Forum Geometricorum

Volume 15 (2015) 253–261.

FORUM GEOM

ISSN 1534-1178

Transforming Tripolar into Barycentric Coordinates

Albrecht Hess

Abstract. A simple construction is presented to find a point with given tripolar coordinates, i.e. the ratios of its distances to the points A, B, C of a reference triangle. This construction leads to a very nice transformation formula for tripolar into barycentric coordinates, that simplifies considerably an already existing transformation formula in Kimberling’s Encyclopedia of Triangle Centers. The necessary and sufficient conditions for the constructibility are encoded in a triangle whose side lengths are products of the side lengths of ABC with the tripolar coordinates. Formulas for the area of this triangle are presented showing the role of inversion in this construction. As applications, one-line proofs for the formula of the pedal triangle area and the factorization of the dual of the circumcircle are given as well as simplifications of some formulas from ETC.

1. Introduction

When thinking about tripolar coordinates and looking for an idea how to transform results of [7] into the barycentric calculus, I was taken aback by the complicated transformation formulas from tripolar into barycentric coordinates I detected in the entry X(5002) in [9]. Combining the techniques of inversion and of gluing similar figures, that played separate roles in my former FG articles, I found a simple construction leading to nice formulas.

2. Visual proof of Ptolemy’s inequality

Gluing similar copies of ABD to CD and of BCD to AD leads to Ptolemy’s inequality^{bd}_f ≤ e +^{ac}_f or

BC · DA ≤ AC · DB + AB · DC. (1)

See Figure 1 and [3; p. 241, formula (49)], [5, pp. 42-43], [12, pp. 29ff].

This method is very likely behind the impressive calculations of Bretschneider [3]. In Figure 1 in [15], it leads to a short and visual proof of the maximum area property for cyclic quadrilaterals.

3. Existence of a point with given ratios of tripolar coordinates

Ptolemy’s inequality (1) encodes the necessary condition for the existence of points D with given tripolar coordinates (see [1], [2], [6, pp. 6–10], [11]), i.e., the distances to the vertices A, B, C of a reference triangle have given ratios. Bottema

Publication Date: November 3, 2015. Communicating Editor: Paul Yiu.

The author would like to thank Michel Bataille and Peter J. C. Moses for their constructive comments of the first drafts of this article and especially Paul Yiu for his suggestion that I apply my results to some triangle centers.

Figure 1

poses this problem in [1, Section 8.2] and proves analytically the following theorem by considering the intersections of Apollonian circles.

Theorem 1. Given a triangle ABC and three positive numbers p, q, r. There exists (one or two) points D for which the ratios of its distances to A, B, C, are given by DA : DB : DC = p : q : r if and only if we can draw a triangle, possibly degenerated, with sides BC · p, CA · q, AB · r.

A pure constructive proof, that the triangle inequalities BC ·p ≤ AC ·q +AB ·r etc. are equivalent to the existence of a point D for which DA : DB : DC = p : q : r, is based on the above mentioned gluing method.

Figure 2

Proof. The necessity of the triangle inequalities, i.e. Ptolemy’s inequalities, for the existence of D is obvious. To prove the sufficiency, assume first that Ptolemy’s inequalities are satisfied strictly. Glue a similar copy CAY of the triangle Δ with side lengths BC · p, AC · q, AB · r to AC as in Figure 2 above. A rotation around B followed by a dilation moves triangle Y BC onto a triangle ABD, transforming Y B onto AB. A rotation around B followed by a dilation moves triangle Y AB onto a triangle BCD, transforming Y B onto BC. The images of C, respectively A, both called D, though a priori different, are indeed identical, because the angles of the rotated triangles at B sum up to ∠ABC, and the distances of the images of C, respectively A, to B are a ·^c_{Y B} = c ·^a_{Y B} . Hence, these images must coincide at a point D, which satisfies DA : DB : DC = p : q : r since DA : DB =^{ap}_q : a = p : q, and DC : DB =^{cr}_q : c = r : q. □

That there are in general two solutions D_± to this problem becomes clear by the construction based on the Apollonius circles XA : XB = p : q, XB : XC = q : r, XC : XA = r : p. Two of these circles have in general two points of intersection that lie automatically on the third circle. This second solution can be obtained by gluing a similar copy of the nondegenerate triangle Δ onto the other side of AC and proceeding as above.

