to calculate the g-measure φg of
the angle ∠g(L,L′) between the proper lines L : lx + my + nz = 0 and L′ :
l′x+m′y+n′z = 0. To get a real value for φg, these lines have to be both spacelike
or both timelike. The value of φg ≥ 0 is determined by the value of cosh(φg). A
calculation similar to the one in the Euclidean case gives the following result (we
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Figure 6. An equilateral triangle is given new side lengths (ag : bg : cg) = (0 :
0 : 1). The points Ig, Og and Kg agree with the vertex C.

Figure 7. An equilateral triangle is given new side lengths (ag : bg : cg) = (2i :
2 : 3).

use notations defined in §2.3):

cosh(φg) =
|�l ·�l′|

√

|�l ·�l|
√

|�l′ ·�l′|
.

5. Symbolic substitutions

In [10], C. Kimberling gives the following definition of the transfigured plane of
a triangle:

Suppose a, b, c are variables (or indeterminates) over the field of
complex numbers and that x, y, z are homogeneous algebraic func-
tions of (a, b, c) : x = x(a, b, c), y = y(a, b, c), z = z(a, b, c), all
of the same degree of homogeneity and not all identically zero.
Triples (x, y, z) and (x′, y′, z′) are equivalent if xy′ = yx′ and
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yz′ = zy′. The equivalence class containing any particular (x, y, z)
is denoted by x : y : z and is a ‘point’. Let A = 1 : 0 : 0,
B = 0 : 1 : 0, C = 0 : 0 : 1. These three points define the
reference triangle ABC. The set of all points is the transfigured
plane.

We denote this transfigured plane by P . A model of P can be obtained by taking
a, b, c as the side lengths of the triangleABC and (x(a, b, c) : y(a, b, c) : z(a, b, c))
as barycentric coordinates of a point. A second model is constructed by taking
(x : y : z) as trilinear coordinates of a point. If x′, y′, z′ are functions of a, b, c, all
of the same degree of homogeneity and not all identically zero, then the substitu-
tion (a, b, c) �→ (x′(a, b, c), y′(a, b, c), z′(a, b, c)) induces a transformation on P .
While in the first model, in addition to the vertices A, B, C of the reference trian-
gle, its centroid is a fixed point of the transformations, in the second the vertices
and the incenter stay fixed. The advantage of the first model, as compared to the
second, is that the transformations leave the line at infinity invariant. Kimberling
[9] (see also [4, §2.3]) names these substitutions and the hereby induced transfor-
mations symbolic because, as he says, they suffer from a geometric meaning:

The adjective symbolic is applied to substitutions (α, β, γ) → (α′, β′, γ′)
in order to distinguish between these and geometric transforma-
tions. Consider the substitution (a, b, c) → (bc, ca, ab); if a, b, c
are the sidelengths 2, 4, 5 of a triangle then bc, ca, ab are not side-
lengths of a triangle. Moreover, for general a, b, c, a geometric
construction of a point (x(a, b, c) : y(a, b, c) : z(a, b, c)) offers
no clues for constructing the point x(bc, ca, ab) : y(bc, ca, ab) :
z(bc, ca, ab).

The first of these two arguments can be dismissed, as in the former sections
was shown that every triangle can be given any side lengths ag, bg, cg except for
ag = bg = cg = 0 by taking a suitable generalized metric dg. Furthermore, this
new metric can be used for the construction of new triangle centers. We give two
examples:

(1) The substitution

(x , y , z ) = (−a, b, c) �→ (x′, y′, z′)

=(a2(b2 + c2)− (b2 − c2)2, b2(a2 + c2)− (c2 − a2)2, c2(a2 + b2)− (a2 − b2)2)

maps the excenter Ia = (−a, b, c)ABC to the nine-point center N , the incenter I to
the anticevian point aN of N , and the symmedian point K to N2 (the barycentric
square of N ). If we take aN as the generalized incenter Ig, then N is going to be
the generalized excenter Ia,g and N2 the perspector of the g-circumcircle.

(2) Construction of the contact triangle of the MacBeath inconic, starting from
its center N . The substitution

(x , y , z ) = (a, b, c) �→ (x′, y′, z′)

=(a2(b2 + c2)− (b2 − c2)2, b2(a2 + c2)− (c2 − a2)2, c2(a2 + b2)− (a2 − b2)2)
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maps I to N and the Gergonne point Ge to G/O, the isotomic conjugate of the
circumcenter 2. I is the center and Ge is the perspector of the incircle. Therefore,
Ge is the isotomic conjugate of the anticomplement of I . Thus, we can construct
G/O as isotomic conjugate of the anticomplement of N . The cevian triangle of
G/O is the contact triangle of the MacBeath inconic.

5.1. The geometric meaning of a symbolic substitution. Let x(a, b, c) be a barycen-
tric center function. If in the affine plane the square of the distance between two
points U = (u, v, w)ABC and U ′ = (u′, v′, w′)ABC is given by

d2(U,U ′) =
∑

cyclic

1

2
(−a2 + b2 + c2)(u− u′)2,

the point X that corresponds to this center function has barycentric coordinates
(x(a, b, c) : x(b, c, a) : x(c, a, b)). The same point is the incenter of the reference
triangle when using a distance function dx with

d2x(U,U
′) =

∑

cyclic

1

2
(−(x(a, b, c))2 + (x(b, c, a))2 + (x(c, a, b))2)(u− u′)2.

Let x′, y′, z′ be functions of a, b, c, all of the same degree of homogeneity and
not all identically zero. The point

X ′ = (x(x′(a, b, c), y′(a, b, c), z′(a, b, c)) : · · · : · · · )ABC
can be interpreted as a point with center function x, when the square of the distance
d′ of two points U = (u, v, w) and U ′ = (u′, v′, w′) is given by

d′2(U,U ′) =
∑

cyclic

1

2
(−(x′(a, b, c))2 + (y′(a, b, c))2 + (z′(a, b, c))2)(u− u′)2.

6. Generalized versions of Feuerbach’s conic theorem

Feuerbach’s conic theorem establishes a connection between two different met-
rics of the affine plane.

6.1. Feuerbach’s conic theorem (see [5, 1]). Each circumconic of a triangle run-
ning through the orthocenter H has its center on the nine point circle.

If we interpret this circumconic as a g-circumcircle of the reference triangle
with center Og, then the g-orthocenter Hg is a point on the Euclidean circumcircle.
Thus, we can formulate the following generalized versions (6.1.1) and (6.1.2) of
Feuerbach’s conic theorem:

6.1.1. Let C and C′ be two circumconics of triangle ABC. We interpret C and C′
as generalized circumcircles with center Og and Og′ . Then Hg is a point on C′ if
and only if H ′g is a point on C.

2G/O is X284 in [9].
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6.1.2. A conic runs through all four points of a g-orthocentric system if and only
if its center lies on the g-orthic circle, which is the g-circumcircle of the g-orthic
triangle.

6.2. Corollaries.

6.2.1. Each conic through the vertices of a quadrangle has its center on the nine-
point conic of this (complete) quadrangle, see for example [4, Lemma 19.1.2], [12]
and [15].

6.2.2. Together with the incenter I , the excenters Ia, Ib, Ic of the triangle ABC
form an orthocentric system, the reference triangle ABC being the orthic triangle.
Each conic running through these four points has its center on the circumcircle
of the triangle ABC. Taking one of these conics and interpreting its center as a
g-orthocenter, this conic is the g-polar circle of ABC. The triangle ABC is self
polar with respect to it.

6.2.3. We shall call an LM metric canonical if Hg is a point on the (common)
circumcircle of ABC. In this case the g-circumconic is a rectangular circumhy-
perbola of ABC, thus running through H . The center Og of this conic is the
complement of Hg and lies on the nine-point circle. The g-nine-point circle is
a rectangular circumhyperbola through the vertices of the medial triangle and its
orthocenter (= circumcenter of ABC). The perspector of the g-circumconic, the
g-symmedian point Kg, is a point on the tripolar line of H . If H is inside the tri-
angle, Kg has to lie outside, and weak g-centers do not exist in the real plane. We
now assume that Kg lies inside the triangle ABC. In this case ABC is obtuse, the
g-incenter and the g-excenters exist, and these four points lie on the polar circle of
ABC.

6.2.4. If P = (p : q : r) and P ′ = (p′ : q′ : r′) are the centers of two
different circumconics C and C′ of ABC, then the perspectors of these conics
have coordinates (u : v : w) = (p(−p + q + r) : · · · : · · · ) respectively
(u′ : v′ : w′) = (p′(−p′ + q′ + r′) : · · · : · · · ). The fourth (nontrivial) inter-
section point of C and C′ has coordinates

(

1

vw′ − v′w
:

1

wu′ − w′u
:

1

uv′ − u′v

)

.

In the case of P ′ = O, the fourth intersection point is called the Collings transform
of P , see [9] for a definition and a bibliography.

6.2.5. Let ABCD be a not degenerate quadrangle, the point D having barycentric
coordinates (d : e : f) with respect to ABC. Then the centers of circumconics
of ABCD lie on the nine-point conic of the complete quadrangle ABCD. This
conic is also the bicevian conic of D and G with respect to the triangle ABC. The
barycentric equation of this conic is

efx(−x+ y + z) + fdy(x− y + z) + dez(x+ y − z) = 0. (∗ ∗ ∗)
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Its center is the midpoint of the Varignon parallelogram of the quadrangle ABCD
and has coordinates (2d+ e+ f : · · · : · · · ). We will denote this midpoint by MD.
If by a homothety χ with center G and scale factor 1

4
, the quadrangle ABCD is

mapped onto a quadrangle A′B′C ′D′, and D′ agrees with MD, as can be proved
by a simple calculation. If we now assume that D is a point on a circumconic C
of ABC, the point D′ = MD lies on the image C′ of C under χ. Suppose that
the center of C has coordinates (k : l : m), then the center of C′ has coordinates
(2k + l + m : · · · : · · · ). Proof of (∗ ∗ ∗): Taking (d : e : f)ABC as the g-
orthocenter Hg of ABC, the symmedian point Kg has coordinates (a2g : b

2
g : c

2
g) =

(d(e+ f) : e(f + d) : f(d+ e)). We can now use the equation of the g-nine-point
circle

∑

cyclic
(SA,gx

2 − a2gyz = 0) (see [16] for the ordinary version) to get the
equation (∗ ∗ ∗). �
7. Additional change of the centroid

In the plane P of the reference triangle ABC we choose a point P = pA +
qB + rC with p + q + r = 1 and pqr �= 0. The mapping, which assigns each
point Q the barycentric product P · Q, is a bijective projective transformation of
the plane. It maps the quadrangle ABCG (G being the centroid) to the quadrangle
ABCP and the line at infinity to the tripolar line TP of P . Making P the new
centroid Gn of triangle ABC and TP the new line at infinity, we can define a new
metric on P − TP : The triangle ABC is given side lengths ag, bg, cg, where ag,
bg, cg may take any real or purely imaginary values except for ag = bg = cg = 0.
The square of the new distance between two points U = (u : v : w)ABC and
V = (u′ : v′ : w′)ABC is now defined by

d2new(U,U
′) =

∑

cyclic
SA,g((uv

′ − u′v)r + (uw′ − u′w)q)2

(uqr + vrp+ wpq)2(u′qr + v′rp+ w′pq)2
.

If Xg is a triangle center of ABC with respect to the metric d2g as defined in
Section 1, then Xg · P is the corresponding center of triangle ABC with respect
to the new metric. Figure 8 gives an illustration by showing the most important
triangle centers and triangle circles.
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Figure 8. An equilateral triangle is given new side lengths (ag : bg : cg) = (6 :
9 : 13). Here, the new line at infinity is the polar line TP of the point P = Gn

with barycentric coordinates (2 : 3 : 4). There exists a point Z on the new line
at infinity with the following properties: The mirror image of Z in a new circle
is its new center, and the polar line of Z with respect to this new circle is parallel
to TP .
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Quasi-circumcenters and a Generalization of the
Quasi-Euler Line to a Hexagon

Michael de Villiers

Abstract. This short note first proves an elementary property of the quasi-circumcenter
of a quadrilateral, and then generalizes the quasi-Euler line of a quadrilateral to
a hexagon involving its quasi-circumcenter, its quasi-orthocenter and its lamina
centroid.

1. Introduction

The term “quasi-circumcenter” of a quadrilateral seems to have first been intro-
duced by Myakishev in [2], where it is defined as follows: Given a quadrilateral
ABCD, denote by Oa the circumcenter of triangle BCD, and similarly, Ob, for
triangle ACD, Oc for triangle ABD, and Od for triangle ABC, then the quasi-
circumcenter for the quadrilateral is given by O = OaOc ∩ObOd.

From a problem posed in [1] to find the “best” place to build a water reservoir
for four villages of more or less equal size, if the four villages are not concyclic, the
following theorem was experimentally discovered and proved. It followed from the
classroom discussion of a proposed solution by an undergraduate student, Renate
Lebleu Davis, at Kennesaw State University during 2006.

A

B

C

D

Oa

Ob

Oc

Od O

Figure 1

Theorem 1. For a general quadrilateral ABCD, the quasi-circumcenter O is
equidistant from A and C, and also from B and D. (See Figure 1).
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Proof. Since both Oa and Oc lie on the perpendicular bisector of the BD, all points
on the line OaOc are equidistant from B and D. Similarly, all points on the line
ObOd are equidistant from A and C. Thus, the intersection O of lines OaOc and
ObOd is equidistant from the two pairs of opposite vertices. �

This result was used in the Kennesaw State Mathematics Competition for High
School students in 2007, as well as in the World InterCity Mathematics Competi-
tion for Junior High School students in 2009. Of interest too is that an analogous
result exists as given below for the “quasi-incenter” of a quadrilateral, defined in
the same way as quasi-circumcenter. The proof is left to the reader.

Theorem 2. Given a general quadrilateral ABCD, then the quasi-incenter I is
equidistant from AD and BC, as well as equidistant from AB and CD.

2. The quasi-circumcenter of a hexagon

The point of concurrency given in the Theorem 3 below defines the quasi-
circumcenter of a hexagon.

Theorem 3. If the quasi-circumcenters P , Q, R, S, T , and U , respectively of the
quadrilaterals ABCD, BCDE, CDEF , DEFA, EFAB, and FABC subdi-
viding an arbitrary hexagon ABCDEF are constructed, then the lines connecting
opposite vertices of the hexagon formed by these quasi-circumcenters are concur-
rent. (See Figure 2).

A

B

C

D

E

F

P

Q

R

S

T

U

O

Figure 2

Proof. The result follows directly from the dual of the theorem of Pappus, which
can be conveniently formulated as follows: The diagonals of a plane hexagon
whose sides pass alternatively through two fixed points, meet at a point. With
reference to Figure 2, note that alternate sides QR, ST and UP respectively lie
on the perpendicular bisectors of sides AE, EC and CA of triangle ACE, and
are therefore concurrent. Similarly, the other set of alternate sides are concurrent
(with respect to triangle BDF ). Hence, according to the dual of Pappus, the lines
connecting the opposite vertices (the main diagonals) are concurrent. �
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3. The quasi-Euler line of a hexagon

In [2], it is shown how the Euler line for a triangle generalizes to the Ganin -
Rideau - Myakishev theorem, e.g. a quasi-Euler line for a general quadrilateral
ABCD, which involves its lamina centroid G, its quasi-circumcenter O, and its
quasi-orthocenter H (which is defined in the same way as the quasi-circumcenter),
and OH : HG = 3 : −2. Using the result of Theorem 3, this result generalizes to
a hexagon as follows.

Theorem 4. In any hexagon, its lamina centroid G, its quasi-circumcenter O, and
its quasi-orthocenter H are collinear, and OH : HG = 3 : −2. (See Figure 3).
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Figure 3

Proof. Subdivide the hexagon ABCDEF into the same six quadrilaterals as in
Theorem 3 above, and determine the quasi-circumcenter O, the lamina centroid
G, and the quasi-orthocenter H of each quadrilateral, respectively labelling the
formed hexagons as

P : PQRSTU, PG : PGQGRGSGTGUG, PH : PHQHRHSHTHUH .

Since the same affine relations hold between O, G and H in each quadrilateral,
affine mappings exist that will map P onto PG and PH . But since the diagonals of
P are concurrent, it follows that the diagonals of PG and PH would also be concur-
rent. Respectively label and define those two points of concurrency of PG and PH

as the centroid G and quasi-orthocenter H for the whole hexagon. Finally, since
affine transformations preserve collinearity as well as ratios into which segments
are divided, we note from the affine mappings between the various hexagons that
the result holds. �

We can similarly define the quasi-ninepoint center of a hexagon in terms of the
six quasi-ninepoint centers of the subdividing quadrilaterals, from which it follows
by the same affine transformations that the quasi-ninepoint center N bisects the
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segment OH . An interactive Java applet to illustrate and explore Theorem 4 is
available for the reader at:

http://dynamicmathematicslearning.com/
quasi-euler-line-hexagon.html.

The result unfortunately does not generalize further to an octagon as subdividing
it in the same way into quadrilaterals or hexagons do not produce octagons that
generally have concurrent diagonals.
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A Simple Property of Isosceles Triangles with Applications

Surajit Dutta

Abstract. In this paper we prove a simple property of isosceles triangles and
give two applications: construction of third proportional line segments and con-
struction of the inverse point with respect to a circle.

1. Introduction

Here we give an interesting property of isosceles triangles. It is known that if
a and b are two given line segments, then their third proportional line segment c
can be constructed geometrically; see [2, VI.11]. We can more easily construct
the third proportional line segment by using the simple geometric property of the
isosceles triangles. Two points A and B are inverse points with respect to the
inversion circle with center O and radius r, if OA · OB = r2; see [3]. We can
construct the inverse point with respect to a circle by using the same property of
the isosceles triangle.

2. The property

Lemma 1. Let ABC be an isosceles triangle with AB = BC. Let D be a point
on the ray BC and let h be the ray obtained by reflecting the ray AD in the line
AC. Then the ray h cuts the ray BC in a point E which lies outside the segment
BC if the point D lies inside this segment (see Figure 1) and inside the segment
BC if the point D lies outside (see Figure 2).

k

h

A

B CD E

Figure 1

h

k

A

B CE D

Figure 2

Proof. For Figure 1, let k denote the ray which is the part of the ray BC outside
the segment BC. Then,

∠(k, CA) + ∠(AC, h) = π − ∠ACB + ∠(AC, h)

= π − ∠BAC + ∠(AC, h)

= π − ∠BAC + ∠DAC

< π.
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The second equality holds since the triangle ABC is isosceles, the third by reflec-
tion, and the fourth sinceD is an interior point of the segmentBC. Now according
to Euclid’s fifth postulate the rays k and h meet in a point E. By the properties of
reflection it is obvious that this intersection point E must lie on the rayBC outside
the segment BC.

For Figure 2, ∠(h,AC) = ∠CAD < ∠ACB = ∠BAC. The first equal-
ity holds by reflection, the inequality by the Exterior Angle Theorem, the second
equality since the triangle ABC is isosceles. Thus, the ray h runs first within the
triangle ABC and meets the side BC in an interior point E. �

Theorem 2. If ABC is an isosceles triangle and points D, E are given as in
Lemma 1, then BC2 = BD ·BE, i.e., BC is the geometric mean of BD and BE.

Proof. Firstly, we assume the pointD inside the segmentBC. The trianglesABD
andEBA share the angle at vertexB. Now consider the angle sums of the triangles
ABC and ABD.

∠ABC + ∠BCA+ ∠CAB = π,

∠ABD + ∠BDA+ ∠DAB = π.

Note, that ∠CAB = ∠CAD + ∠DAB. Thus, comparison of the two angle sums
yields ∠BDA = ∠BCA + ∠CAD. But ∠BCA = ∠CAB since the triangle
ABC is isosceles and ∠CAD = ∠EAC by reflection. Thus,

∠BDA = ∠CAB + ∠EAC = ∠EAB.

Therefore the triangles ABD and EBA are inversely similar, and

BC : BD = AB : BD = BE : BA = BE : BC.

From this, BC2 = BD ·BE.
Secondly, if the point D lies outside the segment BC then interchanging the

roles of the points D and E in the previous argument yields the same result. �

3. Applications

3.1. Construction of third proportional line segments. Let a and b be the lengths
of two line segments, and we have to draw a line segment of length c such that the
square of b equals the product of a and c.

b

b

a

h

A

B CD E

Figure 3

b

b

a

h

A

B CE D

Figure 4

For this, construct an isosceles triangle ABC with AB = BC = b (see Figures
3 and 4). Let D be a point on the ray BC such that BD = a and let h be the line
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obtained by reflecting the ray AD in the line AC. By Lemma 1 the ray h cuts the
ray BC in a point E. Theorem 2 implies BE = c.

3.2. Construction of the inverse point with respect to a circle. Consider a circle C
with center B and D a point which may lies inside or outside of the circle C. In
both cases we can follow the same steps to construct the inverse point of D with
respect to the circle C, a case distinction as in the usual treatments, see for example
[1, pp.108–109], is not needed.

h

C A

B CD E

Figure 5

h

C A

B CE D

Figure 6

Take the intersection point C of the ray BD with the circle C, see Figures 5 and
6. Connect the point C with an arbitrary point A on the circle C (different from
C) and let h be the ray obtained by reflecting the ray AD in the line AC. The ray
h cuts the ray BC in a point E by Lemma 1 which is the inverse point of D with
respect to the circle C in view of Theorem 2.

C C′
A

B CD E

Figure 7

Note that the circumcircle C′ of the triangle ADE is orthogonal to the circle C,
since it is invariant under the inversion at the circle C (see Figure 7).
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A Note on Haga’s Theorems in Paper Folding

Hiroshi Okumura

Abstract. Haga’s three theorems in the mathematics of square paper folding are
unified in a simple way.

1. Introduction

Haga’s famous theorems in the mathematics of square paper folding consists of
three main parts [1, 2, 3]. Let us assume that ABCD is a piece of square paper
with a point E on the side AD. We fold the paper so that the corner C coincides
with E and the side BC is carried into B′E, which intersects the side AB at a
point F (see Figure 1). We call this Haga’s fold of the first kind. Haga discovered
if E is the midpoint of AD, then F divides AB in the ratio 2 : 1 internally (first
theorem). Also if F is the midpoint of AB, then E divides AD in the ratio 2 : 1
internally (third theorem; see Figure 2).

A

B C

D

B′

E

F

Figure 1

A

B C

D

B′

E

F

Figure 2

A

B C

DE

F

Figure 3

Let F be a point on the side AB such that the reflection of B in the line CF
coincides with the reflection of D in the line CE (see Figure 3). This is called
Haga’s fold of the second kind, with the crease lines CE and CF . He discovered
if F is the midpoint of AB, then E divides AD in the ratio 2 : 1 internally (second
theorem). In this note, we show that these three facts are unified in a simple way.

2. Main theorem

It is easy to show AF as a function of DE. Indeed, the following fact is given
in [1]: If AB = 1, then AF = 2DE

1+DE holds for the fold of the first kind. Also he
pointed out that his fold of the first kind derived from the fold of the second kind,
and vice versa. In fact for the fold of the first kind, the reflection of B in the line
CF coincides with the reflection ofD in the line CE (see Figure 4). Haga’s results
are unified as follows.
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Theorem. The relation AF
FB = 2 · DEEA holds for Haga’s folds of the first and second

kinds.

A

B C

D

B′

E

F

Figure 4

Proof. Let AB = 1. The theorem can be proved using the relation AF = 2DE
1+DE .

We give a proof using trigonometry. By the above remark, it is sufficient to prove
for the fold of the second kind. Let θ = ∠DCE and t = tan θ. Then we get
DE = t and EA = 1 − t (see Figure 4). This implies DE

EA = t
1−t . While

∠BCF = π
4
− θ leads to FB = tan

(

π
4
− θ

)

= 1−t
1+t and AF = 1 − FB = 2t

1+t .

Hence we get AFFB = 2t
1−t . The theorem is now proved. �

By the theorem AF : FB = k : 1 is equivalent to DE : EA = k : 2 for a
positive real number k. Haga’s results are obtained when k = 1 and k = 2.
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Dao’s Theorem on Six Circumcenters associated
with a Cyclic Hexagon

Nikolaos Dergiades

Abstract. We reformulate and give an elegant proof of a wonderful theorem of
Dao Thanh Oai concerning the centers of the circumcircles of the six triangles
each bounded by the lines containing three consecutive sides of the hexagon.

In slightly different notations Dao Thanh Oai [3] has posed the problem of prov-
ing the following remarkable theorem.

Theorem (Dao). Let Ai, i = 1, 2, . . . , 6, be six points on a circle. Taking sub-
scripts modulo 6, we denote, for i = 1, 2, . . . , 6, the intersection of the lines
AiAi+1 and Ai+2Ai+3 by Bi+3, and the circumcenter of the triangle AiAi+1Bi+2

by Ci+3. The lines C1C4, C2C5, C3C6 are concurrent.

O

A1

A6

A5
A4

A3

A2

B3

B4

B5

B6

B1

B2

C4

C5

C6

C1

C2

C3

Figure 1

Indeed a proof with tedious computer aided calculations with barycentric coor-
dinates has been given in [4]. In this note we give an elegant proof using complex
numbers by considering the given hexagon as inscribed on the unit circle with cen-
ter 0 in the complex plane.
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Lemma 1. If A, B, C, D are points on the unit circle with affixes a, b, c, d respec-
tively, and the lines AB, CD intersect at E, then the circumcenter P of triangle
ACE has affix p = ac(b−d)

ab−cd .

ϕ

2ϕ

O
B

A

D

C

E

P

Figure 2

Proof. If the oriented angle between
−−→
AB and

−−→
CD is ϕ = ∠AEC, then ∠APC =

2ϕ. If z = cosϕ+ i sinϕ, then since for a point A on the unit circle, the conjugate
of its affix is a = 1

a , we conclude that

(c− p) = (a− p)z2. (∗)
Now,

d− c

|d− c| =
b− a

|b− a|z =⇒ (d− c)2

|d− c|2 =
(b− a)2

|b− a|2 z
2 =⇒ d− c

d− c
=
b− a

b− a
z2

=⇒ d− c
1

d − 1

c

=
b− a
1

b − 1

a

z2 =⇒ cd = abz2.

This reduces to cd = abz2, and from (∗), (c − p)ab = (a − p)cd. From this,
p = ac(b−d)

ab−cd . �

To avoid excessive use of subscripts, we reformulate and prove Dao’s Theorem
in the following form.

Theorem 2. Let A, B, C, X , Y , Z be arbitrary points on the unit circle with
complex affixes a, b, c, x, y, z respectively. The lines ZB, XC, Y A and CY , AZ,
BX bound the triangles A′B′C ′ and A′′B′′C ′′. If A1, B1, C1, A2, B2, C2 are
the circumcenters of the circles (A′Y C), (B′ZA), (C ′XB), (A′′BZ), (B′′CX),
(C ′′AY ), then the lines A1A2, B1B2, C1C2 are concurrent.
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B1
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Proof. From Lemma 1, we have the affixes of the circumcenters:

a1 =
cy(x− a)

cx− ay
, a2 =

bz(a− x)

az − bx
,

b1 =
az(y − b)

ay − bz
, b2 =

cx(b− y)

bx− cy
,

c1 =
bx(z − c)

bz − cx
, c2 =

ay(c− z)

cy − az
.

For every point W on the line A1A2, the number t = w−a1
w−a2 is real. Therefore,

t = w−a1
w−a2 . This gives the equation of the line A1A2 as

∣

∣

∣

∣

∣

∣

w w 1
a1 a1 1
a2 a2 1

∣

∣

∣

∣

∣

∣

= 0 (see [1]).

Since a, b, c, x, y, z are unit complex numbers,

a1 =
cy(x− a)

cx− ay
=

1

c · 1

y

(

1

x − 1

a

)

1

c · 1

x − 1

a · 1

y

=
x− a

cx− ay
.

Similarly, a2 = a−x
az−bx . From these we obtain the equation of the line A1A2, and

likewise those of B1B2 and C1C2. These are

(az + cx− ay − bx)w + (bcxy + abyz − cayz − bczx)w + (a− x)(cy − bz) = 0,

(bx+ ay − bz − cy)w + (cayz + bczx− abzx− caxy)w + (b− y)(az − cx) = 0,

(cy + bz − cx− az)w + (abzx+ caxy − bcxy − abyz)w + (c− z)(bx− ay) = 0.
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The three lines are concurrent if and only if the determinant
∣

∣

∣

∣

∣

∣

az + cx− ay − bx bcxy + abyz − cayz − bczx (a− x)(cy − bz)
bx+ ay − bz − cy cayz + bczx− abzx− caxy (b− y)(az − cx)
cy + bz − cx− az abzx+ caxy − bcxy − abyz (c− z)(bx− ay)

∣

∣

∣

∣

∣

∣

= 0.

This clearly is true since each column sum is equal to 0. �

From the equations of the lines it is clear that the point of concurrency is O if
and only if

(a− x)(cy − bz) = (b− y)(az − cx) = (c− z)(bx− ay) = 0.

Assume the points A, B, C, X , Y , Z distinct. This condition is satisfied precisely
when the unit complex affixes satisfy x

a = y
b = z

c . From this we conclude that
XY Z is obtained from ABC by a rotation.
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Two Tangent Circles from Jigsawing Quadrangle

Tran Quang Hung

Abstract. We establish the tangency of two circles associated with the jigsawing
quadrangle of Floor van Lamoen.

Floor van Lamoen [1] has given a construction, for an acute angled triangle
ABC, a pair of isotomic points QP , Q on BC such that when perpendiculars at
P , Q to BC are constructed to intersect AB and AC at P ′ and Q′ respectively, the
quadrangle PP ′Q′Q satisfies P ′Q′ = PP ′ + QQ′ (see Figure 1). If the triangles
BPP ′ and CQQ′ are rotated about P ′ and Q′ respectively, so that the images of P
and Q coincide at a point on P ′Q′, then the images of B and C coincide at a point
A′ such that the quadrangle AP ′A′Q′ is cyclic. van Lamoen also showed that AA′
passes through the circumcenter O of triangle ABC. Denote by S the center of the
circle through the four points. We show that this circle is tangent at A′ to another
circle naturally associated with the triangle. Let the tangents at B and C to the
circumcircle of ABC intersect at T .

Theorem. The circles through A, P ′, A′, Q′ is tangent at A′ to the circle, center
T , passing through B and C.

Proof. (1) We first show that A′ also lies on the circle, center T , passing through
B and C. Note that triangles P ′BA′ and Q′CA′ are isosceles (see Figure 1).
Therefore,

∠BA′C = 360◦ − ∠BA′P ′ − ∠P ′A′Q′ − ∠Q′A′C

= 360◦ − 180◦ − ∠BP ′A′

2
− (180◦ − ∠BAC)− 180◦ − ∠CQ′A′

2

=
∠BP ′A′ + ∠CQ′A′

2
+ ∠BAC

=
∠AQ′A′ + ∠CQ′A′

2
+ ∠BAC

= 90◦ + ∠BAC

= 180◦ − 1

2
∠BTC.
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This shows that A′ lies on the circle, center T , passing through B and C.

P

P ′

Q′

Q

O

A′

A

B C

T

S

Figure 1.

(2) We show that the points S, A′, and T ′ are collinear.

∠SA′Q′ + ∠Q′A′C + ∠CA′T

= (90◦ − ∠A′P ′Q′) + ∠Q′CA′ + (90◦ − ∠A′BC)

= 180◦ − ∠BP ′P + ∠ACB − (180◦ − ∠BA′C)

= 180◦ − (90◦ − ∠ABC) + ∠ACB − (90◦ − ∠BAC)

= ∠ABC + ∠ACB + ∠BAC

= 180◦.

Therefore, A′ lies on the segment ST .
It follows that the two circles are tangent externally at A′. �
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Two More Pairs of Archimedean Circles in the Arbelos

Tran Quang Hung

Abstract. We construct two more pairs of Archimedean circles in the arbelos.
One of them is a pair constructed by Floor van Lamoen in another way.

In addition to the two pairs of Archimedean circles associated with the arbelos
constructed by Dao Thanh Oai [1], we construct two more pairs. Given a segment
AB with an interior point C, consider the semicircles (O), (O1), (O2) with diam-
eters AB, AC, and CB, all on the same side of AB. The perpendicular to AB at
C intersects (O) at D. Let a and b be the radii of the semicircles (O1) and (O2)
respectively. The Archimedean circles have radii ab

a+b .

Theorem 1. Let the perpendiculars to AB at O1 and O2 intersect (O) at E and
F respectively. If AF intersects (O1) at H and BE intersects (O2) at K, then the
circles tangent to CD with centers H and K are Archimedean circles.

A BC

D

O1 O2

E

F

H
K

N

M

O

Figure 1

A BC

D

O1 O2

F

H

O

Figure 2

Proof. Let M and N be the orthogonal projections of H and K on CD respec-
tively. Since CH and BF are both perpendicular to AF , the right triangles CHM
and FBO2 are similar (see Figure 1).

HM

BO2

=
CH

FB
=

AC

AB
=⇒ HM = BO2 · AC

AB
= b · 2a

2a+ 2b
=

ab

a+ b
.

Therefore the circle H(M) is Archimedean; similarly for K(N). �

Floor van Lamoen has kindly pointed out that this pair has appeared before in a
different construction, as (K1) and (K2) in [3] (see also (A25a) and (A25b) in [4]).
We show that H and K are intersections of (O1) and (O2) with the mid-semicircle
with diameter O1O2. It is enough to show that ∠O1HO2 = ∠O1KO2 = 90◦.
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In Figure 2, O2 is the midpoint of BC, and BF , CH are parallel. The parallel
through O2 to these lines is the perpendicular bisector of FH . This means that
O2F = O2H , and

∠O1HO2 = 180◦ − ∠O1HA− ∠O2HF

= 180◦ − ∠O1AH − ∠O2FH

= ∠AO2F = 90◦.

Similarly, ∠O1KO2 = 90◦.

Theorem 2. Let P be the intersection of AD with the semicircle with diameter
AO2, and Q that of BD with the semicircle with diameter BO1. The circles tan-
gent to CD with centers P and Q are Archimedean.

A BC

D

O1 O2O

P

QX

Y

Figure 3

A BC

D

O1 O2O′
1 O′

2
O

P

Q

Z

Figure 4

Proof. Let X and Y be the orthogonal projections of P and Q on CD (see Figure
3). Since BD and O2P are both perpendicular to AD, they are parallel.

PX

AC
=

DP

DA
=

BO2

BA
=⇒ PX = AC · BO2

BA
= 2a · b

2a+ 2b
=

ab

a+ b
.

Therefore, the circle P (X) is Archimedean; similarly for Q(Y ). �

We show that PQ is a common tangent to the semicircles with diameters AO2

and BO1 (see [5]). In Figure 4, these two semicircles intersect at a point Z on CD
satisfying CZ2 = 2a · b = a ·2b. Now, DP ·DA = DZ(DC+ZC) = DQ ·DB.
It follows that DP

DQ = DB
DA , so that the right triangles DPQ and DBA are similar.

Now, if O′1 is the midpoint of AO2, then

∠O′1PQ = 180◦ − ∠O′1PA− ∠DPQ

= 180◦ − ∠BAD − ∠DBA

= ∠ADB = 90◦.

Therefore, PQ is tangent to the semicircle on AO2 at P . Similarly, it is also
tangent to the semicircle on BO1 at Q. It is a common tangent of the two semicir-
cles.
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A Special Point in the Arbelos Leading to a Pair of
Archimedean Circles

Floor van Lamoen

Abstract. In 2011 Quang Tuan Bui found a beautiful and simple pair of Archimedean
circles, which were published on a website. From this pair we find a special point
in the Arbelos leading to a related pair of Archimedean circles.

In 2011 Quang Tuan Bui found a beautiful and elegant pair of Archimedean
circles. These were published by Alexander Bogomolny on his website [1]. In
2013 the circle pair was found independently by Hiroshi Okumura [2, 3].

A BC OO1 O2

F G

E

D

Figure 1.

Consider an arbelos with (O) being the semicircle with diameter AB, while the
point C on AB defines the smaller semicircles (O1) and (O2) on AC and BC
respectively. Let the perpendiculars to AB from O1 and O2 meet (O) in D and E
respectively. The segments DA and DC meet (O1) in two points F and G. The
segment FG is the diameter of an Archimedean circle (see Figure 1). Likewise an
Archimedean circle is found from E.

To prove the correctness of the finding of Bui, we let r, r1 and r2 be the radii
of (O), (O1) and (O2) respectively. Note that AF : AD = r1 : r, so that AD :
FD = r : r2. Of course G divides CD in the same ratio. So, by similarity
FG = r2

r ·AC = 2 · r1r2
r . the Archimedean diameter.

Now one may wonder what the locus of points P is such that PA and PC cut a
chord ST off (O1) congruent to FG. See Figure 2.

For ST to be congruent to FG, it is clear that arcs FS and GT must be con-
gruent. From this the angles DAP and DCP must be congruent, and we conclude
that ACDP is cyclic. The locus of P is thus the circumcircle of triangle ACD.
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A C
O1

F GS

T

P

D

Figure 2.

Similarly, the locus of P for PB and PC to cut congruent to the one cut out by
EB and EC is the circumcircle BCE. Now the circumcircles of ACD and BCE
intersect, apart from C, in a point L. This point is thus the only point leading to
an Archimedean circle on each of the semicircles (O1) and (O2). A notable point
(see Figure 3).

A BC OO1 O2

E

D

L

Figure 3.
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Three Constructions of Archimedean Circles in an Arbelos

Paul Yiu

Abstract. We give ruler and compass constructions of three Archimedean cir-
cles in an arbelos, each with the endpoints of a diameter on the smaller semi-
circles. In the first case, the diameter contains the intersection of the defining
smaller semicircles of the arbelos. In the second case, these endpoints are the
intersections of the smaller semicircles with the lines joining the endpoints of
the base of the arbelos to a fixed point on the dividing perpendicular line. In the
third case, the diameter containing these endpoints is parallel to the base line of
the arbelos.

1. Introduction

We consider three constructions of Archimedean circles in an arbelos. Given
a segment AB with an interior point C, the semicircles (O), (O1), (O2) with
diameters AB, AC, CB on the same side of AB bound the arbelos, with dividing
line CD perpendicular to AB. Let a and b be the radii of the semicircles (O1) and
(O2). Circles with radius t := ab

a+b are called Archimedean. They are congruent
to the Archimedean twin circles [1, 2, 3]. We shall make use of the Archimedean
circles with centers O1 and O2 respectively.

A BC

D

OO1 O2O′
θ
X Y

Figure 1.

In particular, we shall encounter below lines making an angle θ withAB defined
by

sin θ =
t

a+ b
. (1)
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Such lines are parallel to the tangents from O1 to the Archimedean circle with
center O2 or vice versa. The points of tangency are the intersections with the circle
with diameterO1O2 and centerO′ (see Figure 1). We adopt a Cartesian coordinate
system with origin at C, so that the points A and B have coordinates (−2a, 0) and
(2b, 0) respectively. The equations of the circles (O1) and (O2) are

(x+ a)2 + y2 = a2,

(x− b)2 + y2 = b2.

