Forum Geometricorum
Volume 16 (2016) 337-338.

FORUM GEQM
X
ISSN 1534-1178

A Proof of the Butterfly Theorem Using the Similarity
Factor of the Two Wings

Martin Celli

Abstract. We give a new proof of the butterfly theorem, based on the use of
several expressions involving the similarity factor of the two wings.

The aim of this article is to give a new proof of the butterfly theorem.

Butterfly Theorem. Let M be the midpoint of a chord PQ of a circle, through
which two other chords AB and C' D aredrawn. If A and D are on opposite sides
of PQ, and AD, BC intersect PQ at X and Y respectively, then M is also the
midpoint of XY'.

Figure 1

Let O be the center of the circle. The points A and C' belong to the same
half-plane defined by PQ); the points B and D to the other half-plane, which we
may assume containing O (see Figure 1). Several classic and recent proofs of this
theorem are known ([1], [2]). The two wings AM D and C M B are clearly similar.
Let «v be the similarity factor:
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We show that
sin A XM

sinCYM
and deduce the butterfly theorem from this.
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In triangle ADM,
DM? — AM? = ||DO + OM|P? — ||AC + OM||?
— (OD? + OM? 1 2DO0 - OM) — (OA% + OM? + 240 - OM)
— 2(DO — A0) - OM
— 2DA-OM
— 2AD x OM sin AX M,

since the angle between DA and OM = T — ZAXM. Therefore,

. DM? — AM?
S AXM = = oM
Similarly, in triangle CBM,
_ BM? — CM?
SnCYM = 2 me o

It follows that
sin AXM DM? — AM? " 20B x OM
sin CY M 2AD x OM BM? - CM?
cB y DM? — AM?
AD =~ BM? - CM?

1
= — xa?
(6%
= .
This establishes (1). From this, the butterfly theorem follows:
sin MAX sin MCY sin MCY
XM =AM x sin AXM aCM % asinCYM CM x sinCYM Y M.
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