If Δ degenerates, suppose, for example, that AB · r + BC · p = AC · q, the points A, B, C and D are concyclic by Ptolemy’s theorem. The points X, Y , Z are on the sides of the triangle. In this example, Y is located in the interior of the segment AC, X and Z are on the extensions of BC and AB. AX, BY and CZ are parallel and meet at infinity, illustrating the fact that the isogonal conjugacy transforms points at infinity into points on the circumcircle, see [8; p.154, Theorem 234]. Figure 3 depicts this situation and serves also as a visual proof of Ptolemy’s equation:^{AB·CD}_{BD} +^{BC·AD}_{BD} = AC.

Figure 3

At the end of the next section we will have a look at the relationship between this construction and the inversion in the circumcircle k of ABC. In particular, we will see that D_± are inverted into each other. This explains the number of solutions: two in the case of nondegenerate Δ, except for p = q = r = 1, with the circumcenter as the unique solution, and one in the case of degenerate Δ.

4. Transforming tripolar into barycentric coordinates

If we glue similar copies ABZ, BCX, CAY of the triangle Δ outward, respectively inward, to all sides of the original triangle we see that the two solution D_± to Bottema’s problem are the isogonal conjugates ([8, pp. 153-157]) of the intersections D^′_± of AX, BY and CZ; see Figure 2. That these lines are concurrent can easily be seen by drawing the circumcircles of ABZ, BCX, CAY , and showing that these circles meet at one point which, by angle chasing, is the intersection of AX, BY and CZ (see [13, Theorem 4.2]). Another proof is by barycentric calculus as in [16; §3.5.2].

This construction is well known in a particular case, namely, the definition of the isodynamic points as isogonal conjugates of the Fermat points. In this case, p, q, r are the reciprocals^1_a ,^1_b ,^1_c of the side lengths and triangle Δ and its copies ABZ, BCX, CAY are equilateral. See [1, §23.2], [4, p. 303], [8, p. 295ff], and, as a curiosity, [13, p. 138], where the author decrees: “There may well be an existing name for D and E [the isodynamic points], but we shall call them the Napoleon points.”

Let ξ, ψ, ζ be the angles of the triangle Δ, see Figure 2. By Conway’s formula ([16, §3.4.2]), with S_θ = S·cot θ, S = 2T_{ABC} , and 2S_A = 2bc cos α = b^2+c^2−a^2 etc., the barycentric coordinates of X, Y , Z are X(−a^2 : S_C ± S_ζ : S_B ± S_ψ), Y (S_C ± S_ζ : −b^2 : S_A ± S_ξ), Z(S_B ± S_ψ : S_A ± S_ξ : −c^2).

Hence, the lines AX, BY , CZ intersect at D^′_±((S_A ± S_ξ)^{−1} : (S_B ± S_ψ)^{−1} : (S_C ±S_ζ )^{−1}). Since the points D_± with tripolar coordinates (p : q : r) are isogonal conjugates of D^′_±, we have just proved

Theorem 2. The barycentric coordinates of the points D_ε, ε = ±1, with tripolar coordinates (p : q : r) are

(a^2(S_A + εS_ξ) : b^2(S_B + εS_ψ) : c^2(S_C + εS_ζ )). (2)

The only place where I could find an expression for the barycentric coordinates (x : y : z) of the points with given ratios (p : q : r) of its distances from A, B, C is in the entry X(5002) in ETC [9]:

x = a^2S_A + k^2(−a^2p^2 + S_C q^2 + S_Br^2),

y = b^2S_B + k^2(S^2_C p^2 − b^2q^2 + S_Ar^2), (3)

z = c^2S_C + k^2(S_Bp^2 + S_Aq^2 − c^2r^2) for k^2 = a^2p^2S_A + b^2q^2S_B + c^2r^2S_C + 2SS_Δ a^2(p^2 − q^2)(p^2 − r^2) + b^2(q^2 − r^2)(q^2 − p^2) + c^2(r^2 − p^2)(r^2 − q^2) . where S_Δ is twice the area of the triangle with sides ap, bq and cr. A similar formula is derived in [4, p. 304], from Stewart’s theorem, for k = 1 and the distances p, q, r, (and not only their ratios) of the point with barycentric coordinates (x : y : z) from A, B, C. Casey calls this result Lucas’s Theorem, probably referring to [10, p. 133]. But beware, there are printing errors.