2. Archimedean circles with diameter through C and endpoints on (O1) and
(O2)

Consider the construction of a line L through C intersecting the circles (O1)
and (O2) at A′ and B′ respectively so that the segment A′B′ has length 2t, and the
circle with diameter A′B′ is Archimedean. If L has slope m, then these intersec-

tions are A′ =
(

−2a
1+m2 ,

−2am
1+m2

)

and B′ =
(

2b
1+m2 ,

2bm
1+m2

)

. Since the difference

between the x-coordinates is 2(a+b)
1+m2 , A′B′2 = 4(a+b)2

1+m2 . This is equal to (2t)2 if and
only if

1 +m2 =
(a+ b)4

a2b2
=

(a+ b)2

t2
= csc2 θ

for the angle θ defined by (1). It follows that the slope m = ± cot θ, and the line
L is perpendicular to a tangent from O1 to the Archimedean circle at O2.

Theorem 1. A line through C intersecting (O1) and (O2) at the endpoints of a
diameter of an Archimedean circle if and only if it is perpendicular to a tangent
from O1 to the Archimedean circle with center O2.

L

A B
COO1 O2O′

A′

B′

Figure 2(a)
L

A B
COO1 O2O′

A′

B′

Figure 2(b)
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3. Archimedean circle from intersections of QA, QB with Q on CD

We construct a point Q on the line CD such that the intersections of AQ with
(O1) and BQ with (O2) are the endpoints of a diameter of an Archimedean circle

(see Figure 3). Let Q = (0, q). These intersections are A′′ =
(

−2aq2
q2+4a2

, 4a2q
q2+4a2

)

and B′′ =
(

2bq2

q2+4b2
, 4b2q
q2+4b2

)

. From these coordinates,

A′′B′′2 =
4(a+ b)2q4

(q2 + 4a2)(q2 + 4b2)
.

This is equal to (2t)2 if and only if (a + b)4q4 − a2b2(q2 + 4a2)(q2 + 4b2) = 0.
Rewriting this as

((a+ b)4 − a2b2)q4 − 4a2b2(a2 + b2)q2 − 16a4b4 = 0, (2)

we see that there is a unique positive root.

Theorem 2. There is a unique point Q on the dividing line CD such that the
intersections of QA with (O1) and QB with (O2) are the endpoints of a diameter
of an Archimedean circle.

A BC

D

OO1 O2

A′′
B′′

Q

Figure 3.

From (2), we obtain explicitly

q2 =
a2b2

(a+ b)4 − a2b2
(2(a2 + b2) + 2(a+ b)

√

(a− b)2 + 4(a+ b)2).

Now, a2b2

(a+b)4−a2b2 = t2

(a+b)2−t2 = tan2 θ for θ defined by (1). It is enough to
construct a segment CX on AB with

CX2 = 2(a2 + b2) + 2(a+ b)
√

(a− b)2 + 4(a+ b)2. (3)

Let M be the “highest” point of (O), i.e., the intersection of (O) with the per-
pendicular to AB at O (see Figure 4). For the construction of X , we make use of
the following.
(i) 2(a2 + b2) = (a+ b)2 + (a− b)2 = OM2 +OC2 = CM2,
(ii) (a− b)2 + 4(a+ b)2 = 4(O′O2 +OM2) = 4 ·O′M2.
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A BC

D

OO1 O2O′

Y1

Y2

M

X1X2X

X0

A′′
B′′

Q

Figure 4.

Construction. (1) On different sides of AB on the perpendicular at C, choose
points Y1 and Y2 such that CY1 = OM and CY2 = O′M . Construct the circle
with diameter Y1Y2, to intersect the line AB in a segment X1X2.

(2) On the perpendicular to MC at M , choose a point X0 such that MX0 =
X1X2.

(3) LetX be a point onAB such that CX = CX0. The segment CX has length
given by (3) above.

(4) Construct a parallel through X to a tangent from O1 to the Archimedean
circle with center O2, to intersect CD at Q. This is the unique point Q in Theorem
2.

4. Archimedean circle with a diameter parallel to AB and endpoints on (O1)
and (O2)

We consider the possibility of an Archimedean circle with a diameter parallel
to AB having its endpoints one on each of the semicircles (O1) and (O2). If the
diameter is at a distance d from AB, its endpoints are among the points

X− = (−a−√
a2 − d2, d), X+ = (−a+√

a2 − d2, d);

Y− = (b−√
b2 − d2, d), Y+ = (b+

√
b2 − d2, d).

The differences between the lengths of the various segments and the diameter of
an Archimedean circle are

X−Y+ − 2t = a+ b− 2t+
√

a2 − d2 +
√

b2 − d2,

X−Y− − 2t = a+ b− 2t+
√

a2 − d2 −
√

b2 − d2,

X+Y+ − 2t = a+ b− 2t−
√

a2 − d2 +
√

b2 − d2,

X+Y− − 2t = a+ b− 2t−
√

a2 − d2 −
√

b2 − d2.
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The condition

(X−Y+ − 2t)(X−Y− − 2t)(X+Y+ − 2t)(X+Y− − 2t) = 0

simplifies into

4t(a− t)(b− t)(a+ b− t)− (a+ b− 2t)2d2 = 0. (4)

This clearly has a unique positive root d.

Theorem 3. There is a unique Archimedean circle with a diameter parallel toAB,
having endpoints one on each of the semicircles (O1) and (O2).

Now, by Heron’s formula, t(a− t)(b− t)(a+ b− t) is the square of the area of
a triangle with sides a, b, and a+ b− 2t. From (4), d is the altitude of the triangle
on the side a+ b− 2t. This leads to the following simple construction.

Construction. Let the Archimedean circle with center O1 intersect O1C at X and
that with center O2 intersect CO2 at Y . Construct a point Z (on the same side of
the arbelos) such that XZ = a and Y Z = b. The parallel to AB through Z is the
line which intersects (O1) and (O2) at two points at a distance 2t apart.

A BC

D

OO1 O2

X− X+ Y−

Y+Z

X Y

Figure 5a: a3 < a2b+ ab2 + b3

A BC

D

OO1 O2

X− X+

Y− Y+Z

X Y

Figure 5b: a3 > a2b+ ab2 + b3

The point Z is indeed the center of the Archimedean circle in question.
Assume a ≥ b without loss of generality. Note that O1X+ = XZ = a, and

they are parallel since

sinX+O1C =
d

a
= sinZXY.

This means that O1XZX+ is a parallelogram, and ZX+ = XO1 = t. The circle,
center Z, passing through X+ is Archimedean. The other end of the the diameter
is Y− or Y+ according as a3 is less than or greater than a2b+ ab2+ b3 (see Figures
5a and 5b). This follows from the simple fact

√

b2 − d2 =

{−a3b+a2b2+ab3+b4
(a+b)(a2+b2)

if a3 < a2b+ ab2 + b3,
a3b−a2b2−ab3−b4

(a+b)(a2+b2)
, if a3 > a2b+ ab2 + b3.
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A Purely Synthetic Proof of Dao’s Theorem on Six
Circumcenters Associated with a Cyclic Hexagon

Telv Cohl

Abstract. We present a purely synthetic proof of Dao’s theorem on six circum-
centers associated with a cyclic hexagon.

Nikolaos Dergiades [4] has given an elegant proof using complex numbers of
the following theorem.

Theorem (Dao [2]). Let six points A, B, C, D, E, F lie on a circle, and U =
AF ∩ BC, V = AB ∩ CD, W = BC ∩DE, X = CD ∩ EF , Y = DE ∩ FA,
Z = EF ∩ AB. Denote by O1, O2, O3, O4, O5, O6 the circumceneters of the
six triangles ABU , BCV , CDW , DEX , EFY , FAZ. The three lines O1O4,
O2O5, O3O6 are concurrent.

A

E

C

B

F

D

Z

Y

XW

V

U O6

O5

O4

O3

O2

O1

Figure 1

In this note we present a purely synthetic proof.

Lemma 1. Let A, B, C, A′, B′, C ′ be six points (in cyclic order) on a circle (O),
and X = AB ∩ A′C, X ′ = A′B′ ∩ AC ′. Let O1, O′1 be the circumcenters of
(XBC), (X ′B′C ′) respectively. The lines O1O

′
1, BB′, CC ′ are concurrent (see

Figure 2).
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O

A

BC

A′

B′

C′

X

X′

A0

O1

Y

O′
1

Y ′

Z

Z′

P

Figure 2

Proof. Since the triangles XBC and XA′A are inversely similar, the diameter
XY of (O1) is an altitude of triangle XA′A. Similarly, the diameter X ′Y ′ of (O′1)
is an altitude of triangle XA′A. Hence, XY and X ′Y ′ are parallel, and XX ′,
Y Y ′ intersect at a point P that divides these segments in the ratio of the radii of
the circles. Clearly, P also lies on the segment O1O

′
1. The lines XB,X ′B′ and

their perpendiculars Y B, Y ′B′ meet at the points Z ′, Z respectively. If AA0 is a
diameter of (O), then A′A0⊥A′A. Since the points Z, B, B′, Z ′ are concyclic, we
have ZZ ′||A′A0 because they are both antiparallels to BB′ relative to A0Z, A′Z ′.
Hence XY ||X ′Y ′||ZZ ′, and are perpendicular to A′A. By Desargues’ theorem,
the triangles (XY B) and (X ′Y ′B′) are perspective. Hence, BB′ passes though
P . Similarly we prove that CC ′ passes through P . �

We reformulate and prove Dao’s theorem in the following form.

Theorem 2. Divide a circle in six consecutive arcs c2, a1, b2, c1, a2, b1 with the
arbitrary points A, B, C, A′, B′, C ′. Let the chords of the arcs a2, b2, c2 bound
a triangle A1B1C1, and those of the arcs a1, b1, c1 bound a triangle A2B2C2. If
O1, O′1, O2, O′2, O3, O′3 are the circumcenters of the circles (A1BC), (A2B

′C ′),
(B1C

′A), (B2CA′), (C1A
′B′), (C2AB) respectively, then the lines O1O

′
1, O2O

′
2,

O3O
′
3 are concurrent (see Figure 3).

Proof. Let A3 = BB′ ∩ CC ′, B3 = CC ′ ∩ AA′, and C3 = AA′ ∩ BB′. By
Lemma 1 the points A3, B3, C3 lie on the lines O1O

′
1, O2O

′
2, O3O

′
3 respectively.

Denote

∠O1BA3 = Ab, ∠O2C
′B3 = Bc, ∠O3A

′C3 = Ca,

∠O1CA3 = Ac, ∠O2AB3 = Ba, ∠O3B
′C3 = Cb.
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AbAc

Ca

Cb

Ba

Bc

C

A

B′

A′

B

C′

A1

C2

B1

A2

C1

B2

O1

O′
3

O2

O′
1

O3

O′
2

A3

B3
C3

Figure 3

We have Ab = ∠O1BC + ∠CBA3 = 90o − ∠CA1B + ∠CBB′ or

Ab = 90◦ − a2 + b1 + c1 − a1
2

+
b2 + c1

2
= 90◦ +

a1 + b2 − a2 − b1
2

.

Similarly,

Ba = 90◦ − b2 + c1 + a1 − b1
2

+
a2 + c1

2
= 90◦ − a1 + b2 − a2 − b1

2
.

From these, Ab + Ba = 180◦, and sinAb = sinBa. Similarly, sinBc = sinCb

and sinCa = sinAc.
Consider O1A3O

′
1, O2B3O

′
2, and O3C3O

′
3 as lines through the vertices of tri-

angle A3B3C3. Let R1 be the radius of the circle (O1). Since

sinAb

sinC3A3O′1
=

sinAb

sinBA3O1

=
O1A3

R1

=
sinAc

sinO1A3C
=

sinAc

sinO′
1
A3B3

,

we have sinC3A3O′
1

sinO′
1
A3B3

= sinAb
sinAc

. Similarly, sinA3B3O′
2

sinO′
2
B3C3

= sinBc
sinBa

, and sinB3C3O′
3

sinO′
3
C3A3

=
sinCa
sinCb

. Therefore,

sinC3A3O
′
1

sinO′
1
A3B3

· sinA3B3O
′
2

sinO′
2
B3C3

· sinB3C3O
′
3

sinO′
3
C3A3

=
sinAb

sinAc
· sinBc

sinBa
· sinCa

sinCb
= 1.

By the converse of Ceva’s theorem, we conclude that the lines O1O
′
1, O2O

′
2, O3O

′
3

are concurrent. �
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The Triangle of Reflections

Jesus Torres

Abstract. This paper presents some results in triangle geometry discovered with
the aids of a dynamic software, namely, the Geometer’s Sketchpad, and con-
firmed with computations using Mathematica 9.0. With the method of barycen-
tric coordinates, we study geometric problems associated with the triangle of
reflections T† of a given triangle T (obtained by reflecting the vertices in their
opposite sides), resulting in interesting triangle centers and simple loci such as
circles and conics. These lead to some new triangle centers with reasonably sim-
ple coordinates, and also new properties of some known, classical centers. In
particular, we show that the Parry reflection point (reflection of circumcenter in
the Euler reflection point) is the common point of two triads of circles, one asso-
ciated with the tangential triangle, and another with the excentral triangle. More
interestingly, we show that a certain rectangular hyperbola through the vertices
of T† appears as the locus of the perspector of a family of triangles perspective
with T†, and in a different context as the locus of the orthology center of T†

with another family of triangles.

1. Introduction

This paper is a revision of the author’s master thesis [14]. We present some re-
sults in triangle geometry discovered with the aids of a dynamic software, namely,
the Geometer’s Sketchpad c©, and confirmed with computations using Mathemat-
ica 9.0. With the method of barycentric coordinates, we study geometric problems
associated with the triangle of reflections T

† of a given triangle T (obtained by
reflecting the vertices in their opposite sides). We use the notations and basic
formulas in triangle geometry as presented in [15]. In particular, coordinates of
triangle centers are expressed in the Conway notation, so as to reduce the degrees
of polynomials involved. We obtain a number of interesting triangle centers with
reasonably simple coordinates, and also new properties of some known, classical
centers.

1.1. Summary. Let T be a given triangle. The triangle of reflections T† is the one
whose vertices are the reflections of the vertices of T in their opposite sides. This
is introduced in CHAPTER 2. Propositions 2.1 and 2.2 explain the significance of
the nine-point center of T in the geometry of T†. The homogeneous barycentric
coordinates of a few classical centers on the Euler line are computed. While the
calculations for the centroid and the circumcenter are easy (Proposition 2.4), the
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coordinates of the orthocenter and nine-point center can only be computed with the
aids of Mathematica. These two centers will feature in CHAPTER 7.

CHAPTERS 3 and 4 give a number of simple results related to perspectivity and
orthology with T

†. In §4.1, we give a simple computational proof of Sondat’s
theorem (Theorem 4.1) which states that if two nondegenerate triangles are both
perspective and orthologic, then the perpector and the two orthology centers are
collinear. This applies to T

† and the orthic triangle of T (Theorem 4.3). The line
containing these centers has a remarkably simple equation. This line also appears
as a locus discussed in §7.2. Also, the orthology center cev(H)⊥(T†) in Theorem
4.3 is a new center which reappears in a number of places in later chapters.

In CHAPTERS 5 and 6 we construct a number of circles associated with T
†. In

§5.3 we construct a triad of circles in relation to the tangential triangle of T, and
show that they are concurrent at the Parry reflection point (which is the reflection
of the circumcenter of T in its Euler reflection point). Another triad of circles
is constructed in §5.4, this time in connection with the excentral triangle of T.
This triad of circles are also concurrent at the same Parry reflection point. A new
Tucker circle (through the pedals of the vertices of T† on the sidelines of T) is
constructed in §6.3. The center of this circle bears a very simple relationship with
the Parry reflection point and the Hatzipolakis reflection point in §6.1.

In CHAPTER 7 we present two locus problems related to T
† and resulting in

conic loci, which can be easily identified as rectangular hyperbolas. Specifically,
we show that the rectangular circum-hyperbola through the vertices of T

† and
the orthocenter of T arises as the locus of the perspector of a family of triangles
perspective with T

† (Theorem 7.1), and also as the locus of the orthology center of
T
† with another family of triangles (Theorem 7.4(a)). Some of the triangle centers

and lines constructed in earlier chapters also feature in the solutions of the loci
problems discussed in this chapter.

Appendix A lists a number of triangle centers catalogued in ETC [7] that feature
in this paper with properties related to T

†. Appendix B is a summary of new
triangle centers appearing in this thesis, listed in order of their search numbers in
ETC.

2. The triangle of reflections and the nine-point center

Given a reference T := ABC, consider the reflections of the vertices in the
respective opposite sides. In homogeneous barycentric coordinates, these are the
points

A′ = (−(SB + SC) : 2SC : 2SB),

B′ = (2SC : −(SC + SA) : 2SA),

C ′ = (2SB : 2SA : −(SA + SB)).

The triangle T
† := A′B′C ′ is called the triangle of reflections of T. It is the main

object of study of this paper.

2.1. Perspectivity with T. Clearly, T and T
† are perspective at the orthocenter H .
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Proposition 2.1. The perspectrix of T and T
† is the trilinear polar of the nine-

point center N .

A

B C

A′

B′
C′

X

Y

Z

Figure 2.1

Proof. The equation of the line B′C ′ is

(−3SAA + S2)x+ 2(S2 + SAB)y + 2(S2 + SCA)z = 0.

It is clear that B′C ′ ∩ BC = (0 : −(S2 + SCA) : S
2 + SAB). The equations of

the lines C ′A′ and A′B′, and their intersections with the corresponding sidelines,
can be written down easily by cyclic permutations of parameters. These are

C ′A′ ∩ CA = (S2 + SBC : 0 : −(S2 + SAB)),

A′B′ ∩AB = (−(S2 + SBC) : S
2 + SCA : 0).

The line containing these points is
x

S2 + SBC
+

y

S2 + SCA
+

z

S2 + SAB
= 0,

the trilinear polar of the nine-point center N . �

2.2. Homothety between T
† and the reflection triangle of N .

Proposition 2.2. The triangle of reflections T† is the image of the reflection trian-
gle of the nine-point center N under the homothety h(O, 2).

Proof. If D is the midpoint of BC, it is well known that 2 · OD = AH = H†aA′

(see Figure 2.2). If N †a is the reflection of N in BC, then

NN †a = OD+HHa =
1

2
(2·OD+2HHa) =

1

2
(HHa+HaH

†
a+H†aA

′) =
1

2
HA′.

Since N is the midpoint of OH , it follows that N †a is the midpoint of OA′.
A similar reasoning shows that N †b and N †c are the midpoints of OB′ and OC ′.

�
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Proposition 2.3. The medial triangles of T and T
† are perspective at N .

Proof. The midpoint of B′C ′ is the point

X ′ =
1

2
(B′ + C ′)

=
1

2

(

(2SC ,−(SC + SA), 2SA)

SC + SA
+

(2SB, 2SA,−(SA + SB))

SA + SB

)

=
(2(S2 + SBC), (SA − SB)(SC + SA), (SA − SC)(SA + SB))

2(SC + SA)(SA + SB)
.

In homogeneous barycentric coordinates, this is

X ′ = (2(S2 + SBC) : (SA − SB)(SC + SA) : (SA − SC)(SA + SB)).

The line joining X ′ to the midpoint of BC has equation
∣

∣

∣

∣

∣

∣

2(S2 + SBC) (SA − SB)(SC + SA) (SA − SC)(SA + SB)
0 1 1
x y z

∣

∣

∣

∣

∣

∣

= 0,

or

SA(SB − SC)x+ (S2 + SBC)(y − z) = 0.

This line clearly contains the nine-point center N , since

SA(SB − SC)(S
2 + SBC) + (S2 + SBC)((S

2 + SCA)− (S2 + SAB)) = 0.

Similarly, the lines joining the midpoints of C ′A′ and A′B′ to those of CA and
AB also contain N . We conclude that the two medial triangles are perspective at
N (see Figure 2.3). �
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2.3. The Euler line of T†.

Proposition 2.4. (a) The centroid, circumcenter, and orthocenter of T† are the
points

G′ = (a2(SAA − SA(SB + SC)− 3SBC) : · · · : · · · ),
O′ = (a2(−3S3

A(SB + SC) + SAA(5SBB + 6SBC + 5SCC)

+ 9SABC(SB + SC) + 4SBBSCC)) : · · · : · · · ),
H ′ = (a2(2(SA + SB + SC)S

6 + SBC(2(−SA + 4SB + 4SC)S
4

+ (SAA − 3S2)((7SA + 5SB + 5SC)S
2 + SABC))) : · · · : · · · ),

N ′ = (a2(3a4S5
A + 2a2(a4 + 9SBC)S

4
A − (a8 + 26a4SBC − 16S2

BC)S
3
A

− 4a2SBC(4a
4 + 19SBC)SAA − SASBBSCC(29a

4 + 48SBC)− 14a2(SBC)
3)

: · · · : · · · ).
(b) The equation of the Euler line of T†:

∑

cyclic

(SC + SA)(SA + SB)(SB − SC)f(SA, SB, SC)x = 0,

where

f(SA, SB, SC) = 2(8SA+SB+SC)S
4−SASB+SC)((5SA+7SB+7SC)S

2+SABC).

Remarks. (1) The centroid G′ is X(3060) in ETC, defined as the external center of
similitude of the circumcircle of T and the nine-point circle of the orthic triangle.

(2) The circumcenter O′ is the reflection of O in N∗.
(3) The orthocenter H ′ has ETC (6-9-13)-search number 31.1514091170 · · · .
(4) The nine-point center N ′ has ETC (6-9-13)-search number 5.99676405896 · · · .
(5) The Euler line of T† also contains the triangle center X(156), which is the

nine-point center of the tangential triangle.

2.4. Euler reflection point of T†. A famous theorem of Collings [2] and Longuet-
Higgins [8] states that the reflections of a line L in the sidelines of T are concur-
rent if and only if L contains the orthocenter H . If this condition is satisfied, the
point of concurrency is a point on the circumcircle.

Applying this to the Euler line of T, we obtain the Euler reflection point

E =

(

a2

b2 − c2
:

b2

c2 − a2
:

c2

a2 − b2

)

.

The Euler reflection point of T† is a point E′ on the circumcircle of T† (see
Figure 2.4). Its coordinates involve polynomial factors of degree 12 in SA, SB ,
SC ; it has ETC (6-9-13)-search number −1.94515015138 · · · .
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B′

C′

O′
H′

E′

G′

Figure 2.4

3. Perspectivity

3.1. Triangles perspective with T
†.

3.1.1. The excentral triangle. The excentral triangle of T has the excenters as ver-
tices. L. Evans [3] has shown that this is perspective with T

† at the triangle center

X(484) = (a(a3 + a2(b+ c)− a(b2 + bc+ c2)− (b+ c)(b− c)2) : · · · : · · · ).
This triangle center is often called the Evans perspector. It is the inverse of I in the
circumcircle of the excentral triangle, and divides OI in the ratio

OX(484) : X(484)I = R+ 2r : −4r.

3.1.2. The Fermat triangles. Hatzipolakis and Yiu [5] have shown that the only
Kiepert triangles perspective with T

† are the Fermat triangles, consisting of ver-
tices of equilateral triangles erected on the sides of T. The perspectors are the
isodynamic points, X(16) or X(15) according as the vertices of the equilateral
triangles are on the same or opposite sides of the vertices of T.

3.2. Triangles bounded by reflections of the sidelines of T and T
† in each other.

Let a, b, c be the sidelines BC, CA, AB of triangle T := ABC, and a′, b′, c′
those of T†. The reflections of these lines in a, b, c (and vice versa) give rise to
interesting examples of perspective triangles. Let La be the reflection of a in a′,
and L ′

a that of a′ in a. Similarly, define Lb, L ′
b , and Lc, L ′

c .
Since a, a′ intersect at X , the lines La, L ′

a intersect BC at the same point.
Similarly, the reflections of b and b′ in each other intersect b at Y ; so do those
of c and c′ at Z. By Proposition 2.1, X , Y , Z define the trilinear polar of N .
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A
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A′

B′
C′

A′′

B′′ C′′

Figure 3.1

Therefore, T, T†, the triangles T∗ bounded by L ′
a, L ′

b , L ′
c (see Figure 3.1), and

T
′′ = A′′B′′C ′′ bounded by La, Lb, Lc are line-perspective to each other, all

sharing the same perspectrix XY Z. They are also vertex-perspective.
The following table gives the (6 − 9 − 13)-search numbers of the perspectors,

with the highest degree of the polynomial factors (in SA, SB , SC) in the coordi-
nates.

T
†

T
∗

T
′′

T H 3.99180618013 · · · (5) 8.27975385194 · · · (7)
T
† −9.04876879620 · · · (11) −7.90053389552 · · · (16)

T
∗ −0.873191727540 · · · (26)

Here is the perspector of T and T
∗ in homogeneous barycentric coordinates:

(

a2

(3SA − SB − SC)S4 + SBC((6SA + 5SB + 5SC)S2 + 7SABC)
: · · · : · · ·

)

.

4. Orthology

4.1. Orthology and perspectivity.

Theorem 4.1 (Sondat [12]; see also [13, 9]). If two nondegenerate triangles are
both perspective and orthologic, then the perspector and the two orthology centers
are collinear.

Proof. Assume triangles ABC and XY Z are perspective at a point P = (u : v :
w) and have perpendiculars from X to BC, Y to CA, and Z to AB concurrent at
a point Q = (u′ : v′ : w′). Now the point X is the intersection of the line AP and
the perpendicular from Q to BC. It has coordinates

(v((SB+SC)w
′+SBu

′)−w(SCu
′+(SB+SC)v

′) : v(SBv
′−SCw

′) : w(SBv
′−SCw

′)).

Similarly, Y is the intersection of BP and the perpendicular from Q to CA, and
Z is that of CP and the perpendicular from Q to AB. Their coordinates can be
written down from those of X by cyclic permutations of parameters. Since the
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triangles are orthologic, we find the second orthology center. The perpendculars
from A to Y Z, B to ZX , and C to AB are the lines

(SAu− SBv)(u
′w − w′u)y − (SCw − SAu)(v

′u− u′v)z = 0,

(SBv − SCw)(v
′u− u′v)z − (SAu− SBv)(w

′v − v′w)x = 0,

(SCw − SAu)(w
′v − v′w)x− (SBv − SCw)(u

′w − w′u)y = 0.

These lines are concurrent at the point

Q′ =
(

SBv − SCw

w′v − v′w
:
SCw − SAu

u′w − w′u
:
SAu− SBv

v′u− u′v

)

.

This clearly lies on the line PQ:

(w′v − v′w)x+ (u′w − w′u)y + (v′u− u′v)z = 0.

Therefore the perspector P and the orthology centers Q and Q′ are collinear. �

Here is an illustrative example. Let T⊥(P ) be the pedal triangle of a point P . It
is clear that the perpendiculars from the vertices of T⊥(P ) to T are concurrent at
P . Therefore, the perpendiculars from A, B, C to the corresponding sides of the
pedal triangle are also concurrent. This is the isogonal conjugate of P .

Since the reflection triangle is homothetic to the pedal triangle. The same result
holds, namely,

(T†(P ))⊥(T) = P and T
⊥(T†(P )) = P ∗.

4.2. Orthology with T. Clearly the perpendiculars from A′, B′, C ′ to the sidelines
of T are concurrent at H . We find the other orthology center.

Proposition 4.2. The orthology center T⊥(T†) is N∗.

A

B
C

A′

B′

C′

N∗

Figure 4.1
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Proof. The perpendiculars from A to B′C ′, B to C ′A′, and C to A′B′ are the lines

(SA + SB)(S
2 + SCA)y − (SC + SA)(S

2 + SAB)z = 0,
−(SA + SB)(S

2 + SBC)x + (SB + SC)(S
2 + SAB)z = 0,

(SC + SA)(S
2 + SBC)x − (SB + SC)(S

2 + SCA)y = 0.

These are concurrent at
(

SB + SC
S2 + SBC

:
SC + SA
S2 + SCA

:
SA + SB
S2 + SAB

)

,

which is the isogonal conjugate of the nine-point center N . �

4.3. Orthic triangle.

Theorem 4.3. The triangle of reflections T† is orthologic to the orthic triangle.

A

B C

A′

B′

C′

H

Hc

Hb

Ha

Q′ Q

Figure 4.2

Proof. The perpendiculars from Ha to B′C ′, Hb to C ′A′, Hc to A′B′ are the lines

2S2(SB − SC)SAx+ (S2(3SA + SB + SC) + SABC)(SBy − SCz) = 0,

2S2(SC − SA)SBy + (S2(SA + 3SB + SC) + SABC)(SCz − SAx) = 0,

2S2(SA − SB)SCz + (S2(SA + SB + 3SC) + SABC)(SAx− SBy) = 0.

These are concurrent at

Q := (SBC(SB + SC)(SAA − 3S2)(S2(3SA + SB + SC) + SABC)) : · · · : · · · ).
The perpendiculars from A′ to HbHc, B′ to HcHa, C ′ to HaHb are the lines
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2S2(SB − SC)(x+ y + z) = (SB + SC)(−(SA + SB)SCy + (SC + SA)SBz),

2S2(SC − SA)(x+ y + z) = (SC + SA)(−(SB + SC)SAz + (SA + SB)SCx),

2S2(SA − SB)(x+ y + z) = (SA + SB)(−(SC + SA)SBx+ (SB + SC)SAy).

These lines are concurrent at

Q′ = ((SB+SC)(3S
3
A(SB+SC)−SAA(SB−SC)

2−5SABC(SB+SC)−4S2
BC) : · · · : · · · ).

�

Remarks. (1) The orthology center Q := cev(H)⊥(T†) has ETC (6-9-13)-search
number 12.4818250323 · · · . This also appears in Proposition 6.3 and §7.1.1 below.

(2) The orthology center Q′ := T
†⊥(cev(H)) has ETC (6-9-13)-search number

−8.27009636449 · · · .
(3) Since the two triangles are perspective at H , the line joining these two or-

thology centers contains H . This is the line
∑

cyclic

a2SA(SB − SC)(3S
2 − SAA)x = 0.

See Theorem 7.4(b) below.

4.4. Tangential triangle. Since the tangential triangle is homothetic to the orthic
triangle, the results of §4.2 also shows that the triangle of reflections is orthologic
to the tangential triangle. Clearly, (T†)⊥(cev−1(K)) = (T†)⊥(cev(H)) = Q′.

Proposition 4.4. The orthology center cev−1(K)⊥(T†) is the circumcenter of T†.

A

B C

A′

B′

C′

Kc

Kb

Ka

O

O′

Figure 4.3
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Proof. The vertex Ka = (−(SB + SC) : SC + SA : SA+ SB) is equidistant from
B′ and C ′. In fact,

KaB′2 = KaC ′2 =
SA(9S

2 + SBB + SBC + SCC) + (SB + SC)SBC
4SAA

.

Therefore, Ka lies on the perpendicular bisector of B′C ′. Similarly, Kb and Kc lie
on the perpendicular bisectors of C ′A′ and A′B′ respectively. From this the result
follows. �

5. Triads of circles

In this chapter we consider triads of circles related to T
†. The circumcircle of

the reflection flanks are considered in §5.1. In §5.2, we construct a triad of coaxial
circles associated with pedals and with the line HK as axis. In §5.3,4, we show that
a common triangle center, the Parry reflection point X(399), the reflection of the
circumcenter in the Euler reflection point of T, occurs as the point of concurrence
of two triads of circles, one associated with the tangential triangle (Proposition
5.7), and another with the excentral triangle (§5.4).

We shall make frequent use of the following fundamental theorem.

Theorem 5.1 ([5, Proposition 18]). If the circles XBC, AY C, ABZ have a com-
mon point, so do the circles AY Z, XBZ, XY C.

5.1. The reflection flanks and their circumcircles. We shall refer to the triangles

T
†a := AB′C ′, T†b := A′BC ′, and T

†c := A′B′C as the reflection flanks.

Proposition 5.2. The reflection flank T
†a is degenerate if and only if A = π

3
or

2π
3

.

Proof. The line B′C ′ has equation

(−3SAA + S2)x+ 2(S2 + SAB)y + 2(S2 + SCA)z = 0.

(See §2.1). This contains the vertex A if and only if 3SAA = S2, cot2A = 1

3
, i.e.,

A = π
3

or 2π
3

. �

The circumcircle of T†a:

(S2 − 3SAA)(a
2yz + b2zx+ c2xy)

− 2(x+ y + z)(c2(S2 + SCA)y + b2(S2 + SAB)z) = 0.

Its center is the point

Oa = 2S2(3S2 − SAA)(1, 0, 0) + b2c2(S2 + SBC , S
2 + SCA, S

2 + SAB).

Proposition 5.3. (a) The circumcenters of the reflection flanks form a triangle per-
spective with ABC at the nine-point center N .

(b) The orthocenters of the reflection flanks form a triangle perspective with
ABC at N∗.



276 J. Torres

Proof. From the coordinates of Oa, we note that the line AOa contains the nine-
point center N = (S2 + SBC : S2 + SCA : S2 + SAB). Similarly, for the

circumcenters Ob and Oc of T†b and T
†c the lines BOb and COc also contain the

nine-point center.
(b) is equivalent to the orthology of T and T

†. It follows from Proposition
4.2. �

Since the circles (A′BC), (AB′C), (ABC ′) are concurrent at H , the circum-
circles of the reflection flanks are also concurrent.

Proposition 5.4. The circumcircles of the reflection flanks are concurrent atX(1157),
the inverse of N∗ in the circumcircle of T.

A

B
C

A′

B′

C′

O

Ob

Oc

Oa

N

X(1157)

N∗

Figure 5.1

Proof. The point of concurrency is necessarily the radical center of the circles.
From the equations of the circumcircles of the reflection flanks:

(S2 − 3SAA)(a
2yz + b2zx+ c2xy)− 2(x+ y + z)(c2(S2 + SCA)y + b2(S2 + SAB)z) = 0,

(S2 − 3SBB)(a
2yz + b2zx+ c2xy)− 2(x+ y + z)(a2(S2 + SAB)z + c2(S2 + SBC)x) = 0,

(S2 − 3SCC)(a
2yz + b2zx+ c2xy)− 2(x+ y + z)(b2(S2 + SBC)x+ a2(S2 + SCA)y) = 0,
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we obtain the radical center as the point (x : y : z) satisfying

c2(S2 + SCA)y + b2(S2 + SAB)z

S2 − 3SAA
=

a2(S2 + SAB)z + c2(S2 + SBC)x

S2 − 3SBB

=
b2(S2 + SBC)x+ a2(S2 + SCA)y

S2 − 3SCC
.

Rewriting this as

(S2+SCA)y
b2

+ (S2+SAB)z
c2

a2(S2 − 3SAA)
=

(S2+SAB)z
c2

+ (S2+SBC)x
a2

b2(S2 − 3SBB)
=

(S2+SBC)x
a2

+ (S2+SCA)y
b2

c2(S2 − 3SCC)
,

we have
(S2+SCA)y

b2 + (S2+SAB)z
c2

a2(S2 − 3SAA)
=

(S2+SAB)z
c2 + (S2+SBC)x

a2

b2(S2 − 3SBB)
=

(S2+SBC)x
a2 + (S2+SCA)y

b2

c2(S2 − 3SCC)
.

From these,
(S2+SBC)x

a2

−a2(S2 − 3SAA) + b2(S2 − 3SBB) + c2(S2 − 3SCC)

=

(S2+SCA)y
b2

a2(S2 − 3SAA)− b2(S2 − 3SBB) + c2(S2 − 3SCC)

=

(S2+SAB)z
c2

a2(S2 − 3SAA) + b2(S2 − 3SBB)− c2(S2 − 3SCC)
,

and

x : y : z =
a2(−a2(S2 − 3SAA) + b2(S2 − 3SBB) + c2(S2 − 3SCC))

S2 + SBC
: · · · : · · · .

This gives the triangle center X(1157) in ETC, the inverse of N∗ in the circumcircle
of T. �

5.2. Three coaxial circles. Let HaHbHc be the orthic triangle, and H ′a, H ′b, H
′
c the

pedals of A on B′C ′, B on C ′A′, and C on A′B′ respectively.

Proposition 5.5. The lines HaH
′
a, HbH

′
b, HcH

′
c are concurrent at

(a2SBC((5SA + SB + SC)S
4 + SABC(S

2 − 2SAA)) : · · · : · · · ).
Remark. This has ETC (6-9-13)-search number 3.00505308538 · · · .

Theorem 5.6. The three circles AHaH
′
a, BHbH

′
b, CHcH

′
c are coaxial with radi-

cal axis HK.

Proof. The centers of the circles AXX ′ are the point

O′a = (SA(SB − SC) : −(S2 + SCA) : S
2 + SAB),

O′b = (S2 + SBC : SB(SC − SA) : −(S2 + SAB),

O′c = (−(S2 + SBC) : S
2 + SCA : SC(SA − SB)).
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These centers lie on the line

a2SAx+ b2SBy + c2SCz = 0.

The circles have equations

SA(SB − SC)(a
2yz + b2zx+ c2xy)− (x+ y + z)(SB(S

2 + SAB)y − SC(S
2 + SCA)z) = 0,

SB(SC − SA)(a
2yz + b2zx+ c2xy)− (x+ y + z)(SC(S

2 + SBC)z − SA(S
2 + SAB)x) = 0,

SC(SA − SB)(a
2yz + b2zx+ c2xy)− (x+ y + z)(SA(S

2 + SCA)x− SB(S
2 + SBC)y) = 0.

The radical axis is

(SB − SC)SAAx+ (SC − SA)SBBy + (SA − SB)SCCz = 0,

which clearly contains H and K (see Figure 5.2). �

Remark. The radical axes of the circumcircle with these three circles are concurrent
at

X(53) =

(

S2 + SBC
SA

:
S2 + SCA

SB
:
S2 + SAB

SC

)

.

5.3. T† and the tangential triangle. Let cev−1(K) := KaKbKc be the tangential
triangle. The centers of the circles KaB′C ′, KbC ′A′, KcA′B′ are the points
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O′′a = (SABC + (3SA − SB − SC)S
2 : b2c2SC : b2c2SB),

O′′b = (c2a2SC : SABC + (3SB − SC − SA)S
2 : c2a2SA),

O′′c = (a2b2SB : a2b2SA : SABC + (3SC − SA − SB)S
2).

The triangle O′′aO′′bO
′′
c is perspective with T at H . Therefore, the two triangles

are orthologic. The perpendiculars from O′′a , O′′b , O′′c to BC, CA, AB respectively
are concurrent at

X(265) =

(

SA
3SAA − S2

:
SB

3SBB − S2
:

SC
3SCC − S2

)

.

Proposition 5.7 ([5, §5.1.2]). the circles KaB′C ′, KbC ′A′, KcA′B′ are concur-
rent at the Parry reflection point X(399).

