Forum Geometricorum

Volume 16 (2016) 95–98.

FORUM GEOM

ISSN 1534-1178

The Golden Section in a Planar Quasi Twelve-Point Star

Hartmut Warm

Abstract. A planar quasi twelve-point star is a configuration formed by selected diagonals of a regular dodecagon forming four equilateral triangles and three squares. We show that segments on the sides of the equilateral triangles are divided in the golden ratio by intersections of certain lines and circles.

Historically, the golden section first appears in the division of a diagonal of a regular pentagon by the intersection with another diagonal (see Figure 1): if ABCDE is a regular pentagon, and the diagonals AD and BE intersect at P , then P divides BE and DA in the golden ratio: BP P E = DP P A = φ = √ 5 + 1 2 .

ABCDEP

Figure 1

OABCDEFGHIJKL

Figure 2

This golden ratio φ also appears in a number of simple geometrical figures. George Odom [2] and Kurt Hofstetter [1] found division of segments in the golden ratio associated with equilateral triangles, Tran [3] used squares. In this note we give a construction associated with a regular dodecagon, leading to division of certain segments in the golden ratio.

Given a circle, center O and radius R, consider twelve points A, B, C, . . . , J, K, L dividing the circle into 12 equal arcs. There are three inscribed squares ADGJ, BEHK, CF IL forming a quasi twelve-point star (12 : 3). Likewise, the

Publication Date: March 29, 2016. Communicating Editor: Paul Yiu.

four inscribed equilateral triangles AEI, BF J, CGK, DHL form another quasi twelve-point star (12 : 4). The planar quasi twelve-point star in the title refers to the union of (12 : 3) and (12 : 4) (see Figure 2).

For convenience, we consider the simpler Figure 3, in which the equilateral triangles AEI and CGK are not shown. The equilateral triangles BF J and DHL bound a regular hexagon whose sides have length a =^{1√}_3 R. Figure 3 also shows three circles with center O:

(i) the common inscribed circle of the equilateral triangles, with radius r =^1_2 R, (ii) the circle C through the “outer” intersections of the sides of the squares, (iii) the (dotted) common inscribed circle C^′ of the squares, with radius^{1√}_2 R (see Figure 4).

srOABCDEFGHIJKLPQP^′Q^′cbabcBPQQ^′P^′FCC^′

Figure 3

Lemma 1. The radius of the circle C is s =

√_2 3 R.

Proof. Let s be the radius of circle C . In Figure 3, the circles C and C^′ are the circumscribed and inscribed circles of a regular hexagon. Therefore, s 1√ 2 R = 2 √ 3 =⇒ s = 2 √ 3 · 1 √ 2 R = √ 2 3 R (see Figure 5). □

Remark. This is an adaptation of the proof given in [4, pp.301–302].

The golden section in a planar quasi twelve-point star 97

r_sR_s

Figure 4:^{Rs}_{rs} = √ 2

r_hR_h

Figure 5.^{Rh}_{rh} =^2√_3

Consider the side BF of the equilateral triangle BF J and its intersections (i) P and P^′ with the circle C , (ii) Q and Q^′ with the sides DL and DH of the equilateral triangle DHL.

Proposition 2. (a) Q divides Q^′P and Q^′ divides QP^′ in the golden ratio

Q^′Q QP = QQ^′ Q^′P^′

= φ = √ 5 + 1 2 . (b) P divides QB and P^′ divides Q^′F in the golden ratio QP P B = Q^′P^′ P^′F

= φ.

Proof. In each case, the equality of the first two ratios follows from symmetry. It is enough to show that the first ratio is equal to φ.

(a) Label the lengths of the segments Q^′Q, QP , P B as a, b, c as in Figure 3. Since r,^1_2 a + b, and s are the lengths of the sides of a right triangle, ( 1 2 a + b

)_2 = s^2 − r^2 = ( 2 3 − 1 4 ) R^2 = 5 12 R^2; 1 2 a + b = √ 5 2 √ 3 R; b = √ 5 2 √ 3 R − 1 2 √ 3 R = √ 5 − 1 2 √ 3 R = 2 ( √ 5 + 1) √ 3 R = 1 φ √ 3 R. From this, a b = 1√ 3 R 1 φ √ 3 R = φ.

(b) Since b + c = a,^c_b =^a_b − 1 = φ − 1 =^1_φ . It follows that^b_c = φ. □

References

[1] K. Hofstetter, A simple construction of the golden section, Forum Geom., 2 (2002) 65-66. [2] G. Odom and J. van de Craats, Elementary Problem 3007, Amer. Math. Monthly, 90 (1983) 482;

solution, 93 (1986) 572.

[3] Q. H. Tran, The golden section in the inscribed square of an isosceles right triangle, Forum Geom., 15 (2015) 91–92.

[4] H. Warm, Signature of the Celestial Spheres, Forest Row, 2010.

Hartmut Warm: Lerchenstr. 41, D-22767 Hamburg, Germany E-mail address: hw@keplerstern.de