Likewise, formula (2) can be written as

D_± (a^2(cot A ± cot ξ) : b^2(cot B ± cot ψ) : c^2(cot C ± cot ζ)), (4)

D_± ( a^2 ( b^2 + c^2 − a^2 2S ± (bq)^2 + (cr)^2 − (ap)^2 2S_Δ ) : · · · : · · · ) , (5)

with 2S = √ (a + b + c)(−a + b + c)(a − b + c)(a + b − c) and a similar expression with ap, bq, cr replacing a, b, c for 2S_Δ. These formulas are by far more transparent than those in (3). They will be applied in §7 to simplify the barycentric coordinate formulas of some triangle centers from [9]. In §5, formula (11), we will see that the ratio^{SΔ}_S is, up to a factor, just the power of D_± with respect to the circumcircle k of ABC.

Let’s see what happens if the triangle Δ degenerates. Calculating barycentric coordinates according to (2) and (3) fails, but by multiplying (4) by 2S_Δ, we can write the remaining unique point as D ( a^2(b^2q^2 + c^2r^2 − a^2p^2) : · · · : · · · ) . (6)

Supposing again AB · r + BC · p = AC · q or ap = bq − cr, simplifies to D (_a

p : −^b_q :^c_r ) . Theorem 3. A point D

(_a

p : −^b_q :^c_r ) , p, q, r > 0, is on the circumcircle k of the triangle ABC if and only if ap + cr = bq. In this case, (DA : DB : DC) = (p : q : r).

Proof. The “if” part being dealt with just before, we are left with the “only if” part that can be shown by putting D

(_a

p : −^b_q :^c_r ) into the circumcircle equation k(x, y, z) = a^2yz + b^2zx + c^2xy = 0. □

The easiest way to get the tangent equation to k at D is to write it as

k_x ( a p : − b q : c r ) x + k_y ( a p : − b q : c r ) y + k_z ( a p : − b q : c r ) z = 0

and to simplify using ap + cr = bq. We obtain p^2x + q^2y + r^2z = 0.

We summarize the last calculations in Theorem 4 that can be used to get very short and nice solutions of tangency problems, e.g. the proof of Feuerbach’s theorem.

Theorem 4. A line p^2x + q^2y + r^2z = 0, p, q, r ≥ 0, in barycentric coordinates (x : y : z) is tangent to the circumcircle k of a reference triangle ABC if and only if (−ap + bq + cr)(ap − bq + cr)(ap + bq − cr) = 0. (7)

Observe that a line ux + vy + wz = 0 with coefficients u, v, w of different signs can never be tangent to k since it contains interior points of ABC. This result in its genuinely geometric form is Theorem 117 of [8, p. 89].

Theorem 5. Let p, q, r be the tangent lengths from A, B, C to a circle K. Then K is tangent to the circumcircle k of ABC if and only if (7) is satisfied.

Just observe that for tangent circles their radical axis, i.e. the zero set of the difference of their barycentric equations, is tangent to both and that the barycentric equations for k and K are related by

K(x, y, z) = k(x, y, z) − (x + y + z)(p^2x + q^2y + r^2z) = 0,

see [16, Proposition 7.2.3].

With the appearance of (−ap+bq +cr)(ap−bq +cr)(ap+bq −cr) in Theorem 4, it is tempting to put (p^2, q^2, r^2) into the equation

k^∗(u, v, w) = a^4u^2 + b^4v^2 + c^4w^2 − 2a^2b^2uv − 2b^2c^2vw − 2c^2a^2wu = 0

for the coefficients of the tangent lines ux + vy + wz = 0 to k, i. e. the equation of the dual conic of k. It is barely a surprise that S_Δ appears in this factorization of the dual equation of k:

k^∗(p^2, q^2, r^2) = 4S^2_Δ = (ap+bq+cr)(−ap+bq+cr)(ap−bq+cr)(ap+bq−cr). (8) What is the relation of all this with the inversion? The Apollonius circle XA :

XB = p : q occurring in the construction of the solutions of DA : DB : DC = p : q : r belongs to the pencil with limit points A and B, since it intersects the line AB harmonically or, by an analytical argument, since its equation q^2|X − A|^2 − p^2|X − B|^2 = 0 is a linear combination of the point-circles A and B. Therefore, this circle is orthogonal to any circle through the limit points A and B, in particular to the circumcircle k. This being so also for the circles XB : XC = q : r and XC : XA = r : p, these Apollonius circles, left invariant by an inversion with respect to k, will therefore intersect in points D_±, which are images of each other in this inversion.