A

B C

A′

B′

C′

Kc

Kb

Ka

O

X(399)

E

Figure 5.3

Proof. The equations of the circles are

2SA(a
2yz + b2zx+ c2xy) + (x+ y + z)(b2c2x+ 2c2SCy + 2b2SBz) = 0,

2SB(a
2yz + b2zx+ c2xy) + (x+ y + z)(2c2SCx+ c2a2y + 2a2SAz) = 0,

2SC(a
2yz + b2zx+ c2xy) + (x+ y + z)(2b2SBx+ 2a2SAy + a2b2z) = 0.
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The radical center of the three circles is the point (x : y : z) satisfying

b2c2x+ 2c2SCy + 2b2SBz

SA
=

2c2SCx+ c2a2y + 2a2SAz

SB
=

2b2SBx+ 2a2SAy + a2b2z

SC
.

This is

(x : y : z) = (a2(−8S4 + 3b2c2(S2 + 3SBC)) : · · · : · · · ),
the triangle center X(399), the Parry reflection point, which is the reflection of O
in the Euler reflection point E (see Figure 5.3). �

The circles A′KbKc, B′KcKa, C ′KaKb are also concurrent (see [11]). The
point of concurrency is a triangle center with coordinates

(a2f(SA, SB, SC) : b
2f(SB, SC , SA) : c

2f(SC , SA, SB)),

with ETC (6-9-13)-search number 1.86365616601 · · · . The polynomial f(SA, SB, SC)
has degree 10.

5.4. T† and the excentral triangle.

Proposition 5.8 ([5, §5.1.3]). The circles A′IbIc, IaB′Ic, IaIbC ′ have the Parry
reflection point as a common point.

A

B
C

A′

B′

C′

Ia

Ib

Ic

X(399)

O

E

Figure 5.4

The centers of these circles are perspective with the excentral triangle at a point
with ETC (6-9-13)-search number −27.4208873972 · · · .
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On the other hand, the circles IaB′C ′, A′IbC ′ and A′B′Ic have a common point
with ETC (6-9-13)-search number 7.08747856659 · · · . Their centers are perspec-
tive with ABC at the point X(3336) which divides OI in the ratio OX(3336) :
X(3336)I = 2R+ 3r : −4r.

6. Pedals of vertices of T† on the sidelines of T

6.1. The triad of triangles ABaCa, BCbAb, CAcBc. Consider the pedals of A′,
B′, C ′ on the sidelines of T. These are the points

BC CA AB

A′ Ba = (SCC − S2 : 0 : 2S2), Ca = (SBB − S2 : 2S2 : 0);

B′ Ab = (0 : SCC − S2 : 2S2) Cb = (2S2 : SAA − S2 : 0);

C′ Ac = (0 : 2S2 : SBB − S2), Bc = (2S2 : 0 : SAA − S2).

Proposition 6.1. The Euler lines of the triangles ABaCa, BCbAb, CAcBc are
concurrent at the Hatzipolakis reflection point X(1986).

Proof. The circumcenter of ABaCa is Ha = (0 : SC : SB). The centroid is the
point

2S2(SB + SC , SC + SA, SA + SB)− (3SABC + S2(SA + SB + SC))(1, 0, 0).

From these we find the equation of its Euler line; similarly for the other two trian-
gles. The Euler lines of the triangles are the lines

2S2 · SA(SB − SC)x+ (3SABC − S2(−SA + SB + SC))(SBy − SCz) = 0,

2S2 · SB(SC − SA)y + (3SABC − S2(SA − SB + SC))(SCz − SAx) = 0,

2S2 · SC(SA − SB)z + (3SABC − S2(SA + SB − SC))(SAx− SBy) = 0.

These three lines are concurrent at a point with coordinates given above. It is the
triangle center X(1986) (see Figure 6.1). �

Remark. Here is a definition of the Hatzipolakis reflection point X(1986) equiva-
lent to the one given in ETC. Let HaHbHc be the orthic triangle. X(1986) is the
common point of the reflections of the circles ABbHc in HbHc, BHcHa in HcHa,
and CHaHb in HaHb.

Proposition 6.2. The circumcircles of the triangles ABaCa, BCbAb, CAcBc have
radical center X(68).

Proof. These are the circles with centers Ha, Hb, Hc, passing through A, B, C
respectively.

a2(a2yz + b2zx+ c2xy)− (x+ y + z)((SBB − S2)y + (SCC − S2)z) = 0,

b2(a2yz + b2zx+ c2xy)− (x+ y + z)((SCC − S2)z + (SAA − S2)x) = 0,

c2(a2yz + b2zx+ c2xy)− (x+ y + z)((SAA − S2)x+ (SBB − S2)y) = 0.
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B′

C′
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Ba

Cb

AbAc

Bc

X(1986)

X(68)

Figure 6.1

The radical center is the point defined by

(SBB − S2)y + (SCC − S2)z

a2
=

(SCC − S2)z + (SAA − S2)x

b2

=
(SAA − S2)x+ (SBB − S2)y

c2
.

From these,

(SAA − S2)x

b2 + c2 − a2
=

(SBB − S2)y

c2 + a2 − b2
=

(SCC − S2)z

a2 + b2 − c2

and

x : y : z =
SA

SAA − S2
:

SB
SBB − S2

:
SC

SCC − S2
.

This is the triangle center X(68). �

6.2. The triad of triangles A′BaCa, B′CbAb, C ′AcBc.

Theorem 6.3. The Euler lines of the triangles A′BaCa, B′CbAb, C ′AcBc are
concurrent at

Q = (SBC(SB + SC)(SAA − 3S2)(SABC + S2(3SA + SB + SC)) : · · · : · · · ).

Proof. The circumcenter of A′BaCa is Ha = (0 : SC : SB), the same as ABaCa.
The centroid is the point

(−(SABC+S2(3SA+SB+SC)) : 2(SC+SA)(2S
2−SAB) : 2(SA+SB)(2S

2−SCA)).

From these we find the equation of its Euler line; similarly for the other two trian-
gles. The Euler lines of the triangles are the lines
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2S2 · SA(SB − SC)x+ (SABC + S2(3SA + SB + SC))(SBy − SCz) = 0,

2S2 · SB(SC − SA)y + (SABC + S2(SA + 3SB + SC))(SCz − SAx) = 0,

2S2 · SC(SA − SB)z + (SABC + S2(SA + SB + 3SC))(SAx− SBy) = 0.

These three lines are concurrent at a point with coordinates given above. �

Remark. This is the same as the orthology center cev(H)⊥(T†) in Theorem 4.3.

6.3. A Taylor-like circle. It is well known that the six pedals of Ha, Hb, Hc on the
sidelines of T are concyclic. The circle containing them is the Taylor circle (see,
for example, [6, §9.6]). The center of the circle, called the Taylor center, is the
triangle center

X(389) = (S4 − SAASBC : S4 − SBBSCA : S4 − SCCSAB).

Analogous to the Taylor circle, the pedals of A′, B′, C ′ on the sidelines of T
are also concyclic (see [1]). In fact, the circle containing them is a Tucker circle
(Figure 6.3), since
(i) the segments BcCb, CaAc, AbBa are parallel to BC, CA, AB respectively, and
(ii) the segments BaCa, CbAb, AcBc are antiparallel to BC, CA, AB respectively,
i.e., they are parallel to the corresponding sides of the orthic triangle HaHbHc.

The equation of the circle containing these six pedals is

a2b2c2(a2yz + b2zx+ c2xy)

− 2S2(x+ y + z)
(

(SAA − S2)x+ (SBB − S2)y + (SCC − S2)z
)

= 0.

The center of the circle is the point

(a2(SAA−S2)(S2+SBC) : b
2(SBB−S2)(S2+SCA) : c

2(SCC−S2)(S2+SAB)).
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This is the triangle center X(52). It is the reflection of O in the center of the Taylor
circle. It is also the orthocenter of the orthic triangle (see Figure 6.3).

7. Some locus problems leading to conics

The website [4] CATALOGUE OF TRIANGLE CUBICS of B. Gibert contains a
vast number of cubic and higher degree curves arising from locus problems in tri-
angle geometry. In this chapter we consider a few loci related to perspectivity and
orthology with T

† which are conics. To avoid presenting excessively complicated
algebraic manipulations, we present two problems in which the conic loci can be
easily identified as rectangular hyperbolas. For this we recall a basic fact in tri-
angle geometry: A (circum-)conic passing through the vertices of a triangle is a
rectangular hyperbola if and only if it also passes through the orthocenter of the
triangle.

7.1. Reflection of T in a point. Let P be a point with homogeneous barycentric
coordinates (x : y : z). The reflections of T in P is the triangle T

†
P with vertices

A†P = (x− y − z : 2y : 2z),

B†P = (2x : y − z − x : 2z),

C†P = (2x : 2y : z − x− y).

7.1.1. Perspectivity of T† with reflection of T in a point.

Theorem 7.1. The locus of P for which T
†
P is perspective with T

† is the rectan-
gular circum-hyperbola of the orthic triangle containing the orthocenter H .
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Proof. The equation of the line A′A†P is
∣

∣

∣

∣

∣

∣

−(SB + SC) 2SC 2SB
x− y − z 2y 2z

X Y Z

∣

∣

∣

∣

∣

∣

= 0

or

2(SBy − SCz)X− (SBx− SBy + SCz)Y+ (SCx− SBy + SCz)Z = 0.

Similarly, we have the equations of the lines B′B†P and C ′C†P . These three lines
are concurrent if and only if
∣

∣

∣

∣

∣

∣

2(SBy − SCz) −(SBx− SBy + SCz) SCx− SBy + SCz
SAx+ SAy − SCz 2(SCz − SAx) −(SAx+ SCy − SCz)

−(−SAx+ SBy + SAz) −SAx+ SBy + SBz 2(SAx− SBy)

∣

∣

∣

∣

∣

∣

= 0.

Expanding this determinant, we obtain

(x+ y + z)

⎛

⎝

∑

cyclic

(SB − SC)(SAAx
2 + SBCyz)

⎞

⎠ = 0.

Since P is a finite point, x+ y + z �= 0. Therefore (x : y : z) must satisfy
∑

cyclic

(SB − SC)(SAAx
2 + SBCyz) = 0.

The clearly defines a conic. By setting x = 0, we obtain

(SBy − SCz)(SB(SC − SA)y − SC(SA − SB)z) = 0.

It is clear that the conic contains Ha = (0 : SC : SB). Similarly, it also contains Hb

and Hc. Therefore, it is a circumconic of the orthic triangle cev(H) = HaHbHc.
We also verify that the conic contains the following two points:

(i) the orthocenter H =
(

1

SA
: 1

B : 1

SC

)

(easy),

(ii) the triangle center

X(52) = ((SB + SC)(S
2 − SAA)(S

2 − SAA)(S
2 + SBC) : · · · : · · · )

(with the help of Mathematica). This latter, according to ETC, is the orthocenter
H⊥ of the orthic triangle (see Figure 7.1).

It follows that the locus of P is the rectangular circum-hyperbola of the orthic
triangle containing H . �

Remarks. (1) For P = H⊥ = X(52), the perspector of T† and T
†
P is the orthology

center Q = (T†)⊥(cev(H)) in Proposition 4.3.
(2) Since the conic intersects the sidelines of T at the traces of H , the second

intersections with the sidelines are the traces of another point. This is X(847).
(3) The center of the conic is the point X(1112).
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Figure 7.1

7.1.2. Locus of perspector.

Theorem 7.2. For P on the rectangular circum-hyperbola of the orthic triangle
containing H , the locus of the perspector of T† and T

†
P is the rectangular circum-

hyperbola of T† containing the orthocenter H .

Proof. Rearranging the equation of A′A†P in the form

(SBY− SCZ)x− (2X+ Y+ Z)(SBy − SCz) = 0,

and likewise those of B′B†P and C ′C†P , we obtain the condition for concurrency:
∣

∣

∣

∣

∣

∣

SBY− SCZ −SB(2X+ Y+ Z) SC(2X+ Y+ Z)
SA(X+ 2Y+ Z) SCZ− SAX −SC(X+ 2Y+ Z)
−SA(X+ Y+ 2Z) SB(X+ Y+ 2Z) SAX− SBY

∣

∣

∣

∣

∣

∣

= 0.

Expanding the determinant, we obtain

(X+ Y+ Z)

⎛

⎝

∑

cyclic

(SB − SC)(2SAAX
2 − (SA(SB + SC)− 2SBC)YZ)

⎞

⎠ = 0.

Since this perspector cannot be an infinite point, it must lie on the conic
∑

cyclic

(SB − SC)(2SAAX
2 − (SA(SB + SC)− 2SBC)YZ) = 0. (7.1)

Construct the parallels to A′C ′ and A′B′ through Hc and Hb respectively to
intersect at a point X . The reflections of B and C in X lie respectively on A′C ′
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and A′B′ (Figure 7.2). Therefore, T†X is perspective to T
† at A′. This shows that

the conic (7.1) contains A′. The same reasoning shows that it also contains B′ and
C ′. It is a circumconic of T†.

Now we claim that this conic contains the following two points:
(i) the orthocenter H (easy, take P = H),
(ii) the orthocenter H ′ of T†.

In Proposition 4.3, we have constructed the orthology center Q = (cev(H))†(T†).
We claim that the reflection T

†
Q is perspective with T

† at the orthocenter of T†.
Note that in triangle AA′A†Q, Q and Ha are the midpoints of AA†Q and AA′. There-

fore, A′A†Q is parallel to HaQ. Since HaQ is perpendicular to B′C ′, A′A†Q is the

altitude of T† (through A′). Similarly, B′B†Q and C ′C†Q are also altitudes of the
same triangle (see Figure 7.3). The three lines are concurrent at H ′, the orthocenter
of T†, which therefore lies on the conic defined by (7.1).

It follows that (7.1) defines the rectangular circum-hyperbola of T† containing
H . �

7.2. Orthology of T† with reflection triangle of P . For a given point P , the reflec-
tion triangle T

†(P ) has vertices the reflections of P in the sidelines:

P †a = (−(SB + SC)x : 2SCx+ (SB + SC)y : 2SBx+ (SB + SC)z),

P †b = (2SCy + (SC + SA)x : −(SC + SA)y : 2SAy + (SC + SA)z),

P †c = (2SBz + (SA + SB)x : 2SAz + (SA + SB)y : −(SA + SB)z).

It is well known that the reflection triangle T
†(P ) is degenerate if and only if

P lies on the circumcircle. It is clear that the perpendiculars from A, B, C to the
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line containing P †a , P †b , P †c are parallel. However, the perpendiculars from these
points to the sidelines of T are concurrent if and only if P is an intersection of
the Euler line with the circumcircle. Henceforth, we shall consider P not on the
circumcircle, so that its reflection triangle is nondegenerate. We study the locus of
P for which T

†(P ) is orthologic to T
†.

7.2.1. Locus of P whose reflection triangle is orthologic to T
†.

Theorem 7.3. The reflection triangle of P is orthologic to T
† if and only if P lies

on the Euler line.

Proof. Let P be a point outside the circumcircle, and with homogeneous barycen-
tric coordinates (x : y : z). The perpendiculars from the vertices of T† to the
sidelines of T†(P ) are the lines

2(−c2SCy + b2SBz)X+ (c2(SB − SC)y + 2b2SBz)Y+ (−2c2SCy + b2(SB − SC)z)Z = 0,

(−2a2SAz + c2(SC − SA)x)X+ 2(−a2SAz + c2SCx)Y+ (a2(SC − SA)z + 2c2SCx)Z = 0,

(b2(SA − SB)x+ 2a2SAyx)X+ (−2b2SBx+ a2(SA − SB)y)Y+ 2(−b2SBx+ a2SAy)Z = 0.

These are concurrent if and only if
∣

∣

∣

∣

∣

∣

2(−c2SCy + b2SBz) (c2(SB − SC)y + 2b2SBz) (−2c2SCy + b2(SB − SC)z)
(−2a2SAz + c2(SC − SA)x) 2(−a2SAz + c2SCx) (a2(SC − SA)z + 2c2SCx)
(b2(SA − SB)x+ 2a2SAyx) (−2b2SBx+ a2(SA − SB)y) 2(−b2SBx+ a2SAy)

∣

∣

∣

∣

∣

∣

= 0.
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Expanding this determinant, we obtain

−a2b2c2(a2yz+b2zx+c2xy)(SA(SB−SC)x+SB(SC−SA)y+SC(SA−SB)z) = 0.

Apart from the circumcircle, this defines the Euler line. �

7.2.2. Loci of orthology centers.

Theorem 7.4. Let P be a point on the Euler line.

(a) The locus of the orthology center T
†⊥(T†(P )) is the rectangular circum-

hyperbola of T† containing the orthocenter H of T.
(b) The locus of the orthology center T†(P )⊥(T†) is the line joining the ortho-

center H of T to the nine-point center of T†.

Proof. Let P = (SBC + t, SCA + t, SAB + t) be a point on the Euler line.
(a) The perpendiculars from A′ to the line P †b P

†
c is

2SA(SB − SC)(S
2 + t)x

+ (SA(SA(2SBB + SBC − SCC) + SBC(3SB − SC)) + (SA(3SB − SC) + SB(SB + SC)t)y

+ (SA(SA(SBB − SBC − 2SCC) + SBC(SB − 3SC)) + (SA(SB − 3SC)− SC(SB + SC))t)z

= 0.

The coefficients are linear in t; similarly for the equations of the perpendiculars
from B′, C ′ to P †c P †a and P †aP †b . The point of concurrency of the three perpen-
diculars therefore has coordinates given by quadratic functions in t. Therefore, the

locus of the orthology center T†⊥(T†(P )) is a conic. Note that for P = O, this
orthology center is H . Also, for P = N , this is the orthocenter of T†. (Proof:
Since the reflection triangle of N is homothetic to T

† (Proposition 2.2), they are
orthologic, and (T†)⊥(T†(N)) = H ′, the orthocenter of T†).

We claim that A′, B′, C ′ are also three such orthology centers. Consider the Jer-
abek hyperbola (the rectangular circum-hyperbola of T through O and H . This is
the isogonal conjugate of the Euler line. It also contains the symmedian point K. If
the lines A′K, B′K, C ′K intersect the hyperbola again at X∗, Y ∗, Z∗ respectively,
then their isogonal conjugates X , Y , Z are on the Euler line. If X†aX†bX

†
c is the

reflection triangle of X , then the lines X†aX†b and X†aX†c are perpendicular to A′C ′

and A′B′ respectively. This shows that A′ is the orthology center (T†)⊥(T†(X)),
and it lies on the conic locus. The same reasoning shows that B′ = (T†)⊥(T†(Y ))
and C ′ = (T†)⊥(T†(Z)) are also on the same conic. This shows that the conic is
a circumconic of T†, containing its orthocenter H ′ and H .

(b) On the other hand, we compute the equations of the lines from P †a to B′C ′,
P †b to C ′A′, and P †c to A′B′. These three lines are concurrent at a point whose
coordinates are linear functions of t. Therefore, the locus of the orthology center
is a line. This line has equation

∑

cyclic

a2SA(SB − SC)(3S
2 − SAA)X = 0.
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It is routine to check that this line contains the orthocenter H . It also contains the
nine-point center N ′ of T† (with coordinates given in Proposition 2.4). �

Remarks. (1) This is the same line joining the orthology centers of T
† and the

orthic triangle in Theorem 4.3.
(2) The orthology center T†(P )⊥(T†) is

(i) the orthocenter H for P = X(3520) = (a2SBC(5SAA+S2) : · · · : · · · ), which
can be constructed as the reflection of H in X(1594), which is the intersection of
the Euler line with the line joining the Jerabek and Taylor centers,
(ii) the nine-point center of T† for

P = (−S4(SA+SB +SC)+SBC((16SA+7SB +7SC)S
2+SABC) : · · · : · · · )

with ETC (6-9-13)-search number 7.47436627857 · · · .

8. Epilogue

In two appendices we list the triangle centers encountered in this paper. Appen-
dix A lists those catalogued in ETC that feature in this paper with properties related
to T

†. Appendix B lists new triangle centers in order of their search numbers in
ETC. Here we present two atlases showing the positions of some of the centers in
Appendix A in two groups.

Figure 8.1 shows a number of centers related to N and its isogonal conjugate
N∗. On the line ON∗ there are X(195) (the circumcenter of T†) and X(1157) (the
common point of the circumcircles of the reflection flanks (Proposition 5.4)). The
line NN∗ intersects the circumcircle at X(1141), which also lies on the rectangular
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circum-hyperbola of T containing N . The center of the hyperbola is X(137) on
the nine-point circle.

The line joining X(1141) to X(1157) is parallel to the Euler line of T. This line
intersects the hyperbola at the antipode of N , which is the triangle center X(1263).

Figure 8.2 shows the Euler line and its isogonal conjugate, the Jerabek hyperbola
with center X(125). The four triangle centers O, X(125), X(52) (center of the
Taylor-like circle in §6.3), and X(1986) (the Hatzipolakis reflection point) form a
parallelogram, with center X(389), the center of the Taylor circle. The line joining
O to X(125) intersects the hyperbola at X265) (the reflection conjugate of O),
which appears several times in this paper.

It is a well known fact that the line the hyperbola intersects the circumcircle at
X(74), the antipode of H . The antipode of X(74) on the circumcircle is the Euler
reflection point E. The Parry reflection point X(399) is the reflection of O in E.

Figure 8.2 also shows the construction given in §7.2.2 of X(3520) on the Euler
line.

Appendix A: Triangle centers in ETC associated with T
†.

(1) X(5) = N : nine-point center.
• Reflection triangle homothetic to T

† (Proposition 2.2).
• Perspector of the medial triangles of T† and T (Proposition 2.3).
• Perspector of the circumcenters of AB′C ′, A′BC ′, A′B′C (Proposition

5.3(a)).
(2) X(15): isodynamic point.
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• Perspector of negative Fermat triangle with T
† (§3.1.2).

(3) X(16): isodynamic point.
• Perspector of positive Fermat triangle with T

† (§3.1.2).
(4) X(52): orthocenter of orthic triangle.

• Center of the circle through the 6 pedals of A′ on CA, AB etc. (§6.3).
(5) X(53): symmedian point of orthic triangle.

• Point of concurrency of the radical axes of the circumcircle with the circles
AHaH

′
a, BHbH

′
b, CHcH

′
c, where HaHbHc is the orthic triangle, and H ′

a,
H ′

b, H ′
c are the pedals of A on B′C ′ etc (Theorem 5.6).

(6) X(54) = N∗.
• orthology center from ABC to T

† (Proposition 4.2).
• Perspector of the orthocenters of AB′C ′, A′BC ′, A′B′C (Proposition 5.3(b)).
• perspector of the orthocenters of the reflection flanks (Proposition 5.3(b)).
• radical center of the nine-point circles of A′BC, AB′C and ABC ′.
• Perspector of the triangle bounded by the radical axes of the circumcircle

with the circles each through one vertex and the reflections of the other two
in their opposite sides. (The triangle in question is indeed the anticevian
triangle of N∗.)

(7) X(68):
• radical center of the circles ABaCaA

′, BCbAbB
′, CAcBcC

′ (Proposition
6.2).

(8) X(195): reflection of O in N∗.
• The circumcenter of T† (§2.3).
• Orthology center from tangential triangle to T

† (Proposition 4.4).
(9) X(265): reflection conjugate of O.
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• Orthology center from circumcenters of KaB′C ′, KbC ′A′, KcA′B′ to T

(§5.3).
• Point of concurrency of parallels through A to Euler line of A′BC etc.

(10) X(399): Parry reflection point (reflection of O in Euler reflection point):
• Common point of circles KaB′C ′, A′KbC ′, A′B′Kc (Proposition 5.7).
• Common point of circles A′IbIc, B′IcIa, C ′IaIb (Proposition 5.8).

(11) X(484) Evans perspector
• Perspector of T† and the excentral triangle (§3.1.1).

(12) X(1141): intersection of circumcircle with the rectangular circum-hyperbola through
N .

• Perspector of the reflection triangle of X(1157).
• Cevian triangle perspective with T

† at X(1157).
(13) X(1157): inverse of N∗ in circumcircle.

• Common point of the circles AB′C ′, A′BC ′ and A′B′C (Proposition 5.4).
• Perspector of T† with the anticevian triangle of N∗.
• Perspector of T† with the cevian triangle of X(1141).

(14) X(1986): Hatzipolakis reflection point.
• Reflection of Jerabek point in Taylor center.
• Common point of the Euler lines of ABaCa etc., where Ba and Ca are the

pedals of A′ on AC and AB respectively (Theorem 6.1).
(15) X(3060)

• Centroid T
† (§2.3).

(16) X(3336)
• Perspector of centers of circles IaB′C ′, IbC ′A′, IcA′B′ (§5.4).

(17) X(3520)
• Point on the Euler line with orthology center (T†)⊥(T†(X(3520)) = H

(§7.2.2, Remark 2(i)).

Appendix B: Triangle centers not in ETC.

(1) −27.4208873972 · · · : perspector of excentral triangle with centers of circles A′IbIc,
B′IcIa, C ′IaIb (§5.4).

(2) −9.04876879620 · · · : perspector of T† and triangle bounded by reflections of a′

in a etc (§3.2).
(3) −8.27009636449 · · · : orthology center from T

† to orthic triangle (§4.3).
(4) −7.90053389552 · · · : perspector of T† and triangle bounded by reflections of a

in a′ etc ((§3.2)).
(5) −5.94879118842 · · · : symmedian point of T†.
(6) −1.94515015138 · · · : Euler reflection point of T† (§2.4).
(7) −0.873191727540 · · · : perspector of the triangles bounded by the reflections of

a’ in a etc and those of a in a’ etc (§3.2).
(8) 1.86365616601 · · · : common point of circles A′KbKc, B′KcKa, C ′KaKb (§5.4).
(9) 2.99369649092 · · · : radical center of pedal circles of A′, B′, C ′.

(10) 3.00505308538 · · · : point of concurrency of HaH
′
a, HbH

′
b, HcH

′
c, where H ′

a,
H ′

b, H ′
c are the pedals of A on B′C ′, B on C ′A′, and C on A′B′ respectively

(Proposition 5.5).
(11) 3.99180618013 · · · : perspector of T and triangle bounded by reflections of a′ in

a etc (§3.2).
(12) 4.22924780831 · · · : perspector of T and the reflection triangle of X(1263) (§4.1).
(13) 5.99676405896 · · · : nine-point center of T† (§2.3).
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(14) 7.08747856659 · · · : common point of circles IaB′C ′, A′IbC ′ and A′B′Ic (§5.4).
(15) 7.47436627857 · · · : P for which the orthology center T†(P )⊥(T†) = N† (§7.2.2,

Remark 2(ii)).
(16) 8.27975385194 · · · : perspector of T and triangle bounded by reflections of a in

a′ etc (§3.2).
(17) 12.48182503 · · · : Q := orthology center from orthic triangle to T

† (§4.3).
• orthology center from reflection triangle of X(1594) to T

†,
• point of concurrency of the Euler lines of triangles A′BaCa, B′CbAb, C ′AcBc

(Proposition 6.3).
• reflection of T in this point is perspective with T

† (at the orthocenter of T†)
(Proof of Theorem 7.3).

(18) 31.1514091170 · · · :
• orthocenter of T† (§2.3).
• perspector of T† and reflection of T in Q (§7.1.2).
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A Gallery of Conics by Five Elements

Paris Pamfilos

Abstract. This paper is a review on conics defined by five elements, i.e., either
lines to which the conic is tangent or points through which the conic passes.
The gallery contains all cases combining a number (n) of points and a number
(5− n) of lines and also allowing coincidences of some points with some lines.
Points and/or lines at infinity are handled as particular cases.

1. Introduction

In the following we review the construction of conics by five elements: points
and lines, briefly denoted by (αPβT ), with α + β = 5. In these it is required to
construct a conic passing through α given points and tangent to β given lines. The
six constructions, resulting by giving α, β the values 0 to 5 and considering the
data to be in general position, are considered the most important ([18, p. 387]),
and are to be found almost on every book about conics. It seems that constructions
for which some coincidences are allowed have attracted less attention, though they
are related to many interesting theorems of the geometry of conics. Adding to the
six main cases those with the projectively different possible coincidences we land
to 12 main constructions figuring on the first column of the classifying table below.
The six added cases can be considered as limiting cases of the others, in which
a point tends to coincide with another or with a line. The twelve main cases are
the projectively inequivalent to which every other case can be reduced by means
of a projectivity of the plane. There are, though, interesting classical theorems
for particular euclidean inequivalent cases worth studying, as, for example, the
much studied case of parabolas tangent to four lines (case (0P5T1) in §7.2). In
this review the frame is that of euclidean geometry and consequently a further
distinction of ordinary from points and lines at infinity is taken into account. All
of the (50) constructions classified below are known and can be found in the one
or the other book on conics (e.g. [7, pp. 136]), but nowhere come to discussion
all together, so far I know. In a few cases (e.g. §11.1, §3.2) I have added a proof,
which seems to me interesting and have not found elsewhere.

Publication Date: October 28, 2014. Communicating Editor: Paul Yiu.
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1 2 3 4 5 6

2 (5P0T ) (5P10T ) (5P20T )
3 (4P1T ) (4P1T1) (4P11T ) (4P21T )
4 (3P2T ) (3P2T1) (3P12T ) (3P22T )
5 (2P3T ) (2P3T1) (2P13T ) (2P23T )
6 (1P4T ) (1P4T1) (1P14T )
7 (0P5T ) (0P5T1)

8 (4P1T )1 (4P11T1) (4P11T )1 (4P11T )i (4P21T )1 (4P21T )i
9 (3P2T )1 (3P2T1)1 (3P12T1) (3P12T )i (3P22T )1 (3P22T )i
10 (3P2T )2 (3P12T1)1 (3P12T )1i (3P22T )2i
11 (2P3T )1 (2P3T1)1 (2P13T1) (2P13T )i (2P23T )i
12 (2P3T )2 (2P3T1)2 (2P13T1)1 (2P13T )1i (2P23T )2i
13 (1P4T )1 (1P4T1)1 (1P14T1) (1P14T )i

The above table serves as the table of contents of this paper, the row labels are the
section numbers and the column labels the subsection numbers. The column with
label 1 lists the symbols of the twelve projectively inequivalent cases. Each row
of the table comprises the cases, which are projectively equivalent to the one of
the first column. The notation used is a slight modification of the one introduced
by Chasles ([3, p. 304]). The symbol Pn means that n of the given points are
at infinity and T1 means that one of the tangent lines is the line at infinity, later
meaning that the conic, to be constructed, is a parabola. The indices, which adhere
to the right parenthesis are optional. When absent, it means that the configuration is
in general position, i.e. none of the ordinary points is coincident with an ordinary
line. When present it means that one or two of the points are correspondingly
coincident with one or two tangents. The indices i, 2i mean that one/two ordinary
lines are correspondingly coincident with one/two points at infinity. The index
1i means that an ordinary point coincides with a line and also a point at infinity
coincides with the point at infinity of an ordinary line.

Except for the coincidence suggested by the corresponding symbol, the other
data are assumed to be in general positions in the projective sense. For example,
the symbol (3P12T )i stands for the construction of a hyperbola given two points,
an asymptote and a tangent. These four elements are assumed in general posi-
tion, implying that no further coincidences are present, that the intersection of the
asymptote and the tangent are not collinear to the two points, that the line of the
two points is not parallel to the tangent or the asymptote, etc. The statements on the
number of solutions or non existence in each case, presuppose such a restriction.
Throughout the text, existence is meant in the real plane.

The following notation is also used: tX denotes the tangent atX , Y = X(A,B)
denotes the harmonic conjugate of X with respect to (A,B), X = (a, b) denotes
the intersection of lines a, b. Points at infinity are occasionally denoted by [A],
the same symbol indicating also the direction determined by that point at infinity.
For a line e the symbol [e] denotes its point at infinity. For a point at infinity A
the symbol XA denotes the parallel from X to the direction determined by A.
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Degenerate conics, consisting of a product of two lines a, b, are represented by
a · b. Regarding hyperbolas, asymptotics are distinguished from asymptotes. The
first term gives the direction only, the second denotes the precise line.

Regarding the organization of the material, there follow three preliminary sec-
tions on the background, which comprise: (a) Involutions (§1.1), (b) Pencils and
Families of conics (§1.2), (c) The great theorems (§1.3). Then follow fifty sec-
tions handling the inequivalent euclidean constructions. The sections are divided
in twelve groups, each group headed by the problem to which all other of the group
are projectively equivalent.

1.1. Involutions. Involutions are homographies of projective lines with the prop-
erty f2 = I ⇔ f−1 = f . Using proper coordinates, involutions are described by
functions of the form

y =
ax+ b

cx− a
⇔ x =

ay + b

cy − a
,

whose graphs are rectangular hyperbolas symmetric with respect to the diagonal
line y = x. Such functions are completely determined by prescribing their values

x

y

y=
x

Figure 1. Graph of an involution with existing fixed points

on two elements (X, f(X)), (Y, f(Y )) and they have either two fixed points or
none. Figure 1 shows a case in which there are two fixed points. When the
hyperbola has the two branches totally contained in the two sides of the line y =
x, the corresponding function has no fixed points. An important property of a
pair (X, f(X)), of related points of an involution, frequently used below, is that it
consists of harmonic conjugates with respect to the fixed points of f , when these
exist ([7, p. 100], [22, I, p.102], [17, p. 167], [9, p. 35], [2, I, p. 137]).

A B C D

E F

Figure 2. Common harmonics (E,F ) of (A,B) and (C,D)

The practical issue of finding the fixed points of involutions is related to the
idea of common harmonics of two pairs (A,B), (C,D) of collinear points. This
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is another pair (E,F ) of points, which are, as the name suggests, simultaneously
harmonic conjugate with respect to (A,B) and with respect to (C,D) (see Figure
2). If such a pair (E,F ) exists, then it is easily seen that every circle d passing

A B C D

E F
c1

c2

d

Figure 3. Construction of the common harmonics (E,F ) of (A,B) and (C,D)

through E,F is orthogonal to the circles c1, c2 with corresponding diameters AB
and CD (see Figure 3). Thus, in order to find the common harmonics geomet-
rically, set two circles c1, c2 on diameters, respectively, AB and CD and draw a
circle d simultaneously orthogonal to c1 and c2 (see Figure 4). In case one of the

A B CE F

[D]c2c1 d

Figure 4. Common harmonics (E,F ) of (A,B) and (C, [D])

points, D say, is a point at infinity then c2 is the line orthogonal toAB at C and we
can take the circle d to be the one centered at C and orthogonal to c1, points E,F
lying then symmetric with respect to C (see Figure 4).

The common harmonics are precisely the limiting points of the coaxal system
(pencil) of circles determined by c1 and c2 ([16, p. 118]). They exist, precisely
when the circles c1, c2 are non-intersecting.

1.2. Pencils of conics. Pencils of conics are lines in the five-dimensional projective
space of conics. This is reflected in the generation of a pencil as the set D of linear
combinations c = α ·c1+β ·c2, where c1 = 0, c2 = 0 are the equations of any two
particular members of the pencil. Then c = 0 represents the equation of the general
member of the pencil for arbitrary real values of α, β with |α|+ |β| �= 0. The basic
pencil, called of type-I , is that of all conics passing through four points (see Figure
5). There are five projectively inequivalent pencils, characterized by the fact that
all their members intersect by two at the same points, real or imaginary, with the
same multiplicities. These are referred to as types I to V pencils ([22, I, p. 128])
and can be considered as limiting cases of the type I pencil. Type II , for instance,
results by fixing line e = AD and letting D coincide with A. The resulting pencil
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A

B C

D

E

Figure 5. The pencil of conics through A, B, C, D

(seen in §9.1) consists of all conics passing through A,B,C and tangent to e at A.
Another type of pencil is obtained from a type I pencil by fixing lines a = AB
and c = CD and letting point B converge along a to A and D converge along c to
C. The resulting pencil, referred to as type IV pencil (seen in §10.1), consists of
all conics tangent to lines a, c correspondingly at their points A and C.

Pencils of conics contain degenerate members, at most three ([2, II, p. 124]).
In Figure 5 the degenerate members are visible, consisting of the pairs of lines
AB · CD, AD · BC and AC · BD. In the analytic description of pencils c =
α · c1 + β · c2, the conics c1, c2 can be degenerate members, and this is often
convenient and extensively used below.

To every type of pencil corresponds an analogous range of conics or tangential
pencil of conics ([2, II, p. 199], with a notation slightly different from that of
Veblen). For example to type I pencils corresponds the range of type I∗ of conics,
which are tangent to four lines in general positions (see §7.1). Ranges are pencils
of conics in the dual projective plane P ∗ consisting of all lines of the projective
plane P . To each pencil of type X corresponds its dual range X∗ with properties
resulting from those of X by duality.

A particular property of pencils, together with its dual for ranges, is of interest
for our subject. For instance, in the case of a pencil D of conics through points A,
B, C, D, it is known ([2, II, p. 197]) that the polars of a fixed point X with respect
to all members of the pencil pass through a point Y . This defines a quadratic
transformation Y = f(X), which in the coordinates with respect to the projective
base {E,F,G,A}, with E = (AB,CD), F = (AD,BC), G = (AC,BD), is
represented by

x′ =
1

x
, y′ =

1

y
, z′ =

1

z
.
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A

BC

D

E

F

c

ke

e f

X

Y

G

Figure 6. The eleven points conic ke of A, B, C, D and line e

The image of a line e under this transformation is a conic ke circumscribing trian-
gle EFG and passing through eight additional points, therefore called an eleven
point conic ([1, p. 97], [9, p. 66]). Six of the points are the harmonic conjugates
W = V (X,Y ) of the intersection point V = (XY, e), where X , Y are taken from
{A,B,C,D}. The two remaining points, if real, are the intersection points of ke
with line e and simultaneously the contact points of two members of the pencil D,
which are tangent to e (a case handled in §8.1).

The dual to the previous property relates to the range D∗ of conics k tangent to
four lines a, b, c, d (see Figure 7). According to this, the poles of a line h with
respect to the members of D∗ lie on a line h′ and the transformation h′ = F ∗(h) is
a quadratic one of the same nature as the previous one, differing only in that it op-
erates on the dual projective plane P ∗. Line h′ can be found by a simple criterion,
resulting by considering the triangle of diagonals (efg in Figure 7). Lines h, h′
intersect each side s of this triangle at points X,Y , which are harmonic conjugate
with respect to (U, V ), where U, V are the vertices of the quadrilateral lying on
s. The images h′ under F ∗ of all lines h passing through a fixed point Q are the
tangents of a conic kQ inscribed in the triangle efg and tangent to eight additional
lines, therefore called an eleven tangents conic. Six of these lines are the harmonic
conjugatesQ(s, s′) ofQ with respect to all pairs (s, s′) taken from {a, b, c, d}. The
two remaining tangents, if real, are the tangents through Q of the members of D∗
passing through Q (a case handled in §6.1).

Roughly described, a standard method of constructing a conic by five elements
is to find a pencil or range satisfying four of the given conditions, and then use the
fifth condition to locate the particular member(s) of the pencil satisfying it. In the
case of type I pencils, any fifth point E, different from A, B, C, D, determines
exactly one conic of the pencil containing it (a case handled in §2.1).

Pencils of conics, passing through two different points Q,R can be transformed
to pencils of circles by a complex projective map, which sends Q,R to the circular
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a

b

c

d

e

f

g

h

h'

Q

Q(b,c)

kQ

k

X

Y

U

V

Figure 7. The eleven tangents conic kQ of a, b, c, d and point Q

points at infinity I, J ([9, p. 71]). By such a map a type I pencil can be transformed
to a pencil of intersecting circles and all related conic construction problems reduce
to corresponding Apollonius circle construction problems ([6]). This method is
concisely expounded in [10].