Moreover, the involvement of inversion in this problem will become clear, if we compare the area

T_Δ = 1 4 √ (ap + bq + cr)(−ap + bq + cr)(ap − bq + cr)(ap + bq − cr)

of the triangle Δ with sides ap = a · DA, bq = b · DB, cr = c · DC, (p, q, r being now the distances from a point D to the vertices of ABC, and not only their ratios) with the area T of ABC. Bretschneider ([3, p. 241]) calls T_Δ the excentric area (“excentrische Fläche”) of the quadrilateral ABCD. It expresses, as a numerical value for Ptolemy’s theorem, the extent of the deviation of the quadrilateral from being cyclic. Using inversion, a nice formula connecting the areas of ABC and Δ will be derived in the next section.

5. Excentric area of a quadrilateral

Let us apply an inversion with respect to a circle κ(D, ρ) to the triangle ABC with sides a = BC, b = CA, c = AB, circumcircle k(O, R) and area T . The image is a triangle A^′B^′C^′ with sides a^′ = B^′C^′, b^′ = C^′A^′, c^′ = A^′B^′, circumcircle k^′(O^′, R^′) and area T^′.

Figure 4

The side lengths transform according to

a^′ = ρ^2 DB · DC

· a, b^′ = ρ^2 DC · DA

· b, c^′ = ρ^2 DA · DB

· c.

This leads to T^′ = a^′b^′c^′ 4R^′ = ρ^6 DA^2 · DB^2 · DC^2 · abc 4R^′ (9) for the area T^′. Inserting R^′ =^{ρ2}_{|DO2−R2|2} · R =^{ρ2}_{|P (D,k)|} R with P (D, k) = DO^2 − R^2, power of D with respect to k, into (9), we obtain

T^′ = ρ^4|P (D, k)| DA^2 · DB^2 · DC^2

· T_{ABC} . (10)

Incidentally, from the triangle inequalities of A^′B^′C^′ we again get Ptolemy’s inequalities (1), but now by inversion.

From the similarity of Δ and A^′B^′C^′ we obtain a formula for the ratio^{TΔ}_T :

T_Δ = ( DA · DB · DC ρ^2

)_2 T^′ = |P (D, k)|T. (11)

This is a nice expression of the fact that the vanishing of T_Δ is equivalent to the cyclicity of ABCD.

6. The Area of the Pedal triangle

As an application of (11) we derive a formula for the area of the pedal triangle P QR of a point D (for pedal triangles see [5, pp. 22ff] or [8, pp. 135ff]). Triangle

P QR is similar to triangle Δ with side lengths a·DA, b·DB, c·DC. This follows from QR = DA sin A =^a_{2R} · DA. Hence by (11)

T_{P QR} = 1 4R^2

· T_Δ =

|P (D, k)| 4R^2

· T_{ABC} .

For another proof see [8, p.139, Theorem 198].

Figure 5

This formula captures the essence of the theorem about the Simson line [5, p.41, Theorem 2.51], [8, p.137, Theorem 192] that P , Q and R are collinear if and only if D is on the circumcircle of ABC.

7. Simplifications of barycentric coordinate formulas for some triangle centers The possible simplifications, based on an application of formula (5), apply to any triangle center for which we have nice formulas for the ratios of its distances to the vertices of the triangle. As a sign change in (5) means inversion in the circumcircle, this is also a nice tool to invert triangle centers as can be seen in the following example.

For the orthocenter D = X(4) we have AD =^{aSA}_S etc. As tripolar coordinates of the orthocentre we take (p : q : r) = (aS_A : bS_B : cS_C ). From ap + bq + cr = 2S^2, etc. we get 2S_Δ = √ (ap + bq + cr)(−ap + bq + cr)(ap − bq + cr)(ap + bq − cr) = 4SS_AS_BS_C .

Similarly, (bq)^2 + (cr)^2 − (ap)^2 = 2S_BS_C (S^2 − S^2_A). From (5) follows for the barycentrics of X(4)

x = a^2 ( S_A S + (bq)^2 + (cr)^2 − (ap)^2 2S_Δ ) = a^2b^2c^2 2S · 1 S_A = a^2b^2c^2 2S^2 tan A ∼ tan A.

The barycentrics of X(186), the inverse of X(4) in the circumcircle, are given by the minus sign:

x = a^2 ( S_A S − (bq)^2 + (cr)^2 − (ap)^2 2S_Δ ) = 1 2S · a^2 ·

3S^2_A − S^2 S_A

∼ a^2 ·

3S^2_A − S^2 S_A .

We apply the formula (5) to get simpler barycentrics (h(A, B, C) : h(B, C, A) : h(C, A, B)) of the Walsmith point X(5000) and its inverse X(5001) in the circumcircle, see [9]. For this point, its distances to A, B, C have ratios (p : q : r) with p^2 = S_A, q^2 = S_B, r^2 = S_C . Factorizing S_Δ we get the expression h(A, B, C) = a^2(S_A √ S_AS_BS_C S_ω ± SS_BS_C ).

Applying to the first Walsmith-Moses point X(5002) and its inverse X(5003), the simplifications with p = a, q = b, r = c lead to

h(A, B, C) = a^2(2S_A √ S_AS_BS_C S_ω ± S(S_ωS_A − S_BS_C )).

Finally, for the second Walsmith-Moses point X(5004) and its inverse X(5005), with p^2 = b^2 + c^2, q^2 = c^2 + a^2, r^2 = a^2 + b^2, we get the formula

h(A, B, C) = a^2S_A √ 2S_ω ± Sabc.

References

[1] O. Bottema, Topics in Elementary Geometry, Springer, 2008.

[2] O. Bottema, On the distances of a point to the vertices of a triangle, Crux Math., 10 (1984) 242–246.

[3] C. A. Bretschneider, Untersuchung der trigonometrischen Relationen des geradlinigen Viereckes, Archiv der Math., 2 (1842) 225–261, available at:

http://books.google.de/books?id=aNcLAAAAYAAJ

[4] J. Casey, A Treatise on the Analytical Geometry of the Point, Line, Circle and Conic Sections, Dublin, London, 1893, available at:

https://archive.org/details/atreatiseonanal05casegoog

[5] H. S. M. Coxeter and S. L. Greitzer, Geometry Revisited, Washington, MAA, 1967. [6] L. Euler, De symptomatibus quatuor punctorum in eodem plano sitorum, Acta Acad. Sci. Imperialis Petropolitinae 6, (1786) 3–18, available at MAA’s Euler Archive:

https://math.dartmouth.edu/∼euler/docs/originals/E601.pdf

[7] A. P. Hatzipolakis, F. M. van Lamoen, B. Wolk, and P. Yiu, Concurrency of four Euler lines, Forum Geom., 1 (2001) 59–68.

[8] R. A. Johnson, Advanced Euclidean Geometry, Dover reprint, 2007. [9] C. Kimberling, Encyclopedia of Triangle Centers, available at:

http://faculty.evansville.edu/ck6/encyclopedia/ETCPart4.html

[10] E. Lucas, Sur les coordonnées tripolaires, Mathesis, 9 (1889) 129–134; 173–181, available at:

http://resolver.sub.uni-goettingen.de/purl?PPN599218835−0009

[11] A. Poulain, Des coordonnées tripolaires, Journal de Mathématiques Spéciales, ser. 3, 3 (1889) 3–10, 51–55, 130–134, 155–159, 171–172.

[12] C. Ptolemy, Almagest, Book 1, Chapter 9; Greek with French translation:

http://gallica.bnf.fr/ark:/12148/bpt6k64767c

[13] J. F. Rigby, Napoleon revisited, Journal of Geometry, 33 (1988) 129–146. [14] K. G. C. von Staudt, Über einige geometrische Sätze, Journal für die reine und angewandte Mathematik, 57 (1860) 88–89.

[15] A. Varverakis, A maximal property of cyclic quadrilaterals, Forum Geom., 5 (2005) 63–64. [16] P. Yiu, Introduction to the Geometry of the Triangle, Florida Atlantic University Lecture Notes, 2001; with corrections, 2013, available at

http://math.fau.edu/Yiu/Geometry.html

Albrecht Hess: Deutsche Schule Madrid, Calle Monastesio Guadelupe 7, 28049 Madrid, Spain E-mail address: albrecht.hess@gmail.com