1.3. The great theorems. The basic tool in the context of the present subject is
Desargues’ theorem, for various types of pencils and ranges, as neatly described in
[22, p. 128]. The theorem asserts that a pencil intersects on a fixed line e, through
its members, pairs of points (X,Y ) in involution, later meaning, that there is an
involution f on e, such that Y = f(X) ⇔ X = f(Y ). The interesting fact is that
f is completely determined by the intersections of e with the degenerate members
of the pencil, which are products of lines. Line e is assumed to be different from
the lines contained in degenerate members of the pencil.

In its dual form, Desargues’ theorem, referred to also as Plücker’s theorem ([4,
p. 25], [2, II, p. 202]) states, that the pairs of tangents (x, y) from a fixed pointQ to
the members of a range, are in involution, later meaning, that there is an involution
f∗ on the pencil Q∗ of lines through Q, such that y = f∗(x) ⇔ x = f∗(y). This
involution is determined again by the degenerate members of the range, which are
pairs of points. In the case of ranges of conics tangent to four lines, for instance,
the degenerate members are pairs of intersection points of the four lines and the
involution on Q∗ is determined by two pairs of lines joining Q to two such pairs of
points ([22, I, p. 129], [9, p. 50], [2, II, p. 197]). PointQ is assumed to be different
from the points of degenerate members.

The somewhat difficult to visualize involution on Q∗ can be represented by in-
tersecting the rays through Q with a fixed line e �/ Q. In this way the involution
f∗ on Q∗ defines an involution f on e and the fixed points (rays) of f∗ trace on
e the fixed points of f . Quite typically for our subject, the requested conics are
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intimately related to the fixed elements of such involutions ([20, p. 69], [19, p.
365], [2, p. 198, II]).

Pascal’s theorem, that the opposite sides of a hexagon, inscribed in a conic,
intersect on a line, is used in the present context in order to find additional points on
the requested conics. The theorem is used also in its various versions for inscribed
pentagons, quadrangles and triangles ([22, I, p. 111], [17, p. 156], [2, II, p. 176]).

Brianchon’s theorem, which is dual to Pascal’s, asserts that the lines through
opposite vertices of a circumscribed to a conic hexagon pass through a fixed point.
Again the theorem and its versions for pentagons, quadrangles and triangles is used
in order to find additional points on the requested conics.

2. Five points

2.1. Conic through five points (5P0T ). Construct a conic passing through five
points A,B,C,D,E. This is the basic construction, to which, all other construc-
tions may be reduced. Analytically this can be done easily by considering the
equations of two line-pairs defined by the five points ([18, p. 232]). Let, for exam-
ple, the line-pairs (AB,CD), (AC,BD) be given correspondingly by equations
(f = 0, g = 0), (h = 0, j = 0). Then the equation

kλ,μ = λ · (f · g) + μ · (h · j) = 0,

for variable λ and μ, represents the pencil D of all conics passing through A, B,
C, D. The requirement, for such a conic, to pass through E, leads to an equation
for λ, μ:

kλ,μ(E) = 0,

from which λ, μ are determined up to a multiplicative constant, and through this a
unique conic is defined as required.

Geometrically, one can use Pascal’s theorem to produce, from the given five,
arbitrary many other points P lying on the conic. Figure 8 illustrates the way this

A
B

C

D

E

F

X

Y

P

Z

Figure 8. Pascal’s theorem producing more points on the conic

is done. Start with an arbitrary point X on line DE and define the intersection
point Y = (CD,AX). Join this point to the intersection point F = (AB,DE)
and extend the line to find the intersection point Z = (Y F,BC). By Pascal’s
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theorem, the intersection point P = (ZE,AX) is on the conic passing through A,
B, C, D and E. The books of Russell [17, p. 229] and, for more cases Yiu [24, p.
144], contain many useful constructions, which determine various elements of the
conic, such as the intersections with a line, the center, the axes, the foci etc. out of
the five given points.

2.2. Conic through five points, one at infinity (5P10T ). Construct a conic pass-
ing through five points A,B,C,D, [E] in general position. The conic is a hyper-
bola and in some cases a parabola. Additional points can be constructed as in the

A

B
C

D
X

Y

[E]

F

Z
P

e

Figure 9. Finding additional points on the conic through A,B,C,D, [E]

previous section. Start with a point X on line e = DE, find the intersections
Y = (AX,CD), and Z = (FY,BC), where F = (AB,DE) (see Figure 9).
Point P = (ZE,XA) is on the requested conic, which can be constructed to pass
through the five points A,B,C,D, P . There is always a unique solution.

Remark. In general the conic is a hyperbola, and [E] represents the direction of
one of its asymptotes. Fixing points A, B, C, D, there are either none or two
directions [E], determined by the four points, for which the conic passing through
A,B,C,D, [E] is a parabola. This is the case (4P1T1) of §3.2.

2.3. Hyperbola from asymptotics and three points (5P20T ). Construct a conic
passing through five points A,B,C, [D], [E], thus a hyperbola with asymptotic
directions given by [D], [E]. The pentagon ABCDE is infinite with DE the line

A

B

C

[F]

[D] [E]

Y

Z

P

Figure 10. Pascal’s theorem with D,E at infinity
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at infinity and its intersection F with AB is also at infinity. An arbitrary ray of
the pencil A∗ of lines through A, and its intersection Y with CD defines the point
Z = (Y F,BC) and P = (ZE,AY ). Last is a point on the requested conic (see
Figure 10). There is always one solution. Figure 11 shows a related pencil consist-

B

[D] [E]

A

Figure 11. The pencil of conics passing through A,B, [D], [E]

ing of all conics passing throughA,B, [D], [E], i.e. all hyperbolas with asymptotic
directions [D], [E] and passing through the points A,B.

3. Four points and one tangent

A

B

C

D

E
F

G

H

I J e

K L

Figure 12. The two conics through A, B, C, D tangent to line e

3.1. Conic by four points and one tangent (4P1T ). Construct a conic passing
through four points A, B, C, D and tangent to one line e. By Desargues’ theo-
rem (see §1.3), each member of the pencil D of conics through A, B, C, D (seen
in §1.1) intersects line e to a pair of points in involution. The contact points K,L
of the requested conic with e are the fixed points of this involution. Two pairs
of points, defining the involution, are the intersections of e with two degenerate
members c1, c2 of the pencil D, consisting of the pairs of lines c1 = AB ·CD and
c2 = AD · BC, intersecting the line respectively in (E,F ) and (I, J) (see Figure
12). The fixed points of the involution are the common harmonics (K,L) of the
pairs (E,F ), (I, J).

An alternative construction for this case relates to the eleven points conic of
four points and a line (see §1.2), consisting of the poles of line e with respect to all
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conics of the pencil D. This conic intersects line e precisely at its contact points

A

B

C

D

e

K L

P

Q

R

ST

c

Figure 13. Eleven point conic of ABCD and line e

K,L with the requested conics.
Next two figures display the domains of existence of solutions for variable D,

assuming given the positions of A,B,C and line e.

A

B

C

D

JE I F

(1)

(2) (3)

(5) (4)

e

Figure 14. Domains of existence for variable D, e non-intersecting ABC

A

B

C

D

J E

IF

(1)

(2)

(3)

(5) (4)
e

Figure 15. Domains of existence for variable D, e intersecting ABC

3.2. Parabola through four points (4P1T1). Construct a conic tangent to the line
at infinity, i.e. a parabola, passing through four points A, B, C, D. The only
difference from the previous case is that line e is now at infinity. The involution
on e can be represented on the pencil O∗ of lines through the arbitrary but fixed
point O ([4, p. 40], [20, p. 69], [17, p. 180]). In fact, draw from O parallels to the
lines joining all possible pairs of the four points A, B, C, D. They result in three
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A
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Figure 16. Common harmonic directions

pairs of lines (BD,CA), (AB,CD), (DA,BC), which are in involution. This,
by intersecting the pencil with an arbitrary line g defines an involution in g (see
Figure 16). The corresponding pairs of points (G,H), (I, J), (K,L) of g are in

AB

C

DE

F

AB

CABD

DA

BC

CD

O M

N

G

H

I

J

K
L

g

OM

C'

C''
B'

Figure 17. Parabola through A, B, C, D with axis-direction OM

involution. The common harmonics M,N of these pairs, if they exist, define two
directions OM and ON , i.e. two points at infinity, which represent the directions
of the axis of the requested parabolas, passing through A, B, C, D. Thus, there
are either two or none parabola passing through four points A, B, C, D in general
position. Figure 17 shows how the construction of one of these two parabolas can
be done. Use is made of one of the chordsBD of the requested parabola. From the
middleB′ ofBD we draw a parallel h to the direction OM . Then we project C on
C ′ and extend CC ′ to its double CC ′′. The projection is by parallels to BD. By a
well known property of parabolas, point C ′′ will also belong to the parabola under
construction. Thus, taking C ′′ as the fifth point we define the parabola as the conic
passing through A, B, C, D and C ′′. An analogous construction can be carried out
for the second parabola, whose axis is parallel to the direction ON . The parabolas
exist if none of the four given points is contained in the triangle of the other three.

Besides this construction of the two parabolas, which is considered the standard
one, there is another approaching the problem from a different point of view. For
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e

Figure 18. The two parabolas through A, B, C, D

this, consider the line e parallel to the diagonal EF of the quadrangle ACBD at
half the distance of G = (AB,CD) from EF (see Figure 18). This line is the
common tangent to the two requested parabolas. This follows, for example, by
considering the conic passing through the eight contact points of the common tan-
gents of two conics ([18, p. 345]) or the properties of the so-called harmonic locus
of two conics, specialized for two parabolas ([14, II, p. 121]). The contact points
V,W of the two parabolas with e are the common harmonics of the point-pairs
(E1, E2), (F1, F2), where E1 = (AD, e), E2 = (BC, e), F1 = (AC, e), F2 =
(BD, e). Once V,W are constructed, the parabolas can be defined to pass through
the corresponding fivetuples of points.

Notice that every conic of the pencil D has a pair of conjugate diameters parallel
to the axes of the two parabolas ([19, p. 292]).

3.3. Conic by 3 points, 1 at infinity, 1 tangent (4P11T ). Construct a conic passing
through four points A,B,C, [D], and tangent to line e. The conic is either a hy-
perbola with one asymptotic direction [D] or a parabola with axis parallel to [D].
Using the method of §3.1 we construct the fixed points D1, D2 of the involution,

[D]A

B
C

D1D2

e

E IGJ F H

Figure 19. The two conics through A,B,C, [D] tangent to e

defined on line e by its intersections with the line pairs (AB,CD), (AC,BD),
(AD,BC). The common harmonics D1, D2 of the point-pairs (E,F ), (G,H) are
the contact points with line e (see Figure 19). Adding one of the Di to the three
points A,B,C we can, as in §8.1, construct a fifth point and pass a conic through
the five points. Fixing A,B,C and the position of line e, there are some directions
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A

B C
[D]

e

(1) (2)

Figure 20. Angular domains of existence

[D] for which no solutions exist. Figure 20 shows a case, in which e does not
intersect the interior of ABC and the two angular domains for the direction AD
for which there are solutions of the problem.

In general, the conics are two hyperbolas with one asymptotic direction deter-
mined by the point at infinity D, or a pair of a hyperbola, as before, and a parabola
with axis direction [D]. If the line e does not intersect the interior of the triangle
ABC, then, for four particular directions [D], there are corresponding parabolas
passing through A,B,C, axis direction [D] and tangent to e. The directions [D],
for which this happens, can be determined from the triangle ABC and the line e.
This is the case (3P2T1), handled in §4.2. The problem is related to the pencil of
conics through A,B,C, [D]. This is a specialization of the one in §1.1, resulting
from it by sending D at infinity (see Figure 21). In this pencil, all members ex-

[D]A

B

C

Figure 21. The pencil of conics through A,B,C, [D]

cept one are hyperbolas with one asymptotic direction [D]. The one exceptional
member is the parabola constructed in §8.2.

3.4. Hyperbola by 2 points, 2 asymptotics, 1 tangent (4P21T ). Construct a conic
passing through four points A,B, [C], [D] and tangent to a line e. This is a hy-
perbola passing through the points A,B, having directions of asymptotes [C], [D]
and being tangent to line e. This can be reduced to the case (5P20T ) of §2.3 by
locating the contact point S of ewith the conic. This is done as in §3.1: Find the in-
tersections (H,G), (E,F ) with e of line-pairs (BD,AC), (BC,AD) respectively
(see Figure 22). The contact points of the conics with e are the common harmonics
S, S′ of these two pairs of points.

An alternative solution results by using the eleven points conic of A,B, [C], [D]
and e as in §3.1, defined as the locus k of poles P of line e with respect to the
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Figure 22. The two hyperbolas through A,B, [C], [D] tangent to e

A

e

B

S'

H
c

P
S

k

Figure 23. The eleven points conic of a, b, [C], [D] and line e

conics c passing through A,B, [C], [D] (their pencil shown in §2.3). This conic
intersects e precisely at the points S, S′ (see Figure 23).

Fixing A,B, [C], [D] the lines e for which there are solutions are those defining
non-separating segments EF,GH , where E = (BC, e), F = (AD, e), G =

A
B

G E F H
e

O

Figure 24. Directions for which exist solutions to (4P21T )

(AC, e), H = (BD, e) (see Figure 24). These are all lines except those, which
separate points A,B and their parallels from O = (AG,BH) fall outside the
angular domain AOB.

4. Three points and two tangents

4.1. Conic by three points and two tangents (3P2T ). Construct a conic passing
through three points A,B,C and tangent to two lines d, e. The construction can
be reduced to that of a conic passing through five points (§2.1) by locating the
points of tangency G,H of the two tangents. This can be done by finding the two
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Figure 25. Conic through A,B,C, tangent to d, e

intersection points A′, C ′ of line GH respectively with the known lines BC and
AB. The key fact here is, that in all cases of existence of solutions, there is a cevian
triangle A′B′C ′ with respect to ABC, with corresponding tripolar A′′B′′C ′′, such
that the contact points of each one of the requested conics are the intersections of
lines e, d with some side of this triangle or its tripolar ([11], [23], [15]). In Figure
25, for example, appears one of the requested conics, tangent to d, e, respectively,

A

B

C

A'

A''

B''
B'

d
e

C''

C'

Figure 26. The four conics through A,B,C, tangent to d, e

at the pointsG,H , which are on the sideA′C ′ of a certain cevian triangle ofABC.
The conic is led to pass through the five pointsA,B,C,G andH . Analogously are
constructed three other conics. The determination of the cevian triangle A′B′C ′
is done again through the construct of common harmonics. For example, points
B′, B′′ are the common harmonics of the point pairs (AC,B1B2). These represent
the fixed points of an involution, defined, by Desargues’ theorem ([17, p. 204]), on
line AC, by the intersections with members of the pencil D of all conics, which
are tangent to d, e respectively at G,H (seen in §10.1). Regarding the existence,
there are four solutions in the case none of the lines d, e passes through the interior
of the triangle ABC (see Figure 26), or both of them intersect the interior of the
same couple of sides of this triangle. In all other cases there are no solutions.

An intuitive way to answer, why four, offers Figure 27, displaying a cone and a
plane ε on which the cone is projected. Plane ε is the one containing the lines e, d
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Figure 27. Spacial interpretation of the four solutions

intersecting at O. Plane ε′ is parallel to ε from an arbitrary point O′ projecting or-
thogonally toO. The circular cone is constructed so that the parallels d′, e′ fromO′
are generators and its axis is contained in ε′. The lines orthogonal to ε at the three
pointsA,B,C intersect the cone respectively at pairs of points (A′, A′′), (B′, B′′),
(C ′, C ′′). The plane through (A′, B′, C ′) intersects the cone along a conic, which
projects to one of the conics solving the construction problem. The same is true
with the triples of points on the conic (A′′, B′, C ′), (A′, B′′, C ′), (A′, B′, C ′′).
They define respectively, a plane, a conic on the cone, and its projection on ε,
representing a solution of the construction problem. The other possible triples of
points (e.g such as the triple (A′′, B′′, C ′)), because of the reflective symmetry of
the cone with respect to the plane ε′, deliver conics on the cone, which are reflec-
tions of the previous four (e.g. (A′′, B′′, C ′) is symmetric to (A′, B′, C ′′)), hence
by the projection falling onto the same four solutions of the construction problem.

Remark. To handle this, most interesting case and rich in structure of our construc-
tions, one could consider the set of conics passing through three points A,B,C

A

B
C

d

Figure 28. The set of conics through A,B,C tangent to line d

and tangent to one line d, as seen in Figure 28, and attempt to find the members
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of this set satisfying the fifth condition of tangency with line e. Unfortunately
this set of conics is not a pencil, and Desargues’ theorem does not apply to it
to produce the solutions as usual. The same is true for the set of conics passing

d

e

B

A

Figure 29. The set of conics through A,B tangent to lines d, e

through two points A,B and tangent to two lines d, e seen in Figure 29. This set
of conics admits also a spacial interpretation, as the set of projections of intersec-
tions of a cone with all planes passing through points X,Y on the cone, where
X ∈ {A′, A′′}, Y ∈ {B′, B′′}, the points of the two sets projecting respectively on
A and B.

4.2. Parabola by three points and a tangent (3P2T1). Construct a conic passing
through three points A,B,C and tangent to line d and the line at infinity, thus a
parabola. For this, projectively equivalent to the previous, case, the process of de-

A

B

C

A'

A'' C''

C'd B'

B''

Figure 30. Parabola through A,B,C, tangent to d

termination of the cevian triangle and the tripolar, used there, is even simpler, since
line e is now at infinity. The segments A′A′′, B′B′′, C ′C ′′ of common harmonics,
determined on each side ofABC, are now bisected by the tangent d and the chords
of contact points with lines d, e are parallel to the axes of the parabolas (see Figure
30). Figure 31 displays all four parabolas passing through A,B,C and tangent to
line d. There are four solutions if line d does not intersect the interior of triangle
ABC and no solution if it does.
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Figure 31. The four parabolas through A,B,C, tangent to d

4.3. Conic by 2 points, 1 infinity, 2 tangents (3P12T ). Construct a conic passing
through points A,B, [C] and tangent to lines d, e. Triangle ABC is infinite with
two sides parallel to the direction [C]. Points (C ′, C ′′) are the common harmonics
of (A,B) and of the pair of intersections of AB with lines d, e. Analogously are
defined the pairs of points (B′, B′′) on AC and (A′, A′′) on BC. A′B′C ′ is a
cevian triangle of ABC and points A′′, B′′, C ′′ are on the corresponding tripolar.

[C]

A

B
C'

C''

e

d
A'

A''

B''

B'

P

Figure 32. Two (of the four) hyperbolas through A,B, [C] and tangent to lines a, b

Each one of the requested conics passes through A,B,C and is tangent to d, e
at their intersection points with one side of the cevian triangle or the tripolar. In
Figure 32 only two, out of the four, conics are shown. Additional points on the
conics can be found by taking harmonic conjugates with respect to the polar of
P = (d, e). The construction of conics can be also completed by using the remark
in (3P2T )2 of §10.1. In general the conics are hyperbolas with one asymptotic
direction parallel to [C]. Fixing A,B and d, e , there are four directions [C] for
which the corresponding conic is a parabola. These are determined in (2P3T1) of
§5.2. There are four solutions if the lines d, e either do not intersect the interior of
ABC or they intersect the interior of the same pair of sides of this triangle.
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4.4. Hyperbola 1 point 2 asymptotics 2 tangents (3P22T ). Construct a conic, pass-
ing through three points A, [B], [C] and tangent to two lines d, e. This is a hyper-
bola with asymptotic directions [B], [C]. There are again four solutions determined

A

d
(1)

(2)

(3)

(4)

[B]

[C]

eB'

C'

[A']

Figure 33. Hyperbola through A, [B], [C] and tangent to lines d, e

by the sides and corresponding tripolar of a cevian triangle A′B′C ′ of ABC. The
triangle ABC has one side-line at infinity. The corresponding cevian triangle is
determined as in §4.1, but now one of its vertices is at infinity. The four chords
joining contact points of the same conic with lines d, e shown in Figure 33 are
denoted by (1), (2), (3), (4). The conic touching d, e at the endpoints of chord (1)
is drawn. There are four solutions if the lines d, e do not intersect the interior of
ABC or both intersect the interior of the same couple of sides of the triangle. In
all other cases there are no solutions.

5. Two points and three tangents

5.1. Conic by two points and three tangents (2P3T ). Construct a conic passing
through two points D,E and tangent to three lines a, b, c. The structure of the
solution rests upon the dual theorem of Desargues ([17, p. 215], [9, p. 51], [19, p.
229]) and can be described as follows ([4, p. 58], [11], [23]). The three lines in
general positions define a triangle ABC (A opposite to a etc.) and the two given
points D,E determine a third point F , with the following properties. A,B,C, F
define a projective base ([2, p. 95, I]) and in the coordinates with respect to this
base the quadratic transformation ([21, p. 127])

f : (x, y, z) �→
(

1

x
,
1

y
,
1

z

)

, maps f(D) = E.

There are four conics with the prescribed properties (see Figure 34). Each one
of them is tangent to the three sides of the triangle ABC and to two additional
lines. The pairs of additional lines corresponding to the four conics are (FD,FE),
(F1D,F1E), (F2D,F2E), (F3D,F3E), where F1, F2, F3 the harmonic associates
([24, p. 100]) of F . Figure 35 shows the domains for which there are solutions for
the (2P3T ) problem. The two points D,E must lie, both, in the domain with the
same label. Otherwise there are no solutions.
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Figure 34. The four conics tangent to a, b, c and passing through D,E

(I)

(II)

(II)

(III)

(III)(IV)

(IV)E

D

Figure 35. Domains of existence of 2P3T conics

This case is the dual of the previous one and is reducible to that by taking poles
and polars with respect to a fixed conic. For example, taking poles and polars with
respect to the conic k with perspector F ([24, p. 115]), for each conic c tangent to
the sides of ABC and passing through D,E, we obtain a conic c′ passing through
the vertices of the cevian A′B′C ′ of F and tangent to d, e, which are the polars
of D,E with respect to k (see Figure 36). By this polarity ([22, p. 263, I]) the
tangents tD, tE to c at D,E map to the contact points D1, E1 of c′ with lines d, e
and the intersection point F = (tD, tE) maps to line f = D1E1.

Using a polarity, as before, we could reduce the cases to the half; but it is not
the purpose of the present review to produce a least number of pictures.
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Figure 36. Reduction to the dual by the polarity with respect to k

Remark. In this case, as noticed also in the previous one, some difficulty in han-
dling the construction lies on the fact that the set of conics tangent to a, b, c and
passing through D is not a proper pencil of conics (see Figure 37). This set of con-

a
b

c
D

C

A

B

Figure 37. Conics tangent to a, b, c, passing through D

ics admits a spacial interpretation, as in §4.1, representing the conics as projections
of intersections of a cone with planes. The cone is constructed as in that section,
and the planes intersecting the cone are defined by pairs (X,α) of points and lines.
Point X ∈ {D′, D′′}, the two points of the cone being those which project on D.
Line α is a tangent to the conic defined on the cone by the plane orthogonal to the
plane ε of b, c and intersecting it along line a.

5.2. Parabola by 2 points, 2 tangents (2P3T1). Construct a conic passing through
two points A,B and tangent to two lines c, d and the line at infinity, thus, a
parabola. Figure 38 shows the process of determination of the point F and its
harmonic associates F1, F2, F3 stepping on the previous section. PointsB1, B2 are
the common harmonics of the point-pairs (A′, B′) and (G, [d]), where A′, B′ are
the parallel to c projections of A,B on d and G = (c, d). Analogously are defined
on c the common harmonics C1, C2 of two similar point-pairs on c. Point F is the
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Figure 38. Searching for parabolas through A,B and tangent to c, d

intersection of the parallels from B1, C1 respectively to c, d. Figure 39 shows the
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Figure 39. The four parabolas through A,B and tangent to c, d

four parabolas solving the problem. Each of them is tangent to the two given lines
c, d and the pair of lines FiA,FiB, where Fi are either F or one of its harmonic
conjugates (with respect to the triangle with infinite sides G[c][d]). There are four
solutions if points A,B are in the same or opposite angular domains of lines c, d.
Otherwise there are no solutions.

Remark. When line FF3 passes through the middleM ofAB, the two correspond-
ing parabolas, tangent respectively to the line-pairs (FA,FB), (F3A,F3B), are
homothetic with respect to G and solve problem (3P12T1) of §9.3, line FF3 being
then parallel to the axis of the two parabolas and also being harmonic conjugate of
AB with respect to lines (c, d).

5.3. Conic by 1 point, 1 infinity, 3 tangents (2P13T ). Construct a conic passing
through two points A, [B] and tangent to three lines c, d, e. The construction can
be done by adapting the one of §5.1. By that method, we first find the cevians of
A,B with respect to the triangle A′B′C ′, whose sides are c, d, e. Then we find the
common harmonics A0, A1 on line c of the point-pair consisting of the traces of
the cevians from A,B and (B′, C ′) . Analogously are defined points B0, B1 on d
and C0, C1 on e (see Figure 40). The six points thus determined define a cevian
triangle with perspector F and the corresponding tripolar. Then we define the three
harmonic associates F1, F2, F3 of F . Each one of the requested conics is tangent
to the three lines c, d, e and also tangent to the two lines FiA,FiB, joining some
of the points Fi with A and B. There are four solutions if A is on the exterior of
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Figure 40. The four conics tangent to c, d, e passing through A, [B]

the triangle A′B′C ′ and in the angular domain containing the parallel to [B] from
a vertex. Otherwise there are no solutions. The conics are in general hyperbolas.
Fixing the lines c, d, e and pointA, there are two directions [B] for which the conics
are parabolas. This is handled in (1P4T1) of §6.2.

5.4. Hyperbola by 2 asymptotics and 3 tangents (2P23T ). Construct a conic pass-
ing through two points [A], [B] and tangent to three lines a, b, c. This is a hyper-
bola with asymptotic directions [A], [B] and tangent to three lines. Proceeding as in

DD2

D1

a

b

c

A3

A1B1

B3

B2

C'
B'

B''

A'A''

[A]

[B]

A0

C0 B0

Figure 41. Cevian triangle and perspector in the case (2P23T )

§5.1, we draw parallels to those directions from each vertex of the triangleA0B0C0

with side-lines a, b, c. These parallels define on each side two points A1, B1 on
a, A2, B2 on b etc. The common harmonics (A′, A′′) of point pairs (A1, B1) and
(C0, B0) and the corresponding common harmonics for the other sides, define the
cevian triangle A′B′C ′, its perspector D and the corresponding harmonic asso-
ciates D1, D2, D3 (see Figure 41). Each of the requested hyperbolas is constructed
as a conic tangent to the three lines a, b, c plus the two lines joiningDi to the points
at infinity A,B, i.e. the parallels from Di to [A] and [B] (see Figure 42). Given
the directions of lines a, b, c, there are four solutions if drawing parallels to these
directions and to [A], [B], later are not separated by the first. Otherwise there are
no solutions.
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Figure 42. The four hyperbolas tangent to a, b, c with two given asymptotic directions

6. One point and four tangents

6.1. Conic by 1 point and 4 tangents (1P4T ). Construct a conic tangent to four
given lines a, b, c, d and passing through a given point A. One way to the con-
struction is to reduce the problem to its dual (4P1T ) of §3.1. In fact, if IJK is

a
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d

A
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D
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F1

F2

I
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K
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A3

K2

K1
I1

I2

Figure 43. The two conics tangent to a, b, c, d, passing through A

the diagonal triangle of the complete quadrilateral whose sides are a, b, c, d (see
Figure 43), then the harmonic associates A1, A2, A3 of A with respect to IJK are
also points of the conic. Thus, one can apply the recipe of §3.1 by taking these four
points and one of the four given lines.

Another way to define the conics is by using Desargues’ theorem in its dual form
([4, p. 57]) in order to locate a fifth tangent to the conic, namely the one passing
through A. In fact, according to that theorem, the tangents from an arbitrary point
A to the conics of the one-parameter pencil of conics D, which are tangent to
four lines a, b, c, d, define an involution on the pencil A∗ of all lines passing
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through that point. The tangents to the members of that pencil, which pass through
A are the fixed elements of this involution. By considering the intersection of
each line through A with line a, we represent this involution by a corresponding
involution of points of a. The fixed elements of the involution in A∗ correspond

a

b
c

d

A

B E

D

C

B'

E'

F1 F2

Figure 44. The two conics tangent to a, b, c, d, passing through A

to the fixed points of the corresponding involution on a. It is easy to see that two
particular pairs of points in involution on a are the pairs (B,B′) and (E,E′), where
B = (b, a), E = (d, a), B′ = (AD, a), E′ = (AC, a). The common harmonics
F1, F2 of these two pairs define the two requested tangents, which in turn define
the two conics (see Figure 44).

ab

c
d

(1)

(2)

(3)

(4)

(5)

Figure 45. The five domains of existence of solutions

There are two solutions if point A is in one of the five domains (1)− (5) shown
in Figure 45. Otherwise there are no solutions. The reason for this is, as is visible in
the figure, that the pencil D of conics tangent to four given lines a, b, c, d does not
cover all connected domains defined by the four lines ([2, p. 200, II]). Noticable
in the figure is also the fact that for every point in these five domains there are two
conics of the pencil passing through the point.
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A third method to construct the requested conics is to use the dual of the eleven
points conic of §3.1, which is the eleven tangents conic, defined by four lines a, b,
c, d and a point A ([1, p. 97]). This conic is the envelope k of the polars of A with

a

b

c

d

A
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T

k
c1

t1

c2

t2

Figure 46. The two conics tangent to a, b, c, d, passing through A

respect to all conics tangent to the four given lines. This conic is tangent to the 3
sides of the diagonal triangle RST of the quadrilateral of the four lines. It is also
tangent to the 6 polars of A with respect to all line-pairs of the quadrilateral, and is
also tangent to the two tangents t1, t2 to the requested conics at A (see Figure 46).
Conic k can be constructed by the methods of §7.1 and then t1, t2 can be found
by drawing the tangents to k from A. The two requested conics can be defined by
applying again the methods of the next section and determining the conic tangent
to five lines a, b, c, d, ti, (i = 1, 2).

6.2. Parabola by 1 point, 3 tangents (1P4T1). Construct a conic tangent to the
line at infinity, i.e. a parabola, and also tangent to three lines a, b, c and passing
through a point E. Any of the methods of the previous section can be modified

a
b

c
E

E'
E''

F1

F2

A

C

B

Figure 47. Parabolas tangent to a, b, c, passing through E

to produce the requested parabolas. For example, applying the second method,
we draw first parallels to b, c through E intersecting a at E′, E′′ (see Figure 47).
The pairs of lines (EE′, EB) and (EE′′, EC) through E are related with respect
to the involuetion defined by Desargues’ theorem. They are tangents from E to
degenerate members of the pencil of parabolas tangent to four lines three of which
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are a, b, c. The common harmonics F1, F2 of these pairs define the tangents at E
of the requested parabolas passing through E. There are two solutions if point E
lies in one angular domain containing the triangleABC but outside of the triangle.
Otherwise there are no solutions.

E
b

b'

b''

aa'a'' c

c'

c''

F1

F2

k

Figure 48. The pencil of parabolas tangent to a, b, c

An alternative solution is obtained by using the nine tangents conic of the three
lines a, b, c, the line at infinity e and the point E. This is the conic k, de-
fined as envelope of all polars of E with respect to the members of the pencil
of parabolas tangent to the three lines a, b, c (see Figure 48). Conic k is tan-
gent to a′, a′′, b′, b′′, c′, c′′, where a′, a′′ are parallel to a, respectively, from point
A = (b, c) and the symmetric Ea of E with respect to a, and the other lines are
defined analogously. The tangents to the requested parabolas at E are the two
tangents from E to k.

6.3. Conic, 1 infinity, 4 tangents (1P14T ). Construct a conic tangent to four lines
a, b, c, d and passing through a point at infinity [E]. Again a solution results
by adapting any of the methods of section §6.1. For example, to adapt the sec-

[E]

B B' CC'

A
D

a

b

c

d

F1
F2

Figure 49. The two conics tangent to a, b, c, d, passing through [E]

ond method to the present configuration, define the points B′, C ′ on b, to be the
projections of D,A parallel to [E] (see Figure 49). Points F1, F2 are the com-
mon harmonics of pairs (B,B′), (C ′, C), and the parallels EF1, EF2 define the
tangents at E of the requested conics, which are constructed from five tangents.
Fixing lines a, b, c, d, there are two solutions when the parallel to [E] from B
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falls inside the angle CAB or the parallel from D falls inside the complement of
ADC. Otherwise there are no solutions. The above construction assumes that the
lines through F1, F2 are ordinary and as a consequence the conics are hyperbolas.
If the conic is tangent to the line at infinity, thus a parabola, then [E] is uniquely
determined from the lines a, b, c, d. This is handled in (0P5T1) of §7.2.

7. Five tangents

7.1. Conic by five tangents (0P5T ). Construct a conic tangent to five lines a, b,
c, d, e. A first solution is to reduce the construction to its dual of a conic through
five points, as in §2.1. For this, use Brianchon’s theorem to find the contact points
with the sides ([19, p. 225]). In fact, the diagonals BD,CE of the pentagon of the

A
B

C D

E

F

O

Figure 50. Conic through five tangents, find the contact points

given lines intersect at a pointO (see Figure 50), which lies also on the line joining
the remaining vertex of the pentagon A to the contact point F of the opposite side.
Thus F is constructible from the data. Analogously are found the other contact
points with the sides of the pentagon. Using again the theorem of Brianchon in
its general form for hexagons circumscribed to a conic, one can construct arbitrary
many other tangents to the conic. In fact, take a point F on side AB and define

A

B

C D

E
F

G

O

Figure 51. Conic through five tangents, draw arbitrary many tangents FG

the intersection point O of FD and AC (see Figure 51). By Brianchon’s theorem
the diagonal GE will pass also through O. Hence the position of G can be found
by intersecting BC with OE. Thus, moving F on line AB and determining G on
BC by the above procedure, we can find arbitrary many tangents FG to the conic.
There is always a unique solution.

An image of the pencil of conics tangent to four lines, related to this problem, is
contained in §6.1.
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7.2. Parabola by four tangents (0P5T1). Construct a conic tangent to the line at
infinity, i.e. a parabola, tangent to four given lines a, b, c, d. The case is projectively
equivalent to the previous one and the method used there can be adapted to solve
the problem. For this, apply Brianchon’s theorem to the pentagonABCDE, which

A

E

B

[D]

[C](EC,BD)

(AD,EC)
(BE,AD)

(BD,AC)

C'

B'

(AC,BE)
D'

E'

FG

[A']

Figure 52. The contact points of the tangent parabola

now has points C,D at infinity (see Figure 52). The contact points of the sides op-
posite to the vertices are denoted correspondingly A′, B′, C ′, D′, E′. Point A′ is at
infinity, and determines the axis of the parabola. By Brianchon’s theorem, lineAA′
passes through the intersection (EC,BD), which is constructible from the data.
Analogously are constructible the intersections (AD,EC, (BE,AD), (CA,BE),
(DB,CA). Join these points correspondingly with the vertices B,C,D,E to find
B′, C ′, D′, E′ through their intersections with the opposite sides of the pentagon.
To the four points on the parabola a fifth oneG can be defined by taking the middle
F of D′E′ and the middle G of FB. Thus the parabola can be constructed as a
conic passing through the five points B′, C ′, D′, E′, G ([2, II, p. 212]).

Another way to solve the problem, is through the properties of the created
parabola related to the Miquel circles of the quadrilateral of the four given lines
([12, p. 83]). These are the circumcircles of the four triangles formed by the four
given lines. A theorem of Miquel asserts that all four circles pass through the same
point F (see Figure 53). A theorem of Steiner ([17, p. 161]) completes then the
construction, by showing that this point F is the focus of the parabola, while the
directrix carries all four orthocenters of the aforementioned triangles ([19, p. 70]).
Thus, in order to construct the parabola, it suffices to take the circumcircles and
the orthocenters of two such triangles and define F and their orthocenters H1, H2

([12, p.45], [14, p. 100, II]). The parabola then is constructed from its focus and
the directrix H1H2. There is always a unique solution.

8. Four points one tangent one coincidence

8.1. Conic by three points and one tangent-at (4P1T )1. Construct a conic passing
through four points A, B, C, D and tangent to a line e at D. In this case it is easy
to find a fifth point on the conic and reduce the construction to that of (5P0T ) in
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Figure 53. The classical construction of the parabola tangent to four lines

I A

B

C

A'

D

I'

J

K

I''
e

Figure 54. A fifth point A′ of the conic through A,B,C tangent to e at D

§2.1. In fact, take I = (BC, e), I ′ = I(B,C). Then line I ′D is the polar of I (see
Figure 54). If J = (I ′D,AI), then A′ = A(I, J) is a point on the conic. There is
always a unique solution.

Noticeable in the figure is point K = (DA′, AI ′). It is a fixed point on line AI ′,
since the cross ratio (A,K, I ′, I ′′) = (A,A′, J, I) = −1. Hence points D,A′, and
through them, the various conics passing through A,B,C and tangent to e, are de-
fined by turning a line aboutK and considering its intersections with the fixed lines
e and IA. Figure 55 shows the structure resulting by making the same construc-
tion with respect to the other sides of ABC. In this point E is the tripolar of line
e and KA,KB,KC are its harmonic associates with respect to ABC. Each point
D ∈ e defines three other points of the conic passing through A,B,C and tangent
to e at D. These points are A′ = (DKA,KBKC), B

′ = (DKB,KCKA), C
′ =

(DKC ,KAKB). It is easily seen that points KA,KB,KC are the harmonic asso-
ciates of D with respect to A′B′C ′.

8.2. Parabola by three points and axis-direction (4P11T1). Construct a conic tan-
gent to the line at infinity, hence a parabola, passing through four pointsA,B,C, [D].
The last point, at infinity, defines the direction of the axis of the parabola. The con-
struction is carried out by locating two more points B′′, C ′′ on the parabola and
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Figure 55. Conic through A,B,C tangent to e at D. Three additional points A′, B′, C′
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Figure 56. Parabola through A,B,C and given axis-direction [D]

passing a conic through A,B,C,B′′, C ′′ (see Figure 56). The construction of the
additional points is the same with that of the previous section.

[D]A

B

C

Figure 57. The pencil of conics through A,B,C, [D]

The pencil of conics involved is a specialization of the one in §1.1, resulting
from it by sending D at infinity (see Figure 57). The construction shows that in
this pencil, all members except one are hyperbolas with one asymptotic direction
[D]. The one exceptional member is the requested parabola.

8.3. Conic by 2 points, 1 at infinity, 1 tangent-at (4P11T )1. Construct a conic
passing through four points A,B,C, [D] and tangent to a line e at C. Additional
points on the conic can be found as in §8.1. In Figure 58 points L,K are two such
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Figure 58. Conic through A,B, [D] tangent to e at C

additional points. They are constructed as conjugates of B and D after construct-
ing the polars CF of G = (e,AB) and CH of I = (e,AL). There is always one
solution, which, in general, is a hyperbola. The pencil involved is the one of conics
through A,B,C, [D], seen in §8.2. Line e can be considered to turn about point C,
defining in each of the obtained locations a corresponding member of that pencil.
There is a single line through C, for which the corresponding conic is a parabola
with axis [D]. In all other cases the conic is a hyperbola with an asymptotic direc-
tion [D].

Fixing A,B,C, e, and varying [D] we obtain, in general, hyperbolas. There are,
though, two special directions [D], determined in terms of A,B,C, e, for which
the resulting conic is a parabola. This is handled in (3P2T1)1 of §9.2.

8.4. Hyperbola by 3 points, 1 asymptote (4P11T )i. Construct a conic passing
through four points A,B,C, [D] and tangent to a line e at [D] ∈ e. This is equiv-
alent with the construction of a hyperbola passing through the points A,B,C and

e

[D]

A

C

B
B' C1

C2

B2

Figure 59. Hyperbola through A,B,C and given asymptote d

having the asymptote line e. Adapting the method of §8.1, we can find two ad-
ditional points B′, C ′ and construct the requested conic as a (5PT0) conic. For
example, to define B′, take successively C1 = (AC, e), C2 = C1(A,C). The par-
allel to e from C2 is the polar of C1. Take then the intersection B2 of that line with
BC1 and B′ = B(C1, B2), which is a point on the conic. Analogously is defined
point C ′. There is always one solution. The pencil of conics involved is the one
shown in (4P11T1) of 8.2. A line parallel to [D] determines a unique member of
the pencil having this line as an asymptote.
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8.5. Hyperbola by 1 point 2 asymptotics 1 tangent at (4P21T )1. Construct a conic
passing through four points A,B, [C], [D] and tangent to a line e at B ∈ e. The
conic is a hyperbola with given asymptotic directions [C], [D], passing through a
point A and tangent at a point B to a given line e. In this case, as we did in §8.1,

A

B

e
[D]

[C]A1

A0

A2

A3

Figure 60. Hyperbola through A,B, [C], [D] tangent to e � B

we can find additional points on the conic. For this let A0 be the intersection point
with e of the parallel to [D] through A. The symmetric A1 of A0 with respect to A
defines line BA1 which is the polar of A0. The parallel to [C] from A0 intersects
A1B at A2 and the middle A3 of A0A2 is on the conic. Repeating the construction
with A3 in place of A and continuing this way, we can construct arbitrary many
points on the conic. There is always one solution.

8.6. Hyperbola by 2 points 1 asymptote 1 asymptotic (4P21T )i. Construct a conic
passing through four points A,B, [C], [D] and tangent to a line e at [D]. The
requested conic is a hyperbola passing through two points A,B having one as-
ymptotic direction [C] and an asymptote e � [D]. By a well known property of
the hyperbola ([4, p. 42]), the segments AA′, BB′ intercepted by the asymptotes
on the secant AB are equal, hence, knowing AA′, we locate B′ on AB and given
the direction of the other asymptote [C] we determine it completely and find its

A

B

A'

B'
O

e
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Figure 61. Hyperbola through A,B, [C], [D] and asymptote e � [D]

intersection point O with the given asymptote e, which is the center of the hyper-
bola (see Figure 61). Two additional points A′′, B′′ are immediately constructed,
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by taking the symmetrics of A,B with respect to O. Arbitrarily many points on
the conic can be then constructed by the method of the previous section. There is
always a unique solution.

9. Three points two tangents one coincidence

9.1. Conic by 2 points, 1 tangent, 1 tangent-at (3P2T )1. Construct a conic pass-
ing through three points A,B,C and tangent to two lines d � A, e. Using again
the power of Desargues’ theorem, we find first the contact points of the requested

A

d

e

E

C

A'' A'F G H

B

Figure 62. The two conics through A,B,C, tangent to e and also to d at A

conics with line e. These are the common harmonics A′, A′′ of the point-pairs
(E,F ), (G,H), where F = (d, e), E = (e,BC), G = (e,AB), H = (e,AC)
(see Figure 62). Note that these pairs are defined as intersections of e with two de-
generate members of the pencil D of conics tangent to d at A and passing through
B,C. The first pair is the intersection with the degenerate conic of two lines d ·BC
and the second with the degenerate conic of the two lines AB ·AC. After locating
the contact point, a fifth point on the conic can be obtained by using the polar of F ,
which isAA′ orAA′′ and taking the conjugate ofB or C. There are no solutions if
only one of the lines d, e separates points B,C. Otherwise there are two solutions.
Figure 63 displays a pencil D of conics tangent to line d at a fixed point A and

A
C

Bd

Figure 63. The pencil of conics tangent to d at A, passing through B,C

passing through two points B,C. It is visible there that from every point of the
plane passes a unique member of the pencil and that for every line of the plane not
separating B,C there are two members tangent to that line ([2, II, p. 193]).
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Figure 64. The two conics through A,B,C, tangent to e and also to d at A

For an alternative method, as in §3.1, we consider the poles P of line e with respect
to all members c of D. Their locus is the eleven points conic k intersecting the line
e at the contact points A′, A′′ of the requested conics (see Figure 64).

9.2. Parabola by 2 points, 1 tangent-at (3P2T1)1. Construct a conic passing through
three points A,B,C, tangent to line d at A and tangent to the line at infinity e, thus
a parabola. The involution on e, induced by its intersections with the members of

A

B

C

F

A'd

A''

Figure 65. The two parabolas through B,C, tangent to d at A

the pencil D of conics tangent to d at A and passing through B,C, induces an in-
volution on the pencil A∗ of lines through A and, through the intersections of these
lines with d, induces also an involution on d. Two, related by this involution point-
pairs on d are (B,C) and (F, [BC]), where F = (BC, d) and [BC] the point at
infinity of BC. The common harmonics A′, A′′ of these two pairs define, by join-
ing them with A, the directions of the axes of the parabolas (they pass from the
contact point at infinity) (see Figure 65). Two additional points on each parabola
can be defined by projecting B,C parallel to d on the parallel to the corresponding
axis through A and doubling the resulting segments. There are two solutions if the
line d does not intersect the interior of segment BC and no solution if it does.
A different way to think about this problem is the following (see Figure 66). All
conics c tangent to line d at A and passing through B,C have their centers on
a conic k, passing through A and D = (d,BC) and also through the middles
P,Q,R of segments AB,AC,BC ([19, p. 299]). This is the eleven points conic
of D with respect to the line at infinity. If this conic is a hyperbola, then its points
at infinity are the centers of the two requested parabolas. To find the parabolas in
this case draw from the middle Q of AC parallels C ′Q,C ′′Q to the asymptotes
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Figure 66. The two parabolas through B,C, tangent to d at A

intersecting d ad C ′, C ′′ respectively. One of the requested parabolas is tangent to
lines C ′A,C ′C at A,C correspondingly and passes through B. This is the case
(3P2T )2 of §10.1. Analogously can be constructed the other parabola, starting
with C ′′ instead of C ′. Figure 67 shows the pencil of all conics passing through
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Figure 67. The pencil of conics tangent to d at A and passing through B,C

B,C and tangent to d at A, but having B,C on both sides of d. All conics are
hyperbolas and the conic k of their centers is an ellipse. This is the reason of
non-existence of solutions in this case.

9.3. Parabola by 2 points, 1 tangent, axis-direction (3P12T1). Construct a conic
passing through two points A,B, [C], tangent to line d and also tangent to the line
at infinity e, hence a parabola. The point at infinity [C] determines the direction of
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D'

D

E
X

X'

Figure 68. The two parabolas through A,B, tangent to d and axis parallel to [C]
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the parabola’s axis. By Desargues’ theorem, the pencil D of all parabolas passing
through A,B, [C], i.e. passing through A,B and having axis direction [C], define
through their intersection points X,X ′ with line d an involution. The fixed points
D,D′ of this involution are contact points of the requested parabolas. There are
two obvious, degenerate, parabolas passing through A,B, [C] defining two pairs
of points in involution. One pair consists of the intersections (X,X ′) with d of
the two parallels to [C] from A and B (see Figure 68). The other pair consists of
(E, [d]), defined by line AB and the line at infinity, where E = (AB, d). The
fixed points D,D′ of the involution are the common harmonics of these point-
pairs. Once the contact points D,D′ are known, the requested parabolas are easily
constructible by the method of §10.2. If A,B are on the same side of a then there
are two solutions, otherwise there is no solution.
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Figure 69. Parabolas through A,B, tangent to d and axis parallel to [C]

Another computational solution of the problem results by using the homothety
relating the two parabolas. In fact, the intersection point O of d with the parallel
c to [C] from the middle of AB is the center of a homothety, mapping one of the
parabolas to the other. The other common tangent d′ to the two parabolas from
O, can be constructed from the given data, since it is the harmonic conjugate of
d with respect to the line pair (c, e), where e is the parallel to AB from O. The
computations are straightforward and I omit them. See the remark in (2P3T1) of
§5.2, which relates that problem to the present one.
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Figure 70. Hyperbola through A,B, asymptote d and tangent to e
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9.4. Hyperbola by 2 points, 1 tangent, 1 asymptote (3P12T )i. Construct a conic
passing through points A,B, [C] and tangent to line d at [C] and to line e. Thus,
d is an asymptote and the conic is a hyperbola. The hyperbolas touch line e at
D,D′, which are the common harmonics of pairs of points (E,F ), (G,H), with
E = (e,AB), F = (d, e), G = (AC, e), H = (BC, e) (see Figure 70). Additional
points can be found by considering conjugate points with respect to the polar of F .
There are two hyperbolas, if A,B are in one and the same angular domain out of
the four defined by lines d, e, or they lie on opposite angular domains. Otherwise
there are no solutions. Figure 71 shows the pencil D of hyperbolas through A,B

A

B

d
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F

k

Figure 71. The pencil of hyperbolas through A,B with asymptote d

with one asymptote line d. It shows also a line e, for which there are no tangent
members of the pencil. Conic k is the locus of poles of the line d with respect to
the members of the pencil (the eleven points conic of D with respect to e). It is a
hyperbola with one asymptote parallel to d, passing through F = (d,AB).

9.5. Hyperbola by 2 asymptotics, 1 tangent-at (3P22T )1. Construct a conic pass-
ing through three points A, [B], [C], tangent to d � A and tangent also to line e.
The conic is a hyperbola with asymptotic directions [B], [C]. In analogy to the
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Figure 72. The two hyperbolas through A, [B], [C], tangent to d at A and to line e

method of §9.1, project first A on e parallel to [B], [C] to find respectively points
G,H . The contact points A′, A′′ of the conics with line e are the common har-
monics A′, A′′ of the point-pairs (G,H) and (F, [e]), where F = (d, e). Once the
two contact points of lines d, e are known, the methods of (4P21T )1 in §8.5 can
be used to complete the construction. There are two solutions if the parallels to
[B], [C] from F fall in the same angular domain of lines (d, e). Otherwise there
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Figure 73. The pencil of hyperbolas with asyptotics [B], [C] tangent to d at A

are no solutions. Figure 73 shows the pencil D of conics tangent to d at A and as-
ymptotic directions [B], [C]. Shown is also the hyperbola k, defined as the locus of
poles of a fixed line e with respect to the members of the pencil (the eleven points
conic of D and e). The intersection points A′, A′′ of k with e are the contact points
of requested conics with line e.

9.6. Conic by 1 asymptote 1 asymptotic 1 point 1 tangent (3P22T )i. Construct a
conic passing through three points A, [B], [C], tangent to d � [B] and tangent to
e. This is a hyperbola with an asymptote d, an asymptotic direction [C], passing
through point A and tangent to line e. The following construction method is a
variation of the one given in §9.1. The pencil of conics D, used in the theorem of
Desargues, consists now of all conics tangent to d at [B] and passing throughA and
[C]. This is the pencil of hyperbolas having their centers on line d, one asymptote

A

[C]

d

Figure 74. The pencil of hyperbolas through A, asymptote d, asymptotic [C]

d, the other parallel to [C] and passing through A (see Figure 74). Two degenerate
members of this pencil consist of (a) the product of line AB and the line at infinity,
(b) the product of lines d · AC. These two members define on e respectively the
point-pairs (G, [e]), (E,F ), where G = (e,AB), E = (e,AC) and F = (d, e).
The contact points D,D′ of the requested hyperbolas with line e are the common
harmonics of these two point-pairs. They lie on d symmetrically with respect to
G (see Figure 75). Once the contact points with line e are known, the methods of
(3P2T )2 in §10.1 can be applied to complete the construction of the conics. Fixing
the positions of A, d, e, there are two solutions if [C] defines E = (AC, e), such
that EF is not separated by G. Otherwise there are no solutions. The points D,D′
can be found also as intersections of line e with the conic k which is the locus of
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Figure 75. The two hyperbolas through A, asymptote d, asymptotic [C], tangent e

poles of e with respect to the members of the pencil (the eleven points conic). In
this case k is a hyperbola with one asymptote parallel to d.

10. Three points two tangents two coincidences

10.1. Conic by two tangents-at and a point (3P2T )2. Construct a conic passing
through three points A,B,C and tangent to two lines d, e at A ∈ d and B ∈ e.
In this case it is easy to find additional points and pass the conic through five
points. Line AB is the polar of F = (d, e) and the conjugate D = C(F, J), where
J = (FC,AB) is on the conic. The conjugate I = J(A,B) is the pole of FC and
more points can be constructed as shown in Figure 75. The problem has always
one solution.

d

e

A

B

CD

I

F

G

H E
J

Figure 76. Conic through C, tangent to d, e at A,B

Remark. In this case the simplicity of the analytic solution is worth noticing. Rep-
resenting lines d, e with two equations respectively f = 0, g = 0, and line AB
with h = 0, the general equation of the conic passing through A,B and tangent
there to lines d, e is given by a quadratic equation ([18, p. 234])

j = λ · (f · g) + μ · h2 = 0,

where λ and μ are arbitrary constants. The requirement for the conic to pass
through C, namely, j(C) = 0, determines, the constants λ, μ up to a multiplica-
tive factor, and through these determines a unique conic. The conics resulting for
variable λ, μ build the bitangent pencil ([2, II, p. 187]), used also in §4.1.
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Figure 77. A bitangent pencil of conics κ(d · e) + λ(g2)

Figure 77 presents such a kind of (type IV ) pencil. All conics of the pencil are
tangent to the lines d, e at their intersections with line g. The two conics c1 = d · e
and c2 = g2 are degenerate members of the pencil.

10.2. Parabola by 1 point, 1 tangent-at, axis-direction (3P12T1)1. Construct a
conic passing through three points A,B, [C], tangent to line d at A and also tan-
gent to the line at infinity e. Thus, the conic is a parabola with axis parallel to the
direction [C]. Project B parallel to d on AC to M and extend BM to the double
to find B′, which is on the parabola (this map B �→ B′ is the affine reflection with
axis AC and conjugate direction d ([5, p. 203])). Define N to be the symmetric

[C]

A

d B

B'

M
N

Figure 78. Parabola through A,B, tangent to d and axis parallel to [C]

of M with respect to A (see Figure 78). Since BN is tangent at B to the parabola,
we can construct arbitrary many points of the parabola by repeating this procedure.
There is always one solution.

10.3. Hyperbola 1 point 1 tangent-at 1 asymptote (3P12T )1i. Construct a conic
passing through points A,B, [C] and tangent to lines d � [C], e � B. This is a
hyperbola with asymptote d. A slight variation of the solution in §10.1, leading
to the determination of the other asymptote and the center of the hyperbola, is as
follows. Let F = (d, e). Then the symmetric F1 of F with respect to B is on
the other asymptote d′ of the hyperbola (see Figure 79). Draw also the parallel to
d from A intersecting e at D. The symmetric D′ of D with respect to A defines
the polar BD′ of D. The intersection point E = (BD′, d) is the pol of line AD.
HenceAE is the tangent atA and the symmetric E1 of E with respect toA defines
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Figure 79. Hyperbola through A, asymptote d and tangent to e at B

a point on the other asymptote d′ of the hyperbola. Thus, the other asymptote d′
can be constructed to pass from the two points F1, E1. The intersection point O of
the two asymptotes defines the center of the hyperbola and by the symmetry with
respect toO we can find more points on the conic. An additional point on the conic
is also A′, constructed by first drawing the parallel from B to d. This parallel is the
polar of F and if F ′ is its intersection point with AF , then the harmonic conjugate
of A with respect to F, F ′ is on the conic. There is always one solution.

10.4. Hyperbola from two asymptotes and a point (3P22T )2i. Construct of a conic
passing through three points A, [B], [C] and tangent to two lines d � B, e � C.
This is a hyperbola with asymptotes the lines d, e passing through a point A. This

d e
A A'

D D'
OD''

D1

A0

A1

Figure 80. Hyperbola with given asymptotes d, e and passing through A

can be done by determining the successive symmetrics D,D′, A′ of A with re-
spect to the axes and a fifth additional point D′′ easily constructible from the data
(see Figure 80). In fact, draw a parallel to the asymptote d intersecting the other
asymptote in A0. The polar of A0 is the line parallel to e, such that its intersection
A1 with AA0 is the symmetric of A0 with respect to A. Consider the intersection
D1 of that polar with line A0D

′. The harmonic conjugate D′′ of D′ with respect
to (A0, D1) is on the conic and coincides with the middle of D1D

′. Note the A0

divides D′D′′ in ratio (2 : 1). There is always a unique solution.

11. Two points three tangents one coincidence

11.1. Conic by 1 point, 1 tangent-at, 2 tangents (2P3T )1. Construct a conic pass-
ing through two points D,E and tangent to three lines a � D, b, c. The solution
can be given by applying a special case of the dual of Desargues’ theorem, referred
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to also as Plücker’s theorem ([4, p. 25], [2, p. 202, II]). This case concerns the
one-parameter pencil D of all conics, which are tangent to line a at D and also
tangent to two lines b, c (see Figure 84 below in this section). If E is another, arbi-

D
a

c

b

XX'

E

E1
E2C B

Figure 81. Conics tangent a, b, c, passing through D ∈ a,E

trary, but fixed point, not lying on any of a, b, c, Desargues’ theorem asserts, that
the pairs of tangents to these conics from E define an involution on the pencil E∗
of lines through E. By intersecting the rays of this pencil with a line, such as a, we
can represent this involution through one which permutes the points of that line.
Thus, the tangents from E to an arbitrary conic of that pencil intersect line a at a
pair of points (E1, E2), related by this involution (see Figure 81). The requested
conics are those, which pass through E and their tangents at E pass through the
fixed points X,X ′ of this involution. In order to construct these points it suffices
to find two easily constructible pairs of points in involution on a. One such pair
consists of the points C = (a, b), B = (a, c). Another pair is found by drawing

D

a

b

XX'

E

P

F

H BC

a'

G
c

Figure 82. A particular conic tangent to a, b, c, passing through D ∈ a

the parallel a′ to a through E, intersecting c at F (see Figure 82). The second
tangent from E to the conic inscribed in the quadrilateral with sides a′, b, a, c and
passing through D, can be found by applying Brianchon’s theorem to the pentagon
CBFEG. This theorem guarantees that lines DE,CF,BG pass through a com-
mon point P . Thus, P is constructed by intersecting DE with CF and G is found
as the intersectionG = (PB, b). In this case the two tangents fromE areEG,EF
and consequently H corresponds by the involution to the point at infinity of line
a. It follows that the fixed points X,X ′ of the involution are common harmonics
of pairs (H, [a]) and (B,C). Once the tangents at E are found, each one of the
two conics can be constructed by locating one more point on it and applying the
recipe of §10.1 using Brianchon’s theorem. There are two solutions if points D,E
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Figure 83. The two conics tangent to a, b, c, passing through D ∈ a,E

are in the same angular domain defined by lines b, c or they are in opposite angular
domains. In all other cases there are no solutions. This is visible also in Figure 84 ,

D

B

C

a

c

b

Figure 84. A pencil of conics tangent to a, b, c and passing through D ∈ a

which displays a pencil of conics tangent to a, b, c and passing through D ∈ a.
When D is on the exterior of segment BC, then the conics are all located in the
angular domain of b, c containing D and its opposite ([2, II, p. 201]).

An alternative solution of the problem is the following. Consider the trian-
gle with sides a, b, c and the conic k passing through its vertices and tangent to
EB,EC at B,C respectively, which is a construction of the type (3P2T )2 of

DB C

E

A

a

c
b

B'
C'

FF1

F2k

Figure 85. The locus of F = (B′C,C′B) for B′C′ passing through E

§10.1 (see Figure 85). It is easy to see, using Maclaurin’s theorem ([1, p. 77], [18,
p. 230]), that this conic is the geometric locus of points F , which are intersections
of diagonals of quadrilateralsB′BCC ′ withB′C ′ passing throughE. From Brian-
chon’s theorem follows that if B′C ′ were the tangent at E to our requested conic,
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then the diagonals B′C,C ′B would intersect on line DE. Thus, their intersection
point F must coincide with the intersection points F1, F2 of lineDE with the conic
k. Having these two points, the construction of the two tangents at E is immediate
and the rest, of the construction of conics, goes as before.

11.2. Parabola by 1 point, 1 tangent, 1 tangent-at (2P3T1)1. Construct a conic
passing through two points A,B, tangent to two lines c � A, d and tangent also to
the line at infinity, thus a parabola. By Desargues’ theorem, applied as in §11.1,

c A

B

P

MN

Figure 86. Parabolas through A,B and tangent to c at A

the tangents at B to the members of the pencil D (see Figure 86) of all conics
tangent to c at A, passing through B and also tangent to d and the line at infinity
(thus parabolas), define an involution on the pencil B∗ of all lines through B. The

d

c

A

D

B1 B2

C1

C2

B

Figure 87. Parabolas through A,B and tangent to c � A, d

tangents at B to the requested parabolas are the fixed elements of this involution.
We can represent this involution through points on the line d, by corresponding
to each ray through B its intersection point with d. There are two particular de-
generate parabolas of this pencil, coinciding with the lines parallel to c, d through
B. The parallel to d defines the pair of corresponding points (B2, [d]), where
B2 = (AB, d). The parallel to c defines the pair of corresponding points (B1, D),
where B1 = (B[c], d) and D = (c, d). The rays through B representing the fixed
elements of the involution in B∗ are BC1, BC2, where C1, C2 are the common
harmonics of the pairs (B1, D), (B2, [d]). Once the tangents through B are lo-
cated, the parabolas are constructed as in the next section. There are two solutions
if points A,B are not separated by line d and no solution if they are.
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11.3. Parabola by 1 point, 2 tangents, axis-direction (2P13T1). Construct a conic
passing through two points A, [B], tangent to two lines c, d and also tangent to the
line at infinity, thus a parabola. Point [B] determines the direction of the axis of

K

K'

NC

[B]

e c

d

Figure 88. A pencil of parabolas tangent to c, d and axis direction [B]

the parabola. The pencil of parabolas tangent to c, d with axis direction [B] can be
easily constructed by taking the harmonic conjugate e of CB with respect to c, d.
This is namely the direction of chords bisected by CB, where C = (c, d). Having
that direction, we can define a second point A′ on the requested parabola. This is
the result of the affine reflexion on CB parallel to e (see Figure 88). The rest of
the construction is thus reducible to that of §9.3, which gives either two solutions
or none, if point A is outside of the angular domains determined by c, d, which
contain the parallel CB to the given direction [B].

Another, computational, method to locate the two parabolas could be the one
using the equation of the parabola with respect to the axes e, CB (see Figure 89).

B

A

A'

MC

x

y

c

de
K

Figure 89. The two parabolas through A, tangent to c, d and axis direction [B]

In these axes the equation of the parabola has the form

y = αx2 + β,

and constants α, βare easily determined by the data. In fact, the given point A has
known coordinates (x1, y1) with respect to these axes and the coordinates (x2, y2)
of the contact point K with c satisfy y2 = 2β and y2

x2
= λ, later being a constant

determined by the data. It turns out that α, βsatisfy the two equations

y1 = αx21 + β, and αβ =
λ2

4
,

which determine the same solutions under the same conditions as before.
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11.4. Hyperbola by 1 point, 1 asymptote, 2 tangents (2P13T )i. Construct a conic
passing through two points A, [B], tangent to three lines c, d, e � B. This is a

A

[B]
e

d c

A''

C E

D

P

O
A' B2

B1
F

Figure 90. The two hyperbolas through A with asymptote e and tangent to c, d

hyperbola with an asymptote e. By the method of §11.1, the tangents at A of the
requested conics are determined by the common harmonicsB1, B2 of the two pairs
of points (C,E) and (F, [B]), where C = (e, d), E = (e, c), D = (c, d), F =
(AD, e) (see Figure 90). If O is a diagonal point of the quadrilateral formed by the
three tangents c, d, e, AB1, then, by Brianchon’s theorem, the intersection point A′
of d with the parallel to e through O will be the contact point of d with the conic.
The problem reduces then to the construction of the conic tangent at A′ ∈ d,A ∈
AB1 and passing through A, which is (3P2T )2 of §10.1. Analogous properties
hold for the other conic with tangent at A the line AB2. Fixing the lines c, d, there
are two solutions if A, [B] are in the same or opposite angular domains defined by
c, d. Otherwise there are no solutions.

11.5. Hyperbola 1 asymptote 1 asymptotic 2 tangents (2P23T )i. Construct a conic
passing through two points [A], [B] and tangent to three lines: a at [A], b, c. This is
a hyperbola with one asymptote a, the other asymptotic direction [B] and two other
tangents b, c. The problem is projectively equivalent to (2P3T )1 of §11.1. Here
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a

Figure 91. The two hyperbolas with asymptote a, asymptotic [B] and tangents b, c



A gallery of conics by five elements 343

again the recipe is essentially the one of §11.1, with some simplifications allowing
for a faster determination of the conics. In Figure 91, displaying the conics, A0 =
(a,EB) and points A1, A2 are the common harmonics of pairs (C,D), (A0, [A]).
Parallels to [B] define the two quadrilaterals DA2C2E,DA1C1E. Each quadri-
lateral determines a conic tangent to its sides. In this case the contact points of
the conics with the sides of the quadrilateral are easily determined. In fact, by the
well known property of segments intercepted between asymptotes follows, that the
contact points X1, X2 are respectively the middles of DF2, CC1 and the contact
points Y1, Y2 are the middles of DF1, CC2. There are two solutions if, drawing
parallels from a point to b, c and to [B], later does not fall between the two first.
Otherwise there are no solutions.

12. Two points three tangents two coincidences

12.1. Conic by two tangents-at and a tangent (2P3T )2. Construct a conic tangent
to three lines a, b, c, passing through two points A,B with A ∈ a and B ∈ b.
In this case the contact point C of the requested conic with the third line is easily

A
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C

C' B'
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P

Figure 92. Conic tangent to a, b, c at A ∈ a,B ∈ b

constructed, since all lines joininig the vertices of the triangle formed by the three
lines to the opposite contact point pass through the same point P , the perspector
of the conic with respect to that triangle A′B′C ′ (see Figure 92). There is always
a unique solution.

12.2. Parabola by 2 tangents-at (2P3T1)2. Construct a conic passing through two
points A,B, tangent to two lines c � A, d � B and also tangent to the line at
infinity, thus a parabola. If point C = (a, b), taking the middle D of AB and
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Figure 93. Parabola through A,B and tangent to a � A, b � B

the middle M of CD we construct a new point on the parabola. Analogously
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are obtained new points K,L from the middles of MA,MB respectively. The
parabola is led as a conic through the five points A,B,M,K,L. There is always
one solution identified with one first-kind Artzt parabola of triangle ABC ([13, p.
518]). Triangle ABC is referred by times as an Archimedes triangle ([8, p. 239]).

12.3. Parabola 1 tangent 1 tangent-at, axis-direction (2P13T1)1. Construct a conic
passing through two points A, [B], tangent to two lines c � A, d and tangent also
to the line at infinity, thus, a parabola with axis parallel to [B]. One solution is to

c

d

A

A'

[B]

M
C

FH

G

Figure 94. The parabola tangent to d and c at A and axis direction [B]

construct, as in the previous section, the direction GH of chords of the parabola,
which are bisected by CB. Then, find the point A′ on the parabola, such that AA′
is parallel to GH and bisected by CB. Point A′ is the contact point of the parabola
with d and the construction reduces to that of (2P3T1)2 of §12.2. There is always
a unique solution.
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Figure 95. Hyperbola with asymptote c tangent to d � B and tangent to e

12.4. Hyperbola 1 asymptote 1 tangent 1 tangent-at (2P13T )1i. Construct a conic
passing through two points [A], B and tangent to three lines c � A, d � B, e. This
is a hyperbola with one asymptote c, tangent to d at B and also tangent to e. The
triangle CDE with sides the tangents c, d, e is known and the perspector P of the
conic, tangent to the sides of this triangle, can be found (see Figure 95). In fact,
draw from C = (d, e) parallel to the asymptote c and find its intersection P with
BD, where D = (c, e). If E = (c, d), then line PE passes through the contact
point F of e with the conic. The case, as the one of §12.1, has always a unique
solution.
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Figure 96. Hyperbola with asymptotes a, b and tangent c

12.5. Hyperbola 2 asymptotes 1 tangent (2P23T )2i. Construct a conic passing
through two points [A], [B] and tangent to three lines a � A, b � B, c. This is a hy-
perbola with given asymptotes a, b and a tangent c. This is an easy case, since the
contact point of the tangent c is the middle F ofDE, whereD = (a, c), E = (b, c).
The parallel to a from F is the polar of D and the parallel to the other asymptote
b from D intersects the first parallel at G. The middle H of DG is a point of the
hyperbola. An analogous point can be constructed starting with E. Taking the
symmetrics with respect to the center O = (a, b) of the hyperbola we have enough
points to define the conic through five points. There is always a unique solution.

13. One point four tangents one coincidence

13.1. Conic by one tangent-at and three tangents (1P4T )1. Construct a conic tan-
gent to a given line a at a given point D and also tangent to three other lines b, c, e.
The basic underlying structure results from Brianchon’s theorem. In fact, consider
the intersection pointO of the diagonals of the quadrilateralBCGF defined by the
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Figure 97. Conic tangent to a, b, c, e, passing through D ∈ a

four lines (see Figure 97). According to Brianchon’s theorem, the lines joining op-
posite contact points DE,MN intersect also at O. Thus, point E is constructible
from the given data. Further, if K = (b, c),M = (a, e), I = (AM,DE), the
line MN of the other two contact points defines point J = (MN,AM), such
that (KLIJ) = −1. This allows the determination of J and from this the points
M,N , by intersecting line JO with the sides b, c. The problem is thus reducible
to (4P1T )1 of §8.1 and has one solution. The pencil involved here is the one of
conics tangent to a at D and also tangent to b, c, appearing also in (2P3T )1 of
§11.1.
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Remark. Besides quadrangle BCGF , the complete quadrilateral, defined by lines
a, b, c, e, contains also the quadrangles AGMB, whose diagonals intersect at L
and CMFA, whose diagonals intersect at K. It is also easily seen, that the con-
tact points N,E,M are the harmonic associates of D with respect to the diagonal
triangle OLK of the complete quadrilateral. Thus the definition of N,E,M from
D, does not depend on which one of the three quadrangles (and corresponding
intersection of diagonals O,K or L) we select to work with.

13.2. Parabola by 1 tangent-at, 2 tangents (1P4T1)1. Construct a conic tangent
to the line at infinity, i.e. a parabola, tangent to line a at E ∈ a and tangent to two
lines b, c. Here the construction is somewhat simpler than that of the previous case,

O
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A ab
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b'

Figure 98. Parabola tangent to a at E and tangent to b, c

because of the nice properties of parabolas. In fact, let O be the intersection of the
parallels from B to b and from C to c (see Figure 98). Then the line EO is parallel
to the axis of the parabola. Having the direction of the axis, we can construct more
points on the parabola using the method of (2P13T1) of §11.3. Using this we can
find the direction of the chords bisected by the parallel to the axis from B and
determine the contact point F with line c. Analogously we can find the contact
point G of b, and from these points by similar methods find other arbitrary many
points on the parabola. Alternatively, we can use the fact that points {F,G,O}
are collinear and the line d, carrying them, intersects line BC at the harmonic
conjugate E′ = E(B,C). There is always a unique solution.

13.3. Parabola by axis-direction, 3 tangents (1P14T1). Construct a conic tangent
to the line at infinity, i.e. a parabola, tangent to three lines a, b, c and passing
through [D], i.e. with given axis-direction. This is a case similar to the previous
one. Again we construct the intersection point O of the parallels to b, c from the
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Figure 99. Parabola tangent to a, b, c with given axis-direction
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opposite vertices. The line through O, parallel to the given axis-direction, deter-
mines now on a the contact point E with the parabola. From there the construction
of the other contact points F,G with sides c, b and the completion of the parabola
construction is the one described in the previous section. There is always a unique
solution.

13.4. Hyperbola, 1 asymptote, 3 tangents (1P14T )i. Construct a conic tangent to
line e at its point at infinity [E], i.e. a hyperbola with an asymptote e, and tangent
to three lines a, b, c. In analogy to §13.1 we can find the contact points of the

A

B

C

b a c ee'

P

F

G

H

I

B'

I'

F'

A'

h

Figure 100. Hyperbola tangent to a, b, c with asymptote e

three tangents with the hyperbola. In fact, consider the intersection point P of the
diagonals of quadrilateral FGHI , whose all sides are given and are tangents to the
hyperbola. By Brianchon’s theorem, the line e′ parallel to the asymptote e from
point P will intersect the side a of the quadrilateral at its contact point A with the
hyperbola (see Figure 100). Consider now an arbitrary line h and its intersection
points A′ = (e′, h), I ′ = (IG, h), F ′ = (FH, h). The other chord of contact-
points BC will intersect line h at the harmonic conjugate B′ of A′ with respect
to (I ′, F ′). Thus, B′ is constructible from the given data, and drawing PB′ we
determine the positions B,C of the contact points on the tangents b, c respectively.
Having one asymptote and the contact points on the tangents, we can determine the
other asymptote, the center, and, by symmetry to that center, three more points on
the conic. The method is described already in (3P12T )1i of §10.3. There is always
one solution.
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On Two Triads of Triangles Associated With the
Perpendicular Bisectors of the Sides of a Triangle

Shao-Cheng Liu

Abstract. We discover some properties of the triangle centers related to the two
triads of triangles associated with the perpendicular bisectors of the sides of a
triangle.

1. Introduction

Given a triangle T := ABC, let the perpendicular bisector of the side BC
intersect the sidelines AC and AB at Bc and Cb respectively. Define Ca, Ac, Ab,
Ba similarly. In this paper we study the two triads of triangles
(i) Ta := AAbAc, Tb := BaBBc, Tc := CaCbC (see Figure 1a) and
(ii) T′a := ABaCa, T′b := AbBCb, T′c := AcBcC (see Figure 1b).

A

B CAbAc

Bc

Ba

Cb

Ca

O

H

A′

B′
C′

Figure 1a. Ta and orthic triangle

A

B CAbAc

Bc

Ba

Cb

Ca

O

Figure 1b. The triangles T′
a,T

′
b, T′

c

Homogeneous barycentric coordinates are used throughout this work. With the
usual notations in triangle geometry, a, b, c for the lengths of the sides BC, CA,
AB, and

SA =
b2 + c2 − a2

2
, SB =

c2 + a2 − b2

2
, SC =

a2 + b2 − c2

2
,

the points on the perpendicular bisectors are

Ab = (0 : −SA + SB : SA + SB), Ac = (0 : SC + SA : SC − SA);
Bc = (SB + SC : 0 : −SB + SC), Ba = (SA − SB : 0 : SA + SB);
Ca = (−SC + SA : SC + SA : 0), Cb = (SB + SC : SB − SC : 0).

Publication Date: November 4, 2014. Communicating Editor: Paul Yiu.
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Denote by T
′ the orthic triangle of ABC. Its vertices are

A′ = (0 : SC : SB), B′ = (SC : 0 : SA), C ′ = (SB : SA : 0).

The sidelengths a′, b′, c′ of B′C ′, C ′A′, A′B′ of the orthic triangle are given by

a′2 =
a2SAA

b2c2
, b′2 =

b2SBB

c2a2
, c′2 =

c2SCC

a2b2
.

From these,

a′2 : b′2 : c′2 = a4SAA : b4SBB : c4SCC .

Corresponding to SA, SB , SC , we have

S′A :=
1

2
(b′2 + c′2 − a′2) =

SABC

a2b2c2
· S

2 − SAA

SA
,

S′B :=
1

2
(c′2 + a′2 − b′2) =

SABC

a2b2c2
· S

2 − SBB

SB
,

S′C :=
1

2
(a′2 + b′2 − c′2) =

SABC

a2b2c2
· S

2 − SCC

SC
,

and

S′A : S′B : S′C = SBC(S
2 − SAA) : SCA(S

2 − SBB) : SAB(S
2 − SCC).

Lemma 1. (a) The triangles AAbAc, BaBBc, and CaCbC are all similar to T
′.

(b) The triangles ABaCa, AbBCb, and AcBcC are all similar to T.

2. A common point of circumcircles

Theorem 2. The circumcircles of triangles in the two triads (Ta, Tb, Tc) and
(T′a, T′b, T

′
c) all contain the Euler reflection point

E =

(

a2

b2 − c2
:

b2

c2 − a2
:

c2

a2 − b2

)

of the circumcircle of T.

Proof. We compute the coordinates of E with respect to these triangles, and show
from these coordinates that E lies on the circumcircle of each. With respect to T,

E = ((SB+SC)(SC−SA)(SA−SB) : (SB−SC)(SC+SA)(SA−SB) : (SB−SC)(SC−SA)(SA+SB))

with coordinate sum σ = a2SAA + b2SBB + c2SCC − 6SABC .
The coordinates of E in triangle Ta = AAbAc are
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E

A

B CAbAc

Bc

Ba

Cb

Ca

O

Figure 2

Area(EAbAc) : area(AEAc) : area(AAbE)

=
1

4σSBC

∣
∣
∣
∣
∣
∣

(SB + SC)(SC − SA)(SA − SB) (SB − SC)(SC + SA)(SA − SB) (SB − SC)(SC − SA)(SA + SB)
0 −(SA − SB) SA + SB

0 SC + SA SC − SA

∣
∣
∣
∣
∣
∣

:
1

2σSC

∣
∣
∣
∣
∣
∣

1 0 0
(SB + SC)(SC − SA)(SA − SB) (SB − SC)(SC + SA)(SA − SB) (SB − SC)(SC − SA)(SA + SB)

0 SC + SA SC − SA

∣
∣
∣
∣
∣
∣

:
1

2σSB

∣
∣
∣
∣
∣
∣

1 0 0
0 −(SA − SB) SA + SB

(SB + SC)(SC − SA)(SA − SB) (SB − SC)(SC + SA)(SA − SB) (SB − SC)(SC − SA)(SA + SB)

∣
∣
∣
∣
∣
∣

=
SA(SC − SA)(SA − SB)(SB + SC)2

2σSBC

:
SB(SB − SC)(SC − SA)(SC + SA)

σSC

:
SC(SA − SB)(SB − SC)(SA + SB)

σSB

=
SA(SB + SC)2

2(SB − SC)
:

SBB(SC + SA)

SA − SB

:
SCC(SA + SB)

SC − SA

=
SAA(SB + SC)2

2SA(SB − SC)
:

SBB(SC + SA)2

(SC + SA)(SA − SB)
:

SCC(SA + SB)2

(SA + SB)(SC − SA)

=
a′2

2SA(SB − SC)
:

b′2

(SC + SA)(SA − SB)
:

c′2

(SA + SB)(SC − SA)

This is the isogonal conjugate (in triangle Ta = AAbAc) of the point

(2SA(SB − SC) : (SC + SA)(SA − SB) : (SA + SB)(SC − SA)),

which is an infinite point since the coordinate sum

2SA(SB − SC) + (SC + SA)(SA − SB) + (SA + SB)(SC − SA) = 0.
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This shows that E is on the circumcircle of triangle Ta. Similarly, E is also on the
circumcircles of the triangles Tb and Tc, with coordinates

(

a′2

(SB + SC)(SA − SB)
:

b′2

2SB(SC − SA)
:

c′2

(SA + SB)(SB − SC)

)

and
(

a′2

(SB + SC)(SC − SA)
:

b′2

(SC + SA)(SB − SC)
:

c′2

2SC(SA − SB)

)

respectively. A similar calculation shows that E is also on the circumcircles of
triangles T′a, T′b, T

′
c, with coordinates

(

a2

2SA(SB − SC)
:

b2

(SC + SA)(SA − SB)
:

c2

(SA + SB)(SC − SA)

)

,

(

a2

(SB + SC)(SA − SB)
:

b2

2SB(SC − SA)
:

c2

(SA + SB)(SB − SC)

)

,

(

a2

(SB + SC)(SC − SA)
:

b2

(SC + SA)(SB − SC)
:

c2

2SC(SA − SB)

)

respectively in these triangles. �

3. Counterparts of a point in the triad Ta, Tb, Tc

Let P be a point with homogeneous barycentric coordinates (x : y : z) with
respect to triangle T = ABC. The counterparts of P in the triangles Ta, Tb, Tc

are the points AP , BP , CP which have the same coordinates (x : y : z) in these
triangles. In homogeneous barycentric coordinates,

AP = (2SBCx : SC(−SA + SB)y + SB(SC + SA)z : SC(SA + SB)y + SB(SC − SA)z),

BP = (SA(SB + SC)z + SC(SA − SB)x : 2SCAy : SA(−SB + SC)z + SC(SA + SB)x),

CP = (SB(−SC + SA)x+ SA(SB + SC)y : SB(SC + SA)x+ SA(SB − SC)y : 2SABz)

Denote by T(P ) the triangleAPBPCP . Basic properties of T(P ) can be found
in [1].

Theorem 3 (Bui). The triangle T(P ) is
(a) oppositely similar to T,
(b) orthologic to T,
(c) perspective with T if and only if P lies on the Jerabek hyperbola. In this case,
the perspector traverses the Euler line.

If P = (x : y : z), the perpendiculars from A to BPCP , B to CPAP , C to
APBP concur at

Q =

(

1

−b2c2SBCx+ c2SASCCy + b2SASBBz
: · · · : · · ·

)

,

which lies on the circumcircle of T (see Figure 3).
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B CAc Ab

Ba

Bc

Cb

Ca

P AP

BP

CP

O

OP

Q

Q′

Figure 3.

On the other hand, the perpendiculars from AP to BC, BP to CA, CP to AB
concur at

Q′ = (SBC(a
2(SAA − SBC)− SA(SBB + SCC)x+ c2a2SASCCy + a2b2SASBBz

: · · · : · · · ).

According to [1], the coordinates of Q′ with respect to T(P ) are the same as
those of Q with respect to T. It follows that Q′ is a point on the circumcircle of
T(P ).

Proposition 4. The triangle T(P ) has orthocenter O.

Proof. The sum of the coordinates of AP given at the beginning of the present
section is SBC(x+ y+ z); similarly for BP and CP . The orthocenter of T(P ) has
coordinates

(2SBCx, SC(−SA + SB)y + SB(SC + SA)z, SC(SA + SB)y + SB(SC − SA)z),

+ (SA(SB + SC)z + SC(SA − SB)x, 2SCAy, SA(−SB + SC)z + SC(SA + SB)x),

+ (SB(−SC + SA)x+ SA(SB + SC)y, SB(SC + SA)x+ SA(SB − SC)y, 2SABz)

= (x+ y + z)(SA(SB + SC), SB(SC + SA), SC(SA + SB)).

This is the circumcenter O of T. �

Theorem 5. The points AP , BP , CP and P are concyclic.
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Proof. The coordinates of P with respect to T(P ) = APBPCP are

Area(PBPCP ) : area(APPCP ) : area(APBPP )

=
(b2SBx− a2SAy)(a

2SAz − c2SCx)

4SABCSA(x+ y + z)2
:
(c2SCy − b2SBz)(b

2SBx− a2SAy)

4SABCSB(x+ y + z)2

:
(a2SAz − c2SCx)(c

2SCy − b2SBz)

4SABCSC(x+ y + z)2

=
a2

a2SA(c2SCy − b2SBz)
:

b2

b2SB(a2SAz − c2SCx)
:

c2

c2SC(b2SBx− a2SAy)

=
a2

y
b2SB

− z
c2SC

:
b2

z
c2SC

− x
a2SA

:
c2

x
a2SA

− y
b2SB

.

This shows that P is the isogonal conjugate (in triangle T(P )) of an infinite point.
It is a point on the circumcircle of T(P ). �

Since T(P ) is similar to T, its circumcenter is the point

OP :=
a2SA ·AP + b2SB ·BP + c2SC · CP

2S2

in absolute barycentric coordinates. In homogeneous barycentric coordinates with
respect to T,

OP = (SBC(4S
2 · SA − a2b2c2)x+ c2a2SCCAy + a2b2SABBz

: b2c2SBCCx+ SCA(4S
2 · SB − a2b2c2)y + a2b2SAABz

: b2c2SBBCx+ c2a2SCAAy + SAB(4S
2 · SC − a2b2c2)z).

4. Counterparts of a point in the triad T
′
a, T′b, T

′
c

For P = (x : y : z) with respect to T, we also consider its counterparts A′P ,
B′P , C ′P in the triangles T′a, T′b, T

′
c. These are the points

A′P = (2SAx− (a2 − b2)y − (a2 − c2)z : b2z : c2y),

B′P = (a2z : 2SBy − (b2 − c2)z − (b2 − a2)x : c2x),

C ′P = (a2y : b2x : 2SCz − (c2 − a2)x− (c2 − b2)y).

Denote by T
′(P ) the triangle A′PB

′
PC
′
P .

Proposition 6. For P = (x : y : z), the triangle T′(P ) is
(a) oppositely similar to the orthic triangle T′,
(b) perspective with T at the isogonal conjugate of P in T, namely,

P ∗ =
(

a2

x
:
b2

y
:
c2

z

)

.

(c) orthologic to T if and only if P lies on the Euler line. In this case,
(i) the perpendiculars from A, B, C to B′PC

′
P , C ′PA

′
P , A′PB

′
P are concurrent at

X(265) =

(

SA
S2 − 3SAA

:
SB

S2 − 3SBB
:

SC
S2 − 3SCC

)

,
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(ii) if OP : PH = t : 1 − t, the perpendiculars from A′P , B′P , C ′P to BC, CA,
AB are concurrent at Q where OQ : QH = 1− t : t.

Remark. X(265) is the reflection conjugate of O. Equivalently, it is the reflection
of O in the Jerabek center X(125).

Proposition 7. The pointsA′P ,B′P , C ′P , P are concyclic if and only if P lies on the
circumconic which is the isogonal conjugate (in T) of the perpendicular bisector
of the segment OH .

Proof. With respect to T
′(P ), the point P has coordinates

x′ : y′ : z′

= Area(PB′
PC

′
P ) : area(A′

PPC′
P ) : area(A′

PB
′
PP )

=
2a2SAx

2 + a4yz − (S2 + 2SBC − SCC)zx− (S2 + 2SBC − SBB)xy

−4SBC(x+ y + z)2

:
2b2SBy

2 + b4zx− (S2 + 2SCA − SAA)xy − (S2 + 2SCA − SCC)yz

−4SCA(x+ y + z)2

:
2c2SCz

2 + c4xy − (S2 + 2SAB − SBB)yz − (S2 + 2SAB − SAA)zx

−4SAB(x+ y + z)2

= SA(2a
2SAx

2 + a4yz − (S2 + 2SBC − SCC)zx− (S2 + 2SBC − SBB)xy)

: SB(2b
2SBy

2 + b4zx− (S2 + 2SCA − SAA)xy − (S2 + 2SCA − SCC)yz)

: SC(2c
2SCz

2 + c4xy − (S2 + 2SAB − SBB)yz − (S2 + 2SAB − SAA)zx)



356 S.-C. Liu

The point P lies on the circumcircle of T′(P ) (which is similar to T
′) if and only

if

0 = a′2y′z′ + b′2z′x′ + c′2x′y′

= a4SAAy
′z′ + b4SBBz

′x′ + c4SCCx
′y′

= 2SABC · S2(x+ y + z)2|HP |2
⎛

⎝

∑

cyclic

a4(S2 − 3SAA)yz

⎞

⎠ .

There are two possibilities.
(i) |HP | = 0 =⇒ P = H . In this case, A′H = B′H = C ′H = O.
(ii) P lies on the circumconic

∑

cyclic
a4(S2 − 3SAA)yz = 0, which is the

isogonal conjugate (in T) of the perpendicular bisector of the segment OH . �

5. Triangle centers of Ta, Tb, Tc and T
′
a, T′b, T

′
c

Consider the circumcenterO = (a2SA : b2SB : c2SC). Note thatAO, BO, CO

are not the circumcenters of the triangles Ta, Tb, Tc respectively. Indeed, these
three points coincide with O: AO = BO = CO = O. Instead, the circumcenters
of triangles Ta, Tb, Tc are the points

Oa = (a4(S2 − SAA) : b
2(2S2 · SB − SC(S

2 − SBB)) : c
2(2S2 · SC − SB(S

2 − SCC))),

Ob = (a2(2S2 · SA − SC(S
2 − SAA)) : b

4(S2 − SBB) : c
2(2S2 · SC − SA(S

2 − SCC))),

Oc = (a2(2S2 · SA − SB(S
2 − SAA)) : b

2(2S2 · SB − SA(S
2 − SBB)) : c

4(S2 − SCC)).

These form the vertices of T(P ) for

P = X(1147) = (a4SA(S
2 − SAA) : b

4SB(S
2 − SBB) : c

4SC(S
2 − SCC)),

which, according to the ENCYCLOPEDIA OF TRIANGLE CENTERS [2], is the mid-
point of O and X(155), the orthocenter of the tangential triangle (see Figure 5).
The three circumcenters are concyclic with X(1147) (see Theorem 5). The cen-
ter of the circle containing them is X(156), the nine-point center of the tangential
triangle

More generally, let P be a triangle center of ABC, with coordinates expressed
in terms of a, b, c. The same triangle center Pa of Ta = AAbAc is the point with
coordinates in which a, b, c are replaced by a′, b′, c′ respectively (likewise SA, SB ,
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SC by S′A, S′B , S′c respectively). For example, for orthocenters,

Ha =

(

1

S′A
:

1

S′B
:

1

S′C

)

=

(

SA
S2 − SAA

:
SB

S2 − SBB
:

SC
S2 − SCC

)

with respect to Ta

=
SA

S2 − SAA
· (1, 0, 0) + SB

S2 − SBB
· (0,−SA + SB, SA + SB)

2SB

+
SC

S2 − SCC
· (0, SC + SA, SC − SA)

2SC
in absolute barycentric coordinates

= ((S2 − SBB)(S
2 − SCC) : a

2SC(S
2 − SAA) : a

2SB(S
2 − SAA))

with respect to T.
The orthocenters Ha, Hb, Hc are the vertices of T(Q) for

Q = X(68) =

(

SA
S2 − SAA

:
SB

S2 − SBB
:

SC
S2 − SCC

)

.

The triangle center X(68) is the superior of X(1147). It lies on the circle contain-
ing the three orthocenters (see Figure 5 and Theorem 5). The circle HaHbHc also
contains the orthocenter H .
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The centroids Ga, Gb, Gc are the points

Ga = (2SBC : 2SBC + SA(SB − SC) : 2SBC − SA(SB − SC)),

Gb = (2SCA − SB(SC − SA) : 2SCA : 2SCA + SB(SC − SA)),

Gc = (2SAB + SC(SA − SB) : 2SAB − SC(SA − SB) : 2SAB).

In this case, GaGbGc = T(G).
On the other hand, since the triangles T

′
a = ABaCa, T′b = AbBCb, T′c =

CaCbC are similar to ABC, we have

P ′a = A′P , P ′b = B′P , P ′c = C ′p.

For example, the circumcenters are

O′a = A′O = (3a2SAA − SA(SB − SC)
2 − a2SBC : b2c2SC : b2c2SB),

O′b = B′O = (c2a2SC : 3b2SBB − SB(SC − SA)
2 − b2SCA : c2a2SA),

O′c = C ′O = (a2b2SB : a2b2SA : 3c2SCC − SC(SA − SB)
2 − c2SAB).

G′a = (2b2 + 2c2 − 3a2 : b2 : c2),

G′b = (a2 : 2c2 + 2a2 − 3b2 : c2),

G′c = (a2 : b2 : 2a2 + 2b2 − 3c2).

H ′a = H ′b = H ′c = O.

6. Orthology with T and pedal triangles

6.1. The triangle OaObOc.

Proposition 8. The triangle OaObOc is orthologic to ABC.
(a) The perpendiculars from Oa to BC, Ob to CA, and Oc to AB concur at the
triangle center 1

Y(1) :=
(

a2(SAA(SBB + SBC + SCC)− SBBSCC) : · · · : · · ·
)

.

(b) The perpendiculars from A to ObOc, B to OcOa, and C to OaOb concur at the
triangle center X(74) on the circumcircle of T.

Remark. The orthology center Y(1) lies on the circle OaObOc.

Proposition 9. The triangle OaObOc is orthologic with the pedal triangle of P if
and only if P lies on the Euler line. If P lies on this line,
(a) the perpendiculars from Oa, Ob, Oc to the corresponding sides of the pedal
triangle of P are concurrent at a point on the conic

16S2 · SABC

∑

cyclic

a2SA(SB − SC)yz − (x+ y + z)(fax+ fby + fcz) = 0,

1The triangle center Y(1) does not appear in the current edition of [2]. It has (6-9-13)-search
number −5.64011769173 · · · .
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A

B C

O

Oc

Oa

Ob

E

X(74)

Y (1)

Figure 6

where

fa = b2c2(SB−SC)(a
4S3

A+a2SAA(SBB−3SBC+SCC)−(8SA+SB+SC)SBBSCC),

and fb, fc are defined cyclically,
(b) the perpendiculars from the vertices of the pedal triangle of P to the corre-
sponding sides of OaObOc are concurrent at a point on the line

∑

cyclic

SA(SB − SC)

a2SAA − SA(SB − SC)2 − a2SBC
x = 0.

6.2. The triangle GaGbGc.

Proposition 10. The triangle GaGbGc is orthologic to ABC.
(a) The perpendiculars from Ga to BC, Gb to CA, and Gc to AB concur at the
triangle center 2

Y(2) := (a2(SBB + SBC + SCC)SAA + SBBSCC(2SA − SB − SC) : · · · : · · · ).

2The triangle center Y(2) does not appear in the current edition of [2]. It has (6-9-13)-search
number −5.65228493146 · · · .
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(b) The perpendiculars from A toGbGc, B toGcGa, and C toGaGb concur at the
triangle center

X(1294) =

(

1

SAA(SBB − SBC + SCC)− SBBSCC
: · · · : · · ·

)

on the circumcircle.

A

B C

O

E

Gb

Ga

Gc

G

Y(2)

X(1294)

Figure 7

Remark. The circleGaGbGc contains the centroidG and the orthology center Y(2).

Proposition 11. The triangle GaGbGc is orthologic with the pedal triangle of P
if and only if P lies on the line

∑

cyclic

b2c2(SB − SC)(a
2SA − SBC)x = 0,

which passes through O and X(64) =
(

a2

a2SA−SBC
: b2

b2SB−SCA
: c2

c2SC−SAB

)

.

If P lies on this line,
(a) the perpendiculars from Ga, Gb, Gc to the corresponding sides of the pedal
triangle of P are concurrent at a point on the conic

6SABC

∑

cyclic

(SB − SC)(a
2SA − SBC)yz

− (x+ y + z)

⎛

⎝

∑

cyclic

SA(SB − SC)(SAA(SBB − 3SBC + SCC)− SBBSCC)x

⎞

⎠ = 0.
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(b) the perpendiculars from the vertices of the pedal triangle of P to the corre-
sponding sides of GaGbGc are concurrent at a point on the line

∑

cyclic

SA(SB − SC)(a
2SA − SBC)

a2SA − 2SBC
x = 0.

6.3. The triangle HaHbHc.

Proposition 12. The triangle HaHbHc is orthologic to ABC.
(a) The perpendiculars from Ha to BC, Hb to CA, and Hc to AB concur at the
orthocenter H of T.
(b) The perpendiculars from A to HbHc, B to HcHa, and C to HaHb concur at

X(1300) =

(

1

SA(a2(SAA − SBC)− SA(SB − SC)2)
: · · · : · · ·

)

on the circumcircle of T.

A

B
C

O

Ha

Hc

H

Hb

X(1300)

E

Figure 8

Remark. X(1300) is the second intersection of the circumcircle with the line EH .
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Proposition 13. The triangle HaHbHc is orthologic with the pedal triangle of P
if and only if P lies on the line

SB − SC
a2SA

x+
SC − SA
b2SB

y +
SA − SB
c2SC

z = 0

joining the circumcenter O to X(394) = (a2SAA : b2SBB : c2SCC).
If P lies on this line,

(a) the perpendiculars from Ha, Hb, Hc to the corresponding sides of the pedal
triangle of P are concurrent at a point on the conic

4S2
∑

cyclic

SBC(SB − SC)yz + (x+ y + z)

⎛

⎝

∑

cyclic

a2SA(SB − SC)(S
2 − SAA)x

⎞

⎠ = 0,

with center at the nine-point center N ;
(b) the perpendiculars from the vertices of the pedal triangle of P to the corre-
sponding sides of HaHbHc are concurrent at a point on the line

∑

cyclic

SB − SC
SA(a4SAA − a2SA(SBB + SCC)− SBC(SB − SC)2)

x = 0.

6.4. The triangle O′aO′bO
′
c.

Proposition 14. The triangle O′aO′bO
′
c is orthologic to ABC.

(a) The perpendiculars from O′a to BC, O′b to CA, and O′c to AB concur at the
orthocenter H of T.
(b) The perpendiculars from A to O′bO

′
c, B to O′cO′a, and C to O′aO′b concur at the

triangle center

X(265) =

(

SA
S2 − 3SAA

:
SB

S2 − 3SBB
:

SC
S2 − 3SCC

)

(see Proposition 6).

Proposition 15. The triangle O′aO′bO
′
c is orthologic with the pedal triangle of P if

and only if P lies on the Euler line. If P lies on this line,
(a) the perpendiculars from O′a, O′b, O

′
c to the corresponding sides of the pedal

triangle of P are concurrent at a point on the conic

4S2
∑

cyclic

a2SA(SB − SC)yz

+ a2b2c2(x+ y + z)(SA(SB − SC)x+ SB(SC − SA)y + SC(SA − SB)z) = 0,

with center N ,
(b) the perpendiculars from the vertices of the pedal triangle of P to the corre-
sponding sides of O′aO′bO

′
c are concurrent at a point on the line
∑

cyclic

SB − SC
a2SA − 2SBC

x = 0.



Two triads of triangles 363

A

B C

O E

O′
b

O′
a

O′
c

X(265)

Figure 9

6.5. The triangle G′aG′bG
′
c.

Proposition 16. The triangle G′aG′bG
′
c is orthologic to ABC.

(a) The perpendiculars from G′a to BC, G′b to CA, and G′c to AB concur at the
triangle center

X(381) =
(

a2SA + 4SBC : b2SB + 4SCA : c2SC + 4SAB

)

on the Euler line.
(b) The perpendiculars from A toG′bG

′
c, B toG′cG′a, and C toG′aG′b concur at the

triangle center

X(265) =

(

SA
S2 − 3SAA

:
SB

S2 − 3SBB
:

SC
S2 − 3SCC

)

(see Proposition 6).

Proposition 17. The triangle G′aG′bG
′
c is orthologic with the pedal triangle of P

if and only if P lies on the Euler line. If P lies on this line,
(a) the perpendiculars from G′a, G′b, G

′
c to the corresponding sides of the pedal

triangle of P are concurrent at a point on the conic

6
∑

cyclic

a2SA(SB − SC)yz + (x+ y + z)

⎛

⎝

∑

cyclic

b2c2(SB − SC)x

⎞

⎠ = 0

with center at the centroid G,
(b) the perpendiculars from the vertices of the pedal triangle of P to the corre-
sponding sides of G′aG′bG

′
c are concurrent at a point on the line
∑

cyclic

SB − SC
a2SA − 2SBC

x = 0.
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A

B C

OG

E

G′
c

G′
b

G′
a

X(265)

X(381)

Figure 10

7. The triangles T(P ) and T(Q)

Proposition 18. The triangles T(P ) and T(Q) are perspective if and only if the
line PQ contains the circumcenter O. In this case, the triangles are homothetic at
O.

Proof. Let P = (x : y : z) and Q = (u : v : w). The line containing AP and AQ

has equation

a2SA(wy − vz)X+ (c2SC(vx− uy)− SB(SC − SA)(uz − wx))Y

+ (b2SB(uz − wx) + SC(SA − SB)(vx− uy))Z = 0.

Similarly, we have the equations of the lines BPBQ and CPCQ. The three lines
are concurrent if and only if f · g = 0, where

f : = (c2SCv − b2SBw)x+ (a2SAw − c2SCu)y + (b2SBu− a2SAv)z,

g : = (u+ v + w)2

⎛

⎝

∑

cyclic

a4SAAyz

⎞

⎠

− (x+ y + z)

⎛

⎝

∑

cyclic

((c2SCv + b2SBw)
2 − 4SABC · SAvw)x

⎞

⎠ .

Note that
(i) the equation f = 0 represents the line OQ;
(ii) the equation g = 0 represents a conic with center Q. Since the conic also
contains Q and intersects the sidelines at imaginary points, its represents only the
point Q.

From these we conclude that the triangles T(P ) and T(Q) are perspective if and
only if O, P , Q are collinear. Each of the lines APAQ, BPBQ, CPCQ contains O.
The perspector is O. �
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Theorem 19. The triangle bounded by the lines APAQ, BPBQ, CPCQ has cir-
cumcenter O.

Proof. SinceO is the orthocenter of the triangle T(P ), the circlesOBPCP ,OCPAP ,
and OAPBP have equal radii. Note that O is also the incenter of each of triangles
Ta, Tb, Tc, and these triangles are all similar to T

′. Therefore, ∠OAPAQ =
∠OBPBQ = ∠OCPCQ. Let A′′B′′C ′′ be the triangle bounded by the lines
APAQ,BPBQ andCPCQ. Applying the law of sines to trianglesOA′′CP ,OB′′AP ,
OC ′′BP , we conclude that OA′′ = OB′′ = OC ′′. �

Proposition 20. The triangles T′(P ) and T
′(Q) are perspective if and only if Q

lies on the line HP . If the condition is satisfied, the triangles are homothetic at O.

8. The triangles T(P ) and T
′(P )

Theorem 21. The triangles T(P ) and T
′(P ) are perspective if and only if P lies

on
(a) the Jerabek hyperbola or
(b) the line

∑

cyclic
x

SA(SB−SC)
= 0.

Remarks. (1) If P lies on the Jerabek hyperbola, the perspector is the circumcenter
O.

(2) The line in (b) contains the Jerabek centerX(125) andX(122) (alsoX(684),
X(1650), X(2972)). In this case the lines APA

′
P , BPB

′
P , CPC

′
P are parallel.

Theorem 22. Let P be a point with coordinates (x : y : z) in T.
(a) The circumcenter of T(P ) has coordinates (x : y : z) in triangle O′aO′bO

′
c =

T
′(O) = A′OB

′
OC
′
O.

(b) The circumcenter of T′(P ) has coordinates (x : y : z) in OaObOc, which is
T(Q) for

Q = X(1147) = (a4SA(S
2 − SAA) : b

4SB(S
2 − SBB) : c

4SC(S
2 − SCC)).

Proof. (a) The point with coordinates (x : y : z) with respect to O′aO′bO
′
c is

O = (SBC(4S
2 · SA − a2b2c2)x+ c2a2SCCAy + a2b2SABBz

: b2c2SBCCx+ SCA(4S
2 · SB − a2b2c2)y + a2b2SAABz

: b2c2SBBCx+ c2a2SCAAy + SAB(4S
2 · SC − a2b2c2)z).

Its square distance from AP is

a2b2c2Q(x, y, z)

16S2 · (SABC)2(x+ y + z)2
,

where

Q(x, y, z) = b2c2SBBSCCx
2 + c2a2SCCSAAy

2 + a2b2SAASBBz
2

− 2SABC(a
2SAAyz + b2SBBzx+ c2SCCxy).

The symmetry of Q in SA, SB , SC and x, y, z shows that this is the same if AP

is replaced by BP or CP . The point O therefore is the circumcenter of APBPCP .
�
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Theorem 23. (a) Triangles OaObOc and O′aO′bO
′
c are perspective at the circum-

center O of triangle ABC.
(b) The six circumcenters Oa, Ob, Oc, O′a, O′b, O

′
c are concyclic. The center of the

circle containing them is X(156), the nine-point center of the tangential triangle.

O

A

B CAbAc

Bc

Ba

Cb

Ca

Oa

Ob

Oc

O′
a

O′
b

O′
c

E

Figure 11

Proof. With respect to OaObOc,

O′
a = (−a2SBC : SC(a

2SA + 2SBC) : SB(a
2SA + 2SBC)) =

( −a2

a2SA + 2SBC
:

b2

b2SB
:

c2

c2SC

)

,

O′
b = (SC(b

2SB + 2SCA) : −b2SBC : SA(b
2SB + 2SCA)) =

(

a2

a2SA
:

−b2

b2SB + 2SCA
:

c2

c2SC

)

,

O′
c = (SB(c

2SC + 2SAB) : SA(c
2SC + 2SAB) : −c2SBC) =

(

a2

a2SA
:

b2

b2SB
:

−c2

c2SC + 2SAB

)

.

These expressions show that
(a) triangles OaObOc and O′aO′bO

′
c are perspective at the orthocenter of OaObOc,

(b) O′a, O′b, O
′
c are on the the circumcircle of OaObOc. �

The orthocenter ofOaObOc is the circumcenterO. The circumcenter isX(156),
which is the nine-point center of the tangential triangle.

Proposition 24. The triangle OaObOc is perspective with the inferior triangle of
the tangential triangle at a point on its circumcircle.

Proof. With respect to OaObOc, the midpoint of the A-side of the tangential trian-
gle has coordinates

(a2SAA(2SBB − 7SBC + 2SCC) + SABC(3SBB − 2SBC + 3SCC) + a2SBBSCC)

: a2b2SA(c
2SC − 2SAB) : c

2a2SA(b
2SB − 2SCA));
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similarly for the midpoints of the other two sides of the tangential triangle. From
these coordinates, it is clear that the medial triangle of the tangential triangle is
perspective to OaObOc at the point with coordinates

(

a2

a2SA − 2SBC
:

b2

b2SB − 2SCA
:

c2

c2SC − 2SAB

)

.

Since triangleOaObOc is similar to T, this perspector is a point on the circumcircle
of OaObOc. It is the isogonal conjugate (with respect to OaObOc) of the infinite
point of the Euler line of the triangle. �

Remark. With respect to T, this perspector has coordinates

(a2(SAA(SBB + SBC + SCC)− SBBSCC) : · · · : · · · ).
See Proposition 8.

Proposition 25. The triangle O′aO′bO
′
c is perspective with the tangential triangle

at

X(195) = (a2(−3a2S3
A+(5SBB+6SBC+5SCC)SAA+9a2SABC+4SBBSCC) : · · · : · · · ).

Remark. X(195) is the circumcenter of the triangle of reflections (see [3]).

9. A family of circumcircles of T(P ) containing the Euler reflection point

Proposition 26. Let P = (x : y : z). The circumcircle of T(P ) = APBPCP

contains the Euler reflection point E if and only if P lies on the conic

a4SAAyz + b4SBBzx+ c4SCCxy = 0.

Proof. The coordinates of AP , BP , CP are given at the beginning of §3. Comput-
ing the coordinates of E with respect to triangle APBPCP , we have

x′ : y′ : z′

= SBC

⎛

⎝μ

⎛

⎝

∑

cyclic

a4SAAyz

⎞

⎠+ τ(x+ y + z)

(

SBCx

SB − SC
+

2SAACy

b2(SA − SB)
+

2SAABz

c2(SC − SA)

)

⎞

⎠

: SCA

⎛

⎝μ

⎛

⎝

∑

cyclic

a4SAAyz

⎞

⎠+ τ(x+ y + z)

(

2SBBCx

a2(SA − SB)
+

SCAy

SC − SA
+

2SABBz

c2(SB − SC)

)

⎞

⎠

: SAB

⎛

⎝μ

⎛

⎝

∑

cyclic

a4SAAyz

⎞

⎠+ τ(x+ y + z)

(

2SBCCx

a2(SC − SA)
+

2SCCAy

b2(SB − SC)
+

SABz

SA − SB

)

⎞

⎠

where

μ = a2SBC + b2SCA + c2SAB − 6SABC ,

τ = (SBB − SCC)(SCC − SAA)(SAA − SBB).

This is a point on the circumcircle of triangleAPBPCP (which is similar toABC)
if and only if

(SB + SC)y
′z′ + (SC + SA)z

′x′ + (SA + SB)x
′y′ = 0.
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This reduces to

μ2 ·
⎛

⎝

∑

cyclic

a4SAAyz

⎞

⎠ ·G = 0,

where

G =
∑

cyclic

(b2c2SBBSCCx
2 − 2SABC · a2SAAyz)

= S2

⎛

⎝

∑

cyclic

S2
BCx

2 − 2SCASAByz

⎞

⎠+ S2
ABC(x+ y + z)2

G = 0 is the equation of a conic with center O. Since G(O) = 0, we conclude
that G = 0 defines only the point O. Therefore, the circle APBPCP contains E if
and only if P lies on the circumconic

∑

cyclic
a4SAAyz. �

Theorem 27. Let Q be a triangle center on the circumcircle. The circle QaQbQc

contains the Euler reflection point E.

Proof. Let Q =
(

a2

(b2−c2)(a2+t)
: b2

(c2−a2)(b2+t)
: c2

(a2−b2)(c2+t)

)

be a triangle center

on the circumcircle. For

P =

(

a′2

(b′2 − c′2)(a′2 + t)
:

b′2

(c′2 − a′2)(b′2 + t)
:

c′2

(a′2 − b′2)(c′2 + t)

)

we have Qa = AP , Qb = BP , Qc = CP . The circle QaQbQc is the same as
APBPCP . With respect to triangle O′aO′bO

′
c, the center of APBPCP has coor-

dinates given above. Therefore the locus of the center of QaQbQc is the circle
O′aO′bO

′
c, which is the nine-point circle of the tangential triangle of triangle ABC.

Note that P lies on the conic
∑

cyclic
a4SAAyz = 0. By Proposition 26, the

circle APBPCP contains the Euler reflection point E. �

Theorem 28. The circumcircle of T′(P ) contains the Euler reflection point if and
only if P lies on the circumcircle.
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Archimedean Circles Related to the Schoch Line

Hiroshi Okumura

Abstract. We give several Archimedean circles of the arbelos related to the
Schoch line.

Let us consider an arbelos consisting of three semicircles α, β and γ with di-
ameters AO, BO and AB, respectively, where O is a point on the segment AB.
Thomas Schoch has considered the circles α′ and β′ with centers A and B and
passing through the point O. He has found that the circle touching the two circles
externally and the semicircle γ internally is Archimedean [1]. The perpendicular
to AB from the center of this circle is called the Schoch line (see Figure 1). In
this note we give several Archimedean circles touching this line or one of the two
circles.

AB O

α′

β′

α

β

γ

Figure 1

Let a and b be the radii of α and β, respectively. The radius of Archimedean
circles is ab

a+b , which is denoted by rA. We use a rectangular coordinate system
with origin O such that the points A and B have coordinates (2a, 0) and (−2b, 0),
respectively, where we assume that all the semicircles are constructed in the region
y > 0. Let s = rA · b−ab+a . The Schoch line is expressed by the equation x = s (see
[2]). If b > a, then s > 0, and the Schoch line intersects the semicircle α.

Let Oα and Oβ be the centers of α and β respectively, and μ the circle with
OαOβ as diameter (see Figure 2).

Theorem 1. (1) The two circles each touching the circle μ and α (respectively β),
all externally, and the Schoch line from the side opposite to B (respectively A) are
Archimedean.

(2) If b > a, then the circle touching the circle μ internally, α externally, and
the Schoch line from the side opposite to A is Archimedean.
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AB O OαOβ

α

β
γ

μ

Figure 2

Proof. Let x be the radius of the circle touching the circle μ and α externally, and
the Schoch line from side opposite to B in (1). By the Pythagorean theorem,

(a+ x)2 − (s+ x− a)2 =

(

a+ b

2
+ x

)2

−
(

s+ x− a− b

2

)2

.

Solving the equation for x, we get x = rA, i.e., the circle is Archimedean. The rest
of the theorem is proved similarly. �

Let Lα be the perpendicular to AB from the point of intersection of γ and α′.
The line Lβ is defined similarly. Each of the two lines touches one of the twin
circles of Archimedes [1] (see Figure 3). The proof of the following theorem is
similar to that of Theorem 1, and is omitted.

OαOβ AB O

α

β

γ

α′

β′
LαLβ

Figure 3

Theorem 2. Each of the circles touching α externally, α′ internally, and Lα from
the side opposite to O (respectively β, β′ and Lβ) is Archimedean.
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Optimal Packings of Two Ellipses in a Square

Thierry Gensane and Pascal Honvault

Abstract. For each real number E in ]0, 1], we describe the densest packing
PE of two non-overlapping congruent ellipses of aspect ratio E in a square. We
find three different patterns as E belongs to ]0, 1/2], [1/2, E0] where E0 =
√

(6
√
3− 3)/11, and [E0, 1]. The technique of unavoidable sets – used by

Friedman for proving the optimality of square packings – allows to prove the
optimality of each packing PE .

1. Introduction

We consider the following generalization of the classical disk packing problem
in a compact convex domain K: Let n ∈ N and E ∈]0, 1], what is the densest
packing of n non-overlapping congruent ellipses of aspect ratio E in K?

In this paper, we describe for each aspect ratio E in ]0, 1], the densest packing
PE of two congruent unit ellipses of aspect ratio E in the square K = [0, 1]2 and
we prove the optimality of these packings. In Figure 1, we display six representa-
tive optimal packings of two congruent ellipses. For E = 1, the optimal packing
P1 is composed of two disks lying in opposite corners, see [4] for a large list of
dense packings of congruent disks in the square. An introductory bibliography
on disk packing problems can be found in [1, 3]. When E decreases from 1 to

E0 =
√

(6
√
3− 3)/11 ≈ 0.8198, the ellipses of optimal packings PE flatten by

keeping a constant tilted angle equals to −π/4. For E ∈ [1/2, E0], the angle of the
two ellipses of PE decreases and when E = 1/2 the ellipses reach a third side of
the square. When E decreases from 1/2 to 0, the ellipses slide along the sides and
move towards the diagonal.

In all the following we consider only unit ellipses that is, ellipses whose equation
is x2 − y2/E2 = 1 when their major and minor axes coincide with the cartesian
axes. We can reformulate our problem: What is the side length s2(E) of the small-
est square which contains two non-overlapping unit ellipses of aspect ratio E?

In order to prove the optimality of square packings, Friedman [2] used sets of
unavoidable points. We adapt his definition to the case of ellipse packings: Let
E ∈]0, 1] and let P be a set of n − 1 points in the square Ks = [0, s]2 with
s > 0. We say that P is a set of unavoidable points in Ks if any unit ellipse of
aspect ratio E in Ks contains an element of P (possibly on its boundary). If P
is a set of unavoidable points in Ks, then sn(E) ≥ s. For the convenience of
the reader, we recall the proof given by Friedman: Shrinking the square Ks by a
factor of 1 − ε/s gives a set P ′ of n − 1 points in a square Ks−ε so that any unit
ellipse in Ks−ε contains an element of P ′ in its interior. Therefore no more than

Publication Date: November 13, 2014. Communicating Editor: Paul Yiu.
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Figure 1. Six optimal packings PE of two ellipses for E = 1, 0.85, 0.69, 0.5, 0.4, 0.05.

n− 1 non-overlapping unit ellipses can be packed into a square of side s− ε, and
sn(E) > s−ε. Since this is true for all ε > 0, we must have sn(E) ≥ s. The upper
bound sn(E) ≤ s is obtained by constructing a packing of n non-overlapping unit
ellipses in Ks.

In the case of n = 2 ellipses and in order to get s2(E) ≥ s, it suffices to show
that the center Ω ofKs = [0, s]2 belongs to each unit ellipse e ⊂ Ks of aspect ratio
E. In fact, we will consider only unit ellipses eα = e(λ,μ),α,E centered at (λ, μ)
with λ > 0, μ > 0, tilted at an angle α ∈ [−π/2,−π/4] and which are tangent to
the axes x = 0 and y = 0:

Fact 1. Let Ks = [0, s]2 be a square of side length s and Ω = (s/2, s/2) its
center. If for all α ∈ [−π/2,−π/4], the ellipse eα contains the point Ω, then all
unit ellipses e included in Ks contain Ω.

This fact is trivially obtained by contraposition (if a unit ellipse e ⊂ Ks does
not contain the point Ω, we apply a translation followed by a reflection or a rotation
and we get an ellipse eα with α ∈ [−π/2,−π/4] which does not contain the point
Ω). As we want to find the minimal value of s such that each ellipse eα ⊂ Ks

contains the center Ω, we consider the intersection points I = (xI(α), xI(α)) and
J of the diagonal y = x and the ellipse eα, the abscissa of I being larger than the
one of J . In Section 2 and 3 we will prove that:

• If 0 < E ≤ 1/2, there exists a unique α0 ∈ [−π/2,−π/4] such that xI(α0) =
μ(α0) = μ0. The center Ω = (μ0, μ0) is an unavoidable point in K2μ0 and then
s2(E) ≥ 2μ0. The square K2μ0 is displayed on the right hand side of Figure 2.

• If 1/2 < E < E0, the abscissa xI(α) has a minimum value for a unique
α0 ∈ [−π/2,−π/4]. The center Ω = (xI(α0), xI(α0)) is an unavoidable point



Optimal packings of two ellipses in a square 373

�Λ,Μ� ���Μ,Μ�
Α

I

�Λ,Μ� ���Μ,Μ�
Α

I
�Λ0 ,Μ0� I����Μ0 , Μ0�Α0

α = −π
2

0 < α < α0 α = α0

Figure 2. Three ellipses eα ⊂ K2μ in the case E ≤ 1

2

in K2xI(α0)
and then s2(E) ≥ 2xI(α0). The three squares in Figure 3 represent

K2xI(α0)
.
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Figure 3. For 1

2
< E < E0 and if α �= α0, the center of K2xI (α0)

belongs to
the interior of eα.

• If E0 ≤ E ≤ 1, the abscissa xI(α) is decreasing for α ∈ [−π/2,−π/4].
The center Ω = (xI(−π/4), xI(−π/4)) is an unavoidable point in K2xI(−π/4)
and then s2(E) ≥ 2xI(−π/4), see Figure 4 in Section 3.

We finish the paper by remarking that among all the optimal packings PE , the
densest optimal packings of two congruent ellipses in the square is P1/2.

2. Technical lemmas.

First we precise the coordinates of the center of the ellipse eα and the parametriza-
tion of eα used in Lemma 3.

Lemma 1. (a) The coordinates of the center of the ellipse eα are equal to

λ =
√

cos2 α+ E2 sin2 α and μ =
√

sin2 α+ E2 cos2 α. (1)
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The function μ is decreasing for α ∈ [−π/2,−π/4] and we have μ(−π/2) = 1

and μ(−π/4) = √

(1 + E2)/2.
(b) We have

(2λμ)2 = 4E2 + (1− E2)2 sin2 2α. (2)

(c) The ellipse eα can be parameterized by

eα(t) =

(

2λ cos2
( t+ϕ

2

)

2μ cos2
(

t+ψ
2

)

)

, (3)

where the angles ϕ ∈ [−π
2
, 0] and ψ ∈ [−π,−π

2
] are the respective arguments of

the complex numbers cosα+ iE sinα and sinα− iE cosα.

Proof. (a) Let us consider the parametrization of the ellipse eα

eα(t) =

(

x(t)
y(t)

)

=

(

λ
μ

)

+

(

cosα − sinα
sinα cosα

)(

cos t
E sin t

)

. (4)

Let us recall that the orthoptic curve of eα, i.e the locus of all points where the
curve’s tangents meets at right angles, is the circle centered at ω = (λ, μ) with
radius

√
1 + E2. Since the axes x = 0 and y = 0 are orthogonal, the origin (0, 0)

belongs to this circle and we have

λ2 + μ2 = 1 + E2. (5)

The ellipse eα touches tangentially the axe x = 0. Therefore for some t we have
x(t) = x′(t) = 0, which gives

λ = − cosα cos t+ E sinα sin t, (6)

0 = − cosα sin t− E sinα cos t. (7)

By adding the squares of equations (6-7), we find λ2 = cos2 α + E2 sin2 α. The
value of μ comes from (5).
(b) We have

(λμ)2 = (cos2 α+ E2 sin2 α)(sin2 α+ E2 cos2 α)

= E2(cos4 α+ sin4 α) + (1 + E4) cos2 α sin2 α

= E2(1− 2 sin2 α cos2 α) + (1 + E4) cos2 α sin2 α,

which gives the result.
(c) By definition of ϕ, we have λ(cosϕ+ i sinϕ)=cosα+ iE sinα. We get

x(t) = λ+ cosα cos t− sinαE sin t = λ+ λ cos(t+ ϕ) = 2λ cos2
(

t+ ϕ

2

)

.

The expression of y(t) is obtained similarly. �

In the proof of Lemma 3, we change the variable α to the variable T that we
now define:

Lemma 2. Let us consider the angles ϕ and ψ associated to the ellipse eα and
defined in Lemma 1. We set δ = ψ−ϕ

2
∈ [−π

4
, 0[ and T = − cot δ. Then the real

number T decreases monotonically from 1 at α = −π/2 to E at α = −π/4.
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Proof. The definitions of ϕ and ψ give

μ

λ
e
i(ψ−ϕ)

=
sin(α)− iE cos(α)

cosα+ iE sinα

=
1

λ2
(

sinα cosα(1− E2)− iE
)

.

Hence, for α ∈ [−π/2,−π/4] we have

cos(ψ − ϕ) =
sin 2α(1− E2)

2λμ
< 0 and sin(ψ − ϕ) =

−E
λμ

< 0. (8)

By (8) and the formula tanu = (1− cos 2u)/ sin 2u, we find

tan

(

ψ − ϕ

2

)

=
1− sin 2α(1−E2)

2λμ

−E
λμ

=
2λμ− sin 2α(1− E2)

−2E
. (9)

With Lemma 1 (b) we find

tan

(

ψ − ϕ

2

)

=
1

2E

(

−
√

4E2 + (1− E2)2 sin2 2α+ (1− E2) sin 2α

)

.

As sin 2α decreases monotonically from 0 to −1 on the interval [−π/2,−π/4],
we find that tan ((ψ − ϕ)/2) decreases from −1 to −1/E. Thus the real number
T = −1/ tan ((ψ − ϕ)/2) decreases from 1 to E. �

Let us recall that I = (xI , xI) is the intersection point of the diagonal y = x
and the ellipse eα with a maximal xI .

Lemma 3. Let us consider E0 =
√

(6
√
3− 3)/11 ≈ 0.8198.

(a) If E ∈ [E0, 1], xI is decreasing for α ∈ [−π/2,−π/4].
(b) If E ∈]1/2, E0[, the function xI reaches a unique minimal value for a unique
real number α0 ∈ [−π/2,−π/4].
(c) If E ∈ [0, 1/2], the function xI is increasing for α ∈ [−π/2,−π/4].
Proof. First we prove that

xI(α) =
E

√
T
(

√

ET 2 + (1 + E2)T + E − T
√
2E

) , (10)

where T = − cot δ has been defined in Lemma 2. We use the parametrization of
the ellipse eα given by (3) and we look for some t ∈ [0, 2π] such that

√
λ cos

(

t+ ϕ

2

)

= ε
√
μ cos

(

t+ ψ

2

)

, (11)

where ε = ±1. Since the point I occurs for some t ∈ [0, π] (and J for some
t ∈ [π, 2π]), we have (t+ ϕ)/2 ∈ [−π/4, π/2], (t+ ψ)/2 ∈ [−π/2, π/4] and we
get ε = +1 because the two cosines in (11) are positive. In this equality we expand
cos((t+ ψ)/2) = cos((t+ ϕ)/2 + δ) and we find

√
λ cos

(

t+ ϕ

2

)

=
√
μ

(

cos

(

t+ ϕ

2

)

cos δ − sin

(

t+ ϕ

2

)

sin δ

)

,
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which gives

tan

(

t+ ϕ

2

)

=

√
μ cos δ −√

λ√
μ sin δ

and

xI = 2λ cos2
(

t+ ϕ

2

)

=
2λ

1 + tan2
( t+ϕ

2

) =
2λμ sin2 δ

λ+ μ− 2
√
λμ cos δ

. (12)

By (8) and Lemma 1 (b) and since sin2 2δ = 1− cos2(ψ − ϕ), we have

sin2 2δ =
(2λμ)2 − (1− E2)2 sin2 2α

(2λμ)2
=

4E2

(2λμ)2
.

The previous equality gives 2λμ = −2E/ sin 2δ and by (5) we have λ + μ =

(1 + E2 + 2λμ)1/2. Substituting these values in (12) we find

xI =
−E sin δ

cos δ

(

√

1 + E2 − E
sin δ cos δ −

√

−2E cos δ
sin δ

)

=
E

√
T
(√

(1 + E2)T + E
sin2 δ

−√
T
√
T
√
2E

) .

It remains to use 1/ sin2 δ = 1 + T 2 and we get (10). Let us denote by f(T ) the
denominator of the right hand side of (10). We find

f ′(T ) =
g(T )− h(T )

2
√
T
√

ET 2 + (1 + E2)T + E
,

where h(T ) = 3
√
2E T

√

ET 2 + (1 + E2)T + E and g(T ) = 3ET 2 + 2(1 +
E2)T + E. Since the functions g(T ) and h(T ) are positive, the sign of f ′(T ) is
equal to the one of the polynomial P (T ) = g2(T )− h2(T ), that is

P (T ) = −9E2T 4−6E(1+E2)T 3+4(E4−E2+1)T 2+4E(1+E2)T+E2. (13)

We get P ′(T ) = −36E2T 3−18E(1+E2)T 2+8(E4−E2+1)T +4E(1+E2).
The discriminant of P ′′(T ) = −4(27E2T 2 + 9E(1 + E2)T − 2(E4 − E2 + 1))
is Δ = 16 · 27E2(11E4 − 2E2 + 11) > 0. We remark that P ′′(0) > 0 and
limT→∞ P ′′(T ) = −∞, then P ′′(T ) has a unique positive root T2. Since P ′(0) >
0 and limT→∞ P ′(T ) = −∞, the polynomial P ′(T ) has a unique root T1 > T2
and P ′(T ) ≥ 0 for all T ∈ [0, T1]. Finally, P (0) = E2 > 0 implies that the
polynomial P (T ) has a unique positive root T0.

Moreover, P (E) = −E2(11E4 + 6E2 − 9) vanishes at a unique positive value

E0 =
√

(−3 + 6
√
3)/11. We remark that T0 = E0 if and only if E = E0. In the

three following cases we conclude with Lemma 2:
(a) If E ∈ [E0, 1], we have P (E) ≤ 0. Then T0 ≤ E ≤ 1 which implies

that P (T ) ≤ 0 for all T ∈ [E, 1]. So f(T ) is decreasing on [E, 1] and then xI is
increasing with respect to T .
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(b) If E ∈]1/2, E0[, we have P (E) > 0 and P (1) = 2(E + 1)2(2E − 1)(E −
2) < 0. Then E < T0 < 1 which implies that f(T ) is increasing on [E, T0] and
decreasing on [T0, 1]. Thus xI is decreasing for T ∈ [E, T0] and increasing for
T ∈ [T0, 1].

(c) IfE ∈]0, 1/2], we have P (E) ≥ 0 and P (1) ≥ 0 which implies that P (T ) ≥
0 on [E, 1]. Thus xI is decreasing for T ∈ [E, 1]. �

3. Calculation of s2(E)

Now we can describe the various optimal packings of two ellipses in the square
and the corresponding side lengths s2(E).

Theorem 4. If E ≤ 1/2, then

s2(E) =

√

(1 + E)2 +
√

(1 + E)4 − 8E2. (14)

The minimum value s2(E) is obtained for two parallel ellipses e1 = eα0
and e2

with

α0 = − arccos
1

2

√

4− s2
2
(E)

1− E2
, (15)

and where e2 is the reflection of e1 through the center of the square.

Proof. If α = −π/2, the center Ω = (μ, μ) of K2μ does not belong to eα (except
for E = 1/2). If α = −π/4, the center Ω is also the center of the ellipse eα.
We know by Lemma 1 (a) and Lemma 3 (c) that xI − μ is increasing for α ∈
[−π/2,−π/4]. Then there exists a unique angle α0 ∈ [−π/2,−π/4] such that
I = Ω0 = (μ0, μ0) with μ0 = μ(α0). We note that the center Ω0 belongs to the
boundary of the ellipse eα0

, see Figure 2. Let us show that in the square K2μ0 , the
center Ω0 is an unavoidable point. By Fact 1, it suffices to show that any ellipses
eα included in K2μ0 contain Ω0:

• If α < α0, the ellipse eα is not contained in K2μ0 because it intersects the
upper side y = 2μ0 (μ is decreasing for α ∈ [−π/2,−π/4]).

• If α > α0, the point Ω0 belongs to the interior of the ellipse eα because xI is
increasing for α ∈ [α0,−π/4].

It remains to calculate α0 and μ0. First, we show that

μ0 − λ0 =
E

μ0
. (16)

We have by (4) that eα(t) = (μ, μ) if and only if

μ− λ = cosα cos t− E sinα sin t,

0 = sinα cos t+ E cosα sin t.

Substituting −E cosα sin t/ sinα for cos t in the first equality, we find

−E sin(t) = (μ− λ) sinα,

cos t = (μ− λ) cosα,
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which implies E2 = (μ − λ)2(sin2 α + E2 cos2 α) = (μ − λ)2μ2, and then (16)
since μ ≥ λ for α ∈ [−π/2,−π/4]. By (5) we get for α = α0,

1 + E2 + 2λ0μ0 = (λ0 + μ0)
2 = (λ0 − μ0 + 2μ0)

2 =

(

2μ0 − E

μ0

)2

.

Since (16) implies μ20 − E = λ0μ0, we have

2(μ20 − E) = 4μ20 +
E2

μ2
0

− 4E − (1 + E2).

This equation in μ20 leads to

4μ20 = (1 + E)2 + ε
√

(1 + E)4 − 8E2,

where ε = ±1. The case ε = −1 leads to 4λ0μ0 = 4μ20 − 4E = (1 − E)2 −
√

(1 + E)4 − 8E2 ≤ 0 what is impossible.

Then s2(E) ≥ 2μ0 =
√

(1 + E)2 +
√

(1 + E)4 − 8E2. We can pack in K2μ0

the reflection of eα0
through Ω0 and we get the equality (14). We finally obtain the

angle (15) by considering μ20 = sin2 α0 + E2 cos2 α0 and s2(E) = 2μ0. �

Theorem 5. If 1/2 < E < E0, then

s2(E) =
2E

√
T0

(

√

ET 2
0
+ (1 + E2)T0 + E − T0

√
2E

) , (17)

where T0 is the unique positive root of (13). The minimum value s2(E) is obtained
for two parallel ellipses e1 = eα0

and e2 with

α0 = −1

2

(

π + arcsin
E(T 2

0 − 1)

T0(1− E2)

)

, (18)

and where the ellipse e2 is the reflection of e1 through the center of the square.

Proof. We denote by α0 the unique angle α such that T0 = T (α) and by I0 the
intersection of eα0

with y = x. Since the continuous function xI is decreasing for
α ∈ [−π/2, α0] and increasing for α ∈ [α0,−π/4], the point I0 belongs to the
interior of eα if α �= α0. Then any ellipse eα in K2xI0

contains I0. As Fact 1 gives
that I0 is an unavoidable point, we have s2(E) ≥ 2xI0 . We can pack the reflection
of the ellipse eα0

through I0 and we get s2(E) ≤ 2xI0 . The value of xI0 is given
by (10).

By (2), (9) and since −1/T = tan(ψ − ϕ)/2, we have

(2λμ)2 =

(

2E

T
+ (1− E2) sin 2α

)2

= 4E2 + (1− E2)2 sin2 2α,

which gives sin 2α = E(T 2−1)/((1−E2)T ) and (18) for 2α ∈ [−π,−π/2]. �

Theorem 6. If E0 ≤ E ≤ 1, then

s2(E) =
√
2
(

√

1 + E2 + E
)

. (19)
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The minimum value s2(E) is obtained for two parallel ellipses e1 = eα and e2

with α = −π/4 and where e2 is the reflection of e1 through the center of the
square.

Proof. We consider again the intersection point I0 of the ellipse e−π/4 and the
diagonal y = x. Since xI is decreasing for α ∈ [−π/2,−π/4], any ellipse eα

in K2xI0
contains I0. As Fact 1 gives that I0 is an unavoidable point, we get

s2(E) ≥ 2xI0 = 2xI(−π/4) =
√
2(
√
1 + E2+E). As in the two previous cases,

we can pack the reflection of the ellipse e−π/4 through I0 and we get the equality
(19). �

�Λ,Μ�

�

Α

I

�Λ,Μ�
Α

I��

−π
2
≤ α < −π

4
α = −π

4

Figure 4. For E0 ≤ E ≤ 1 and π
2
≤ α < −π

4
, the center of K2xI (−π

4
) belongs

to the interior of eα.

It is not surprising that among all the optimal packings PE , the densest one is
P1/2, see Figure 1. We denote by d(E) the density of PE and we have for all E in
]0, 1],

d(E) =
2πE

s2
2
(E)

.

The formulas (14), (17), (19) for s2(E) give that d(E) equals to

d1(E) =
2πE

(1 + E)2 +
√

(1 + E)4 − 8E2
if E ∈]0, 1

2
],

d2(E) =
π

2E
T0

(

√

ET 2
0
+ (1 + E2)T0 + E − T0

√
2E

)2

if E ∈]1
2
, E0[,

d3(E) =
πE

(√
1 + E2 + E

)2
if E ∈ [E0, 1].

The optimality of PE for allE on each interval ]0, 1/2], ]1/2, E0[, [E, 1] implies
the continuity of d(E) on ]0, 1]. It is easy to verify that d1(1/2) = d2(1/2) =
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π/4 and d2(E0) = d3(E0) = πE0/
(

√

1 + E2
0
+ E0

)2

. We show that d(E) is

increasing on ]0, 1/2] and decreasing on [1/2, 1]. For E ∈]0, 1
2
], we get

d′1(E) =
2π(1− E2)

√

(E + 1)4 − 8E2

(

1 + 2E + E2 +
√

(E + 1)4 − 8E2

) > 0

and for E ∈ [E0, 1],

d′3(E) =
π
(√

1 + E2 − 2E
)

√
1 + E2

(√
1 + E2 + E

)2
< 0.

In the case of Theorem 5, we have s2(E) = 2E/f(T0) and d2(E) = (π/(2E))f2(T0).
Since T0 = T0(E) is a single root of (13), T0(E) is differentiable at E ∈]1/2, E0[
and we get

d′2(E) =
π

2E2

(

2Ef(T0)f
′(T0)

dT0
dE

− f2(T0)

)

.

As f ′(T0) = 0, we obtain d′2(E) < 0.
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The Diagonal Point Triangle Revisited

Martin Josefsson

Abstract. We derive a formula for the area of the diagonal point triangle be-
longing to a tangential quadrilateral in terms of the four tangent lengths, and
prove a characterization for a tangential trapezoid.

1. Introduction

Consider a convex quadrilateral with no pair of opposite parallel sides. Let the
two diagonals intersect at E and the extensions of opposite sides intersect at F and
G. Then the triangle EFG is called the diagonal point triangle or sometimes just
the diagonal triangle (see Figure 1).

�
A

� C

�D

�

B

�G

�F

�

E

Figure 1. The diagonal point triangle EFG

The significance of the diagonal point triangle is most evident in projective ge-
ometry, where it is studied in connection with the complete quadrilateral. It is for
instance a well known property that the diagonal point triangle associated with a
cyclic quadrilateral is self-conjugate.

In [5] we derived a formula for the area of the diagonal point triangle belonging
to a cyclic quadrilateral in terms of the four sides. In this note we shall derive
a formula for this triangle area in connection with a tangential quadrilateral (a
quadrilateral with an incircle), but here it will be in terms of the tangent lengths
instead. The tangent lengths e, f , g, h in a tangential quadrilateral are defined to
be the distances from the vertices to the points where the incircle is tangent to the
sides (see Figure 2).
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Figure 2. A tangential quadrilateral with its tangent lengths and a diagonal

2. More on the area of the diagonal point triangle

We will use Richard Guy’s version of Hugh ApSimon’s formula to derive a
formula for the area of the diagonal point triangle belonging to a tangential quadri-
lateral. According to it (see [2]), the diagonal point triangle belonging to a convex
quadrilateral ABCD has the area

T =
2T1T2T3T4

K(T1T2 − T3T4)
(1)

where T1, T2, T3, T4 are the areas of triangles ABC, ACD, ABD, BCD respec-
tively, and K is the area of the quadrilateral.

Theorem 1. If e, f , g, h are the tangent lengths in a tangential quadrilateral with
no pair of opposite parallel sides, then the associated diagonal point triangle has
the area

T =
2efghK

|ef − gh||eh− fg|
where

K =
√

(e+ f + g + h)(efg + fgh+ ghe+ hef)

is the area of the quadrilateral.

Proof. In a tangential quadrilateral, triangle ABD has the area (see Figure 2)

T3 =
1

2
(e+ f)(e+ h) sinA = (e+ f)(e+ h) sin

A

2
cos

A

2
.

According to Theorem 8 in [4], we have that

sin2
A

2
=

efg + fgh+ ghe+ hef

(e+ f)(e+ g)(e+ h)
.
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Using the trigonometric Pythagorean theorem yields

cos2
A

2
= 1− sin2

A

2
=

(e+ f)(e+ g)(e+ h)− (efg + fgh+ ghe+ hef)

(e+ f)(e+ g)(e+ h)

=
e2(e+ f + g + h)

(e+ f)(e+ g)(e+ h)
.

Thus we get the subtriangle area

T3 =
(e+ f)(e+ h)e

√

(efg + fgh+ ghe+ hef)(e+ f + g + h)

(e+ f)(e+ g)(e+ h)
=

eK

e+ g
.

The last equality is due to formula (2) in [4] which gives the area of a tangential
quadrilateral in terms of the tangent lengths. By symmetry we also have

T1 =
fK

f + h
, T2 =

hK

f + h
, T4 =

gK

e+ g
.

Combining the last four formulas gives

T1T2 − T3T4 =
fhK2

(f + h)2
− egK2

(e+ g)2
= K2

(

(e+ g)2fh− eg(f + h)2

(e+ g)2(f + h)2

)

.

Expanding the numerator, canceling the two double products and factoring it yields

(e+ g)2fh− eg(f + h)2 = e2fh+ fg2h− ef2g− egh2 = (ef − gh)(eh− fg).

Now by inserting the expressions for the triangle areas T1, T2, T3, T4 into (1), we
get the area of the diagonal point triangle belonging to a tangential quadrilateral.
Hence this is

T =
2efghK4

K(e+ g)2(f + h)2
· (e+ g)2(f + h)2

K2(ef − gh)(eh− fg)

and the formula in the theorem follows by simplification and adding an absolute
value to the denominator to cover all cases. �

Except in projective geometry, where the notion of area is irrelevant, we have
only found one source where the diagonal point triangle associated with a tangen-
tial quadrilateral is treated. This is in the old extensive paper [1] on quadrilateral
geometry by Dostor. He derives a formula for this triangle area,1 but that formula
is wrong. It states incorrectly (using other notations) that the area is given by

T =
4efghK

(e2 − g2)(f2 − h2)

where e, f , g, h are the tangent lengths and K is the area of the quadrilateral. In
[5] we concluded that Dostor’s formula for the area of the diagonal point trian-
gle belonging to a cyclic quadrilateral is also wrong, and then derived the correct
formula.

An interesting observation is that the correct formula in [5] for a cyclic quad-
rilateral has the exact same form as Dostor’s incorrect formula for a tangential

1Formula CCXVII on page 308 in [1]. We used e, f , g, h in the citation of his formula to easily
be able to compare it to Theorem 1 in this note.
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quadrilateral (except for a factor of 2). But there is one big difference. The letters
used in Dostor’s formula stands for the tangent lengths in a tangential quadrilateral,
whereas in Theorem 1 in [5], we used a, b, c, d which stands for the side lengths in
a cyclic quadrilateral.

3. A characterization of tangential trapezoids

If two opposite sides in the quadrilateral are parallel, then one of the points F
or G becomes a point at infinity. Then the area of the diagonal point triangle is
infinite. This is equivalent to having a denominator in Theorem 1 that is zero, so
we get a necessary and sufficient condition for parallel opposite sides this way.
Hence opposite sides are parallel if and only if ef = gh or eh = fg.

Now we give a second proof of these characterizations of a tangential trapezoid
(a trapezoid with an incircle; see Figure 3) where it is easier to determine which
pair of opposite sides that are parallel in each case.

Theorem 2. The opposite sides AB and CD in a tangential quadrilateral ABCD
with tangent lengths e, f , g, h are parallel if and only if

eh = fg.

The opposite sides AD and BC are parallel if and only if

ef = gh.

Proof. According to Theorem 3 in [6], the opposite sides AB and CD in a convex
quadrilateral are parallel if and only if

tan
A

2
tan

D

2
= tan

B

2
tan

C

2
.

Since tan A
2
= r

e , tan B
2
= r

f , tan C
2
= r

g and tan D
2
= r

h in a tangential quadri-
lateral with inradius r (see Figure 2), we have that AB and CD are parallel if and
only if

r

e
· r
h
=

r

f
· r
g

⇔ eh = fg.

The second condition is proved in the same way using the angle characterization

tan
A

2
tan

B

2
= tan

C

2
tan

D

2

for when AD and BC are parallel in a convex quadrilateral ABCD. �

In [4, p.129] we concluded that the inradius in a tangential trapezoid with tan-
gent lengths e, f , g, h is given by

r = 4

√

efgh.

Combining this with Theorem 2 yields that the formula for the inradius in a tan-
gential trapezoid ABCD with bases AB and CD can be simplified to

r =
√
eh =

√

fg.
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These formulas can also be derived without the use of trigonometry. We give two
other short proofs. Let the incircle be tangent to AB and CD at W and Y respec-
tively, and I be the incenter (see Figure 3). Then triangles AWI and IY D are
similar (AAA), so r

h = e
r . Whence r2 = eh and the second formula follows in a

similar way. Another derivation starts by noting that the angle AID is a right an-
gle when AB ‖ CD. Using the Pythagorean theorem in the three triangles AWI ,
DY I and AID yields AI2 = e2+ r2, DI2 = h2+ r2 and AI2+DI2 = (e+h)2.
Combining these, we have r2 + e2 + r2 + h2 = (e+ h)2, and thus r2 = eh.

e f

f

g
gh

h

e

r

�

A

�
C

�
D

�

B
�

W

�
Y

�

�

� I

r

Figure 3. A tangential trapezoid

When the bases of the tangential trapezoid instead are AD and BC, the corre-
sponding formulas are

r =
√

ef =
√

gh.

They can be derived in the same way by any of the three methods used above.
As a final remark, we note that the related equality eg = fh gives another nec-

essary and sufficient condition in tangential quadrilaterals. Two different proofs
(both using other notations) were given in [7] and [3, p.104] that this is a charac-
terization for when a tangential quadrilateral is also cyclic.
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A Simple Construction of an Inconic

Francisco Javier Garcı́a Capitán

Abstract. We give a simple construction of an inscribed inconic with given per-
spector and its traces by constructing two extra points on the conic, without
explicitly constructing the center of the conic.

Let ABC be a given triangle. Consider a point P with its cevian triangle XY Z.
It is well known that there is an inscribed conic tangent to the sidelines at X , Y ,
Z. The center Q of the conic is the inferior of the isotomic conjugate of P (see [1,
p.128]). The reflections of X , Y , Z in Q are three extra points on the conic. We
give below a construction of two extra points Y ′ and Z ′ on the conic, without first
locating the center Q.

Proposition 1. Given a triangle ABC and a point P with cevian triangle XY Z,
let X ′, Y ′, Z ′ be the second intersections of cevians AX , BY , CZ and the inconic
with perspector P . The cross ratios (AX,PX ′), (BY, PY ′), and (CZ,PZ ′) are
all equal to 4 : 1 (see Figure 1a).

A

B C

P

Z Y

X

X′

Z′Y ′

Figure 1a

A

B C

P

Z Y

X

X′

Z′Y ′

Figure 1b

Proof. It is enough to prove this for the incircle of the equilateral triangle, regarded
as the Steiner inellipse with perspector at the centroid (see Figure 1b). Then a
projective transformation that maps our triangle ABC and P into the equilateral
triangle with its centroid preserves these cross ratios. Now, for the equilateral
triangle, clearly,

(AX,PX ′) =
AP

PX
:
AX ′

X ′X
=

2

1
:
1

2
= 4 : 1.

�
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We simply use the usual method to construct a point with a given cross ratio.
Let D be the point that divides the segment AP in the ratio 3 : 1. We construct the
intersection points M = DZ ∩ CA and N = DY ∩ AB, draw parallels to AX
through N and M that intersect BY and CZ at Y ′ and Z ′ respectively (see Figure
2). If J is the infinite point of the line AP , then

(BY, PY ′) = (AD,PJ) =
AP

PD
:
AJ

JD
= −4 : −1 = 4 : 1.

Therefore, Y ′ lies on the inconic with perspector P .
The same reasoning shows that Z ′ lies on the same conic.

A

B C

P

Z Y

X

Z′Y ′

MN D

Figure 2
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On a Circle Containing the Incenters of Tangential
Quadrilaterals

Albrecht Hess

Abstract. When we fix one side and draw different tangential quadrilaterals
having the same side lengths but different angles we observe that their incen-
ters lie on a circle. Based on a known formula expressing the incircle radius of
a tangential quadrilateral by its tangent lengths, some older results will be pre-
sented in a new light and the equation of the before mentioned circle will appear.
This circle encodes information about tangential and bicentric quadrilaterals that
leads to an apparently new characterization of tangential quadrilaterals. Curi-
ously enough, no trigonometric formulae are needed.

1. Introduction

Figure 1 shows a tangential quadrilateral ABCD , its incircle with incentre I
and radius r. Let W , X , Y , Z, be the tangency points and denote the tangent
lengths AW etc. by e, f , g and h. While the tangent lengths determine the sides of
a tangential quadrilateral AB = a = e+ f , BC = b = f + g, CD = c = g + h,
DA = d = h + e, the tangent lengths cannot be derived unambiguously from the
sides - in contrast to the triangle, where the tangent lengths are e = s−a, f = s−b,
g = s− c with semiperimeter s.

e f

f

g

g
h

h

e

r

A W B

X

C
Y

D

Z

I

Figure 1

The reason is that the condition a + c = b + d for the sides in a tangential
quadrilateral produces one degree of freedom in the solutions of the equations for
the tangent lengths. This dichotomy between ambiguous and unambiguous tangent
lengths in quadrilaterals and triangles continues to hold in polygons of an even and
odd number of vertices.
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2. Inradius and distances of incenter from vertices of the quadrilateral

Given the tangent lengths e, f , g, h, the radius r of the inscribed circle of the
tangential quadrilateral is determined according to the formula

r2 =
fgh+ egh+ efh+ efg

e+ f + g + h
(1)

cf. [8], [9, Lemma 2], [13, (1)], [16]. In [8] this equation is derived from

Im((r + ei)(r + fi)(r + gi)(r + hi)) = σ1r
3 − σ3r = 0, (2)

wherein σk are the k-th degree elementary symmetric functions of e, f , g, h. For-
mula (2) says that the four right-angled triangles with the legs r and e, r and f , r
and g, and r and h can be put together to form an angle of 180◦. From one pair of
each of these triangles one can form a tangential quadrilateral as shown in Figure
2.

e f

f

g

g
h

h

e

r

A W B

X

C
Y

D

Z

I

Figure 2

The generalization of formula (2) for arbitrary polygons can be resolved unam-
biguously for r > 0 only in the case of the triangle and the tangential quadrilateral
and leads for the triangle to the formula

r2 =
efg

e+ f + g
=

(s− a)(s− b)(s− c)

s
,

which expresses the radius r of its incircle by the tangent lengths or the side
lengths. This also gives a short proof of Heron’s triangle area formula [18] in
the spirit of ”proofs without words”. From (1) we obtain

AI2 = r2 + e2 =
fgh+ egh+ efh+ efg

e+ f + g + h
+ e2 =

(e+ f)(e+ g)(e+ h)

e+ f + g + h
, (3)

compare with [13, (5)]. Either multiply out the right hand side, or observe that
σ1(r

2 + e2) = σ3 + e2σ1 is a monic third degree polynomial in e vanishing for
e = −f , e = −g and e = −h. Similar formulae hold for the other distances
between the vertices and the incenter I .

For later use, we note
AI · CI
BI ·DI =

e+ g

f + h
, (4)

which is an immediate consequence of (3). Similar formulae are in [7, Theorem
8].
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3. Construction of the bicentric quadrilateral from its side lengths

With given side lengths AB = a, BC = b, CD = c, DA = d, that fulfill the
condition a+c = b+d, we can construct in general different incongruent tangential
quadrilaterals. Among them, the tangential quadrilateral with the greatest area, and
therefore with the greatest radius of its incircle, is the bicentric quadrilateral with
sides a, b, c, d, (cf. [3, p.135, (5)], [4, p. 238, (35)], [20]). The conditions for its
constructability a < b + c + d etc. as a cyclic quadrilateral from its side lengths
are obviously satisfied and the construction can be carried out by use of the circle
of Apollonius as in [11, pp. 82-83], or by joining two similar cyclic quadrilaterals
such that they form a trapezoid with the same angles, but in a different order (see
Figure 3). It seems that Bretschneider must have had this gluing method of similar
geometric figures in mind when he produced this impressive series of formulas for
triangles and quadrilaterals in [3] and [4]. Recently, Varverakis used this trick in
his article [20] to have a short and visual proof of the maximum area property for
cyclic quadrilaterals.

bc
a

d

a

c

b
cd
a

c2

a

Figure 3

The triangle inequalities for the shaded triangle in Figure 3, i.e. the constructabil-
ity conditions for the trapezoid and hence for the bicentric quadrilateral are satis-
fied. Consider, for example, this one

(

d+
bc

a

)

+

(

c2

a
− a

)

>

(

b+
dc

a

)

.

It is equivalent to (c− a)(a+ b+ c− d) > 0 and is satisfied if the dilated quadri-
lateral is glued to the larger of the sides a and c. In the same way the other triangle
inequalities are proved. For c = a, there is no need to paste two similar quadri-
laterals together since cyclic quadrilaterals with a pair of equal opposite sides are
trapezoids.

The areaK of a bicentric quadrilateral isK =
√

(s− a)(s− b)(s− c)(s− d) =√
abcd by Brahmagupta’s formula (cf. [3, p.135, (5)], [4, p. 238, (35)], [5, Th.
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3.22], [6, pp.62-63], [10], [11, Th. 109], [15]), and the radius of its incircle

rmax =
K

s
=

√
abcd

a+ c
=

√
abcd

b+ d
(5)

is the largest among the incircle radii of all tangential quadrilaterals with sides a,
b, c, d.

4. Construction of a tangential quadrilateral from given tangent lengths and
conclusions

If we want to construct a tangential quadrilateral with given tangent lengths e, f ,
g, h, we could determine its inradius r with some intricate segment multiplications
and divisions based on formula (1) and then assemble the right-angled triangles
with the legs r and e, r and f , r and g, and r and h as in Figure 2. Another way
that takes us further and leads to the main formula (7), starts from the bicentric
quadrilateral with side lengths a = e + f , b = f + g, c = g + h, d = h + e.
We get the same bicentric quadrilateral with sides a, b, c, d from different tangent
lengths, the degree of freedom being the choice of one of them, e.g. e. Then the
other tangent lengths are

BW = BX = f = a− e,

CX = CY = g = b− a+ e, (6)

DY = DZ = b = d− e;

see Figure 4.

e

A

D

C
B

W

Z

Y

X

Figure 4

The right hand sides are positive, if a is the smallest side and e < a. The
green zones indicate where the endpoints of the segments of lengths e, f , g, h are
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situated, the red zones are excluded. According to (1), the incircle radius for a
tangential quadrilateral with the tangent lengths from (6) is

r2 =
(f + g)eh+ (h+ e)fg

(f + g) + (h+ e)

=
be(d− c) + d(a− e)(b− a+ e)

b+ d

= −
(

e− ad

b+ d

)2

+
abcd

(b+ d)2
(7)

= −
(

e− ad

s

)2

+ r2max.

This formula has the following consequences.

Theorem 1. A tangential quadrilateralABCD with sides a, b, c, d, and semiperime-
ter s = a+ c = b+ d is cyclic if and only if its tangent lengths are

e =
ad

s
, f =

ab

s
, g =

bc

s
, h =

cd

s
. (8)

With these formulae, it is easy to deduce the characterization of bicentrics in
Problem 10804 in the MONTHLY [19] or in Hajja’s article [9, Lemma 1].

Corollary 2. A tangential quadrilateral is bicentric if and only if eg = fh.

One direction is obvious from (8). If, on the other hand, eg = fh, then eb =
e(f + g) = f(h + e) = fd, and together with e + f = a, we find e = ad

b+d ,

f = ab
b+d , i.e. (8).

From AC
BD = ad+bc

ab+cd , a companion formula of Ptolemy’s theorem, valid for all
cyclic quadrilaterals (cf. [1, p.130], [2, Lemma 2], [11, p. 85]) we get immediately
from (8) the second criterion of [9].

Corollary 3. A tangential quadrilateral ABCD is bicentric only if

AC

BD
=
e+ g

f + h
. (9)

To prove the converse of Corollary 3, we invert the points A, B, C, D, with
respect to the incircle and insert (4) into the formulae

AC = A′C ′ · AI · CI
r2

, BD = B′D′ · BI ·DI
r2

for the distances of the images A′, B′, C ′, D′, and get

AC

BD
=
e+ g

f + h
· A
′C ′

B′D′
. (10)

Formula (10) says that under condition (9) the diagonals of the parallelogram
A′B′C ′D′ are of equal lengths, so that A′B′C ′D′ is a rectangle, hence cyclic,
and the pre-images A, B, C, D, are cyclic too.

Writing (7) as r2 +
(

e− ad
s

)2
= r2max, we obtain the following Theorem 4, or

more visually, Theorem 4′ as announced in the abstract.



394 A. Hess

Theorem 4. For different choices of the tangent lengths e, f , g, h, having the same
sums a = e + f , b = f + g, c = g + h, d = h + e, we make the side AB of the
bicentric quadrilateral ABCD with sides a, b, c, d to the x-axis of a coordinate
system with origin A. The points with coordinates (e, r) move on a circle around
the point W of tangency of the incircle with AB, which goes through the incenter
I of ABCD.

rmax

A B

D

C

I

W Wmax

r

e

Figure 5

Theorem 4′. When we fix one side and draw different tangential quadrilaterals
having the same side lengths by changing the angles, the incenters will move on a
circle.

This theorem allows us to construct the inradius r =
√

fge+egh+efh+efg
e+f+g+h of a

tangential quadrilateral with the tangent lengths e, f , g, h from the bicentric quadri-
lateralABCD with the sides e+f , f+g, g+h, h+e. Having once determined r,
we can easily construct the tangential quadrilateral with given tangent lengths. To
perform this construction of r draw the perpendicular at the pointW withAW = e
on the side AB of the bicentric quadrilateral ABCD. It intersects the above men-
tioned circle of the incenters around Wmax at a point whose distance to AB is r.
This construction can be carried out without any restriction if one starts with a tan-
gency point within the green ranges of Figure 4. If, for the sake of simplicity, AB
is the shortest side of the quadrilateral, the inequalities

AWmax =
ad

s
≤ rmax =

√
abcd

s
,

BWmax =
ab

s
≤ rmax =

√
abcd

s
guarantee that the segment AB lies within the circle with the center Wmax and the
radius rmax, see Figure 5.
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Another way to understand the formula (7) is the following characterization of
tangential quadrilaterals, complementing the investigations of [14] and [17].

Theorem 5. The points K, L, M , N are situated on the sides a, b, c, d, of a
quadrilateral ABCD such that they divide the respective sides in the ratio of the
adjacent sides:

AK

KB
=
d

b
,

BL

LC
=
a

c
,

CM

MD
=
b

d
,

DN

NA
=
c

a
. (11)

Then ABCD is a tangential quadrilateral if and only if KLMN is cyclic.

Proof. For a tangential quadrilateral we infer from (7) that the points K, L, M , N ,
lie on a circle around I with radius rmax =

√
abcd
a+c .

ad
b+d

ad
a+c

cd
a+c

cd
b+d

bc
b+d

bc
a+c

ab
a+c

ab
b+d

D

C

BA

N

M

L

K

Figure 6.

In order to prove the converse, let KLMN be a cyclic quadrilateral and sup-
pose that a + c > b + d. Then AK = ad

b+c >
ad
a+c = AN implies that ∠AKN <

∠KNA. Similar inequalities hold for the other angles between the sides ofKLMN
and the sides of ABCD. Therefore the sum of the red angles at points N and L,
i.e. ∠KNA+∠DNM +∠MLC +∠BLK is greater than the sum of the corre-
sponding blue angles at pointsK andM . From this we get a contradiction because
for a cyclic quadrilateral KLMN both sums must be 180◦. Hence we conclude
that the quadrilateral ABCD is tangential. �

It is noteworthy that the radii rmax = K
s =

√
abcd
a+c of the circles through points

K, L, M and N , for incongruent tangential quadrilaterals with equal side lengths
but different angles do not depend on the latter. This permits another construction
of the bicentric quadrilateral with side lengths a, b, c, d, a + c = b + d. This
construction is as follows: Draw any tangential quadrilateral ABCD with the side
lengths a, b, c, d. Divide its sides in the ratio of the adjacent sides to get the points
K, L, M and N (cf. (11)). Measure the distance of the incenter I from one of the
points K, L, M and N and construct a circle with this distance as radius, tangent
to AB in K. Then complete the construction by drawing tangents from A and B
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to this circle whereon the segments AD = d and BC = b are given the prescribed
lengths.
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Congruent Contiguous Excircles

Mihály Bencze and Ovidiu T. Pop

Abstract. In this paper we present some interesting lines in a triangle and we
give some of their properties.

1. The e-property

For a given triangle ABC, and a point X on the side BC, consider the contigu-
ous subtriangles ABX and AXC, with their excircles on the sides BX and XC.
We shall say that X has the e-property if these two excircles are congruent (see
Figure 1).

A

B C
X

Ia

Ta

I1

Tb

T1
T ′
b

I2

Tc

T ′
c

T2

Figure 1

Denote by a, b, c the lengths of the sides BC, CA, AB. The radii of the incircle
and excircle onBC are r = Δ

s and ra = Δ

s−a , where s and Δ are the semiperimeter
and area of triangle ABC. It is known that BTa = s− c and TaC = s− b.

In the following, we shall denote by sT and Δ(T ) the semiperimeter and area
of a triangle T .

Let I1, I2, and Ia be the centers of the excircles of triangles ABX , AXC,
and ABC on the sides BX , XC, and BC respectively, with points of tangency
indicated in Figure 1. We denote by ρa the common exradius of the congruent
contiguous excircles of ABX and ACX .
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Theorem 1. Let X be the point on BC with the e-property.
(a) AX =

√

s(s− a).
(b) ρa = Δ

(
√
s+
√
s−a)√s−a .

(c) BX =
a
(
c+
√
s(s−a)

)

(
√
s+
√
s−a)2

, and CX =
a
(
b+
√
s(s−a)

)

(
√
s+
√
s−a)2

.

Proof. (a) In triangles ABX and AXC we have

ρa =
Δ(ABX)

sABX −BX
=

Δ(AXC)

sAXC −XC

=
Δ(ABX) + Δ(AXC)

sABX −BX + sAXC −XC

=
Δ

AX + s− a
. (1)

Since I1I2 is parallel to BC,

ra − ρa
ra

=
I1I2
a

=
TbX +XTc

a

=
(sABX −AX) + (sAXC −AX)

a
=
s−AX

a
.

From this, ra−ρara
= s−AX

a , and

AX − (s− a) =
aρa
ra

. (2)

From (1) and (2), we have AX2 − (s− a)2 = aΔ
ra

= a(s− a). Therefore, AX2 =

(s− a)2 + a(s− a) = s(s− a). This proves (a).
(b) follows from (1) and (a).
(c) Let BX = x. We have

ρa =
Δ(ABX)

sABX −BX
=

Δ(AXC)

sAXC −XC
=⇒ x

c+AX − x
=

a− x

b+AX − (a− x)
.

This reduces to x(b+AX − a+ x) = (a− x)(c+AX − x), and x = a(c+AX)

b+c+2·AX .
Making use of (a), we obtain the expression for BX given in (b); similarly for
CX . �

Analogous to the congruent contiguous excircles, the problem of congruent con-
tiguous incircles has been studied by P. Yiu ([3] and [4]). It was shown [3, §9.1.5]
that for a point X on BC, the incircles of triangles ABX and AXC are congruent
if and only if their excircles on the sides BX and XC are congruent, i.e., X has
the e-property.

Theorem 2. For the points of tangency of the excircles indicated in Figure 1, we
have

(a) BTbCTc
= s−c

s−b ,

(b)
AT ′

b
AT ′

c
= BX

CX =
c+
√
s(s−a)

b+
√
s(s−a) .
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Proof. (a) From the excircle of triangle ABX on the side BX , we have, making
use of Theorem 1 (a) and (c),

BTb = sABX − c =
AX +BX − c

2

=

√

s(s− a) +
a
(
c+
√
s(s−a)

)

(
√
s+
√
s−a)2

− c

2

=
(s− c)

√
s− a√

s+
√
s− a

(3)

after simplification. Similarly,

CTc =
(s− b)

√
s− a√

s+
√
s− a

. (4)

From (3) and (4), BTbCTc
= s−c

s−b . This proves (a).
(b) Note that

AT ′b = AB+BT ′b = AB+BTb = c+
(s− c)

√
s− a√

s+
√
s− a

=

√
s
(

c+
√

s(s− a)
)

√
s+

√
s− a

.

Similarly, AT ′c =
√
s
(
b+
√
s(s−a)

)
√
s+
√
s(s−a) . From these, (b) follows. �

Theorem 3. For the points of tangency of the excircles indicated in Figure 1, we
have

(a) TbTc = I1I2 =
a
√
s√

s+
√
s−a ,

(b) T1T2 =
|b−c|√s√
s+
√
s−a .

Proof. (a) Since the excircles are congruent, I1I2TcTb is a rectangle. Using (3) and
(4), we obtain

TbTc = BC −BTb − CTc

= a− (s− c)
√
s− a√

s+
√
s− a

− (s− b)
√
s− a√

s+
√
s− a

=
a
(√
s+

√
s− a

)− a
√
s− a√

s+
√
s− a

=
a
√
s√

s+
√
s− a

.
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(b) If the excircles of triangles ABX and AXC touch the line AX at T1 and T2
respectively, then, making use of (a) above and Theorem 1(b), we have

T1T
2
2 = I1I

2
2 − (ρa + ρa)

2

=

(

a
√
s√

s+
√
s− a

)2

− 4Δ2

(√
s+

√
s− a

)2
(s− a)

=
a2s− 4s(s− b)(s− c)

(√
s+

√
s− a

)2

=
s(b− c)2

(√
s+

√
s− a

)2
.

�

Theorem 4. If X has the e-property, the line AX bisects I1I2.

Proof. Let the bisectors AI1 and AI2 of angles BAX and XAC intersect BC at
D and E respectively. In triangle ABX with bisector AD, we have, by Theorem
1(a) and (c),

DX =
BX ·AX
AB +AX

=
a
√

s(s− a)
(

s+
√
s− a

)2
.

Similarly, EX =
a
√
s(s−a)

(
√
s+
√
s−a)2

= DX . This shows that X is the midpoint of DE.

Since I1I2 is parallel to DE, the line AX bisects I1I2. �

2. Some identities and inequalities involving points with the e-property

Analogous to the point X on BC with the e-property, there are also points Y
on CA, and Z on AB with the e-property, i.e, the contiguous triangles BCY ,
BY A have congruent excircles on CY , Y A, and the pair CAZ, CZB also with
congruent excircles on AZ, ZB (see Figure 2). In general, the cevians AX , BY ,
and CZ are not concurrent. If triangle ABC is isosceles, they do, because of
obvious symmetry.

Proposition 5. The area of triangle XY Z is

(a+
√

s(s− c))(b+
√

s(s− a))(c+
√

s(s− b))

+(a+
√

s(s− b))(b+
√

s(s− c))(c+
√

s(s− a))

(
√
s+

√
s− a)2(

√
s+

√
s− b)2(

√
s+

√
s− c)2

·Δ.

We establish some identities and inequalities involving the cevian lines through
through the points with the e-property. Denote by R the circumradius of triangle
ABC.

Theorem 6. (a) AX ·BY · CZ = sΔ.
(b) AX2 +BY 2 + CZ2 = s2.
(c) 1

AX2 + 1

BY 2 + 1

CZ2 = 4R+r
rs2

.

(d) a
AX2 + b

BY 2 + c
CZ2 = 2(2R−r)

Δ
.
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A

B CX

Y
Z

Figure 2

(e) AX4 +BY 4 + CZ4 = s2(s2 − 2r2 − 8Rr).
(f) AX6 +BY 6 + CZ6 = s4(s2 − 12Rr).

Proof. These follow from Theorem 1(a), (c), and the basic relations

ab+ bc+ ca = s2 + r2 + 4Rr,

a2 + b2 + c2 = 2(s2 − r2 − 4Rr),

a3 + b3 + c3 = 2s(s2 − 3r2 − 6Rr);

see [1]. �

Theorem 7. Letma andwa be the lengths of the median onBC and angle bisector
of angle A. If X is the point on BC with the e-property, then wa ≤ AX ≤ ma.

Proof. For the bisector of angle A,

wa =
2bc

b+ c
cos

A

2
=

2
√
bc

b+ c
·
√

s(s− a) =
2
√
bc

b+ c
·AX ≤ AX,

since 2
√
bc ≤ b+ c.

On the other hand, for the median onBC, the inequalityAX ≤ ma is equivalent

to s(s − a) ≤ 2(b2+c2)−a2
4

. After some rearrangement, this reduces to (b + c)2 ≤
2(b2 + c2), which is clearly valid. �

Theorem 8. (a) AX ·BY +BY · CZ + CZ ·AX ≤ s2.
(b) 3 3

√
sΔ ≤ AX +BY + CZ ≤ √

3s.



402 M. Bencze and O. T. Pop

Proof. These follow from applying the well known inequalities (x + y + z)2 ≤
3(x2 + y2 + z2) and xy+ yz+ zx ≤ x2 + y2 + z2, applied to x = AX , y = BY ,
and z = CZ, and making use of Theorem 6 (a), (b). �

Remarks. (1) By using Schwarz’s Inequality, we have

(AX2 +BY 2 + CZ2)

(

1

AX2
+

1

BY 2
+

1

CZ2

)

≥ 9.

By using the formulae in Theorem 6(b), (c), we have s2 · 4R+r
rs2

≥ 9. From this the
well known Euler’s inequality R ≥ 2r follows.

(2) Again, it is easy to establish

AX2 ·BY 2 +BY 2 · CZ2 + CZ2 ·AX2 = (4R+ r)rs2.

From the inequality

AX2 ·BY 2 +BY 2 · CZ2 + CZ2 ·AX2 ≤ AX4 +BY 4 + CZ4,

and the formula in Theorem 6(e), we have (4R + r)rs2 ≤ s2(s2 − 2r2 − 8Rr).
This leads to another known inequality

3(4R+ r)r ≤ s2;

see [1, 2].
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Some Circles Associated with the Feuerbach Points

Nguyen Thanh Dung

Abstract. Consider a triangle with its nine-point circle tangent to the incircle
and excircles at the Feuerbach point. We show that the four circles each through
the circumcenter, nine-point, and Feuerbach point contain the nine-point center
of the intouch triangle or the corresponding extouch triangle. Furthermore, the
lines joining these Feuerbach points to the corresponding nine-point centers are
concurrent on the nine-point circle of the given triangle.

1. Four coaxial circles through the Feuerbach points

The starting point of this note is the famous Feuerbach theorem, that for a given
triangle, the nine-point circle is tangent internally to the incircle and externally to
each of the excircles. Given triangle ABC, with incenter I , excenters Ia, Ib, Ic,
and nine-point N , the points of tangency of the nine-point circle with these circles
are the Feuerbach points Fe, Fa, Fb, Fc on the lines NI , NIa, NIb, NIc with
ratios of division

NFe : FeI =
R

2
: −r,

NFa : FaIa =
R

2
: ra, NFb : FbIb =

R

2
: rb, NFc : FcIc =

R

2
: rc,

where R, r, ra, rb, rc are the circumradius, inradius, and exradii.

Proposition 1. Let O be the circumcenter of triangle ABC.
(a) OI2 = R(R− 2r).
(b) OI2a = R(R+ 2ra).
(c) II2a = 4R(ra − r).
(d) The excentral triangle IaIbIc has circumcenter I ′ at the reflection of I in O,

and circumradius 2R.

For (a-c), see [1, Theorems 152-154]. For (d), see [4, §4.6.1].
Consider the circle through O, N , and Fe. Since I is an interior point of the

segment NFe, it is an interior point of the circle. Our first result relates the endpoint
of the chord through O and I with the intouch triangle, whose vertices are the
points of tangency of the incircle with the sidelines.

Theorem 2. The line OI intersects the circle ONFe again at the nine-point center
of the intouch triangle.
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A

B C

I

O
Ni

I′
N

Fe

Figure 1

Proof. Let Ni be the second intersection of the line OI with the circle ONFe. By
the intersecting chords theorem, OI · INi = NI · IFe. Therefore,

INi

OI
=

NI · IFe

OI2
=

(

R
2
− r

)

r

R(R− 2r)
=

r

2R
.

Note that the intouch triangle is homothetic to the excentral triangle. Since the
excentral triangle has circumcenter I ′ and nine-point center O, its Euler line is the
line OI . Since the intouch triangle has circumcenter I , its Euler line is also the line
OI . From

INi

I ′O
=

INi

OI
=

r

2R
,

the homothetic ratio of the intouch and excentral triangles, we conclude that Ni is
nine-point center of the intouch triangle. �

A

B C

N

Ia

Fa

O

Na

I′
a

Figure 2.

Analogous results hold if we replace the Feuerbach point Fe by the other Feuer-
bach points, say, Fa. if the circle through O, N , Fa intersects the line OIa at
Na, then IaNa

IaO
= ra

2R . Now, triangle IIbIc is homothetic to the A-extouch tri-
angle formed by the points of tangency of the A-excircle with the sidelines of
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triangle ABC, with homothetic ratio − r
2R , since the circumradius of IIbIc is also

2R. In fact, the circumcenter of IIbIc is the reflection of Ia in O. It follows that
IaNa
I′aO

= − IaNa
OIa

= − r
2R , and Na is the nine-point center of the A-extouch triangle

(see Figure 2).

Theorem 3. The points O, N , Fa and Na are concyclic; so are O, N , Fb, Nb, and
O, N , Fc, Nc.

2. Concurrency of four lines on the nine-point circle

In preparation for the proof of our next main result (Theorem 7 below), we es-
tablish an interesting relation between the centers O, N , I , Ia given in Proposition
5. The reformulation as Proposition 6 in terms of directed angles ([2, §§16-19])
makes the proof of Theorem 7 independent of the relative position of O and N
with respect to the bisector of angle A.

Lemma 4. Let N be the nine-point center of triangle ABC.
(a) If A > 60◦, then N and O lie on the same side of the bisector of angle A.
(b) If A = 60◦, then N lies on the bisector of angle A.
(c) If A < 60◦, then N and O lie on opposite sides of the bisector of angle A.

A

B C

O

M

X

H

N

Figure 3A

A

B C

H
O

N

M

Figure 3B

Proof. First consider the case when A is an obtuse angle (see Figure 3A). Construct
the perpendicular from O to BC, to intersect the circumcircle at M on the opposite
side of A. The line AM is clearly the bisector of angle A. If X is the orthogonal
projection of A on BC, then the orthocenter H and X are on opposite sides of
A. It follows that O and H , and their midpoint N , all are on the same side of the
bisector AM .

The same conclusion holds if A = 90◦, since the orthocenter H coincides with
A.

Now we assume A an acute angle (see Figure 3B). It is known that AH =
2R cosA, and that the bisector of angle A also bisects the angle OAH . It divides
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OH in the ratio R : 2R cosA = 1 : 2 cosA. Therefore, O and N are on the same
side of the bisector if and only if 2 cosA < 1, i.e., A > 60◦.

If A = 60◦, then AH = AO, and N lies on the bisector. This completes the
proof of the theorem. �

Proposition 5. (a) The angle IOIa is acute, right, or obtuse according as A is less
than, equal to, or greater than 60◦.

(b) ∠INIa =

{

2∠IOIa, if A ≤ 60◦,
360◦ − 2∠IOIa, if A > 60◦.

.

Proof. (a) Applying the law of cosines to triangle IOIa, and using the expressions
for the lengths given in Proposition 2, we have

cos IOIa =
OI2 +OI2a − II2a

2 ·OI ·OIa

=
R(R− 2r) +R(R+ 2ra)− 4R(ra − r)

2 ·OI ·OIa

=
R(R− ra + r)

OI ·OIa
. (1)

The angle IOIa is acute, right, or obtuse according as ra − r is less than, equal
to or greater than R. Since ra−r

R = 4 sin2 A
2

, these are the cases according as A is
less than, equal to, greater than 60◦.

(b) From (1), we have

cos 2 · IOIa = 2 cos2 IOIa − 1

=
(OI2 +OI2a − II2a)

2 − 2 ·OI2 ·OI2a
2 ·OI2 ·OI2a

=
(2R(R− ra + r))2 − 2R(R− 2r) ·R(R+ 2ra)

2R(R− 2r) ·R(R+ 2ra)

=
R2 − 6R(ra − r) + 2(r2a + r2)

(R− 2r)(R+ 2ra)
. (2)

On the other hand,

cos INIa =
NI2 +NI2a − II2a

2NI ·NIa

=

(

R
2
− r

)2
+
(

R
2
+ ra

)2 − 4R(ra − a)

2
(

R
2
− r

) (

R
2
+ ra

)

=
R2 − 6R(ra − r) + 2(r2a + r2)

(R− 2r)(R+ 2ra)
. (3)

Comparison of (2) and (3) shows that cos INIa = cos 2 · IOIa. Therefore,
∠INIa = 2∠IOIa or 360◦ − 2∠IOIa. Taking (a) into account, we have (b). �

Remark. When A = 60◦, ∠IOIa = 90◦, and ∠INIa = 180◦ (see Lemma 4(b)).

In terms of directed angles, we reformulate Proposition 5 below.
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Proposition 6. (NI, NIa) = −2(OI, OIa).

Theorem 7. The four lines FeNi, FaNa, FbNb, FcNc are concurrent at a point on
the nine-point circle.

Proof. It is enough to prove this for the lines FeNi and FaNa (see Figure 4). Let
P be the intersection of the line FeNi with the nine-point circle. We show that
it also lies on the line FaNa. For this, it is enough to verify (FaN, FaP ) =
(FaN, FaNa).

A

B C

I

N

Fe

Ia

Fa

O

Ni

P Na

Figure 4.

(FaN, FaP ) = (PFa, PN) triangle NFaP isosceles

= (PFa, PFe) + (PFe, PN)

=
1

2
(NFa, NFe) + (PFe, PN) N = center of circle PFeFa

=
1

2
(NIa, NI) + (PFe, PN)

= (OI, OIa) + (PFe, PN) Proposition 6

= (OI, OIa) + (NFe, NiFe) triangle NPFe isosceles

= (OI, OIa) + (NO, NiO) O, N , Fe, Ni concyclic

= (OI, ONa) + (ON, OI)

= (ON, ONa)

= (FaN, FaNa) O, N , Fa, Na concyclic.

The same reasoning shows that P also lies on the lines FbNb and FcNc. �
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We summarize the main results in this note in Figure 5 below, and conclude with
an identification of the triangle centers Ni and P . According to the ENCYCLOPE-
DIA OF TRIANGLE CENTERS [3], the intouch triangle has orthocenter X(65). Its
nine-point center Ni, being the midpoint of IX(65), is X(942). This point lies
on the line through X(11) = Fe and X(113), which is on the nine-point circle,
Therefore P is X(113), which is also the midpoint of HX(110).

A

B
C

O

N

I

Ia

Ib

Ic
Fe

Fc

Fb

Fa

Ni

Nc

Na

Nb

P

Figure 5.
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Generalized Archimedean Arbelos Twins

Nikolaos Dergiades

Abstract. We generalize the well known Archimedean arbelos twins by extend-
ing the notion of arbelos, and we construct an infinite number of Archimedean
circles.

1. Archimedean arbelos

On a segment AB we take an arbitrary point P and with diameters AP , PB,
AB we construct the semicircles O1(R1), O2(R2), O(R), where R = R1+R2. If
we cut from the large semicircle the small ones then the resulting figure is called
from antiquity (Archimedes) arbelos (the shoemaker’s knife). The perpendicular at
P to AB meets the large semicircle at Q and divides the arbelos in two mixtilinear
triangles with equal incircles.

Theorem 1 (Archimedean arbelos twins). The two circlesK1(r1) andK2(r2) that
are inside the arbelos and are tangent to the arbelos and the line PQ have equal
radii r1 = r2 =

R1R2

R1+R2
(see Figure 1). Equivalently,

1

r1
=

1

R1

+
1

R2

.

A BP

Q

O1 O O2

K1

K2

Figure 1.

A circle in the arbelos with radius r1 is called an Archimedean circle ([6, p.61]).
We can find infinitely many such twin incircles where the above case is a limit

special case. We generalize the notion of the arbelos as a triangle whose sides are
in general circular arcs. We will investigate some special cases of these arbeloi.
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2. Generalized arbelos

2.1. Soddy type arbelos with 3 vertices tangency points of the arcs. Let UX , UY ,
UZ (counter clockwise direction) be the vertices of the arbelos whose sides are
arcs of circles tangent to each other at the vertices, with centers X , Y , Z and
radii rX , rY , rZ . If the rotation from UY to UZ on the arc with radius rX is
clockwise relative to UX , then rX is positive, otherwise it is negative. Similarly
we characterize the radii rY , rZ relative to the movement on the appropriate arcs
from UZ to UX , and from UX to UY . Hence, we can have 8 different cases of
arbeloi with the same vertices and the same radii in absolute value. If we change
the sign of the radii of the arbelos, then we get the complementary arbelos. Denote
by Δ the area of the triangle XY Z and r the radius of a circle tangent to the
arcs-sides of the arbelos.

Theorem 2. The radius r of the circle that is tangent to the sides of the above
arbelos is given by

1

r
=

1

rX
+

1

rY
+

1

rZ
+

2Δ

rXrY rZ
,

or
1

r
=

1

rX
+

1

rY
+

1

rZ
− 2Δ

rXrY rZ
.

One of these corresponds to the complementary arbelos.

X

Z Y
UX

UZ

UY

K

Figure 2a

X

Z Y
UX

UZ

UY

K

Figure 2b

Proof. IfK(r) is the circle tangent to the sides of the arbelos, then in Figure 2a, the
radius rX is negative, the sides of triangleXY Z are a = |rY +rZ |, b = |rZ+rX |,
c = |rX + rY |, and the tripolar coordinates of K relative to XY Z and the area Δ
of triangle XY Z are

KX = λ = |rX + r|, KY = μ = |rY + r|, KZ = ν = |rZ + r|,
Δ =

√

rXrY rZ(rX + rY + rZ).
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If we substitute these values into the equality that the tripolar coordinates satisfy
([3]):

(μ2 + ν2 − a2)2λ2 + (ν2 + λ2 − b2)2μ2 + (λ2 + μ2 − c2)2ν2

− (μ2 + ν2 − a2)(ν2 + λ2 − b2)(λ2 + μ2 − c2) = λ2μ2ν2,

we get
(

1

r
− 1

rX
− 1

rY
− 1

rZ

)2

=
4Δ2

r2Xr
2
Y r

2
Z

.

Therefore,
1

r
=

1

rX
+

1

rY
+

1

rZ
± 2Δ

rXrY rZ
.

�

Remarks. (1) The Arcimedean arbelos is of Soddy type with collinear vertices
where rX = R1, rY = R2, rZ = −R = −(R1 + R2), Δ = 0. In this case, there
is a double solution. Hence, the inradius of the Archimedean arbelos is given by

1

r
=

1

R1

+
1

R2

− 1

R1 +R2

.

(2) If the radii rX , rY , rZ are positive, then the radii r refer to the inner and
outer Soddy circles ([2]).

In the sequel, we shall adopt the following notation: For a line �, Π� denotes the
orthogonal projection map onto �.

Lemma 3. Let K(r) be a circle tangent externally or internally to the circles
O1(R1) and O2(R2), where R1, R2 may assume any real values. For a point F on
the radical axis of the circles,

r =

−−−→
O1O2 ·ΠO1O2

(
−−→
FK)

R1 −R2

. (1)

O2

K

O1 K′M

F

F ′

Figure 3.
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Proof. Let M be the midpoint of O1O2 (Figure 3). We have

R2
2 −R2

1 = FO2
2 − FO2

1 = (
−−→
FO2 −−−→

FO1) · (−−→FO2 +
−−→
FO1) = 2

−−−→
O1O2 · −−→FM,

|R1 + r|2 − |R2 + r|2 = KO2
1 −KO2

2 = (
−−−→
KO1 −−−−→

KO2) · (−−−→KO1 +
−−−→
KO2) = 2

−−−→
O1O2 · −−→MK.

By addition, we get

2r(R1 −R2) = 2
−−−→
O1O2 · (−−→FM +

−−→
MK) = 2

−−−→
O1O2 ·ΠO1O2

(
−−→
FK),

and the result follows. �

Remark. For the Archimedean twins (1) gives

r1 =
(2R1 − r1)R2

R1 +R2 +R1

=⇒ 1

r1
=

1

R1

+
1

R2

.

Theorem 4. Let UXUY UZ be an arbelos with collinear centers X , Y , Z on a line
L, and K(r) be the incircle of the arbelos.

r =

∣

∣

∣

∣

∣

ΠL(
−−−→
UY UZ)

rX−rY
XY − rX−rZ

XZ

∣

∣

∣

∣

∣

.

Proof. Since UZ , UY are points on the radical axes of the circle pairs X(rX),
Y (rY ), and X(rX), Z(rZ) respectively, by Lemma 3 we have

r =

−−→
XY ·ΠL(−−−→UZK)

rX − rY
=

−−→
XZ ·ΠL(−−−→UYK)

rX − rZ
.

Since X , Y , Z are all on the line L, ΠL(
−−−→
UZK) = r(rX−rY )

XY
−→j and ΠL(

−−−→
UYK) =

r(rX−rZ)

XZ
−→j , where −→j is a unit vector on L. Hence,

ΠL(
−−−→
UY UZ) = ΠL(

−−−→
UYK)−ΠL(

−−−→
UZK)

= r

(

rX − rZ
XZ

− rX − rY
XY

)

−→j
From this the result follows. �

2.2. Arbelos of type A. On a line L we take the consecutive points U ′Z , UY , UZ ,
U ′Y , and construct on the same side of the line the semicircles (U ′ZUZ), (UY U

′
Y ),

and (UY UZ). Let UX be the intersection of the first two semicircles (see Figure 4).
The arbelos UXUY UZ is of type A. It has arc UY UZ positive, and UZUX , UXUY
both negative. The diameter UY UZ is the base of the arbelos.

2.2.1. The incircle. LetK(r) be the incircle of this arbelos and A, B, C the points
of tangency. If S is the external center of similitude of the semicircles (U ′ZUZ) and
(UY U

′
Y ), then the line BC passes through S, and the inversion with pole S and

power d2 = SUY · SUZ = SU2
X = SB · SC swaps the semicircles (U ′ZUZ) and

(UY U
′
Y ), and leaves the circle K(r) and the semicircle (UY UZ) invariant. Hence,

SA2 = SB ·SC, and the SA is tangent at A to both K(r) and (UY UZ). If the line
SA meets the perpendiculars to L at UY , UZ at D and E respectively, then D is
the radical center of K(r), (UY UZ), (UY U ′Y ), and E is the radical center of K(r),
(UY UZ), (U ′ZUZ). Hence, DC = DA and EB = EA.



Generalized Archimedean arbelos twins 413
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Figure 4.

Construction of the incircle. We construct the external center of similitude S of the
semicircles (U ′ZUZ) and (UY U

′
Y ), and take a point A on the semicircle (UY UZ)

such that SA = SUX . Let the line SA meet the perpendiculars to L through UY ,
UZ at D, E respectively. We take on (U ′ZUZ) the point B such that EB = EA,
and on (UY U

′
Y ) the point C such that DC = DA. The circumcircle of ABC is

the incircle of the arbelos.

The radius of the incircle. If we take U ′ZUY = 2y, UY UZ = 2R, UZU ′Y = 2z,
then rX = R, rY = −R − y, rZ = −R − z, XY = −y, and XZ = z. From
Theorem 4, we have

r =

∣

∣

∣

∣

∣

2R
2R+y
−y − 2R+z

z

∣

∣

∣

∣

∣

=
Ryz

R(y + z) + yz
,

or
1

r
=

1

R
+

1

y
+

1

z
. (2)

2.3. Arbelos of type B. On a line L we take the consecutive points U ′Y , U ′Z , UY ,
UZ , and construct on the same side of the line the semicircles (U ′ZUZ), (U

′
Y UY ),

and (UY UZ). Let UX be the intersection of the first two semicircles (see Figure 5).
The arbelos UXUY UZ is of type B. It has arc UY UZ positive and the arcs UZUX ,
UXUY of different signs. The base of the arbelos is UY UZ .

Construction of the incircle. The construction is the same as in type A, but now S
is the internal point of similitude of the semicircles (U ′ZUZ) and (U ′Y UY ).

The radius of the incircle. We have the same formula as (2), but now since U ′Y is
not on the right hand side of UZ , the distance z must be negative, and so we have

1

r
=

1

R
+

1

y
− 1

z
. (3)
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Figure 5.

Remark. For the incircle K(r) of the Archimedean arbelos, since UX = A, UY =
P , UZ = B with base 2R2, y = R1, z = −R1 −R2, (3) gives

1

r
=

1

R1

+
1

R2

− 1

R1 +R2

.

3. Generalized Archimedean arbelos twins

We shall construct in the Archimedean arbelos a generalized pair of inscribed
equal circles.

Theorem 5. In the Archimedean arbelos (Figure 6) where AP = 2R1, PB =
2R2, AB = 2R1 + 2R2, we extend AB (to left and right) with equal segments
AA′ = 2x = BB′. The semicircle (A′P ) divides the arbelos in two arbeloi with
incircles K1(r1), K3(r3), and the semicircle (PB′) divides the arbelos in two
arbeloi with incircles K2(r2), K4(r4). We have a couple of twin circles: r1 = r2
and r3 = r4, with

1

r1
=

1

x
+

1

R1

+
1

R2

and
1

r3
=

1

R1

+
1

R2

− 1

R1 +R2 + x
.

2x 2R1 2R2 2xA BPA′ B′

K1

K2

K3
K4

Q

Figure 6.

Proof. The circle K1(r1) is the incircle of an arbelos of type A with base AP .
Hence, 1

r1
= 1

R1
+ 1

x + 1

R2
.
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The circle K2(r2) is the incircle of an arbelos of type A with base PB. Hence,
1

r2
= 1

R2
+ 1

x + 1

R1
.

The circle K3(r3) is the incircle of an arbelos of type B with base PB. Hence,
1

r3
= 1

R2
+ 1

R1
− 1

R1+R2+x
.

The circle K4(r4) is the incircle of an arbelos of type B with base AP . Hence,
1

r3
= 1

R1
+ 1

R2
− 1

R1+R2+x
.

Therefore, r1 = r2 and r3 = r4. �

Remark. If x → ∞, then the semicircles (A′P ) and (PB′) tend to the perpendic-
ular semiline PQ, and the four incircles tend to the Archimedean twin circles.

4. Bisectors of the Archimedean Arbelos

We have seen that in the Archimedean arbelos, the semiline PQ divides the
arbelos in two arbeloi with equal incircles. This semiline as a degenerate semicir-
cle is like a bisector from P of the arbelos that produces the twins (Archimedean
circles) with radius rP such that

1

rP
=

1

R1

+
1

R2

.

We find the other two bisectors of the arbelos from the vertices A and B (Figure
7).

2xA BPO1 O2

A1

A2

Q

Q′

QA

Figure 7.

Let the semicircle (AO2) bisector of the arbelos meet the semicircle (PB) at
QA, and A1(r1), A2(r2) be the incircles of the arbeloi QAAP , QAAB.

The arbelosQAAP with baseAP is of type B, so we have 1

r1
= 1

R1
+ 1

x− 1

R1+R2
.

The arbelosQAAB with baseAB is the complement of an arbelos of type A; so

we have 1

r2
= −

(

1

R1+R2
− 1

R1
− 1

R2−x
)

. In order to have r1 = r2 = rA, we set

2x = R2. Hence the point O2 is the midpoint of PB, and the bisector semicircle
(AO2)meets PQ at the point Q′ such that PQ′ =

√
AP · PO2 =

√
2R1R2, and

1

rA
= 1

R1
+ 2

R2
− 1

R1+R2
.

Similarly, ifO1 is the midpoint ofAP , then the semicircle (O1B) is the bisector
of the arbelos from B that passes also from Q′, and 1

rB
= 2

R1
+ 1

R2
− 1

R1+R2
.

Hence, the three bisectors of the Archimedean Arbelos are concurrent at Q′.
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5. Infinitely many Archimedean circles

There are many exciting constructions of Archimedean circles or families of
these; see [4, 5].

Here we construct a more natural family of Archimedean circles that contains
the original Archimedean twins. In the Arcimedean arbelos with diameters AP ,
PB, AB, and semicircles O1(R1), O2(R2), O(R), we take at the left of A the
point X , and at right of B the point Y such that AX = BY = 2x. We rotate
clockwise P around A by an angle π

2
at A1, and counterclockwise P around B by

an angle π
2

at B1. The line XA1 meets the line PQ at D1. The line Y B1 meets the
line PQ at C1. We take at the left of A the point C such that CA = PC1 = 2d1,
and at right ofB the pointD such thatBD = PD1 = 2d2. The semicircles (CP ),
(AY ) meet at M , and the semicircles (PD), (XB) meet at N . We show that
the incircles K1(r1), K2(r2) of the arbeloi MAP , NPB are both Archimedean
circles.

A BPX YO1

Q

A1

B1

D1

C1

C D

M
N

O2

K2

K1

QA QB

Figure 8.

Proof. Since in triangle XPD1, PA1 is a bisector and AA1 is parallel to PD1

(Figure 8), we know that 1

PD1
+ 1

XP = 1

AA1
. Hence,

1

d2
+

1

x+R1

=
1

R1

. (4)

Similarly, from triangle PY C1, we have

1

d1
+

1

x+R2

=
1

R2

. (5)
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The arbelos MAP is of type A; so we have 1

r1
= 1

R1
+ 1

d1
+ 1

x+R2
= 1

R1
+ 1

R2

from (5).
The arbelosNPB is also of type A; so we have 1

r2
= 1

R2
+ 1

d2
+ 1

x+R1
= 1

R2
+ 1

R1

from (4).
Hence r1 = r2 is the radius of the Archimedean circle. �

For x = 0 the circles K1(r1), K2(r2) coincide with the original Archimedean
twin circles since the semicircles (AY ), (XB) coincide with the semicircle (AB),
and the semicircles (CP ), (PD) coincide with the line PQ. If M1, M2 are the
midpoints of CP , AY , then applying Stewart’s theorem to triangle MM1M2, we
have

O1M
2 ·M1M2 =M1M

2 ·O1M2 +M2M
2 ·O1M1 −O1M1 ·O1M2 ·M1M2,

or

(d1+R2+x)O1M
2 = (d1+R1)

2(R2+x)+(R1+R2+x)
2d1−d1(R2+x)(d1+R2+x).

Substituting d1 =
R2(x+R2)

x , we get

O1M
2 = R2

1 + 4R1R2 = O1P
2 + PQ2 = O1Q

2.

Hence, the locus of M is the circular arc O1(Q) from the point Q to QA on the
perpendicular QAA to AB. Similarly, we can prove that the locus of N is the
circular arc O2(Q) from the point Q to QB on the perpendicular QBB to AB.

6. A special generalization of arbelos with arcs of angle 2φ

If we substitute the semicircles in Archimedean arbelos with arcs of angle 2φ,
i.e., AP = 2R1 sinφ, PB = 2R2 sinφ, AB = 2(R1 + R2) sinφ (Figure 9) [1],
the pointsA,O1,O are collinear; so are the pointsO,O2,B. The tangent to the arc
(AP ) at P meets the arc (AB) at QA, and the tangent to the arc (PB) at P meets
the arc (AB) atQB . LetK1(r1),K2(r2) be the incircles of the arbeloiQBAP and
QAPB. If 2φ = π, then we have the classical arbelos, and QA, QB coincide with
the point Q. We prove that r1 = r2.

Proof. The point A is on the radical axis of O1(R1), O−(R1+R2)). From (1), we
have

r1 =

−−→
O1O ·ΠO1O(

−−→
AK1)

rO1
− rO

=
R2 ·ΠO1O(AK1)

R1 +R1 +R2

.

Also, r1 = ΠO1O(K1P ). Hence,

2R1 sin
2 φ = ΠO1O(AK1) + ΠO1O(K1P ) = r1 · 2R1 +R2

R2
+ r1 = r1 · 2(R1 +R2)

R2
,

or r1 =
R1R2 sin

2 φ
R1+R2

. Similarly,

r2 =

−−→
OO2 ·ΠOO2

(
−−→
BK2)

rO − rO2

=
R1 ·ΠOO2

(BK2)

−R1 −R2 −R2

,
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A B
P

O

O1

O2

QA

QB

C

D

E

F1F2

K1

K2

2φ

2φ

2φ

Figure 9.

and r2 = ΠOO2
(PK2). Hence,

2R2 sin
2 φ = ΠOO2

(PK2) + ΠOO2
(K2B) = r2 + r2 · R1 + 2R2

R1
= r2 · 2(R1 +R2)

R1
,

or r2 =
R1R2 sin

2 φ
R1+R2

.
If 2φ = π, then we have the radius of the Arcimedean circle. �

Construction of the twins. The perpendicular from P to AB meets O1O2 at the
point C, and the parallel from C to PO1 meets PO2 at D. Since PC is a bisector
in triangle PO1O2, we have 1

CD = 1

R1
+ 1

R2
. Hence we need the construction

of r1 = CD · sin2 φ. The perpendicular from D to AB meets AB at E and the
perpendicular from E to PO1 meets this line at the point F1. The symmetric of
F1 in PC is the point F2 on the line PO2. The perpendicular at F2 to PF2 meets
the circle O1(F1) at the point K1 and the line EF1 meets the circle O2(F2) at the
point K2. These points are the centers of the twin incircles and the construction of
these circles is obvious.
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